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hing bei M�un
hen, Germanye-mail: Rainer.Fis
her�ipp.mpg.deDe
ember 13, 2000Abstra
tA reversible jump Markov 
hain Monte Carlo te
hnique is applied to esti-mate the number and parameters of peaks in ubiquitous physi
al problems inthe framework of Bayesian probability theory. For measured physi
al spe
traoften only the fun
tional form of the stru
tures is known but the number ofthe peaks and the parameters are unknown. The full joint posterior distribu-tion for all parameters is sampled for estimating the number of 
omponentssupported by the signi�
ant information in the noisy data and for estimatingthe unknown parameters for the most probable number of 
omponents. Themethod is applied to the 
lassi
al Old Faithful density estimation problem andthe physi
al problem of resolution enhan
ement and spe
tral de
ompositionof high resolution ele
tron energy loss data.Keywords: REVERSIBLE JUMP, MARKOV CHAIN MONTE CARLO, MIXTURES,LINEAR PHYSICAL MODELS.1 Introdu
tionMeasured spe
tra in physi
s often 
omprise an unknown number of stru
tures ofknown parametri
 family. The stru
tures are 
ommonly blurred with an apparatustransfer fun
tion and superposed with a smooth ba
kground. The parameters ofthe peaks are usually estimated for di�erent numbers of 
omponents separately,and various 
riteria are employed to infer the number of 
omponents. The 
riteriaused 
omprise simple signi�
an
e tests like the data mis�t as well as non-Bayesianmethods su
h as the Akaike information 
riterion. The intention of the authors isto apply a re
ently proposed method of reversible jump Markov 
hain Monte Carlo(RJMCMC) by Green (1995) and Ri
hardson et al. (1997) to physi
al problemswhere the number of 
omponents of a mixture of distributions is jointly estimatedwith the parameters of the 
omponents. The inferen
e is done in the Bayesianframework using MCMC for sampling the joint posterior distribution.The parametri
 distributions 
ommonly used in physi
s are Gaussian distribu-tions for apparatus fun
tions, Lorentzian distributions for states de
aying with a
hara
teristi
 life time, Voigt pro�les (
onvolution of Gaussian with Lorentzian)1




omprising both, life time broadening and apparatus broadening e�e
ts, and asym-metri
 variants of these distributions en
ompassing many-parti
le e�e
ts. Thepresent paper addresses two examples where Gaussian 
omponents are suitable.The other parametri
 families will be published in a forth
oming paper with the
orresponding physi
al examples. In addition to the mixture of the blurred 
ompo-nents the measured spe
tra may be superposed by a smooth ba
kground.De
onvolution of an apparatus fun
tion is an ill-posed problem whi
h only re-
ently has been solved su

essfully with an adaptive kernel method using an entropi
prior (Fis
her, 1998). The adaptive kernel method uses a suÆ
iently large numberof, e.g., Gaussian kernels with �xed, densely distributed mean values and variablevarian
es. The amplitudes and varian
es are marginalized within the Bayesianprobability theory. The e�e
tive degrees of freedom of the form-free, de-blurredre
onstru
tion depend on the varian
e distribution of the kernels whi
h 
onstitute
orrelations in the re
onstru
tion. The drawba
k of the adaptive kernel methodis that the number of kernels (mixture 
omponents) is large and �xed. Problemswhere the number of 
omponents are of interest 
an not be ta
kled. The RJMCMCmethod for mixtures provides a useful generalization of the adaptive kernel method.The obje
t of this work is to extend the prin
iple ideas of the RJMCMC methoddeveloped for good-natured Gaussian 
omponents to parametri
 families most 
om-monly used in physi
s in
luding blurring transfer fun
tions and additive smoothba
kground. In Se
tion 2 we summarize the model for the 
lassi
al density estima-tion problem using Gaussian mixtures in the framework given by Ri
hardson et al.(1997), and des
ribe a 
ommon model used for physi
al problems. Se
tion 3 sum-marizes the RJMCMC approa
h. In Se
tion 4 we show the results for the 
lassi
aldensity estimation problem of the Old Faithful geyser whi
h was 
ompared to theresults of the adaptive kernel method. Though the Old Faithful geyser does not
omprises a physi
al problem, it represents a 
lass of physi
al problems whi
h dealswith density estimation of s
attered events su
h as the re
onstru
tion of blurredimages in astrophysi
s from the measurement of the distribution of photons. Inse
tion 5 the physi
al problem of analyzing a data set of high-resolution ele
tronenergy loss spe
tros
opy (HREELS) is shown. We 
on
lude with a summary andan outlook.2 Mixture modelsIn general, the 
lassi
al Gaussian mixture approa
h introdu
ed by Ri
hardson et al.(1997) is di�erent from mixture models des
ribing physi
al problems.2.1 Gaussian mixture modelFor the 
lassi
al approa
h the observations xi are assumed to be independentlydrawn from the likelihood pdfp(xi jw;�; E) = EXk=1wkf(xi; �k) (1)f(xi; �k) = 1p2��k exp�� (xi � �k)22�2k � (2)2



