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New design criterion for high-ordexy DACs
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Abstract

Stability analysis of high-ordeAY. loops is a challenge. In this wotk,
a novel design criterion is presented for error-feedback DACs which are
especially suitable for high-speed operation. This criterion allows the design
of unconditionally stable, robust, high-ordad> DACs. Both analytical and
numerical analysis are performed for verification.

1 High-order AY modulators

Since a delta-sigmaX(>) modulator uses oversampling and quantization error
shaping, it trades speed for resolution, and analog-circuit accuracy for digital-
circuit complexity. A possible way to obtain a high-resolution and high-speed
delta-sigma ADC or DAC is to use a high-order or/and multibit modulator.

Due to the presence of a nonlinear truncator or quaritinethe system, the
stability analysis of high-order (i.e., larger than two) loops is a challenge [1].
“Unstable” means that the modulator exhibits large, although not necessarily un-
bounded, states and a poor signal-to-noise ratio compared to those predicted by
linear models [2, Sec. 4.1]. The chain of integrators or accumulators with feed-
back or feedforward summation are popular topologies for delta-sigma ADCs
(Fig. 1.(a)) and DACs (Fig. 1.(b)), respectively. To ensure stability, a conservative
empirical rule of Lee [3, 4] or/and the root-locus method [5] along with exten-
sive simulations must be used. Lee’s rule applies for single-bit modulators and
it requires a gain of the noise transfer function less than 1.5 for any frequencies.
Several functional ICs [6, 7] demonstrated that Lee’s rule is valid. For multibit
high-order designs a more relaxed value, e.g., of 3.5 [8], is sufficient for stabil-
ity. In any case, while this requirement empirically ensures stability, it drastically
limits the achievable performance of high-order modulators; moreover, precaution
and lengthy simulations are necessary in their designs.

1This paper is a technical memorandum #30001217-010919-01 of Agere Systems.
2“Quantizers” and “truncators” are usedA® ADCs and DACs, respectively.
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Figure 1: Topologies for delta-sigma modulatoréa) ADC: chain of integrators with
feedback summation(b) DAC: chain of accumulators with feedback summatido),
error-feedback DAC (block diagram(q) error-feedback DAC (details).

The error-feedback topology (Fig. 1.(c)) is not suitable for delta-sigma ADCs
since the imperfections of the analog loop filté¢z) would enter the critical input
node and adversely affect the output. However, this drawback does not exist in
digital modulator loops. Therefore, it is widely used in delta-sigma DACs [9, 10],
[2, Chap. 5] (Fig. 1.(c)) and fractional-N PLLs [11]. For higher-order loop filters
internal limiters [10] are often used which protects the overflow of the internal
signals; also, the stability of the design needs to be carefully tested by extensive
simulations. However, a trivial analysis may lead to a sufficient analytical stability
criterion described in the followings.

2 Stability analysis

The block diagram of an error-feedback delta-sigma DAC is shown in Fig. 1.(c).
The truncator (TRUNC) provides the most-significant bits (MSBs) for the DAC,
and feeds the least-significant bits (LSBsJ¢z). Using the additive white-noise
model [2, Sec. 2.3] for the truncator, which replaces a deterministic nonlinearity
with a stochastic linear system, we have

Ya(z) = Xu(2) + (1 - H(2)) Ey(2)
= STF(z) Xa(z) + NTF(z) E(z2), (1)

whereSTF(z) = 1 is the signal transfer function amd7T F'(z) = 1 — H(z) is
the truncation error (or truncation noise) transfer function. In order to achieve low
truncation error energy in the low-frequency signal baNd; 7'(z) should have
high-pass characteristics. A Butterworth approximation for choosing the pole-
zero pattern ofVI' F(z) leads to aVth-order differentiator, that ig1 — 2=")".
N also gives the order of the delta-sigma loop.

When NTF(z) is an FIR transfer functionfZ(z) is also an FIR function.
Therefore, there is no accumulationff(z) as opposed to the case of chain of in-



3 Practical considerations 3

tegrators/accumulators topologies (Figs. 1.(a—b)). The only accumulation occurs
during the addition at the input node, but this is directly followed by the trunca-
tion operation. Therefore, the bit lengthefery internal signal can be accurately
predicted analytically without the need of numerical analysis.

