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Abstract

The standard approach to quantum transport combines the Landauer-Buttiker formal-
ism with ground-state density functional theory (DFT). The basic assumption of this
approach is that a steady state is eventually achieved after turning on a time-independent
bias. Here we show that this assumption is not valid in general. We identify a variety
of situations where - within the approximations made - no steady state exists. In these
cases a time-dependent description of transport is essential. To deal with these cases
we have applied time-dependent density functional theory (TDDFT) as well as many-
body perturbation theory (MBPT). For strictly non-interacting electrons, the presence
of bound states in a biased system is shown analytically and numerically to lead to
persistent, localized current oscillations which can be much larger than the steady part
of the current. The bound-state contribution to the time-averaged density turns out to
be history-dependent as well and leads to a natural definition of the bound-state occu-
pations out of equilibrium. For the interacting case, the discontinuity of the exchange-
correlation potential of DFT in the context of electron transport for an interacting
nanojunction attached to biased leads, gives rise to a dynamical state characterized by
correlation-induced current oscillations in the Coulomb-blockade regime. In addition,
for multistable systems, the time-dependent approach describes if and how a solution of
the steady-state equation can be reached in time and how to switch reversibly between
the stable solutions by applying a proper time-dependent gate. From our numerical
results in this regime, it turned out that even when the evolution to a steady state
is expected, the time-dependent current(density) can exhibit persistent oscillations in
the long-time limit within adiabatic and spatially local approximations of the time-
dependent exchange-correlation potential. Furthermore, we address the fundamental is-
sue whether the bistability phenomenon survives when dynamical exchange-correlation
effects are taken into account. We compare, for a model system, TDDFT and MBPT re-
sults with results obtained by the time-dependent density matrix renormalization group
(tDMRG) method to gain insight into the performance of the various approximations

employed throughout the thesis.
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Chapter 1

Introduction

The proposal of using single molecules as basic units (transistors, etc.) of highly minia-
turized electronic devices dates back to the seminal work of Aviram and Ratner [1]
in 1974, which is often cited as the birth of the research field of “molecular electron-
ics”. This is certainly a fascinating proposal, especially in view of the fact that the
semiconductor industry has followed a steady path of constantly shrinking the size of
devices which has been reduced to tens of nanometers so far. The suggestion of Aviram
and Ratner remained a dream until the advent of scanning probe microscopes in the
1980s, which gave researchers the tools to probe individual molecules. Turning individ-
ual molecules into devices was not far behind. In 1997 two groups led by Robert Metzger
[2] and Chong-Wu Zhou [3] produced the first molecular diodes. Since then there has
been tremendous experimental progress, especially in the areas of metallic wires and

nanotubes. However, comparison between theory and experiment has been much less

satisfactory for molecular electronics.

On the theory side, the generic task is to calculate the current-voltage characteristics of
a single molecule or an atomic wire connected to semi-infinite metallic leads. This task is
exceedingly difficult since a non-equilibrium situation has to be treated for an extended
but non-periodic system. In fact, most current ab initio treatments of transport are
limited to the steady-state regime and based on the Landauer formalism combined with
density functional theory (DFT). While groundstate DFT is quite reliable for calculating
the electronic structure of molecules and solids, a similar quality is generally not achieved
in transport calculations. The agreement between the Landauer-plus-DFT (L+DFT)
approach and experiment is often poor, particularly for devices weakly coupled to the
leads. From a fundamental point of view, the use of static DFT which is an equilibrium

1



Chapter 1. Introduction 2

theory is not justified to describe non-equilibrium situations.

In addition, the L+DFT approach by construction, inherits the main assumption of the
Landauer formalism that for a system driven out of equilibrium by a dc bias, a steady
current will eventually be achieved. In other words, the dynamical formation of a steady

state does not follow from the formalism but rather constitutes an assumption.

In this thesis we study several situations in which the steady-state assumption is not valid
within the approximations made. In these cases, a time-dependent (TD) description of

transport is essential.

For the non-interacting case, the presence of bound states in a biased system is shown
analytically and numerically to lead to persistent, localized current oscillations which can
be much larger than the steady part of the current. The amplitude of these oscillations
depends on the entire history of the applied potential. The bound-state contribution to
the static density is history dependent as well. Moreover, the time-dependent formula-
tion leads to a natural definition of the bound-state occupations out of equilibrium.
For the interacting case in the Coulomb-blockade regime the discontinuity of the exchange-
correlation (XC) potential of DFT in the context of electron transport for an interacting
nanojunction attached to biased leads gives rise to a dynamical state, characterized by
correlation-induced current oscillations. In other words, by following the time evolution
of an interacting nanojunction attached to biased leads, we find that, instead of evolving
to a steady state, the system reaches a dynamical state characterized by current oscilla-
tions that are shown to be intimately related to Coulomb blockade. Our results establish
a dynamical picture of Coulomb blockade manifesting itself as a periodic sequence of
the charging and discharging of the nanostructure. In essence Coulomb blockade is due
to an electrostatic barrier induced by the electrons in the device which prevents fur-
ther electrons from tunneling in, unless the bias is sufficiently increased to supply the

necessary charging energy of the device.

Clearly in the real world, phonon scattering will lead to the damping of the oscillations
described above. However, phonon scattering occurs on the time scale of pico-seconds
while the electronic oscillations have oscillation periods of femto-seconds or less. Hence,
if the ultimate goal of molecular electronics is to achieve switching times on the electronic

time scale, the oscillations predicted here will be very relevant.
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In addition, in the interacting case, the system can exhibit multistability. In this case, the
standard approach can only tell us if multiple steady-state solutions exist. Furthermore,
the fixed-point theorem specifies which solutions are stable, i.e., can be calculated by
iteration. However, the important question if and how these solutions can be reached
through time evolution and how to switch reversibly between them can only be addressed
by a time-dependent description. In particular, the time evolution determines which
solution(s) are accessible by time propagation. Interestingly, our results reveal that
even in the case when the fixed-point theorem predicts a solution to be stable, the time
evolution of the system is not guaranteed to reach that solution: sometimes persistent
oscillations can be observed. The oscillations die out provided the time-dependent gate
or bias is applied in an adiabatic fashion. Furthermore, we address the fundamental
issue whether the bistability phenomenon survives when dynamical XC effects are taken

into account.

Finally, we study electron transport through an interacting Anderson impurity model
within Time-dependent Density Functional Theory (TDDFT) and Many-Body Pertur-
bation Theory (MBPT) frameworks. Results obtained in the groundstate, transient
and steady-state regimes are compared with numerically exact time-dependent Density-

Matrix Renormalization Group (tDMRG) values.






Chapter 2

Foundations of Time-Dependent
Density Functional Theory

Time-dependent density functional theory is an extension of groundstate density func-
tional theory to describe the time evolution of a quantum many-body system in terms
of the time-dependent particle density. This theory constitutes an efficient way to de-
termine the dynamics of a quantum mechanical system because the density depends
only on a single coordinate r, in addition to the time variable . This is an enormous
computational advantage over the direct approach of solving the time-dependent many-
body Schrodinger equation because the wavefunction depends on the position of all
electrons and time. Even putting aside the time-dependence, the problem of finding the
groundstate scales exponentially with the number of electrons and becomes prohibitively

expensive as the number of electrons grows.

TDDFT is founded on two basic theorems first proven by Runge and Gross [4]: (i) the
one-to-one correspondence between time-dependent densities and local external poten-
tials for a given initial state (ii) the time-dependent density of a system of interacting
electrons can be obtained from a fictitious system of non-interacting electrons moving in

a time-dependent effective potential, whose density is precisely that of the real system.

