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Abstract 

In the last f ew  years theoretical computer scientists 
have found new challenges in computational molecu- 
lar biology. W e  discuss recent advances and present 
some open combinaiorial problems in different areas of 
computational molecular biology such as genome rear- 
rangements, DNA physical mapping, DNA sequencing 
and sequence comparison. 

1 Introduction 

Today molecular biology is in the midst of a ma- 
jor paradigm shift, a shift driven in large extent by 
computer science. Having in many respects already 
become an informational science, molecular biology is 
rapidly becoming a computational science as well. 

Computational molecular biology is undergoing 
rapid development. In 1989 the first “big science” 
project in biology ( the  Human Genome Project) was 
launched. It is aimed at  determining the 100.000 genes 
that are contained in three billion letters of the human 
genome. “Raw” genetic texts are likely to become 
the main research material of biologists over the next 
decades. 

Many biologists have already realized this shift and 
are known as “computational molecular biologists”. 
On the other hand, in recent years, theoretical com- 
puter scientists have found exciting challenges in DNA 
sequence analysis, and a growing number of them are 
trying to contribute to  the genome studies. In some 
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classical computer science disciplines (like combinato- 
rial pattern matching), computational molecular biol- 
ogy has already become a major source of new open 
problems. 

The spectrum of computer science techniques used 
in computational molecular biology ranges from graph 
theory and computational geometry to  flows in net- 
works and computer vision. A number of newly de- 
veloping experimental techniques are likely to  further 
widen this spectrum. Applications of computational 
molecular biology include DNA sequence comparison, 
DNA physical mapping, DNA sequencing, DNA fin- 
gerprinting, DNA linguistics, molecular evolution, fast 
searches of biological databases, predictions of protein 
and RNA secondary and tertiary structure, prediction 
of genes in genetic texts, etc. The book by Waterman, 
1995 is a survey of modern computational molecular 
biology techniques and applications. 

Computational molecular biology started in the 
1970’s as an area that aimed to  solve the problems 
arising in the biological labs. An early striking ex- 
ample of a biological discovery made with a computer 
happened in 1984 when biologists used a simple com- 
binatorial technique to  compare a newly discovered 
cancer-causing gene to  all known genes. To their as- 
tonishment, the cancer-causing gene matched a nor- 
mal gene involved in growth and development. From 
this, i t  became clear that cancer might be caused by 
a normal growth gene being switched on at the wrong 
time. 

Almost every area of theoretical computer science 
started as an attempt to  solve applied problems later 
became more theoretically-oriented. These theoretical 
aspects might even become more important and sci- 
entifically valuable than the original applications that 
iiiotivated the entire area. (Flows in networks is the 
most obvious example). In the last few years molec- 
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ular biology motivated a large number of interesting 
combinatorial problems. In fact, one can assert that 
computational molecular biology i s  a new area of the- 
oretical computer science motivated by molecular biol- 
ogy. 

In this paper we review some open combinatorial 
problems in computational molecular biology. Many 
of these problems have already appeared (explicitly or 
implicitly) in the research papers. Some of them are 
rather simple while the others have been under attacks 
for a decade or more. I t  is our goal to  bring a body of 
interesting and challenging problems to  the attention 
of the community. 

The choice of the problems is motivated by the au- 
thors’ research interests and, as a result, these prob- 
lems do not uniformly cover all areas of computational 
molecular biology. Some of them are rather theoreti- 
cal and have very limited biological applications; the 
solutions of others might provide valuable tools for 
biologists or might lead to new biological discoveries. 
This blend of theoretical and applied problems is a 
distinctive and fascinating feature of computational 
molecular biology. 

The topics covered in this paper are genome re- 
arrangements, (small-scale) DNA physical mapping, 
DNA sequencing and sequence comparison. Because 
of space limitations we do not discuss many other 
combinatorial topics in computational molecular bi- 
ology, most notably evolutionary tree reconstruction 
and large-scale physical mapping (see Farach et al, 
1993 and Karp, 1993 for recent reviews). A more 
complete problem set will be presented in the journal 
version of this paper. 

2 Genome Rearrangements 

Genus Lobelia comprises over 350 species that range 
from small, slender herbs to  woody, giant-rosette 
plants. Fig. 1 presents the order of genes in Tobacco 
and Lobelia fervens chloroplast genomes with a hy- 
pothetical sequence of rearrangement events (Knox et 
al., 1993) during evolution of Lobelia fervens from a 
tobacco-like ancestral genome. 

It is not so easy to  verify that the evolutionary 
events in Fig. 1 represent the shortest sequence of in- 
versions transforming the Tobacco permutation into 
the Lobelia fervens permutation and until recently 
there were no computer science results allowing a 
biologist to  analyze genome rearrangements. Since 
it is often found that  the order of genes is much 
more conserved than the DNA sequence (Franklin, 
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Figure 1: Evolution of Lobelia 

1985), an approach based on comparison of gene or- 
ders (Sankoff et a1.,1990,1992) versus traditional com- 
parison of D N A  sequences might be a method of choice 
for many “hard-to-analyze” genomes. 

Studies of gene arrangements in plant organelles 
were pioneered by Palmer and co-authors who com- 
pared gene orders to  analyze plant molecular evolu- 
tion. Every such study involves solving a combinato- 
rial “puzzle” to  find a shortest series of genome re- 
arrangements to  transform one genome into another. 
In the cases of genomes consisting of small number 
of “conserved blocks”, Palmer and co-authors were 
able to find the shortest scenarios for rearrangements. 
However, for genomes consisting of more than 10 
blocks, exhaustive search over all potential solutions is 
far beyond the possibilities of “pen-and-pencil” meth- 
ods (Watterson et al., 1982). 

With the advent of large-scale DNA mapping and 
sequencing, the number of biological problems simi- 
lar to  the one presented in Fig. 1 is rapidly growing in 
different areas, including evolution of plant chloroplast 
DNA (Raubeson and Jansen, 1992, Hoot and Palmer, 
1994), plant mitochondrial DNA(Pa1mer and Herbon, 
1988, Fauron and Havlik, 1989), animal mitochondrial 
DNA (Hoffman et al., 1992, Sankoff et al., 1992), vi- 
rology (Koonin and Dolya, 1993, Hannenhalli et al., 
1994), Drosophila genetics (Carson, 1983, Whiting et 
al, 1989) and comparative physical mapping (Lyon, 
1988). 