Let us assume that the FIR loop filt&i(z) addsm bits to the bit length. The
input summation adds one more bit the most. In order to keep all internal signals
bounded, whatever enters needs to exit the loog,should haven + 1 bits at
least (i.e.,n’ due to H(z), and ‘1’ due to the input summation). By notation the
inputz, hask, bits and the feedback, hask. bits (Fig. 1.(d)). Ifk. < &, holds,
which is a valid initial condition, and, is kept to its minimal value ofz + 1, than
e; will have &, + 1 bits the most, and,, — m LSBs will be fed back to the loop.
This leads te), of £, bits. Thereforek, = k. = k holds for steady state, and all
internal signals are bounded indeed, as shown in Fig. 1.(d). Noté that. for
practical reasons, So— m will not turn into negative.

In conclusion, asufficient stability criterion can be formulated as follows: a
stable high-order error-feedback topology requires a truncatar-pfl bits when
the FIR loop filterH (z) contributes to am-bit increase in the dataflow.

3 Practical consider ations

Let us consider avth-order loop WithNTF(z) = (1 — z Y)Y and H(z) =

1 — NTF(z). It can be showhthat the lowest value for is N, soy, has

m + 1 = N + 1 bits. In case of a 5th-order loop WitHiT'F(z) = (1 — z~!)® and

H(z) = 27'(5 — 1027" + 10272 — 5273 + 27*), it turns out thatn = 5 andy,

has 6 bits. Since 1-bit DACs are inherently linear, it is usually desired to obtain a
single-bit dataflow at the digital outpyy. However, highly-linear multibit DACs
were published recently [12], [2, Chap. 8] which can make the circuit practical
and useful. Another possibility is to use such a high-order modulator in a cascade
configuration [9].

Both the above described high-order error-feedback structure and the MASH
topology [13—-15] are unconditionally stable, and generate high-order noise-shaped,
multibit output. However, the proposed high-order modulator does not rely on er-
ror cancellation, and it is implemented within a single loop, which makes it more
robust, and more hardware and power efficfent.

In conclusion, the sufficient stability criterion states an analytical trade-off be-
tween the bit length of the output data stream and the order of the loop filter. This
allows unconditionally stable high-order modulators to dramatically decrease the
guantization error’'s in-band power even for low oversampling ratios, i.e., high-
speed designs. Since the high-order loop’s stability is guaranteed, neither the
maximal gain of the noise transfer function does not need to be reduced according
to Lee’s rule, nor careful design verified by lengthy numerical analysis is neces-
sary.

3A +1 alternating sequence applied(to— z~!)" leads ta2”, that is, toN-bit output.
4The comparative hardware and power efficiency will be expressed/verified soon.
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Figure 2: Simulated output spectrum of a 5th-order 6-bit digital modulator [fs /18
marks the signal band’s limit faDSR = 9]: (a) error-feedback topologyVT F'(z) =
(1—771)5 = 1Bz 4102 2102 P45z P2 ' g R — 102.5 dB; (b) chain of accumula-

1
1-4.927149.62=2-9.62—3+4.95~—,—5
tors, NTF(2) = {562t 53 soarr g 5=5 SN R = 80.7 dB.

4 Simulation results

To illustrate the behavior of the proposed high-order delta-sigma DAC, a 5th-order
structure WithNTF(z) = (1 — 2z7")® was simulated. As expected, it remained
stable for several million2?*) samples. A'¢-point FFT of the 6-bit output data
streamy, is shown in Fig. 2.(a). The full-scale inpu} was quantized té, = 16

bits. Also, a 1-LSB dither was used to prevent idle tones for dc inputs [14, 15].
Since the 6-bit truncation error was aggressively pushed out of band with the 5th-
order NT'F(z), a signal-to-noise ratio of 102.5 dB was obtained even for a low
value of the oversampling ratio of 9.

Fig. 2.(b) shows the output spectrum of a DAC designed under the same con-
ditions, but using a chain of accumulators topology (Fig. 1.(b)). The 5th-order
NTUF(z) was designed using Schreier’s toolbox [16] with optimized zeros and a
maximum gain of 2. This modulator achieves 80.7 dB signal-to-noise ratio, 20 dB
lower than the proposed architecture. Also note that Lee’s rule is not a guarantee
of stability, while the proposed modulator is unconditionally stable.

5 Conclusions

In this paper unconditionally stable high-ordeE DACs were designed based on
an analytical criterion. This novel criterion states a trade-off between the order of
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the loop filter and the bit length of the output data stream. Such error-feedback
DACs are more robust and power efficient than previous designs. Due to aggres-
sive noise shaping, as simulations showed, they can achieve high resolution and
high speed simultaneously.
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