Historically, the first applications of time-dependent DFT were performed by Ando
[5, 6], Peuckert [7], and Zangwill and Soven [8] where the existence of a time-dependent
Kohn-Sham (KS) theorem was assumed. The first significant steps towards a rigorous
foundation of TDDFT were taken by Deb and Ghosh [9-12] for time-periodic potentials
and by Bartolotti [13] for adiabatic processes. The breakthrough for modern TDDFT
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was achieved in 1984 when Runge and Gross [4] proved the uniqueness of the mapping be-
tween time-dependent densities and potentials. However, to establish a time-dependent
KS (TDKS) scheme they had to postulate non-interacting v-representability. It was
shown later by van Leeuwen [14] that under mild restrictions on the initial states and
boundary conditions it is always possible to find an effective single-particle potential
which yields a given density of an interacting many-particle system. This solved the
long standing v-representability problem of TDDFT and provided the full legitimation
for the TDDFT approach. In this chapter we give a short outline of the basic foundations
of time-dependent DFT.

2.1 Runge-Gross Theorem

The time-dependent extension of the Hohenberg-Kohn theorem of static DFT is directly

based on the many-body Schrédinger equation

.0 A
i 1Y) = H(®)[¥(t)) (2.1)

This is a first-order differential equation in time and hence the initial wavefunction must
be specified
|W(t =to)) = [Vo) (2.2)

For a system of N nonrelativistic electrons, mutually interacting via the Coulomb re-

pulsion, in a time-dependent external potential, the many-body Hamiltonian H reads

H=T+ Vo + Viys (2.3)

1 N
mo_ 2
T=-3 §4 v (2.4)

V=g S m (25
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where the factor of 1/2 avoids double counting. Finally, we consider time-dependent

potentials of the form

N
Vext = Z Uext(ri7 t) (2'6)
=1

which are assumed to be Taylor expandable around the initial time tg, i.e.,
k

2 o7, t . 0
Vext (T, 1) = Z k(k'o)(t —to)*  with  w(r,ty) = %vext(ra t) (2.7)
. : t=tg

For different systems, only the time-dependent external potential veyt (7, t) and the par-
ticle number N differ in the many problems. As the system evolves in time from some
initial point under the influence of the external potential, its one-particle density changes.

This electron density is given by

n(r,t) :N/d3r2.../dSrN]\I'(r,rg,...,rN,t)]2 (2.8)

where n(r,t)d3r is the probability of finding any electron in a region d®r around r at

time t. The density is normalized to the number of electrons

N = /d?’r n(r,t). (2.9)

The analog of the Hohenberg-Kohn theorem for time-dependent problems is the one-
to-one correspondence proven by Runge and Gross [4]. The theorem states that the

densities n(r,t) and n’(r,t) evolving from a common initial state |¥() under the influence

/
ext

of two Taylor expandable potentials vext(r,t) and vl (7,t) eventually differ provided

that the potentials differ by more than a purely time-dependent function:

Vext (7, 1) — VL (7, ) 2 (t) (2.10)

This is a physical condition, because by adding a purely time-dependent constant to the
potential the wavefunction changes by just a purely time-dependent phase and hence
the resulting density remains unchanged.

Note that Eq. 2.10 assures that there exists an integer £ > 0 for which the Taylor
coefficients (see Eq. 2.7) vg(r,t9) and v'g (7, to) differ by more than a constant.

Under these conditions, there is a one-to-one mapping between time-dependent densities

and potentials, which implies that the potential is a functional of the density. The proof
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of the theorem employs the continuity equation, i.e.,

an(r,t)

==V (). (2.11)

This identity expresses the conservation of the total particle: the change in the number
of electrons within a certain volume equals the flux through it surfaces. Here j(r,t) is

the current density and is given by

j(r,t) :N/d3r2.../d3rNIm {(U(r,re,...,7N, ) VI* (P, 72,..., 7N, 1)} (2.12)

As the first step the Runge-Gross theorem shows

g[j(r,t) =7 ()=, = —n(r,t0)V {vext (7, t0) — Vet (7, t0) }

ot
= —n(r,t))V {vo(r, to) — vy (r, to)} (2.13)

Thus we see that if, already at the initial time, the two potentials differ (by more than
just a constant) the first derivative of the current densities must differ infinitesimally
later than tg.
Otherwise, we take a higher time derivative
ak—H
WU(T,U — 3/ (r, )]i=ty = —n(r,t0)V {ur(r,to) — v(r,t0) } - (2.14)
As there is at least one integer k for which vy (7,t9) — vy (7,%p) is not constant, the
current densities j(r,t) and j'(r,t) deviate for ¢ > to. This is the first part of the
theorem, which establishes a one-to-one correspondence between current densities and
external potentials.
In the second part, the proof is extended to the densities. Using Eq. 2.14 and the
continuity equation Eq. 2.11 we have
8k+2
W[n(r, t) —n'(r,t)]1=t, = V - [n(r, to)V {vk('r,to) — v,;(r,to)}]. (2.15)
For physically reasonable potentials (e.g. potentials which are produced by moving
charges) in both the primed and unprimed system it can be shown that the right hand
side of Eq. 2.15 cannot vanish identically. Consequently, the densities n(r,t) and n'(r,t)
become different infinitesimally later than ¢y. In other words, the time-dependent density
n(r,t) uniquely determines the time-dependent potential vext(7,t) up to a purely time-

dependent function ¢(¢). The wavefunction is in turn determined up to a time-dependent
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phase. However, the ambiguity in the phase cancels when constructing expectation
values of any quantum mechanical operator. Thus the expectation value of any operator

is a unique functional of the time-dependent density and initial state.

2.2 Time-Dependent Kohn-Sham Equations

The Runge-Gross theorem established the one-to-one correspondence between time-
dependent potentials and time-dependent densities for an arbitrary but fixed particle
interaction V.. . In particular, the interaction can be zero, corresponding to non-
interacting electrons. Therefore, one can relate interacting and non-interacting systems
with identical time-dependent densities. Suppose we are interested in an interacting sys-
tem with a given time-dependent density n(r,t). Due to the one-to-one correspondence,
the time-dependent effective potential of a non-interacting system that reproduces the
density n(r,t) of the interacting system (starting in the initial state @), is uniquely de-
termined. As a result, one can introduce a fictitious system of non-interacting electrons

that satisfy TDKS equations:

0 V2 .
za¢j(r,t) = (—7+UKS[n](r,t))wj('r,t) j=1,...,N. (2.16)
By construction, the density
N
n(r,t) =Y [g(r, ) (2.17)
j=1

of the non-interacting KS system corresponds to the interacting density. In analogy to

groundstate DFT, the effective single-particle potential vkg(r,t) is written according to

Vs (T, 1) = Vext (7, ) + v (7, ) + vxe(7, 1), (2.18)

where the first term is the external potential while the second one

on(r, t) = / a3 ) (2.19)

r — 7|

denotes the time-dependent Hartree potential, describing the potential produced by
of classical electronic charge distributions. The only unknown piece is the exchange-

correlation potential , vy, which is a functional of the entire history of the density,
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n(r,t), the initial wavefunction of the interacting system |¥(), and the initial KS wave-
function |®(). This functional is an extremely complex object. In practice, it has to be

approximated.