In the first approximation, the order of genes in 
two organisms is represented by permutations 17 = 
(171172.. .rn) and U = ( ~ 1 ~ 2 . .  .U,,). A reversal p of 
an interval [i, j ]  is the permutation 

( 1 a . . .  , - - 1  i i + l  . . .  j - 1  j ;+I _ . .  
1 a . . .  , - - 1  j j - 1  . . .  1 + 1  

Clearly 17 . p has the effect of reversing genes 

; + I  . . _  - >  ,, 
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7rir7ri+1, ...Kj. 
Given permutations x and U ,  the reversal distance 

problem is to  find a sequence of reversals p1, p2 ,  . . . , pt 
such that x . p1 . p2 a . . pt = U and t is minimum. We 
call t the reversal distance between x and U. Note that 
reversal distance between x and U equals the reversal 
distance between u - l x  and the identity permutation 
t. Sorting K by reversals is the problem of finding 
reversal distance d ( ~ ) ,  between x and 2. 

Reversals generate the symmetric group S,. Given 
an arbitrary permutation x from S,,, we seek a short- 
est product of generators p1 . p2 . ‘ .p i  that  equals K. 
Even and Goldreich, 1981 show that given a set of gen- 
erators of a permutation group and a permutation x ,  
determining the shortest product of generators that 
equals x is NP-hard. Jerrum, 1985 proves that the 
problem is PSPACEkomplete, and remains so, when 
restricted to two generators. In our problem, the gen- 
erator set is fixed. However Kececioglu and Sankoff, 
1993 conjectured that 

Problem 1 Sorting by reversals is NP-hard. 

Let i - j if li - j l  = 1. Extend a permutation 
x = ~ 1 x 2 . .  .x,, by adding a0 = 0 and r,+1 = n + 1.  
We call a pair of consecutive elements xi and x i + l ,  0 5 
i 5 n ,  of x an adjacency if xi - x i + l ,  and a breakpoint 
if + x i + l .  Denote the number of breakpoints in K 
as b ( x ) .  For example, the Lobelia fervens permutation 
x = 71245368 has 6 breakpoints (0,7), (7 ,1)1 (2,4),  
(5,3),  (3,6),  (6,8) and 3 adjacencies (1 ,2) ,  (4,5),  (8 ,9) .  

A reversal p affects the breakpoints of x only a t  
the endpoints of p and therefore every reversal can 
eliminate at most two breakpoints. It implies d ( x )  2 v. Kececioglu and Sankoff, 1993 conjectured that 
even a much weaker version of sorting by reversals 
problem is NP-complete. 

Problem 2 Deciding d ( x )  = 

Kececioglu and Sankoff, 1993 found an approxi- 
mation algorithm for sorting by reversals with per- 
formance guarantee 2. They also devised efficient 
bounds, allowing them to solve the reversal distance 
problem optimally or almost optimally for n up to  
50. This range covers the biologically important case 
of mitochondrial genomes. Later Bafna and Pevzner, 
1993 achieved a performance guarantee of $ for sorting 
by reversals. 

Problem 3 Improve the performance guarantee of 
sorting by reversals 

is  NP-complete. 

When the sequence of genes contains duplications, 
sorting permutations by reversals is transformed into 

the problem of sorting words by reversals. For ex- 
ample, the shortest sequence of reversals t o  transform 
the word 43132143 into the word 42341314 involves 
two inversions 43132143 -+ 42313143 + 42341314. 
No performance guarantee algorithms for this prob- 
lem are known. 

Problem 4 Devise a performance guarantee algo- 
rithm for  sorting words by reversals. 

Define a strip of a permutation K as an interval [i ,  j ]  
such that  ( i -1 ,  i )  and (j,j+l) are breakpoints, and no 
breakpoint lies between them. It is natural t o  suspect 
that in a shortest series of reversals we never have 
to consider reversals that cut strips. This however 
is false; for example the permutation 3412 requires 
three reversals if we do not cut strips, yet it can be 
sorted with two. Nevertheless Kececioglu and Sankoff, 
1993 made the following conjecture: 

Problem 5 For every permutation there exists a 
shortest series of reversals that does not cut strips of 
three or  more elements. 

The following, even stronger conjecture was also pro- 
posed by Kececioglu and Sankoff, 1993 

Problem 6 For every permutation there exists a 
shortest series of reversals that never increases the 
number of breakpoints. 

Define D(n) = maxTEg, d ( x )  t o  be the reversal di- 
ameter of the symmetric group of order n. Gollan con- 
jectured that D ( n )  = n - 1 and that  only one permu- 
tation Î,,, and its inverse, 7 i 1  require n - 1 reversals 
to  be sorted. For n 5 11, Gollan verified this con- 
jecture using extensive computations. Kececioglu and 
Sankoff, 1993 developed lower bounds for reversal dis- 
tance, allowing them to verify Gollan’s conjecture for 
n 5 200 for n mod 3 = 1. Finally Bafna and Pevzner, 
1993 proved Gollan’s conjecture and further, studied 
the problem of expected reversal distance E ( d )  be- 
tween two random permutations. They demonstrated 
that reversal distance between two random permuta- 
tions is very close to  the reversal diameter of the sym- 
metric group, i.e. E ( d )  2 (1 - g )  n. This result 
indicates that reversal distance provides a good sep- 
aration between related and non-related sequences in 
molecular evolution studies. 

Problem 7 Improve the lower bound and derive a 
non-trivial upper bound for expected reversal distance. 
Estimate the variance of the reversal distance. 
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A gene is a piece of DNA sequence and the sequence 
has a reading direction. This comment leads to  the 
sorting by reversals problem for signed permutations. 
The Lobelia fervens permutation corresponds to  the 
signed permutation ( -7 ,  +1,  +2, +4, +5,  +3,  -6, +8). 
In the biologically more relevant signed case, every 
reversal of fragment [ i ,  j ]  changes the signs of the ele- 
ments within that fragment. We are interested in the 
minimum number of reversals to transform the signed 
permutation ?r into the identity signed permutation 
(+l, +2,. . . , +n). Bafna and Pevzner, 1993 devised 
an approximation algorithm for sorting signed permu- 
tations by reversals with performance ratio $. In the 
caae of signed permutations the performance guaran- 
tee algorithms approximate the reversal distance with 
an astonishing accuracy for both simulated data (Ke- 
cecioglu and Sankoff, 1994) and biological applications 
(Bafna and Pevzner, 1995b). 