where xi are the observations, i = 1; : : : ; Ndata, E is the number of mixture 
ompo-nents (expansion order), wk are the 
omponent weights (sum up to 1), k = 1; : : : ; E,and f(xi; �k) are Gaussian mixture 
omponents with parameters �k = (�k; �k).An identi�ability problem arises from the invarian
e of the likelihood pdf (1)under permutation of the indi
es k. We adopt the idea of Ri
hardson et al. (1997)to impose an identifying ordering 
onstraint on the parameters �k, �1 < �2 < � � � <�E . This 
onstraint is arbitrary sin
e we 
an also impose ordering 
onstraints onwk or �k. The reason for redu
ing the parameter spa
e is to allow for more eÆ-
ient exploration of the multi-modal probability spa
e, and, hopefully, to identifyindividual 
omponents and estimate their parameters from the MC sample. Un-fortunately, the ordering 
onstraint may not be suÆ
ient to eÆ
iently explore theposterior pdf and to eliminate all problems in interpretation of the sample. AsCeleux et al. (2000) pointed out the trun
ation of the multi-modal posterior spa
edoes not ne
essarily a

ount for the geometry and shape of the unrestri
ted poste-rior distribution. All appli
ations have to be 
arefully analyzed for e�e
ts arisingfrom the ordering 
onstraint.A

ording to Ri
hardson et al. (1997) we introdu
e a group label zi, whi
hindi
ates the identity or label of the 
omponent from whi
h ea
h observation xi isdrawn. For known allo
ation variable zi the likelihood isp(xi j zi = k;�) = f(xi; �k) (3)where the zi are supposed to be independently drawn fromp(zi = k jw) = wk for k = 1; : : : ; E: (4)The joint posterior pdf isp(x; z;w;�; E) = p(x j z;w;�; E)p(z jw; E)p(w jE)p(� jE)p(E) (5)with the 
onjugate priorsp(w jE; Æ) = Diri
hlet(w j Æ) (6)p(� jE; �; �; �; �) = EYk=1N(�k j �; �)�(��2k j�; �) : (7)The prior for E is 
at. For details of the priors, the hierar
hi
al model, and theGibbs sampling of the parameters see Ri
hardson et al. (1997).2.2 Physi
al mixture modelFor ubiquitous linear physi
al problems the mixture is written asD(xi) = Xj A(xi � yj) s EXk=1wkf(yj ; �k) + bj(�)! (8)d(xi) = D(xi) + �i (9)where di = d(xi) is the measured data (intensity) at 
oordinate xi; i = 1; : : : ; Ndata,Di is the model data, and �i is the (statisti
al) un
ertainty asso
iated with the3



measurement pro
ess. We assume mean values of h�ii = 0, h�2i i = �2i . Aij =A(xi � yj) is the blurring matrix a

ounting for the apparatus transfer fun
tion.The yj are 
hosen �ne enough to allow to �t the data within the noise level. This isoften a
hieved by setting y = x. Knowing the apparatus transfer fun
tion pre
iselyis vital for a useful de
onvolution of the data. The best method is to measurethe transfer fun
tion and to 
ombine the measurement un
ertainties of the transferfun
tion and the data to be de
onvolved as shown in Dose et al. (1998). Most
ommonly, the transfer fun
tion is assumed to be des
ribed by a fun
tion withparameters in
orporated into the �tting routine. In many appli
ations the transferfun
tion is well approximated by a Gaussian, whereas for the present HREELSappli
ation the asymmetri
 transfer fun
tion is separately measured.E is the number of mixture 
omponents. Please note we use a slightly di�erentnotation from Ri
hardson et al. (1997) where the number of mixtures is denotedby k. s is a s
ale fa
tor a

