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Abstract

Finding iterative roots is the inverse problem of iteration.
Iteration itself plays a major role in numerous theories
and applications. So far it is hardly realized how many
problems can be related to its counterpart. This may be
due to the difficulty of the mathematics involved: There
are no standard methods available for computing these
fractional iterations.
Previously we have shown how neural networks can be
utilized to perform calculations of iterative roots by add-
ing a weight coupling mechanism to backpropagation
learning. Here we show that an easier implementation of
this functionality can be achieved by a simple weight
copy function. Introducing second order methods like
quasi Newton learning on the other hand can significant-
ly reduce training times and improve the reliability of the
method. It also overcomes some limitations in the com-
plexity of the problems the method can be applied to.

1 Iterative Roots
Iterativerootsaretheextensionof the rootsof numbers
to thedomainof functionspaces.Thustheyaredefined
in terms offunctional equations:

Definition:

Given an arbitrary function , a solution
 of the equation

is called afunctional or iterative root of .

In general, for the equation

the function  is ak-th iterative root of .

For linear transformations, canbewritten asa square
n x n matrix.Thusfinding theiterativeroot f meanssolv-
ing the matrix equation  or

This extendsthe notationof iteratesor powersof func-
tions from theknownintegerexponentslike donat-
ing the inverse, the identity, and the n-th
iteration of F, tofractional iterations.

Examples:

It is by no meanseasyto find therootsof a given func-
tion, to provetheexistenceor nonexistenceof arootor to
showthe uniquenessof a solution.“Even ... the behav-
iour of iterativerootsmaysharplycontrastwith whatone
might expect”[1].At leastit canbeshownthat iterative
rootsof all ordersexistfor all continuousandstrictly in-
creasing real valued functions.

If a transformation describesthedevelopmentof a
systemx in somefixed amountof time t, thereshouldex-
ist anyrootof F, whichmodelsthevariationof x in afrac-
tion of the time: This means,datasampled
at regularintervalsfrom a continuouslyevolvingsystem
canbeinterpolatedto yield ahighertimeresolutionin an
more exact and natural way than other interpolation
methods can achieve.

If F is given only implicitly asa tableof input - output
datapairs(x,y), finding theiterativerootbecomespartof
a regressionproblem:Finding the function f which fits

 in an optimal way.

Applications

Therearemanyproblems,bothfrom theoryandpractical
applications,which canbe relatedto solving functional
roots.

Chaos Theory
Iteratedfunctionsplayakeyrole in chaostheory.Thelo-
gistic equation generateschaoticse-
quences for andthe famousMandelbrot-set
resultsfrom the sameiteration,only with complex-val-
ued [2]. Iterativerootsmayallow finding thebasicgen-
erative functions from chaotic data.
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Modelling Industrial Processes
Many productionlinesconsistof a numberof identi-
calstepsin arow. In steelmills youcanfind anumber
of standswhich consecutivelyroll steelplatesinto
thin sheets[3], in papermachinesthereareup to 30
heaterswhich are usedto dry the pulp. Often only
datafrom theincomingandoutgoingmaterialcanbe
derived,but it is importantto knowhow it evolvesin
between.If thereis a datadrivenmodelof thewhole
line, a functional root of it will model the partsand
thus yield information not accessible otherwise.

Financial forecasting
Often in historical recordsonly monthly or weekly
data is availableand can be usedto train a neural
model.But if daily predictionsarerequested,it canbe
assumed,that a week consistsof seven(or perhaps
five trading-)days.The seventhroot of the weekto
week model could be used for daily predictions then.

2 Computing Iterative Roots with
Neural Networks

Facinga lackof standardmethods,formal,numerical
or datadriven, to computeiterative roots,we were
ableto showthatneuralnetworkscansuccessfullybe
applied to this problem [5].

Givensomedataset , finding a func-
tion which tries to fit is a standard
problem for neural networks:Function approxima-
tion.MLPswith oneor morehiddenlayersarewidely
usedfor this task.If weknowthatF is in factachain
of similar steps,this canbemappedto a specialnet-
work topology:

Figure 1: A MLP with thisrepetitivetopologysplitsthenet
functionF in two separableparts,f andg. Couplingall cor-
respondingweightsforcesf andg to becomeidenticaland
thus a functional root ofF.

Sucha network could be interpretedas a chain of
functions , wherethefirst subnetrep-
resents and the secondone . If we keepall the
weightsthesamebetweenthepartsof thenet, f will
be identicalto g, andthusbe a functionalroot of F.
This is similar to backpropagationthroughtime net-
works [4], which are usedto unfold recurrentnet-
works.But somemodificationhasto beappliedto the
learning algorithm in order to equalizethe corre-
sponding weights.

Hard Weight sharing

Backpropagationcaneasilybemodifiedin away,that
thesameweightsaresharedbetweenseveralconnec-
tions ( ), they are initialized with the same
value,andthedeltasresultingfrom the learningrule
are summed up and applied to all shared weights.

Soft Weight coupling

Becauseof bettertraining performancewe modified
thisalgorithmby startingwith differentinitializations
andforcetheweightsto approacheachotherslowly,
byaddinganadditionaltermto thestandarddelta-rule
[5] for weight-update:

where is the currentvalue of the corresponding
weightwithin theotherlayerand anuserdefinable
parameter, we callcoupling factor.