Problem 8 improve the performance guarantee for 
sorting of signed permutations by reversals. 

Kececioglu and Sankoff, 1994 studied the bounds 
for the diameter D d ( n )  in the case of signed permuta- 
tions and proved that 

n - 1 < Os(.) < n 

They also conjectured 

Problem 9 For signed cir- 
cular permutations, D I ( n )  = n for suficiently large 
n. 

A characterization of “hard-tc-sort” signed per- 
mutations (i.e. n-element permutations a such that 
d(a) = D b ( n ) )  is still unknown. 

Problem 10 Characterize the set of signed permuta- 
tions on n elements such than d(a) = D(n). 

Gates and Papadimitriou, 1979 and Gyori and Tu- 
ran, 1979 studied sorting b y  prefix reversals problem 
(also known as the pancake Pipping problem): Given 
an arbitrary permutation ?r, find dptej(a), the mini- 
mum number of reversals of the form (1, i] that sort *. 
Note that  all reversals in Fig. 1 are in fact originated 
at  one point (left-side of the fragment 8) and are es- 
sentially prefix reversals corresponding to a hot point 
of mutations. Gates and Papadimitriou, 1979 are con- 
cerned with bounds on the prefix reversal diameter of 
the symmetric group, Dprej(n) = max*Es, dprej(f) .  

They show that Dprcj(n) 5 in + 5, and that for in- 
finitely many n, Dprej(n)  > E n .  They also conjec- 
tured that a particular Gates-Papadimitriou permuta- 
tion on n elements requires at  least E n  reversals to  be 

sorted. Heidari and Sudborough, 1993 disproved their 
conjecture by describing E n  + 2 reversals sorting the 
Gates-Papadimitriou permutation. 

Problem 11 Improve lower and upper bounds for 
sorting by prefix reversals. 

Problem 12 Find the prefix reversal diameter of the 
symmetric group. 

Genomes evolve not only by inversions but by trans- 
positions, deletions, insertions and duplications of 
fragments. As a first approximation, transpositions 
in genome rearrangements can be modelled in the fol- 
lowing way. 

For a permutation a, a transposition p( i ,  j, k )  (de- 
fined for all l < i < j < n + l and all l < k < n + 1 
such that  k [i, j]) “inserts” an interval [i, j - 11 of A 

between r k - 1  and , i.e. p ( i , j , k )  corresponds to  a 
permutation 

1 . . .  , - a 1 1  i + i  . . .  . . .  . . .  i - a k i J v l h  . . _  6 

I . . . I - 1 [I i + l  . .  . . . . .. . J-1 j-1 [ )r . . . II 

Given permutations r and U, the transposition dis- 
tance problem is to  find a series of transpositions 
p 1 , p 2 , .  . . ,pt such that  ? r . p 1 ’ p 2 - .  .pt = U and t is min- 
imum. We call t the transposition distance between r 
and U. Sorting r by transpositions is the problem of 
finding transposition distance d(?r), between ?r and the 
identity permutation a .  A well-known polynomially- 
solvable variant of sorting by transpositions is sorting 
by transpositions p ( i ,  i + 1, i + 2) where the operation 
is an exchange of adjacent elements. For this prob- 
lem polynomial algorithms exist for both linear (bub- 
ble sort) and circular permutations (Jerrum, 1985). 
Aigner and West, 1987 found a simple algorithm for 
sorting by transpositions p( 1 , 2 ,  i )  when the operation 
is reinsertion of the first element, 

Sorting by transpositions is a somehow harder com- 
binatorial problem than the previously studied sorting 
by reversals; in particular the transposition diameter 
Dt(n) of the symmetric group is still unknown. Bafna 
and Pevzner, 1995a devised a 1.5 performance guaran- 
tee algorithm for sorting by transpositions and demon- 
strated that 

Problem 13 Find the transposition diameter of the 
symmetric group. 

Problem 14 Devise an improved performance guar- 
antee algorithm for sorting b y  transpositions. 
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Problem 15 Devise an approximation algorithm for 
sorting by reversals and transpositions. 

Eucaryotic genomes typically consist of many chro- 
mosomes. Chromosomal rearrangements include not 
only inversions and transpositions but translocations 
as well. Translocations exchange genetic material be- 
tween different chromosomes. 

Recent advances in large-scale comparative genetic 
mapping offer exciting prospects for understanding 
mammalian genome evolution. The large number of 
conserved segments in the maps of man and mouse 
suggest that  multiple chromosomal rearrangements 
have occurred since the divergence of lineages leading 
to  humans and mice. Nadeau and Taylor, 1984 esti- 
mated that  just 1 7 8 f 3 9  chromosomal rearrangements 
have occurred since this divergence. This estimate sur- 
vived a ten-fold increase in the amount of the compar- 
ative man/mouse mapping information; the new esti- 
mate based on the latest data (Copeland et al., 1993) 
changed little compared to  Nadeau and Taylor, 1984. 

However, the Nadeau and Taylor, 1984 analysis is 
non-constructive and does not lead to  a scenario of 
chromosomal rearrangements. 

Problem 16 Find a most parsimonious scenario of 
chromosomal rearrangements transforming the mouse 
genome into the human genome. 

Problem 17 Devise an algorithm to  analyze chromo- 
somal rearrangements. 

See Kececioglu and Ravi, 1995 for a discussion of 
recent progress on the last problem. 

3 DNA physical mapping 

Hamilton Smith discovered in 1970 that the restric- 
tion enzyme Hind I1 cleaves DNA molecules at ev- 
ery occurrence of a sequence GTGCAC or GTTAAC. 
Since that time, physical maps presenting a DNA 
molecule with the points of cleavage (s i tes)  by restric- 
tion enzymes have become a fundamental data struc- 
ture in molecular biology. 

Several experimental approaches to small-scale 
DNA physical mapping exist, each with its own ad- 
vantages and disadvantages. Most of them correspond 
to  the following combinatorial problem arising also in 
crystallography. If X C R1 is a multiset (a finite 
set with repetitions allowed) let A X  denote the mul- 
tiset of all pairwise distances between points in X :  
A X  = (1.1 - 221 : 21,q E X } .  In the small-scale 

DNA physical mapping some subset E C A X  cor- 
responding to  the experimental data  about fragment 
lengths is given, and the problem is to  reconstruct X 
from the knowledge of E alone. 