To conclude this section, a few remarks about some properties of the TDKS scheme are
in order:

i) Initial-state dependence: Due to the fact that the one-to-one correspondence is estab-
lished for fixed initial states, the TDKS potential in general is not only a functional of
the time-dependent density, but also a functional of the initial many-body wavefunc-
tion |¥p) and the initial KS Slater determinant |®). This is a serious complication,
compared to groundstate DFT. It means that for every possible initial wavefunction, a
different density functional is required, a property that would render TDDFT useless
in practice. Fortunately, the initial-state dependence of the TDKS potential drops out
provided the initial state is a nondegenerate groundstate. In this case the initial wave-
function is a functional of the groundstate density according to the Hohenberg-Kohn
theorem of static DFT [15] and hence the TDKS potential becomes a functional of the

time-dependent density only. Most practical calculations are covered by this case.

ii) Time-dependent potential: The Runge-Gross theorem is proven for Taylor-expandable
potentials. Consequently, time-dependent potentials which contain an adiabatic switch-
ing of the form exp(—~|t|) with v — 0 are not covered by the KS scheme. Such potentials

possess an essential singularity at the initial time tg = —oo.

iii) Construction of potential: The one-to-one correspondence establishes only the unique-
ness of the potential that generates a given density from a given initial state, but does
not prove its existence. In the original work of Runge and Gross the non-interacting
v-representability was postulated, i.e. the existence of such a potential was assumed. It
was demonstrated later by van Leeuwen [14], that under mild restrictions on the initial
states and boundary conditions such a potential can always be found. A feature of this

proof is that it leads to the explicit construction of the KS potential.

iv) Time-dependent current: The first step of the Runge-Gross proof provided a one-to-
one mapping between the external potential and the current-density, while the second
step invoked continuity, with the help of a surface condition, to prove the one-to-one
density-potential mapping. In fact in TDDFT only the longitudinal parts of the inter-

acting current-density and the KS current-density are clearly equivalent, because both
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current-densities satisfy the continuity equation with the same density, i.e.

on(r,t . .
Wl V) =V () (220)
However, they may differ by a purely transversal component, i.e., j(r,t) = jxg(r,t) +

Jxe(r,t), where

Jee(r,t) =V x K(r,t) (2.21)

with some K(7,1).
In the context of quantum transport, however, one is interested in the total current I

through a device which can be computed from a surface integral of the form

uw:e/jm@yﬁds (2.22)

where n is the unit vector perpendicular to the surface element.

Note that if we choose a plane perpendicular to the longitudinal geometry of the system
for the surface S, only the longitudinal current density contributes to the integral and
hence TDDFT yields, in principle, the correct (time-dependent) total current of the

system.






Chapter 3

A Practical Approach to
Time-dependent Quantum
Transport

To address electronic transport on the molecular scale theoretically, one needs a full
quantum description of the electronic dynamics (see for example Ref. [16]) . The typ-
ical experimental setup is displayed in Fig. 3.1 where a central region C' of meso- or
nanoscopic size, is coupled to two metallic electrodes which play the role of charge reser-
voirs. The whole system is initially (at time ¢ty < 0) in a well defined equilibrium config-
uration, described by a unique temperature and chemical potential. Then the system is
driven out of equilibrium by exposing the electrons to an external time-dependent poten-
tial which is local in time and space, e.g., an electric field can be applied by putting the

system between two capacitor plates far away from the system boundaries. For metal-

Simulation box

Q@ o
nan ° a g o aan
S T @ o |
naa @ o °d 0 naa
9 Q9 @ 9O !
aaa o ? N o aaa
' Q o |

Left lead L ' Central region C' ' Right lead R

F1cURE 3.1: Sketch of the experimental setup described in the main text. A central
region which also includes few layers of the left (L) and right (R) electrodes is coupled
to macroscopically large metallic reservoirs.
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lic leads the dynamical formation of dipole layers screens the potential drop along the
electrodes such that the potential drop is entirely limited to the central region (which
also includes few atomic layers of the left and right tip). Therefore, the total effect of
the applied bias turns out to be a uniform shift in the potential of the left (L) and right
(R) electrodes. As the system size increases, the remote parts are less disturbed by the

junction, and the density inside the electrodes approaches the equilibrium bulk density.

On the theoretical side, there has been considerable activity to describe transport phe-
nomena through systems like the one in Fig. 3.1. Most approaches are limited to the
steady-state regime and are based on the combination of the Landauer-Biittiker for-
mula [17-25] with (static) DFT which allows to take the atomistic structure of both the
molecule and the contacts into account. In these approaches, exchange and correlation
is approximated by the static Kohn-Sham potential and the charge density is obtained
self-consistently in the presence of the steady current. Furthermore, the transmission
functions computed from static DFT have resonances at the non-interacting Kohn-Sham
excitation energies which in general do not coincide with the true excitation energies.
For a recent critical review of this methodology, the reader is referred to Ref. [26]. On the
other hand, approaches based on the TDDFT formulation to describe quantum trans-
port, as opposed to the static DFT formulation, access the true excitation energies of
interacting systems [27]. In addition, as these approaches are not limited to the steady-
state regime, one can study transients and also investigate situations where no steady
state develops. This theory is, therefore, in principle well suited for the treatment of
nonequilibrium transport problems [28].

It is worth mentioning at this point that using non-equilibrium Green functions (NEGF)
techniques, as an alternative approach to quantum transport, it has been shown [29] that
a steady-state regime develops provided that 1) the KS Hamiltonian globally converges
to an asymptotic KS Hamiltonian in the long time limit 2) the electrodes form a con-
tinuum of states , and 3) the local density of states is a smooth function in the central
region. The question if and how the system dynamically reaches a steady state will be
addressed further in the next chapters.

In this chapter, a practical scheme to study quantum transport in the time domain, orig-
inally proposed by Kurth et al. [30] , is presented. The main idea is to propagate the KS
orbitals in region C only, without dealing explicitly with the infinite and non-periodic

system.
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3.1 Quantum Transport: A practical Scheme

As our lead-device-lead system is non-periodic and infinite, the transport problem seems
exceedingly difficult to treat. However, as we will see below, in practice we only need
to deal with a finite portion of the system, namely the device region. The numerical
method is based on the propagation of the wavefunction projected in the central region C'
by applying the correct boundary conditions and by treating the lead-device interaction

in an efficient way [30].

We consider non-magnetic systems at zero temperature and we denote with ¢(r,0) =
(r[th(0)) the eigenstates of H® = H(t < 0), here we set ty to zero. Note that H(t) is
a single-particle Hamiltonian, i.e. it represents either a strictly non-interacting system
or the KS Hamiltonian of an interacting system. The time-dependent density can then
be computed in the usual way by n(r,t) = Y. .. |¥(r,t)|>, where the sum is over the
occupied wavefunctions and [1(t)) is the solution of the Schrédinger equation i% l(t)) =
H®)w().

The total current can be written as I,(t) as

La(t) = —eZ/S do - Tm [ (7, ) Vb, )] (3.1)

oce
where 0 is the unit vector perpendicular to the surface element do and the surface S,
is perpendicular to the longitudinal geometry of our system.

Note that the Hamiltonian H (¢) is a matrix of infinite dimension, and to propagate the
wavefunction in practice we partition the system into three regions: a central region C'
consisting of the junction and a few atomic layers of the left and right electrodes and
two regions L, R which describe the left and right bulk electrodes. The time-dependent

single-particle Schrodinger equation then reads

5 [vL(t)) Hp(t) Hie 0 WL (t))
in | We@®) | =| Hcr Heelt) Heg [ve(t) | (3.2)
[VR(t)) 0 Hprc Hgg(t) [WR(t))

In general, the lead-lead coupling matrices (H g, Hpr) are negligible and due to the
local multiplicative nature of the Kohn-Sham potential the lead-device coupling matrices
(Heop, Heop, Hpc and Hpe) are time-independent. Here [¢4(t)) is the projected

wavefunction onto the region o = L, R, C. Note that in the case of interacting electrons
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H can be replaced by Hksg, in this case |1,(t)) is the Kohn-sham wavefunction projected

onto the region a.