This is equivalentto the additionof a penalty-term,
the sumof the squareddifferencesof corresponding
weights,to theerrorfunction,buteasierto implement
We foundit mostsuccessfulto cut thetrainingproc-
essin two steps.First, the network is trainedwith
standardbackpropagationwithout weight coupling
( ) until it reproduces with appropriateac-
curacy.Thenthe factor is slowly increasedwhile
keepingthewholenetapproximatingF continuously.

Setting immediatelyoften resultsin a failure
of the net to learn , especiallywhenworking with
higherorderiterations,i.e.usingnetworkswith many
singleneuronlayers.Thesebottlenecksstrongly in-
hibit theerrorbackpropagationandthefewerdegrees
of freedomimplied by that “hard” weight coupling
seem to disturb the learning ability additionally.

Weight Copy

Weight copying is an evensimpler versionof hard
weightsharing.Only theweightsof thelast layerare
trainedby backpropagation,and are copiedback to
thelayersbefore.Thisallowsfor averysimpleimple-
mentationin manytoolswhich won’t allow incorpo-
rating a shared weights scheme.

Figure 2: Implementationof theweightcopymethodin the
commercial ECANSE programming environment.
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3 Quasi Newton Learning
Becauseof thepoorperformanceof thesemethodsin
caseof higher order roots or complicatedfunctions
we tried to incorporatebetter learning rules to the
problem.By designingthe learningrule directly for
iteratednetworks,we achieveda much better per-
formance,reliability and scalability. Secondorder
learningrules havebeenalso provento outperform
backpropagationand modifications like rprop and
quickprop in most cases and so they do here.

Thealgorithmis illustratedin thecaseof onesingle
input.Weusedasimplerepresentationfor with sig-
moid activationfunctions( could be
usedaswell) for thehiddenlayerandlinearoutputs
so that with , can be recursively
written as

If we try to find thek-th iterativeroot, theerrorfunc-
tion is given by

,

with denotingthenetoutputand thetrueout-
put for the d-th example in the data set.

We used the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) proceduredescribedin [7]. One needsthe
partialderivativesof E with respectto theweights .

 and , for example

Usual backpropagationalgorithms can’t be used
without modifications,asthesameweightsappearin
every subnet.

Becausetheinput doesn’tdependon theweights,
which means that the partial derivatives

,  and

vanish, it is possible to give the recursive formulas
(  denotes the Kronecker-symbol):

Repetitiveuseof theseformulasallowsusto compute
the necessary components

,  and .

The multi-dimensionalcasediffers only in so far as
theneededderivativesgetmorecomplicatedto write
down because a derivative

doesnotdependonly on , butalsoon

all with . Neverthelessthesamestrategy

as before can be applied.

4 Examples
We presenttwo exampleshere, a simple one for
which the weight copy methodis sufficient andan-
otheronewhichbecomessolvablein practiceonly by
introduction of the quasi Newton method.

Figure 3: The root of , computedwith the ECANSE
worksheetof figure2. It is easyto find evenwith thissimple
methodbut seemsto bea very hardproblemto solveana-
lytically.

Rotatingpointsin the2-D planeby theangel canbe
representedby amatrix.If weknowthatthishappens
in k steps,we can„guess“how the resultingmatrix
(the k-th root) looks like:

Figure4 showshow a networkcanfind this solution
and several others too which are not as easy to
„guess“.It wastrainedwith thequasiNewtonmeth-
od.
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Figure 4: Roots of rotation:
A) Trainingdata:20 inputpoints(x1,x2) wererotatedby 60
degreeswhichresultedin thecorrespondingoutputs(y1,y2)
B) An „iterative root network“ wastrainedto do this rota-
tion in two stepsandfoundthatturningby 30degreesdoes
fine.But thissolutionis foundin only about10%of all runs
C) Instead70%of all experimentsshowthis pattern:Two
rotations of 210 degrees, produce also a 60 degree turn!
D) 20%of thesolutionslooksimilarto thisone:Thisis only
alocalsolution.Dueto thefact thatdatais availableonly in
somepartof theplane,anarbitrarytransformationprojects
thedatato somewhereelse.Becausethereis no overlapof
inputsto thedifferent layersof thenet,therecanbeeasily
foundanotherprojectiontowardsthedesiredtargetsin the
secondlayer.To avoidthis„ugly“ solutions,it is possibleto
initialize theweightsin suchawaythateachlayerstartslike
identity function. Then almost every time B is found.
E) Even the 7-th root can be found by quasiNewton in
about20 learningsteps,comparedto severalthousandnec-
essary for other methods used so far.

A) B)

C) D)

E)



5 Conclusions
The two new methodsfor computingiterativeroots
mean a significant advantage for applications:

The simpleweight copy schemeallows peoplewho
don’t wantto dotheprogrammingwhichis necessary
for moresophisticatedmethods,to computeiterative
rootsof simplefunctionsin anumericalway.Thiscan
beavaluablebecauseof thedifficult mathematicsbe-
hind.Analytical solutionscannotbefoundin mostof
thecases,evena proof of existenceis oftenimpossi-
ble. Now they can simply sketch the solutions.

On theotherhandmuchmorecomplexproblemscan
besolvedwith thequasiNewtonalgorithmappliedto
iteratednetworks.The sharedweight methodswere
ableto solveat most4 to 5 iterations.Networkswith
more hiddenlayerspresentedan impassablebottle-
neckfor backpropagation.With thedirectweightup-
dateby thequasiNewtonalgorithmwe wereableto
computethetwentiethroot of severalfunctionswith-
out problems.
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