ounting for the total intensity of the measured spe
-trum without ba
kground, whi
h is not ne
essarily normalized to one. b(�) is theba
kground with parameters �. Smooth ba
kgrounds are 
ommonly des
ribed bypolynomials or spline fun
tions. Fis
her et al. (2000) proposed to dis
riminate asmooth ba
kground from the useful signal by introdu
ing an additional expansionorder for modeling only the ba
kground. For the present HREELS appli
ation it issuÆ
ient to use a 
onstant ba
kground bj(�) = �0.The likelihood probability density for the present 
ounting experiment is a Pois-son distribution, p(d jD) = NdataYi=1 Ddiidi! e{Di (10)whi
h is well approximated for large 
ounts with a Gaussianp(d jD;�) = NdataYi=1 1p2��i exp�{ (di { Di)22�2i � (11)with varian
e �2i � di. Sin
e 
onjugate priors are no longer used, the algorithm
an easily be modi�ed for the Poisson likelihood. Nevertheless, for the HREELSappli
ation we use the Gaussian likelihood sin
e this allows easy in
orporation ofthe transfer fun
tion measurement un
ertainty (Dose et al. , 1998).For the HREELS appli
ation the parameters are E, s, wk , �k, and �0. Theaugmentation 
on
ept of introdu
ing an allo
ation variable is no longer appli
ablebe
ause the intensities di at 
oordinate xi 
an not be identi�ed with a single 
om-ponent. Therefore, the full 
onditional pdfs ne
essary for Gibbs sampling 
an notbe 
al
ulated analyti
ally. Conjugate priors are no longer ne
essary to keep thingssimple, and we 
hange to more sensible priors. As an ex
eption, for a 
ountingexperiment with data binning the allo
ation 
on
ept 
an still be applied by aug-menting the data ve
tor from Ndata intensities di at 
oordinates xi toPi di eventswith degenerated 
oordinates. The likelihood (1) has to be repla
ed by a multi-nomial distribution. The drawba
k is that the number of events and, hen
e, thenumber of allo
ation variables in a typi
al physi
al experiment is too large to beta
kled numeri
ally.The priors for the mean values are 
hosen to be 
at on the measurement intervalto avoid mixtures unrestri
ted by the data. It is easily seen that E is estimated4
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Figure 1: Density estimation of 109 eruption durations of the Old Faithful geyserto be too large when the data do not 
onstrain the parameter spa
e. Componentslo
ated outside the interval with a varian
e small enough to prevent signi�
antoverlap with the data are not restri
ted by the likelihood. Due to a 
at prior onE, marginalization of the parameters of those extra 
omponents does not result inpenalizing O
kham (Bayes) fa
tors.The prior for s is exponential with a mean a