In order to solve Eq. 3.2 we introduce the retarded Green function g%, which is a solution

of
(; - Hw@)) gR (b)) = 8(t — 1) (3.3)

with the boundary conditions g%, (t*,t) = —i and g&(¢,t*) = 0.
Then, from i%]i/}a(t» = Huo|ta(t)) + Hocltpo(t)) for lead o = L, R, the time-

dependent wavefunction in the leads is given by

[Ya(t)) = igas(t,0)[1ha(0)) + /0 dt'gl, (¢, )\ Haclpo(t)). (3.4)

Using Eq. 3.4, the equation for ¢¢ can be written as

¢
igglbe®) = Hoc®lic®) + [ dEMeOel) +i 3 Heaglhu(t0la(0),
a=L,R

(3.5)
where the term R = D e L.R H CaggaH «c 1s called the retarded embedding self en-
ergy.
Equation 3.5 reformulates the time-dependent Schrédinger equation (Eq. 3.2) of the full
system in terms of an equation for the central (device) region only. In fact, Eq. 3.5
has the structure of a time-dependent Schrodinger equation with two extra terms which
mediate the coupling to the leads in a formally exact way. The first additional term is
called the “memory integral”, since it requires the knowledge of the wavefunction in the
central region at all previous times during the propagation. The second term, describes
the injection of particles into the central region due to the time evolution of the lead
part of the initial wavefunction. Here, we wish to point out that these memory effects
are of different origin than those which are usually discussed in the context of TDDFT
arising from the dependence of the exchange-correlation functional on the full history of

the time-dependent density.

Since Eq. 3.5 is first order with respect to the time coordinate, we need to specify an
initial state to be propagated in time. In principle one can start from any initial state,
but in this thesis we are interested in studying the time evolution of systems perturbed
out of their equilibrium groundstate. As discussed in Chapter 2, by this choice the

initial-state dependence of the time-dependent Kohn-Sham potential drops out. In the
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case of a noninteracting system or effectively noninteracting Kohn-Sham system, the
groundstate is the Slater determinant of the occupied eigenstates of the full, extended
Hamiltonian in equilibrium, H. Below we show how these eigenstates can be obtained

and propagated in time without having to deal explicitly with the extended Hamiltonian.

3.1.1 Computation of the Groundstate

Let 1/11(503)- (r) = ¢Ygj(r,t = 0) be the j-th degenerate eigenstate of energy E of the Hamil-
tonian H" in equilibrium and G denote the Green functions the undisturbed system
which only depends on the difference ¢ —¢'. In absence of magnetic fields HY is invariant
under time-reversal and the imaginary part of the Fourier transformed G% is simply

given by

dpy

~ 2 [(rlG(B) )] = 3785~ B) Y olfh () O (3.6)
E j=1

It can be shown that
1
-~ [Lar [ ar'aien (1G] an () = uXF(E) S 6E - ). (37)
El

where ap(r) are new eigenfunctions defined as ag(r) = Z:li 1 al! (E)1/1g2(r) Therefore

Eq. 3.7 shows explicitly that the functions ag;(r) diagonalize Im [Goc(F)] in the central
region and that the eigenvalues are positive. Since any linear combination of degenerate
eigenstates is again an eigenstate, diagonalizing Im [Goc(E)] gives us one set of linearly
independent, degenerate eigenstates of energy E. In our practical implementation we

diagonalize
1

- mlm [Geoe(E)) (3.8)
where D¢ (E) = —1Tr {Im [Goe(E)]} is the total density of states in the central region.
Clearly, if we use N grid points to describe the central region, the diagonalization in
principle gives N eigenvectors but only the ones with non-vanishing eigenvalues have the
physical meaning of extended eigenstates at a given energy F. Note that diagonalization
of Eq. 3.8 gives eigenvectors which are normalized to the central region. To normalize
the eigenfunctions to the whole system, we match the wavefunction for the central region
to the known form of the wavefunction in the macroscopic leads.

As this procedure for finding the extended eigenstates requires an inversion and diag-

onalization of an N x N matrix, it becomes computationally too expensive for more
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than one dimensional systems. For two and three dimensional systems one can use the
Lippmann-Schwinger approach with the restriction that the leads must be symmetric

(for a detailed discussion of the Lippmann-Schwinger approach see Ref. [31] for example).

It should be emphasized that the two procedures mentioned above for calculations of
eigenstates of the extended system in practice are only capable of finding the eigenstates
with eigenenergies in the continuous part of the spectrum. This is due to the sharp peak
of the delta function in the discrete part of the spectrum. Eigenstates in the discrete
part of the spectrum can be found instead from the static Schrodinger equation for the
full system: H(© = Ey©) . Using the block structure of the Hamiltonian (see Eq. 3.2)

an effective static Schrodinger equation for the central region only is found:

1

0 0
Hc + E HoaﬁHaC W(C)>=E|1/J(C)) (3.9)
a:L,R ax (703

This equation has solutions only for certain values of ¥ which are the discrete eigenen-
ergies of the full Hamiltonian H. As the effective Hamiltonian itself depends on the
eigenenergy E through the real part of the retarded/advanced self-energy in equilib-

rium, to solve the problem we first need to find the roots of the equation

1
det | H? Hyy—————— H, - —E1 =0 3.10
e co + agR Cofy .. HeC ce (3.10)

The resulting energies E are then inserted into Eq. 3.9, and the corresponding bound
eigenstates are found. Bound states as well as fully reflected waves will contribute to

the density and the current as we will see in next the chapter.

3.1.2 Algorithm for the Time Evolution

In order to calculate the longitudinal current in an electrode-junction-electrode system
we need to have the time-dependent wavefunction. In this Section we describe an al-
gorithm well suited for delocalized initial states, as well as for localized ones, evolving

with a time-dependent Hamiltonian.

Let H(t) be the time-dependent Hamiltonian of the system. The wavefunction of the
system at time step m+ 1, [ (t1 = (m+1)At)) = [1p(™+D) can be calculated knowing
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the wavefunction at the previous time step m, [1)(™)

D) = Ut tn) [0 (3.11)

where U (t,t') is the evolution operator of the system. Among different existing approx-
imations for the evolution operator [32] we use the Crank-Nicholson evolution operator
which is norm-conserving (unitary) and second-order in time and is applicable when the

system has time-reversal symmetry.

The Crank-Nicholson evolution operator reads

1—idH™

T 14 i0H™ (312)

Ucn

here § = At/2 , At being the time step. The Hamiltonian H™ = H(t,, + 6) is
calculated from
1

H = 2 [H(tm) + H(tn)] (3.13)

The explicitly treated region C' includes the first few atomic layers of the left and
right electrodes. The boundaries of the central region are chosen such that the den-
sity at the interface of C and the lead « is accurately described by an equilibrium
bulk density of the lead. This guarantees that all essential physical scattering pro-
cesses are contained in region C. Considering metallic electrodes it is reasonable to
assume perfect instantaneous screening in the leads. With this approximation, the
TDKS potential in the leads vks o(T,t) = Vext,a(T,t) + Va0 (T, 1) + Uxca(T, t) reduces
to vks,a (T, t) = Vext,a(T,0) + VH o (T, 0) + Uxc,a (T, 0) + Uq(t). Therefore, H () can be
written as the sum of the static part of the lead Hamiltonian H®, = H,,(0) and an
explicitly time-dependent term U (t), i.e., Hao(t) = HO, + U,(t). In configuration

space U,(t) is diagonal at any time ¢ and spatially constant for metallic electrodes.