In the (computationally) simplest case E = A X ,  
corresponding to the Partial Digest Problem (PDP) ,  
the experiment provides data  about all pairwise dis- 
tances between restriction sites. The problem is 
known also as turnpike problem in computer science 
(Weiss,1992). Rosenblatt and Seymour, 1982 gave a 
pseudo-polynomial algorithm for P D P  based on fac- 
torization of polynomials. Later Skiena et al., 1990 
gave a simple backtracking algorithm which performs 
well in practice. Weiss,1992 even asked whether this 
backtracking algorithm runs in polynomial time on 
any instance of PDP. However Zhang,1994 constructed 
an exponential example for the backtracking algo- 
rithm. 

Problem 18 Does a polynomial algorithm ezist for 
P D P ?  

Given A X ,  it is not possible to  completely re- 
construct X .  For example, for any solution X 
the sets -X  (reflection) and X + a for every arR' 
(translation) are also solutions. There are less triv- 
ial examples of this nonuniqueness, We say that 
two multisets X and Y are homometric if A X  = 
AY.  For example, the sets {0,1,3,8,9,11,13,15} 
and (0, 1,3,4,5,7,12,13,15} are homometric and are 
not transformed into each other by reflections and 
translations (strongly homometric sets) .  Skiena et 
al., 1990 proved that the maximum number H ( n )  of 
strongly homometric sets on n elements is bounded by 
!jn0.6309 5 H ( n )  5 $I~.~. The upper bound seems to  
be very pessimistic. 

Problem 19 (Skiena et al., 1990) Derive tighter 
bounds for H ( n ) .  

Another way to  construct a physical map is to  mea- 
sure the fragment lengths from a digestion of the DNA 
by each of the two enzymes A and B singly, and then 
by the two enzymes applied together. The problem of 
determining the positions of the cuts from fragment 
length data  is known as the Double Digest Problem or 
D D P .  

For an arbitrary set X of n elements denote 6 X  c 
A X  to be the set of n-1 distances between consecutive 
elements of X .  In DDP the multiset X C [ O , t ]  is 
partitioned into two subsets X = A U  B with OCA, B 
and t rA ,  B. The experiment provides three sets of 
lengths: bA,6B and 6 X .  Double Digest problem is 
to  reconstruct A and B from these data. The real 
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problem is complicated by the experimental errors in 
6A,6B and 6X. 

Different combinatorial approaches to DDP are 
known (Waterman and Griggs,1986; Goldstein and 
Waterman,l987; Allison and Yee, 1988; Pevzner, 1992, 
1994) and a number of computer programs for DDP 
have been suggested (Pearson,l982; Fitch et al., 1983; 
Pevzner and Mironov,l987; Krawczak,1988, Ho et 
a1.,1990; Grigorjev and Mironov,l990; Yap, 1991). 
However, despite significant efforts, DDP still can- 
not be considered resolved. All of the algorithms en- 
counter significant difficulties when applied to  finding 
physical maps with more than 7 or 8 sites for each re- 
striction enzyme. Devising a fast computer program 
for small-scale DNA physical mapping is still an open 
problem. 

Problem 20 Devise a fast  algorithm and a practical 
computer program for the Double Digest problem al- 
lowing a biologist t o  build physical maps with up to  20 
sites in the presence of experimental errors. 

Goldstein and Waterman, 1987 proved that DDP 
is NP-hard. They also showed that when the enzyme 
sites are modelled by a random process, the number 
of solutions that produce the same single and double 
digests increases exponentially as the length of DNA 
increases. Exponential growth of the number of solu- 
tions of DDP forces biologists to  use k > 2 enzymes 
in experiments. They further combine pairwise maps 
into a multiple map with k enzymes (Pevzner, 1990). 
Another approach would be to have three enzymes 
A,  B and C and to  get experimental data about the 
lengths of the fragments in single digestions A,  B ,  C ,  
double digestions AB,  BC,  C A  and triple digestion 
ABC. 

Problem 21 Devise an algorithm to construct physi- 
cal maps of three enzymes A ,  B ,  C provided seven sets 
of ezperimental data (digestions A ,  B ,  C ,  AB, BC,  
C A  and ABC)  are given. 

Of course NP-hardness and exponential growth of 
the number of solutions hamper the development of a 
fast mapping program. Nevertheless, a new approach 
allowing reduction of the computational time of map- 
ping algorithms has been suggested by Schmitt and 
Waterman, 1991. 

Although the number of solutions grows very fast 
as the number of sites grows, the majority of solu- 
tions are very similar (could be transformed into each 
other by rearrangements of various regions). Since 
most of time during map construction is wasted gen- 
erating ‘very similar maps’, it would seem reasonable 

to partition the entire set of physical maps into equiv- 
alence classes and to  generate only one basic map in 
every equivalence class. Further, all solutions could 
be generated from basic maps using simple transfor- 
mations. If the number of equivalence classes were 
smaller than the number of physical maps, then this 
approach would allow reduction of computational time 
for the DDP algorithm. 

Schmitt and Waterman, 1991 took the first step 
in this direction. They introduced an equivalence 
relation on physical maps. All maps of the same 
equivalence class are transformed into one another by 
means of a natural set of cassette transformations. 
Pevzner,l994 generalizes the cassette transformations 
of Schmitt and Waterman and characterizes equiv- 
alence classes under these transformations for pair- 
wise maps. Martin, 1994 further develops this idea 
to characterize equivalence classes in the case of coin- 
cident cuts. However the following problem remains 
unsolved. 

Problem 22 Given two maps f rom the same equiva- 
lence class, find a shortest series of cassette transfor- 
mations to  transform one map into another. 

Problem 23 Characterize cassette transformations 
of multiple maps (3 and more enzymes). 

Computational experiments demonstrate that the 
number of equivalence classes of physical maps grows 
with the size of DDP. It raises the following problem: 

Problem 24 Find the expected number of physical 
maps and equivalence classes of physical maps for a 
%andom” Double Digest problem. 

Pevzner, 1994 proved that the elements of an equiv- 
alent class are in one-to-one correspondence with all 
alternating Eulerian paths in a certain bicoloured 
graph. This result raises the question of whether the 
size of an equivalent class can be efficiently computed 
in the terms of the number of alternating Eulerian cy- 
cles in bicoloured graphs. 