ording to the overall intensity.The prior for the ba
kground parameter �0 is 
hosen 
onstant on a positive interval.3 MCMCThe types of MCMC moves divide into the two groups of moves within the param-eter spa
e and moves between di�erent parameter spa
es. The within parameterspa
e moves depend on the model used and are 
hosen to be Gibbs moves for theGaussian mixture model with data augmentation and Metropolis-Hastings movesfor the ubiquitous physi
al model. The Gibbs moves for the Gaussian model areshown in detail in Ri
hardson et al. (1997) where the use of 
onjugate priors allowfor the 
al
ulation of the full 
onditional posterior distributions of all parameters.The moves between di�erent parameter spa
es are provided by the reversiblejump method proposed by Green (1995) and applied to normal mixtures by Ri
hard-son et al. (1997). The two types of reversible jump moves are split/
ombine movesof adja
ent 
omponents and birth/death moves of empty 
omponents. The param-eters of the split/
ombine moves are assigned by mat
hing the 0th, 1st, and 2ndmoments of the single 
omponent to those of the splitted 
omponents. A birthmove 
omprises the generation of a new 
omponent with random lo
ation, ampli-tude and varian
e, preferentially from the prior distributions. A death move issimply deleting an existing 
omponent and re-s
aling the amplitudes. Details 
anbe found in Ri
hardson et al. (1997). 5
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Figure 2: Posterior probability and mixture of number of 
omponents for the OldFaithful geyser4 Appli
ation: Old Faithful geyserA �rst example is the textbook density-estimation problem of the eruptions of theOld Faithful geyser (Silver, 1994). Figure 1 shows the raw data for the durationof 109 eruptions displayed as a s
atter plot and as a histogram using 109 (!) bins.The mean of the posterior pdf is shown as solid line. The dashed lines 
orrespondto an asymmetri
 � one standard deviation above/below the mean value.The posterior pdf of the number of 
omponents is shown in the left panel ofFigure 2. The most probable number of 
omponents is 4. The right panel showsthe 
hanges of the number of 
omponents E against the number of sweeps. TheMCMC sample mixes well over E. Small as well as large values of E are short-lived.For parameter estimation the MCMC sample for a �xed number of 
omponentsE has to be analyzed. In Figure 3 typi
al tra
es of the parameters w, �, and � areshown for the most probable number of 
omponents 4. The ordering 
onstraint is�1 < �2 < � � � < �E . The tra
e is taken from a run of 106 sweeps, whi
h in
ludedabout 360 000 visits to E = 4. For the sake of 
larity only every 200 visit isplotted. The pattern of the 4 
omponents look quite di�erent. The mean valuesof the �rst and third 
omponents (lowest mean at about 2 minutes, full 
ir
le andmean at about 4 minutes, downward triangle) are well determined, while the se
ondmean value (upward triangle) is a little fuzzy. The �rst and third 
omponents havealso well determined amplitudes and standard deviations. The fourth 
omponent(highest mean, open 
ir
les) exhibits swit
hing from a mean value of about 6.2minutes to a mean of about 4.5 minutes. At a duration of about 6.2 minutes there isonly the sparse information of two measured eruptions. At about 4.5 minutes thereis a barely signi�
ant peak split-o� from the main feature at about 4 minutes. Thepresen
e of both barely signi�
ant features results in a signi�
ant fourth 
omponentwhi
h swit
hes between the two peaks. Please note the 
orrelation of the threeparametersw, �, and � when swit
hing o