Thus, Uy (r,t) = Us(t)1aa - We write H(t) = H(t) + U(t) with

HY, Hic 0 Ur(t)lp, 0O 0

H(t)= | Hep Heelt) Heg | and  U(t) = 0 0 0
0 Hpe HY%j, 0 0 Ugr(t)1gg
(3.14)

In this way, the only term in H(t) that depends on t is Hcc(t). Starting from any
given initial state [1(0)) = [¢(0)) we calculate [1/(™)) by using a generalized form of the
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Cayley method

e\ LHigU™ mpy 1—i5U™
(1+u5H >1—igU(m)|¢ >_( —i6H >1+ngm>w ), (3.15)
with ™ = SH (tms1) + H(tp)), U™ = 3[U(tms1) + Ulty)] and 6 = At/2. Using

the fact that U™ is diagonal and nonzero only within the leads, Eq. 3.15 simplifies to

m+1 m m m
) fu™ e g™
(1+isH"™) | i) = (1=awm"™) | i) (3.16)
m+1) m m m
i) fuig” iy
with 5 2(m)
1—4iSUs"
1+i8Ua"
This gives for the wavefunction in the central region
(1ec +0HED) (6" ) = (1oc — 6 HEY) (i)
m .18)
B8y 8
—i6 > Hea ( e T ) )
a=L,R o
For the left and right part of the wavefunction one obtains
— iSHO 2 1
(mi1)y _ (oo =10H o) ¢ )\ |y s L mypp  (pamaDy L m)
W) = ey () W) =8 el e (08 + 1w
(3.19)
Plugging this identity into Eq. 3.18, we get
m 1
(Lee+is H &) = (1o —i6 HY ~2i5 Yl HCQ—OW ).
a=L,R Lo +i0H,
(3.20)
Here, H gf") is the effective Hamiltonian of the central region:
H™ — H™ _isHo —— Hyo— idHop—— Hpe (3.21)
eff cc lLL+i(5H%L 1RR+i6HORR

with ngg = L[Hcco(tms1) + Hoeo(tm)]. Equation 3.20 still depends on the wavefunc-
tion of the leads at each time step which require the propagation of the wavefunction in
the leads. To avoid this we rewrite Eq. 3.19 recursively to end up with an equation that

explicitly depends on the initial leads wavefunction only [¢2). For w&m) it reads
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) =0 ()™ [5)
—1 , (m—1,k) (3.22)
5 e Ao 1 _ k k
- 15 (k) ((T]a)m L=k + (na)m k) aC (W( ) > + |¢(C’)>>
k=0 Ua
with
2 1oo — i6H?
(m.k) — () _ —aa T Wl aa
Aa g (ch ) and MNa 1aa n léHga . (323)

Plugging Eq. 3.22 into Eq. 3.20 we arrive at the final equation for evolving the central

wavefunction from time step m to time step m + 1

. Lo — isH™
)y = WWC )4 SO 12ty (3.24)
co+i
where |M (™) is the memory term
52 AP (k+1) (k)
M) = S [QUMTR) 4 QU R (Y + i)
1CC+25H£ﬁ)aZL:RkZO ( )ugk) ( )
(3.25)
with
QU = Hep— 1™ g 3.26
a @ Ca aC'- ( . )

Lo + i6HY,
The quantities Q((Im) depend on the geometry of the system and are independent of the
initial state ]w(0)> and of the applied bias. Therefore they need to be calculated only
once for any given structure and can be used for different biases and initial states. The

source term can be written as

2i5 A0 m.]™
50M) = -————s Hoo—%—[v).  (327)
Clce +i0HD QZL;R ul™ Loo + i0HY,

For a wave packet initially localized in C' the projection onto the left and right electrode
|1/1:(xo)> vanishes and [S(™)) = 0 for any m, as expected.
The source term |S(™) describes the injection of density into the region C, while the

memory term |M (™) is responsible for the hopping in and out of the region C.

3.1.2.1 Calculating the Memory Term

To calculate the memory term we need to calculate the memory coefficients Q&m). For

leads with semiperiodic geometry along the longitudinal direction, as shown in Fig 3.2,
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hr | hr | hr : Hce hy | hy | hy
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FIGURE 3.2: Sketch of an electrode-junction-electrode system with semiperiodic elec-

trodes.
H?  has a tridiagonal block form
[ hp Vi 0 ] | ]
Vr hr Vg -- Vy, hy V; 0
0 VR hR s 0 VL hL VL
i | | 0 0 V. hp |

where h, describes a convenient cell of lead o and V, is the hopping Hamiltonian
between two nearest neighbor cells. Without loss of generality we assume that both
h, and V are square matrices of dimension N, x N, where N, is the number of grid

points of one cell. The memory coefficients are matrices of the form given in Eq. 3.26.

Since the coupling matrices Hc, = H. are sparse

(0 00 -] [ 0 0 v |
Hep=Hho=| 7 Hep=mo=| %0 0] (52
cr=Hpo=1 "= = : cr=Hc= R (3.29)
| vg 0 0 . ] | -+ 0 0 0 |

the memory coefficients ng) are sparse matrices with non vanishing entries only at the

boundary

g/” 0 0 00 o0
Q=] 0 oof|, QV=|0o0 o |. (3.30)
0 00 00 ¢

Note that the hopping between two nearest neighbor cells in the lead «, denoted as V,
in general can be different from hopping v, between lead o and central region. However,
we assume that the central region contains the first few atomic layers of the leads and
hence the v, = V. In the next chapters when we use different hopping v, and V,

to avoid recalculating the memory terms, practically we choose a central region large
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enough such that the hopping at the interface of the enlarged central region to the lead
is equal to the one inside the lead. The q&m) ’s are square matrices of dimension N, X N,

and are given by

(m) _ [na]m
qa Va |:1o¢a + 7/(5Haa:| 1,1 VO“ (331)

where the subscript (1,1) denotes the first diagonal block of the matrix in the square

brackets. We introduce the generating matrix function

1
Tloa + iydH oo

q.(z,y) =V, [ ]171 Va, (3.32)

It is easy to see that the q(am) can be obtained from

(m) _ [D(@,y)]™

qa m| qa(x7 y)|aj:y:1 (333)
with
0 0

Now we need to calculate the first diagonal block of the inverse of the matrix z1,o +
1yd H ., which turns out to have a closed form due to the tridiagonal nature of H ..
Hence the generating matrix q,(z,y) can also be expressed in terms of continued matrix

fractions

Qa(xmy) = V, 1 1 Va

x4+ iydhe + 262V, Va
Y » +iydho + 202V, Vv,

1
pu— V Va- .
“2 + iySha + y262q, (2, y) (3.35)

From Eq. 3.33 and Eq. 3.35 one can build up a recursive scheme. As V', are not invertible

in general we define a new matrix where q(am) = Vapgm) V. and
Po'(z,y) =z + iydha + y*6%q,(z,y) (3.36)

Similar to Eq. 3.33 for p&m) we have

D(x,y)|™
plm) — [D(x f/)]
m:

pa(x7 y)‘IZyzl (337)

Using the identity p,(x,y)p, (z,y) = 1

[D(z,y)]™

S Ppa(,y)p, (w,y) = 0 (3.38)
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m o
and with the expression D" fg = E?:o D™ fDJg one finds
J

(1+ idha)p™ = (1 = i6ha)py " = 62> (¢ +2q5F 1 + q2)p{" " (3.39)
k=0

with p((lm) = q&m) =0 for m < 0.

Having this equation in hand, the memory coefficients can be calculated recursively:

once qg) has been obtained by solving Eq. 3.35 with x = y = 1, we can calculate

p&) = [1+idhy + 52qg))]_1. Afterwards, we can use Eq. 3.39 with q((ll) = Vap(g)Va to

(1) (1)

calculate ps’ and hence g4’ and so on. An important feature of the memory coefficients

is that they only depend on ¢, H? ., Hc,. Therefore, once they are calculated for a

(6702

certain geometry of the lead and time step and H¢y, they can be used for any time-

dependent bias or central region.