Problem 25 Compute the number of elements in the 
equivalence classes of physical maps.  

Another physical mapping technique leads to  the 
Probed Padaal Digestion Problem ( P P D P ) .  In this 
method DNA is partially digested with a restriction 
enzyme thus generating a collection of DNA fragments 
between any two cutting sites. Afterwards a labeled 
probe, which attaches to the DNA between two cut- 
ting sites, is hybridized to the partially digested DNA, 
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and the sizes of fragments to which the probe hy- 
bridizes are measured. The problem is to  reconstruct 
the positions of the sites from the multiset of measured 
length. 

Formally in the PPDP, a multiset X c [ - s , t ]  is 
partitioned into two subsets X = A U  B with OCA, B 
and A C [-s,O], B c [ O , t ] ;  and the experiment pro- 
vides the multiset S = { b  - a : a r A , b ~ B } .  The 
problem is to  find A and B given S. 

Denote by p ( S )  the number of solutions of PPDP 
problem for the instance S and define P(n)  = 
sup{p(S) : IS1 = n}.  Newberg and Naor, 1993 con- 
structed an example demonstrating that P(n)  grows 
faster than n1.73. The question about tight lower and 
upper bounds for P(n)  is still open. 

Problem 26 Derive tighter upper and lower bounds 
for P ( 4  

4 DNA sequencing 

With current laboratory methods, only small DNA 
fragments of roughly 500 base pairs can be sequenced 
at  a time. Then, from thousands of these fragments 
(starting at unknown positions), a biologist must to 
reconstruct the sequence of the whole DNA molecule. 
The problem is complicated by unavoidable experi- 
mental errors in reading small DNA fragments. 

The simplest and naive approximation of classi- 
cal gel-based DNA sequencing (without noise) corre- 
sponds to the shortest superstring problem: Given a 
collection of strings s1 , . . . , sm , find the shortest string 
s such that each si appears as a substring of s. Since 
the shortest superstring problem is known to be NP- 
hard (Gallant, 1980), a number of heuristics have been 
considered. The simplest heuristic is the GREEDY al- 
gorithm: Repeatedly merge a pair of strings with max- 
imum overlap until only one string remains. Tarhio 

length was proposed by Blum et al., 1991. The Blum 
et al. 1991 algorithm achieves approximation ratio 
3; later in a series of papers Teng and Yao, 1993, 
Kosaraju et al., 1994, Czumaj et al., 1994, and Armen 
and Stein, 1994 reduced the performance ratio to 2.75. 
On the other hand, an example for which GREEDY’S 
approximation ratio is worst than 2 is unknown. 

Problem 28 (Blum et al . , l991)  Prove or disprove 
the conjecture that G R E E D Y  achieves performance 
guarantee 2. 

Problem 29 Devise an algorithm with improved per- 
formance guarantee for the SSP problem. 

The resolution power of sequencing methods could 
be improved if classical DNA sequencing is combined 
with hybridization to  additional probes (in the frag- 
ments with low accuracy) or sequencing by hybridiza- 
tion. Such experiments provide both positive and 
negative examples of substrings. This leads to  the fol- 
lowing problem. 

Let P = {SI,. . . sm} be a set of positive strings 
and N = { t l  , . . . , t k }  be a set of negative strings. We 
assume that no negative string t i  is a substring of any 
positive string s, . A consistent superstring for (P ,  N )  
is a string s such that each si is a substring of s and 
no t i  is a substring of s. 

Jiang and Li, 1993 gave an approximation a l g e  
rithm for the shortest consistent superstring problem 
with performance guarantee logn. Later they found 
a linear approximation for shortest consistent super- 
string problem for two special cases: (i) When no neg- 
ative strings contain positive strings as substrings and 
(ii) when there are only a constant number of negative 
strings. 

Problem 30 (Jiang and Li ,  1993) Does a polyno- 
mial t ime linear approximation algorithm exist for the 
shortest consistent superstring problem? 

and Ukkonen-, 1988 and -Turner, 1989 defined compres- 
sion of a shortest superstring algorithm as the number 
of symbols saved by the algorithm compared to  simply 
concatenating all the strings. They also proved that 
GREEDY achieves at least !j the compression of an 
optimal superstring. 

Short fragments read by the conventional sequenc- 
ing techniques contain errors which lead to  complica- 
tions in the sequence assembly process. Introducing 
errors leads to  the following shortest k-approzimate 
superstring problem: Given a set S of strings, find a 
shortest string w such that each string z in S matches 

Problem 27 (Teng and Yao,1993) Find an algo- 
r i thm that achieves better than f of optimal compres- 
sion. 

A performance guarantee with respect to compres- 
sion does not implies a performance guarantee with 
respect to  length. The first performance guarantee 
shortest superstring algorithm with respect to  the 

some substring of w with a t  most k errors. Jiang and 
Li, 1994 gave a polynomial algorithm for the shortest 
k-approximate superstring problem with performance 
guarantee log n. 

Problem 31 Does a polynomial-fime linear approxi- 
mation algorithm ezists for the shortest k-approzimate 
sitperstring problem? 
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Suppose we are given a set S of n random strings of 
fixed size 1 over an A-letter alphabet. If n is large (of 
the order of Al), the length of the shortest common 
superstring E(SSP(S))  for the set S is of the order n.  
If n is small, E ( S S P ( S ) )  is of the order n . 1 .  

Problem 32 Find E(SSP(S) )  as a function o f l ,  n 
and A. 

In a more complicated version of the same problem 
n strings from S have the fixed lengths 1 1 , .  . . , 1,. 

Problem 33 Find E(SSP(S) )  as a function of 
1 1 , .  . . , I , ,  n and A. 

See Alexander, 1994 for recent progress on the last 
two problems. 

In a slightly different formulation which is more rel- 
evant to real DNA sequencing, the set S of n strings 
of size 1 is chosen at  random from a given sequence. 

Problem 34 Find E(SSP(S) )  f o r  the case S is cho- 
sen at random from a given sequence of length m. 