urs. In addition, the swit
hing behaviorbetween both modes 
learly show the good 
onvergen
e of the MCMC sample.The mean of the posterior pdf as shown in Figure 1 has to be 
ompared toprevious analysis with the adaptive kernel method (Fis
her, 1999). Both methodsyield density estimates whi
h 
ompare quite well within the 
on�den
e interval.The results are insensitive to the methods used as long as methods with adaptive6
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Figure 3: Tra
e of Gaussian parameter estimates against visits to 4 
omponents forthe Old Faithful geyser
exibility in the parameter spa
e are applied. The advantage of the RJMCMCmethod is that it allows to estimate the parameters of the 
omponents whi
h is notpossible with the adaptive kernel method.5 Appli
ation: HREELSA typi
al physi
al appli
ation for RJMCMC is the de
onvolution of an apparatusbroadening fun
tion from a blurred and noisy spe
trum, the estimation of the ba
k-ground, and the estimation of the number and the parameters of the 
omponentsunderlying the spe
tra. The goal is to infer only the mixture 
omponents whi
hare signi�
antly supported by the data and to avoid the re
onstru
tion of spuriousstru
tures whi
h are due to the noise.High-resolution ele
tron energy loss spe
tros
opy (HREELS) is one of the mostprominent te
hniques used to probe the vibrations of atoms and mole
ules adsorbedon solid surfa
es. Mono-energeti
 ele
trons are inelasti
ally s
attered from a surfa
e.An interpretation of the energy loss intensities of the s
attered ele
trons (vibrationalfrequen
ies of adsorbed spe
ies) may give information on adsorption sites, 
overage,strength of the surfa
e bond and the degree of asso
iation of spe
ies adsorbed on thesurfa
e. The interpretation is more 
ompli
ated if neighboring loss peaks overlap.Re
ently von der Linden (1997) showed how to improve the resolution in HREELSusing the maximum-entropy 
on
ept. In the present work, the number and theparameters of the loss peaks are estimated in addition to the a
hieved resolutionenhan
ement.In the left panel of Figure 4 HREELS data (dots) of CO-mole
ules adsorbedon a PtxNi1�x(111) single-
rystal surfa
e are shown. The spe
ular re
e
ted elas-ti
 ele
tron energy distribution (dot-dashed line) provides dire
tly the apparatustransfer fun
tion whi
h blurres the loss peaks. Instead of using more sophisti
ated,7
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Figure 4: Left: De
onvolution, spe
tral de
omposition, and ba
kground subtra
tionapplied to data from HREELS. The apparatus transfer fun
tion (dot-dashed) isde
onvolved from the data (dots). Right: Posterior probability of the number of
omponents.and, hen
e, more expensive ele
tron spe
trometers for resolution enhan
ement, theapparatus fun
tion 
an be de
onvolved post-measurement from the data. Pleasenote the asymmetri
 transfer fun
tion whi
h 
an not be quanti�ed with simple an-alyti
al fun
tions. The de
onvolved energy loss distribution (solid line) is the meanof the posterior pdf of the mixture with marginalized E. The posterior probabilitydistribution of the number of 
omponents is shown in the right panel of Figure 4.The most probable number of 
omponents is 3.The left panel of Figure 5 shows the 
hanges of the number of 
omponentsE against the number of sweeps. The mixing is not as good as with the OldFaithful example be
ause the Gaussian mixture 
omponents are 
onvolved with theasymmetri
 apparatus transfer fun
tion. The 
ombine/split moves with the momentmat
hing 
ondition is sub-optimal for the HREELS appli
ation.In the right panel of Figure 5 typi
al tra
es of the Gaussian parameters w, �,and � are shown for the most probable number of 
omponents 3. About 36% ofthe sweeps visit to E = 3. The three parameters of the most prominent, third
omponent (largest mean at about 0.255 eV, 
ross) are well determined. The meanvalues of the �rst and se
ond 
omponents overlap. The standard deviations and theamplitudes show a distin
t swit
hing behavior due to a bi-modality in the posteriorwhi
h is well sampled. The question arises if the ordering 
onstraint applied to themean values is reasonable for this appli
ation. The mean values for w1 and w2 (�1and �2) are almost the same and the varian
es of these estimates are by far too large.This swit
hing behavior 
learly shows up the limits of ordering 
onstraints. Forinferring the parameters new te
hniques have to be found to allo
ate the 
omponentsto the individual loss peaks. Celeux et al. (2000) suggest to dis
ard the ordering
onstraints and to sample the multi-modal posterior pdf. The MCMC sample is�nally 
lassi�ed using 
lustering tools. Due to the in
reased 
omplexity of samplinga multi-modal distribution this task is far beyond the s
ope of this paper.The �t to the data is best shown with the posterior distribution of the devian
es�2 log p(d jE;�) for in
reasing E, whi
h is the familiar �2-mis�t for a Gaussian like-8
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Figure 5: Left: Mixture of number of 
omponents. Right: Tra
e of Gaussianparameter estimates against visits to 3 
omponents.lihood distribution. The left panel of Figure 6 depi
ts normalized distributions forthe un
onditioned devian
e (thi
k line) and the devian
es 
onditional on E = 3�7,whi
h overlap substantially. The mis�t of the data is in a

ordan
e with the num-ber of data Ndata = 121. The s
ale parameter and the ba
kground parameters ofthe physi
al model are simultaneously sampled along with the Gaussian parametersand the number of mixture 
omponents. The posterior pdf of the s
ale parameterand of the 
onstant ba
kground parameter �0 are depi
ted in the middle and rightpanels, respe
tively. The distribution for the 
onstant ba
kground is asymmetri
with a steep de
rease to larger values whi
h is determined by the noise level of thedata. Small values of �0 are 
ounterbalan
ed by very broad Gaussian 
omponents.The smooth de
rease of the posterior pdf with the de
rease of �0 is due to theweak e�e
t of O
kham's (Bayes) fa
tor penalizing more 
omplex models. The samearguments hold also for the posterior pdf of the s
ale s.6 SummaryThe RJMCMC method was applied to the density estimation problem of the OldFaithful geyser using the 
lassi
al Gaussian mixture algorithm and to a physi
alde
onvolution problem where the ba
kground as well as the number of mixture
omponents and their parameters are estimated simultaneously. Sampling fromthe un
onstrained multi-modal posterior pdf seems to be advantageous despite the
umbersome te
hniques to explore the parameter spa
e.In a subsequent paper the method will be applied to various physi
al prob-lems where Lorentzian, Voigt, and asymmetri
 mixtures have to be used. A majorproblem arises due to slow mixing of the 
hain with 
on
omitant bad 
onvergen
ebehavior. More elaborated mat
hing te
hniques for the split/
ombine moves haveto be found for allowing routine work on analyzing physi
al problems.
9
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