3.1.2.2 Calculating the Source Term

The source term is given by

)™ 0)
EARE : ). (3.40)
]_CC + 7,5H g‘z) aZLR Oc ax + 'L(ngza

For simplification we define:

RM™ —. H a% (0) 3.41
) = How o 0) (3.41)

Using the static Schrodinger equation:

HY), Hie 0\ ([0 )
Hep HY, Heg | | 109 | =E| ) (3.42)
0 Hpe HY%, ) \|p) )

one can immediately see that

HY, 0O = E[p®) — Hoolp ) (3.43)

with o = L, R. Again we define a generating function

1
zloa + zy&HO

Ra(xvy) =Hc, W](O > (344)
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which allows us to write the coefficient of Eq. (3.41) for the m'* time step as

R™ — MRQ(:U, Y) . (3.45)

|
m! r=y=1

From Eq. (3.43) we calculate
(@1aa + iySHO) W) = (z + iyd E)[ ) — iys Hac|p). (3.46)

The prefactor on the right hand side acts on |zp§?)) and gives a scalar, hence:

1

oy - -
[Va”) z+iydE

[(lae + g0 HO)WD) +igdHacls)] . (3.47)

Putting this back into Eq. (3.44) and using the definition of Q(x,y) we find

1

Ro(z,y) = T+ iE

Hoalt) + iyoQu (@ p)lw )| (3.48)

Therefore, with Eq. (3.45) for the m'" time step, we arrive at

RO = £ Heo|g0) +6 Y (£ 4 forb-0@®p®)  (3.49)
k=0
with
1 - iSE)"
poy - 1 =10F) (3.50)

(14 6E) 1
Decomposing the source term as:

15(m)y = |50y, (3.51)
1lcc + ZéHeH) QZL:R

The left and right parts \S&m)) then read

- A((xm’O) . ' m . .
55M) = —2i5=2 <f( VH o) +i8 Y (f 0 4 pom=r U)Q&k)\wg))>> :
u k=0

(3.52)
Since the computational effort of the source term S(™ (Eq. (3.52)) is of order of O(m?)

it is preferable in practice to use a recursive scheme.
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The recursive relations of A9 and f(") are given by

AC0) (ugn)? A(=10) (3.53)
ALD) — ()2 (3.54)
1 —i0E 1 —i6E
(n) _ (1) _ g #(n1)  ith g —
M =1vue’ 9f Wt 9= 1 E (3.55)
1
0) _
/ 1+idE (3.56)
f™M =0 if n<o0 (3.57)

Now we rewrite equation (3.52) using the recursive relations of (3.53) - (3.57), beginning

with £ and extracting the last term of the sum:

&m,O)

m—1
1S4y = — 20—y <f<m-1>H0awg°>> 8 S0 (FOmIR) 4 2o QU ) >>
U, k=0

(0]

A(m70)

2= QU + QU Y) i)
U
(3.58)
In the next step we substitute A((ym’o)
Agm,o) 2 (0 1 (0) 1
1507 =222 (@4 + QU ) ) + gulmulr ) x
Ue

Am-10) B . (m—-1) L L
{2250,”) F D Healpl) +i6 Y (10 4 Qi)
U

[e% k=0
\s&’”v‘%
(3.59)
to find the recursive relations
210 )
1S10) = — ol (Hoalw®a) + Q01w 2)) (3.60)
50y = L[4 sy sy 4928 (@4 + Q) 1)
« 1 + Z(SE « « « u&m) « « C .
(3.61)

Therefore this part of the algorithm can be rewritten to scale like O(m) with the time

step m.

It is worth emphasizing again that the algorithm described above for the propagation

of the time-dependent Schrédinger equation for extended systems can be used for the
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propagation of a time-dependent Kohn-Sham equation. However, in this case a com-
plication arises due to the fact that in order to compute ]w(cm+1)> at time step m + 1,
the time-dependent KS potential at the same time step is needed which depends on the
still unknown time-dependent density at time step m + 1 via the Hartree and exchange-
correlation potentials. The solution is to use a two-step predictor-corrector approach
[33]:

In the predictor step we approximate H grg by Hceo(ty) and compute new orbitals
[y gn+l)>. Then the corresponding Hartree and exchange-correlation potentials are con-

structed, leading to the Hamiltonian H e (tm, + 1).

In the corrector step we use the average

Fm _ Heo(tm +1) + Hoo(tm)
cc 9

(3.62)

as an approximation to H (gg The numerical effort introduced by this predictor-

corrector scheme is doubled compared to the ordinary propagation.






Chapter 4

The Role of Bound States in
Time-Dependent Quantum
Transport

As already mentioned in the previous chapters, the standard approach to describe quan-
tum theory of transport is the Landauer-Buttiker formalism [34, 35|, which expresses
the conductance of a device in terms of the quantum-mechanical transmittance of non-
interacting electrons at the Fermi energy. To account for interaction, the Landauer-
Biittiker formalism has been combined with (static) DFT which allows to take into
account the atomistic structure of both the molecule and the contacts [17-25]. (For a

critical review of this methodology see Ref. [26].)

The Landauer-Biittiker-based approaches focus on the description of steady-state trans-
port and assume that for a system driven out of equilibrium by a dc bias, the current
will eventually reach a steady state. It means that in these approaches the dynamical
formation of the steady state is not proved but rather taken for granted.

As an alternative approach in which many-body effects can be incorporated properly,
NEGF approach provides a natural framework to study quantum transport properties
of nanoscale devices coupled to leads. In model systems the leads are assumed to be
non-interacting and the current is computed from the Meir-Wingreen formula [36] using
approximate many-body self-energies > p. For weakly correlated models 3yp ~ 0 and
the Meir-Wingreen formula reduces to the Landauer-Biittiker formula [34, 35] (see next

chapter), as it should.

29
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If one wants to account for the full atomistic structure of the system, the NEGF formal-
ism is usually combined with static DF'T and the current is computed from a Landauer-
type equation [17-25]. This approach enjoys increasing popularity, in particular for the
description of transport experiments on single molecules [37]. From a fundamental point
of view, however, the use of static DFT - which is an equilibrium theory - is not justified

to describe non-equilibrium situations.

By construction, the NEGF+DFT approach inherits the steady-state assumption of the
Landauer formalism. In other words also in this approach, the dynamical formation of
a steady state does not follow from the formalism but rather constitutes an assumption.
The question how the system dynamically reaches a steady state has been investigated
both numerically [30, 38-40] and theoretically [29, 41]. Using NEGF techniques (for
non-interacting electrons) it has been shown [29] that the total current (and density)
approaches a steady value provided the local density of states is smooth in the device
region. This steady value is 1) in agreement with the Landauer formula and 2) indepen-

dent of the initial equilibrium configuration and the history of the applied bias.

The situation is different, however, if there exist two or more localized bound states in
the device region, i.e., if the local density of states has sharp peaks at certain energies.
The inclusion of bound states in time-dependent quantum transport has been studied in
Ref. [42] and further been addressed in subsequent work [43]. There it is demonstrated
that if the dc biased Hamiltonian supports two or more bound states, the long-time
limit of the current(and its corresponding density) consists of two terms: a steady-state
contribution given by the Landauer formula and an additional, dynamical contribution
responsible for undamped current(density) oscillations. The frequencies of these oscilla-
tions are given by the differences between the bound-states energies and, interestingly,
the amplitudes depend on both the initial state and history of the time-dependent per-

turbation.

In this chapter, the history as well as the initial-state dependence of the dynamical
part of the current and density is investigated numerically in detail and the bound-
state contribution to the time-averaged density is shown to be history-dependent as well
which leads to a natural definition of the bound-state occupations out of equilibrium.

As a tool for our numerical calculations the algorithm explained in Chapter 3 for the
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time propagation of quantum transport systems according to the Schrodinger equation

is used.