Sequencing by Hybridization (SBH) is an alterna- 
tive approach to  DNA sequencing that  was proposed 
simultaneously and independently by Southern, 1988, 
Bains and Smith,1988, Lysov et a1,1988 and Drmanac 
et a1.,1989. The simplest SBH technique can be de- 
scribed as follows 

0 Attach all possible single stranded oligonu- 
cleotides of length k (strings of length E over the 
A, T, G, C alphabet) to  the surface of a substrate, 
each fragment at  a distinct location. This set of 
oligonucleotides is called the sequencing chip. 

0 Apply a solution containing a labeled single 
stranded target DNA fragment to the sequencing 
chip. 

0 Target DNA fragment hybridizes with those 
oligonucleotides which are complementary to sub- 
strings of length k of the target fragment. 

0 Detect oligonucleotides that hybridize with the 
target fragment with a nuclear or spectroscopic 
detector. The oligonucleotide content (k-tuple 
composition) of the target DNA fragment is ob- 
tained. 

0 Apply a combinatorial algorithm to reconstruct 
the sequence of the target DNA fragment from 
the k-tuple composition. 

In the very first SBH studies, biologists considered 
the chip C(8)  containing all 4a = 65536 8-tuples (k = 
8). For C(k) ,  sequencing by hybridization provides 
information about k-tuple composition of an unknown 
DNA fragment (the spectrum of DNA fragment), and 
the problem is to reconstruct the sequence of the DNA 
fragment from these data. In the case of an ideal SBH 
experiment in which the etact  count of the number 
of occurrences of each k-tuple in a target fragment is 
known, SBH reconstruction with C(k)  chips can be 
reduced to the Eulerian path problem (Pevzner,l989). 
For real SBH experiments, the unavoidable errors in 
the spectra make reconstruction more complicated. 

Problem 35 Devise an algorithm f o r  SBH sequence 
reconstruction from data with errors.  

Even in the case of an ideal SBH experiment, the 
chip C(8) is insufficient for sequencing long DNA frag- 
ments. In particular, Pevzner,l989 demonstrated that 
in this case (no hybridization errors), one can unam- 
biguously reconstruct a 200 nucleotide long sequence 
only in 94 out of 100 cases. Even for a sequencing 
chip C(10) containing 41° 10-tuples (such a chip could 
be fabricated using the photolitographic technique of 
Affymetrix, Fodor et a1.,1991), one can reliably re- 
construct a DNA fragment only about 600 nucleotide 
long. This discouraging result indicates that addi- 
tional joint efforts by biologists and computer scien- 
tists are required to make SBH practical and raises a 
problem of improving resolution power of sequencing 
chips. 

A sequencing chip is a set of words C = { c l ,  . . . c,} 
over an alphabet A where m is the memory of the 
chip. Given a string W over alphabet A and a word 
c,  we write c i W if c occurs in W .  A spectrum Cw 
of W with respect t o  sequencing chip C is the subset 
of chip C: Cw = { c  E C : c i W}. 

A string W of length n (n-string) is called unam- 
biguous with respect to  the chip C ,  if for every other 
n-string W’, CW # Cwl. Let U be the number of 
unambiguous n-strings (with respect to  a sequencing 
chip C). Define resolution power r(C, n )  of a sequenc- 
ing chip C as the fraction & of unambiguous strings 
among all n-strings. 

Problem 36 Given m and n ,  find a sequencing chip 
C of memory m mazimiring the resolution power 
.(Cy n). 

The attempts to  improve the resolution power of 
sequencing chips lead to  the idea of pools of oligonu- 
cleotides at  every position of sequencing chips. In this 
approach a pool of oligonucleotides can be attached 
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to the same position of the chip without significant 
complication of the oligonucleotide synthesis process. 
A hybridization signal at a particular position of the 
chip indicates that  at least one of the oligonucleotides 
in the pool is complementary to the target DNA frag- 
ment. Pevzner et a1.,1991 demonstrated that pooling 
allows one to reduce the memory of the chip by a fac- 
tor of 5-15 times without significantly decreasing the 
resolving power. 

We define a probe to  be a set (pool) of words 
(oligonucleotides). For example, WWS is a probe con- 
sisting of 8 trinucleotides: 

AAG, AAC, ATG, ATC, TAG, TAC, TTA,TTC,  

where W designates the weak nucleotides A or T ,  while 
S designates the strong nucleotides G or C. RY R is a 
probe consisting of 8 oligonucleotides: 

ATA, ATG, ACA, ACG, GTA, GTC, GCA, GCG, 

where R designates the purines A or G ,  while Y des- 
ignates the pyrimidines T or C.  

A (generalized) sequencing chip is defined as a set 
of probes C = (PI,. . . ,pm). We write p -I W if a 
probe p contains a word c -I W .  Each DNA sequence, 
W defines a subset of chip C consisting of the probes 
occurring in W (spectrum of W in C): 

cw = {P€C : p i W } .  

A n-string is called unambiguous with respect to 
the chip C if there are no other n-strings with the 
same spectrum in C. The resolution power of the 
chip, r(C, n)  is the fraction of unambiguous n-strings. 
We call chip k-bounded if all oligonucleotides in the 
chip have length at most k. In the following problem 
we require the chip to  be k-bounded to  avoid compli- 
cations in oligonucleotide synthesis and detection of 
hybridization signal. 

Problem 37 Given m, n and k ,  find a k-bounded 
pooling sequencing chip C with memory m maximizing 
the resolution power r(C, n). 

Pevzner and Lipshutz,l994 introduce new chip de- 
signs for SBH and demonstrate their advantages over 
C(lc). In particular they devised the binary chip 
Cbin(k)  as the chip with memory 2 .2k . 4  composed of 
all probes of two kinds: 

{W,S},{W,S},...{W,S},{A,T,G,C} 
" 
k 

and 

{ R , Y l , { R , Y } ,  . . . { R , Y l , { A , T , G , C l .  
I 

k 

Each probe is a mixture of 2' oligonucleotides of 
length k + 1. 

Problem 38 D o  binary chips provide asymptotically 
the best resolution power among all ( k  + 1)-bounded 
sequencing chips? 

Although binary chips provide better resolution 
power than classical C ( k )  chips, an efficient algorithm 
for reconstruction of a DNA fragment from its spec- 
trum over a binary chip is still unknown. 

Problem 39 Devise an ef ic ient  algorithm for the 
SBH sequence reconstruction by binary chips. 

Even large-memory sequencing chips do not guar- 
antee unambiguous reconstruction of a long DNA frag- 
ment. To resolve ambiguities in SBH sequence recon- 
struction a number of additional biochemical experi- 
ments were proposed. For example, for the spectrum 

{ ATG, TGG, TGC, GTG, GGC, GCA, GCG, C G T } ,  

two reconstructions are possible (ATGCGTGGCA 
and ATGGCGTGCA). We don't know which 3-tuple 
(TGC or TGG) follows ATG in the original sequence. 
Therefore, we can not distinguish between a correct 
reconstruction and the incorrect reconstruction. If we 
could conduct an additional biochemical experiment 
with 4-nucleotide ATGC, we would immediately find 
the correct reconstruction. 

Khrapko et al., 1989 proposed the idea of using 
additional biochemical experiment called continuous 
stacking hybridization to  resolve branchings in the re- 
construction process. Continuous stacking hybridiza- 
t ion assumes an additional hybridization of short 
oligonucleotides which continuously extend duplexes 
formed by the target DNA fragment and the probes 
from the sequencing chip. In this approach, additional 
hybridization with a short m-tuple on the chip C(k) 
provides information about some (k + m)-tuples in 
the sequence. Questions regarding the computational 
complexity and the resolving power of this approach 
need further consideration. 

Problem 40 Given a spectrum S which does not pro- 
vide an unambiguous SBH reconstruction, find the 
minimum number of continuous stacking hybridization 
experiments t o  unambiguously reconstruct the target 
fragment. 

Problem 41 Reconstruct the sequence of DNA frag- 
ment f rom a given spectrum and the results of addi- 
tional continuous stacking hybridizations. 
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In light-directed synthesis of high-density sequenc- 
ing chips (Fodor et al., 1991), synthesis errors result 
from the unintended illumination of chip regions that 
should remain dark. Most synthesis errors occur at the 
borders of illuminated regions, where light diffraction, 
internal reflection, and scattering produce the most 
unintended illumination. As a result, a t  the border of 
illuminated regions the outcome of the light-directed 
synthesis is uncertain. This uncertainty gives rise to 
probes with unknown sequences and unknown lengths, 
that may hybridize to  a target DNA strand, thus 
complicating interpretation of the experimental data. 
Methods are being sought to minimize the lengths of 
these borders, 80 that  the level of uncertainty is re- 
duced. A combinatorial synthesis strategy based on 
two-dimensional Gray codes is optimal for minimizing 
the border length for C(k)  sequencing chips (Feldman 
and Pevzner, 1994). However, for an arbitrary chip, 
the problem of a chip design minimizing the overall 
border lengths of photolithographic masks remains un- 
solved. 

Problem 42 Find an arrangement 
of oligonucleotides on a chip minimizing the overall 
border lengths of the masks for photolithographic chip 
design. 

5 DNA sequence comparison 

Biologists looking for similarities between different 
sequences try to  find sequence alignments. Dynamic 
programming is a usual tool for finding alignments in 
computational molecular biology (Smith and Water- 
man, 1981, Miller and Myers, 1988, Galil and Gian- 
Carlo, 1989). One of the central difficulties in DNA and 
protein sequence comparison is the choice of alignment 
penalty parameters. There is a considerable disagree- 
ment about how to weight matches, mismatches, inser- 
tions/deletions and gaps in sequence alignment. Ide- 
ally, we would like to compute optimal alignments for 
the infinite set of all possible parameter values. The 
goal of parametric sequence comparison is to  partition 
the parameter space into regions such that in each re- 
gion one alignment is optimal throughout and such 
the regions are maximal for this property. Fitch and 
Smith, 1983 were able to find all regions in decomposi- 
tion of the parameter space for two hemoglobin genes 
where the penalty for a gap of length k is (Y + p k  and 
Q and p vary. The first algorithms for parametric se- 
quence alignment were suggested by Gusfield et al., 
1992 and Waterman et al., 1992. 

An alignment is characterized by the number of 

matches v ,  mismatches w and insertions/deletions ( in-  
dels) U. (See Waterman, 1989 for a review). In the 
simplest sequence alignment problem, the mismatches 
are scored by the alphabet substitution function 

and the indels are scored by -6. The score of align- 
ment is defined to  be 

v = v - pw - 6u. 

A given choice of parameter values p and 6 defines 
an optimal alignment (not necessarily unique). Any 
alignment that is optimal for fixed values ( p ,  6) is op- 
timal in a certain region in the ( p , 6 )  space. Hence, 
the 2-parameter space is decomposed into optimal re- 
gions such that in every region one alignment is opti- 
mal throughout, and the regions are maximal for this 
property. Gusfield et a1.,1992 proved that the num- 
ber of convex polygons in the decomposition for global 
alignment is bounded by O(n2I3). This estimate looks 
rather pessimistic and no example of sequences with 
O(n2I3) regions in the parameter space decomposition 
is known. 

Problem 43 Improve the bound on the number of re- 
gions in the parameter space decomposition for global 
alignment. 

Problem 44 Derive bounds for the expected number 
of regions in the parameter space decomposition for 
global alignment of two random sequences of length n .  

Parameter space decompositions for local alignment 
usually contain more regions compared to  parameter 
space decompositions for global alignment. Arratia 
and Waterman, 1994 described a partition of parame- 
ter space for local alignment into linear and logariih- 
mic areas where the score of optimal alignments grow 
linearly and logarithmically, correspondingly. Vingron 
and Waterman, 1994 further studied the links between 
the parametric sequence alignment and the Arratia- 
Waterman phase transition between linear and loga- 
rithmic areas. In this connection i t  is interesting to  
study the parameter decomposition of the logarithmic 
area. 

Problem 45 Derive bounds for the expected number 
of regions in space decomposition in  the logarithmic 
area for local alignment of two random sequences of 
length n. 
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Vingron and Waterman, 1994 also observed some 
correlations between the combinatorial structure of 
the tessellations of the parameter space and the sta- 
tistical phase transition curve in the parameter space 
(Waterman et a1.,1987, Arratia and Waterman, 1994). 
A theoretical substantiation of this correlation re- 
mained an open problem. 

Problem 46 Characterize the phase transition curve 
in terms of the combinatorial structure of ihe tessella- 
tions of the parameter space. 