4.1 Proper Inclusion of Bound States in Time-dependent Quan-
tum Transport

Let H? be the one-particle Hamiltonian of the system in equilibrium. At positive times
the system is perturbed with a bias. Let’s assume that the one-particle Hamiltonian H (t)
globally converges to a time-independent Hamiltonian H when ¢t — oo and supports
at least two bound states. As explained in Chapter 3, we further assume that for any
point 7 in electrode « the quantity (r|H(t) — H°|r) = W,(t) is a spatially uniform
time-dependent shift. To illustrate the bound states effect, let’s look at the one-particle

density matrix p(r,r’;t) in the long-time limit
p(r,r';t — o00) = lim Im(r|G=<(t;t)|r'), (4.1)
t—o0

The lesser Green function can be expressed [28, 29, 41, 44, 45] in terms of retarded and

advanced Green functions as
G<(;t') = GE(t;0)G=<(0;0)G*(0; 1) (4.2)

with the initial condition G<(0;0) = if(H") where f(w) = (e?“~# 4 1)~ is the Fermi
distribution function. Writing the retarded and advanced Green function in terms of

evolution operator

GR(t,t') = —if(t — ¢)Tle~ I W HO) Z [@Aw 1, (4.3)

with T being the time-ordering operator, the one-particle density matrix p(r,r’;t) in

the long-time limit can be written as

p(r,r';t = ) = re*iHootMTf HO)MH 0y, 4.4
(

In Eq. (4.4), M T is a unitary operator defined as

Mt = lim e H tple-ifodr H), (4.5)
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that depends on the history of the time-dependent perturbation and we will call it
“memory operator” from now on.
Let |1p°) be the bound eigenstates of H> with eigenenergies €p° and [¢)7°) the continuum

eigenstates of H° with eigenenergies e7°. Inserting twice the completeness relation

1= 37 [59)055°] + Xo [45) (4652 ome can rewrite Eq. (4.4) as

plr, st —00) = D (r) fuy i (r)e T ! (4.6)

bb

+ Y R ) fead (),
p

with
forr = (52| M F(HC) M |y5°) (4.7)

and fij, = ([ M f(H)M[y7°).

To cancel the bound-continuum contributions and the off-diagonal terms of the continuum-
continuum contribution [43] in Eq. 4.6 , the Riemann-Lebesgue theorem has been used.
The coefficients f; are matrix elements of f(H ) between history-dependent localized

functions
Sor = (g F(H)|by) (4.8)

which depend on the history of the applied perturbation as well as the initial condition.

Clearly, the state [¢}) is related to [¢)p°) by a unitary transformation M

) i VA 0 |57
Vo) | = 0 Mc¢ 0 [vpe) | (4.9)
[VyR) 0 0 eBR1p V5%
with
t
oo 13 / / _ o0
Ay = lim i dt'(Wa (') = W), (4.10)

and M ¢ a unitary “memory matrix” with the same dimension as the number of degrees
of freedom employed to describe region C' and 1, the identity matrix projected onto
region a = L, R . The memory matrix depends on the history of the time-dependent

perturbation and is defined through the equation below

lim GGo(051) = Mc lim Ggo(0;1), (4.11)
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where G4 (0; t) is the projection onto region C of the advanced Green function G4(0;t) =
iexp(iH>t).

From Eq. (4.6) it is clear that the density matrix in the long time limit has in prin-

ciple two contribution: a steady contribution p(%) (the second term of Eq. (4.6)) and

an additional dynamical contribution, p(D ), responsible for persistent oscillations with

a history dependent amplitude. Obviously, the dynamical contribution is only present

if the final Hamiltonian posses at least two bound states. It is worth noting that the

“memory operator”, M, appears in the dynamical as well as the steady contribution of

the density matrix through the coefficients f and fy . In the steady part, however,

the history dependence cancels out [43] . The steady contribution to the density matrix

in region C' is shown to be:

o =2 [ 52 fw— We)Ghew)Talw)Gow) (412)
a=L,R

As current and density are connected through the continuity equation, clearly bound-
state oscillations not only appear in the density but also in the current. As a consequence,

the current has a steady-state and a dynamical contribution

lim Io(t) = 19 4 1Pt | (4.13)
— 00
where the steady contribution IC(YS) is given by a Landauer type formula [28]
(S) _ dw ) 00
1) =ve [ 215w - W)~ flw - WR)IT(w). (4.14)

In the above equation T'(w) is the so called transmission probability
T(w) = Tr[Gc(w)TL(@)Gc(w) T r(w)], (4.15)

where Ty (w) = —2Im[2%(w)] and TE(w) = Heoagl, (W) H o is the embedding self-
energy with the retarded Green function of lead a, g%, (w) = (w — HS, — WE° +i07) -
In the absence of bound states, a steady current develops which does not depend on
the initial Hamiltonian (i.e. the memory of different initial conditions is completely
washed out) and does also not depend on the history of the applied bias (memory-loss

theorem) [29].
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In the presence of bound states, however, in addition to the steady-state contribution

IC(VS) given by Eq. (4.14), there exists an explicitly time-dependent contribution I&D)

which can be calculated from

P = _Q%Na(t) (4.16)
= eTra) (6 — )vpe) (Wil fow sinl(6° — )]
bb’
= 2e Z Agib/fb,b’ sin[(elfo — Eglo)t],
bt/

where we have defined

(6 — )

by = 5 e [[Y5e) (Wil - (4.17)

Using the relation |¢p5) = ﬁﬂachj}gg) Eq. (4.17) can be rewritten as
€y ta— aa
1
Afy = 5 Tre [[058) (6ol (B3 (67) — Za(6°)] - (4.18)

A few remarks about the central result in Eq. (4.13) are in order:

i) It should be emphasized again that no steady-state current exists if the biased Hamilto-
nian H° has bound eigenstates. The current and density oscillations given by Eq. (4.16)
and the first term of Eq. (4.4) are persistent, i.e., they do not decay in time.

ii) The amplitude of the current oscillations may be very large compared to the steady
component of the current.

iii) In contrast to the case without bound states, the asymptotic current depends both
on the initial equilibrium configuration and the history of the applied bias and gate volt-
age through the coeflicients fy,; of Eq. (4.8). The memory dependence of the current
oscillations will be explicitly demonstrated.

iv) For sudden switching of the bias and (simultaneously applying) the gate voltage
A =0 and M¢c = 1¢ (1¢ being the identity matrix projected onto region C') and the
matrix in Eq. (4.9) reduces to the identity matrix, while other switching processes yield
different memory matrices and hence different amplitudes of the current and density
oscillations, see Section (4.2) for a detailed study of the history dependence.

v) Our time-dependent approach provides a natural way to properly define the occupa-
tion numbers of bound states with energies in the bias window. It should be remembered

that within the standard NEGF+DFT approach, the question of how to take bound
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states into account in the calculation of the density [22, 46] has, so far, remained an
unsolved problem. Here we show how the bound-state occupations naturally result from
the time evolution of the system.