The Gusfield et a1.,1992 algorithm for global para- 
metric sequence alignment of two sequences of length n 
runs in O(kn2) time where k is the number of regions. 
Hence, the amortized cost for finding a single region 
is the time to  find a single optimal alignment within 
that region. For local parametric sequence alignment 
Gusfield et a1.,1992 finds all regions in O(n3 logn) per 
region which is costly. 

Problem 47 Devise a fast  algorithm for space de- 
composition in local sequence alignment. 

The above problems are related to  parametric se- 
quence alignment for the simplest scoring schema (no 
gap penalties). For more general scoring schemas, no 
efficient algorithm for parametric sequence alignment 
is known. 

Problem 48 Develop a fast  algorithm for space de- 
composition in local sequence alignment with a more 
general scoring schema. 

Similar to  sequence alignment there is considerable 
disagreement among biophysicists about the energy 
parameters for RNA folding. To analyze energy pa- 
rameters and to study their accuracy, it would be use- 
ful to study parametric RNA folding. For example, 
comparison of regions corresponding to  cloverleafs for 
tRNA parameter space decomposition would provide 
an estimate of accuracy of currently used RNA energy 
parameters. 

Problem 49 Develop an algorithm for parametric 
RNA folding. 

Longest common subsequence is the simplest vari- 
ant of sequence alignment problem when inser- 
tions/deletions/mismatches penalties are zero ( p  = 
6 = 0). Given two words V = v[l], . . . , v [ n ] ,  W = 
411, . . ., ~ [ n ]  we define a common subsequence of V 
and W as sequences of indices 1 5 il < . . . < in: 5 n 
and 1 5 j1 < . . . < jk 5 n such that 

v [ i t ]  = w b t ]  for 1 5 t 5 k 

We define k to  be the length of the common subse- 
quence, and we denote l(V, W) the length of a longest 
common subsequence (LCS) of V and W .  Let V and W 
be two sets of n-letter words over the same alphabet. 
Given V, W and a probability measure p on V x W we 
are interested in the average length of LCS which is 

l(n) = w, W )  * P(V, W). 
v CY, w cw 

Two cases of LCS average length are of particular 
interest. 

Longest increasing subsequence in random 
permutations lper(n): V contains only the word 
(1, . . . , n), W contains all permutations of length n 
and p(V, W) = 5. 

The problem of finding lper(n) was raised by Ulam, 
1961. Hammersley, 1972 proved that  

b ( n )  lim - - 
n-m J;; -‘per 

where Cper is a constant. Even before the convergence 
has been proved, Baer and Brock, 1968 had conjec- 
tured that cper = 2 on the basis of extensive computa- 
tions. Logan and Shepp, 1977 and Vershik and Kerov, 
1977 proved that cper 2 2. Later Vershik and Kerov 
proved that cpcr = 2 (see Vershik and Kerov, 1985) 
and completed the solution of the Ulam problem. 

Longest common subsequence l k  (n) over k- 
letter alphabet: Both V and W contain all kn 
n-letter words over the k-letter alphabet. 

Chvatal and Sankoff, 1975 showed that 

where Ck is a constant and gave lower and upper 
bounds for Ck.  Later the bounds were improved by 
Deken, 1979, Chvatal and Sankoff, 1983, Deken, 1983 
and Dancik and Patterson, 1994. 

Problem 50 Give tighter bounds for average length 
of LCS. 

Computing ck seems to be a harder problem than 
computing cper since the Young tableauz technique 
used by Logan and Shepp, 1977 and Vershik and 
Kerov, 1977 does not work for longest common subse- 
quences. In the middle of 80’s two conjectures about 
ck were stated: 

hypothesis, [SM83]) 
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Problem 52 (Arratia-Steele hypothesis, [S86]) C k  = 
.) 

Chvatal and Sankoff, 1975 were also interested in 
computing the variance of /k(n),  Vark(n). They con- 
jectured 

Problem 53 Vark(n) = 0(n2I3).  

Ste le ,  1986 proved that Vark(n) 5 n,  it is still the 
sharpest known result. 

Recently Chang and Lampe, 1992 suggested an 
analog of the Sankoff-Mainville hypothesis for the case 
of the minimum edit distance problem. Edit distance 
d(V,W) between the words V and W is the mini- 
mum number of substitutions, deletions and insertions 
needed to transform V into W ( p  = 6 = 1). Chang 
and Lampe, 1992 conjectured that for random n-letter 
words over a k-letter alphabet 

Problem 54 

Below we assume that the strings X = X l X s . .  .Xn 
and Y = YlYz.. .Yn have iid letters. Let Sn = 
S(X,Y) be the global alignment score of the strings 
X and Y of length n (Waterman, 1989). The local 
alignment score is 

Hn = max{S(I, J) : I ( J )  is a substring of X(Y)}. 

Sometimes parameter dependence is shown by Sn = 

Note that when p = 6 = 0 ,  S n ( O , O )  = Hn(0,O) = 
It(.). Arratia and Waterman,1994 show that a “ gen- 
eralized” Ck 

Sn(p, 6) and H n  = Hn(pr 6). 

Sn 
c = c ( p ,  6 )  = lim - 

exists with probability 1. Moreover {c = 0) = { ( p ,  6) : 
c(p,  6) = 0 )  is a continuous curve separating [0, col2 
into two components { c  < 0 )  = { ( p , 6 )  : c(p,6)  < 0) 
and { c  > 0) = { ( p ,  6 )  : c ( p ,  6 )  > 0 ) .  

If ( p , 6 )  E { c  > 0}, Arratia and Waterman,l994 
show that l i w - m  = c ( p ,  6). If ( p ,  6) E { c  < 
0}, they introduced a constant b = b ( p ,  6) such that 

n-a, 

Problem 55 Show that for (p ,6 )  E { c  < 0}, 
l i m - m  = 2b(p, 6) in probability. 

The problem of explicitly computing c ( p , b )  for 
(p ,6 )  E { c  > 0) Seems to  be very difficult. In partic- 
ular, computing c(0,O) would solve the Steele-Arratia 
conjecture. The corresponding problem for { c  < 0) is 
not quite so hard and special cases can be computed, 
b ( c o ,  00) = 2, for example. 

Problem 56 Compute b ( p ,  6 )  for ( p ,  6) E {c < 0). 

An inverse problem is to find all ( p , 6 )  such that  
c(p, 6) is a constant. 

Problem 57 Characterize the curve c(p,  6 )  = 
cons tant ,  in particular c ( p ,  6) = 0.  
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