In the static approaches to transport, bound states are usually treated in an ad-hoc
way, namely they are considered entirely populated below the bias window, while bound
states within the bias window are populated in a somewhat artificial way by hand with
some plausible choice for the occupation numbers [47]. The importance of properly
treating the bound-states has been also pointed out by Dhar and Sen [42], where they
reported that in the presence of bound states the density and current oscillate persis-
tently even for the unbiased system. This feature originates from the basic assumption
of the contacting approach where the central part of the system is not connected to the
leads V. = 0 initially (for ¢ < 0) , Hy is a block-diagonal matrix and so is f(Hj).
The contact between the isolated parts is turned on as a time-dependent perturbation.
Through out the whole thesis we use the later approach. In this case, the initial equilib-
rium is unambiguous and for the unbiased system, the equilibrium Hamiltonian and the
one at the long time limit are identical and therefore fy, = 0y f(€p). As a result the
dynamical contribution to the total current vanishes, while the dynamical contribution
to the density reduces to the equilibrium contribution of the bound states.

vi) We demonstrate the intuitively expected result that the bound-state occupations are
history-dependent, i.e., they depend on the initial condition and on how the potential is
switched on.

vii) As expected the number of particles in the whole system is conserved. Using

Eq. (4.17) and Eq. (4.16) and employing the orthonormality relation

> Tra (U (Wil = G- (4.19)
a=L,C,R
It can be shown easily that
d
e Ne(t) = (Ir(t) + Ir(1). (4.20)

In next the section, we provide numerical evidence that bound states give rise to persis-
tent, non-decaying current oscillations in the junction. We also show that the amplitude
of these oscillations can exhibit a strong dependence on the history of the applied po-
tential as well as on the initial equilibrium configuration. Our simulations allow for a

quantitative investigation of several transient features. We also discuss the existence of
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different time-scales and address their microscopic origin.

4.2 Numerical Results

In this Section we present the results of numerical simulations for simple one-dimensional
model systems whose Hamiltonian supports two bound states in the long-time limit. Of
particular interest will be the dynamical part of the current and the dependence of the
amplitude of the bound-state oscillations on the history of the time-dependent potential
and on the initial state. We also identify single-particle transitions other than between

the bound states which are relevant to understand the shape of the transient current.

The time-dependent, one-dimensional Hamiltonian is given by

1 d2

H(z,t) = “sg2 T Up(x) + Uz, t) = H(z) + U(x,t) . (4.21)

For times ¢ < 0 the Hamiltonian is H°(x) and the system is in its groundstate. At ¢t =0
the system is driven out of equilibrium by the time-dependent potential U(z,t). We
choose the time-dependent perturbation in such a way that for ¢ — co the Hamiltonian

globally converges to an asymptotic Hamiltonian, which we denote with H>(z).

The time-dependent perturbation U(z,t) can be written as a piece-wise function of the
space variable x. Let W,(t) be the applied bias in region a@ = L, R and V,(z,t) the
gate voltage applied to region C'. The latter may depend on both position x and time

t. Then
Wr(t) —oco<z<uzp

Uz, t) =19 Vy(z,t) zp<zx<zp (4.22)
Wgr(t) zp<z<o

with xy, and z being the positions of the left and right interfaces respectively. In our
numerical implementation we discretize H on a equidistant grid and use a simple three-
point discretization for the kinetic energy. In all systems studied below, the simulations
have been performed by considering a propagation window which extends from xj =
—1.2 a.u. to zg = 1.2 a.u. and a lattice spacing Az = 0.012 a.u.. The occupied part
of the continuous spectrum ranges from k = 0 to kr = /2er and it is discretized with
200 k-points. All occupied states are propagated from ¢ = 0 to ¢ = 1400 a.u. using

a time step 20 = 0.05 a.u.. In the numerical examples studied below where the final



Chapter 4. Bound States in Time-Dependent Quantum Transport 37

Hamiltonian supports two bound states the resulting current in the long-time limit is
I(t) = I + Ige(z) sin(wot), (4.23)

i.e. on top of the steady current I(5), there is an oscillating part with only one frequency
wo given by the eigenenergy difference of the two bound states. It is also worth men-
tioning that the amplitude Iy of this current oscillation depends on the position (see

Eq. 4.17) while the steady-state current is position-independent.

4.2.1 Bound-state Oscillations and Transients

As a first example, we study a system with an initial potential Uy(xz) = 0. Initially, the
system is in the groundstate with Fermi energy ep = 0.1 a.u.. All wavefunctions of the
groundstate Slater determinant are extended one-particle states with energy between
0 and ep. At t = 0, the system is suddenly driven out of equilibrium by switching

on a potential U(x,t) of the form (4.22) which consists of a constant bias in the left

lead, Wy = 0.1 a.u., and a constant gate voltage in the central region, V, = —1.4
a.u.. The biased Hamiltonian has two bound eigenstates with energies 79 = —1.032
a.u. and 5;02 = —0.133 a.u.. From the discussion of the previous Section we expect

that a steady state cannot develop and that the time-dependent current exhibits an
oscillatory behavior with frequency wy = 5,?702 — 5,?701. This is indeed confirmed by our
numerical simulations, as one can see in Fig. (4.1) where we plot the modulus of the
discrete Fourier transform of the time-dependent current. The latter quantity is defined

according to
np+No

20 iwrns 21k
I(wy) IV _g I(2nd)e , Wk 5 (4.24)
n—np

We have computed I(wy) for different values of n, = (4 + 2p) - 103, p = 0,1,2, 3,4, and
No = 16-103. Different values of p correspond to different time intervals ¢ € (t,,t, + Tp)
with ¢, = (24 p) x 100 a.u. but with the same duration Ty = 800 a.u.. The coefficient in
Eq. (4.24) is defined such that the height of the peak I(w) at w is equal to the amplitude of
the oscillations with frequency w. Besides the zero-frequency peak (not shown) due to the
non vanishing dc current, I(w) shows a dominant peak at the frequency wy = 5,‘;’02 — 51‘;01
of the transition between the two bound states. As expected, the height of this peak

remains unchanged as p varies from 0 to 4, i.e., the current oscillation associated with



Chapter 4. Bound States in Time-Dependent Quantum Transport 38

0.04
I € b2 € b1
0.0006 |-
0.03 |
0.0002 F = p=0
—_ p=1
g T o oz p=2
— 0.02- — p=3
\_g S p=4
0.01
ep-e, eg+Wi-e,,
0 N " } - 1 , -
0.2 0.4 0.6 0.8 1 1.2
® /a.u.
FIGURE 4.1: Modulus of the discrete Fourier transform of the current for V;, = —1.4 a.u.

and a constant bias in the left lead Wy, = 0.1 a.u.. The inset shows a magnification of
the region with bound-continuum transitions from the bound state with higher energy
to the Fermi energy. Different curves correspond to different time intervals.

this transition remains undamped. We emphasize that they are an intrinsic property of

the biased system.

Closer examination of Fig. (4.1) reveals four extra peaks which are related to different
internal transitions. The first and the last pairs of peaks occur at frequencies which
correspond to transitions between the bound states and the lower edge of the unoccupied
part of the continuous spectrum in the left and right lead of the biased system, Epy — EF,
and €py — €7 + Wi, with ¢ = 1,2. These sharp structures (mathematically stemming
from the discontinuity of the zero-temperature Fermi distribution function) give rise to
long-lived oscillations of the total current and density. These oscillatory transients die off
very slowly, the height of the peaks decreases with increasing ¢, empirically as 1/t,. In
Fig. (4.1), as well as in all following examples, we report results for the current calculated
in the center of the device region. However it is important to note that the amplitude

k)l —zal here

of the current oscillations decays exponentially in the leads as e
kpo = 1/2(legs| + Wo) with i = 1,2, o = L, R and z is a point in lead . The exponential
decay of the density or current inside the leads can be easily understood by inserting

the relation ¢ ;(z) = 1/)b7i(:ca)e_kai‘x_x“‘ into Eq. (4.17) for the current (or Eq. 4.28
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FI1GURE 4.2: Modulus of the discrete Fourier transform of the current of a transla-
tionally invariant initial Hamiltonian which is perturbed at ¢t = 0 by a sudden bias in
the left lead W, = 0.15 a.u. and the system evolves toward a steady state. Then, at
T = 150 a.u. a gate voltage Vy(z) = vy = —1.02 a.u. is suddenly turned on. (The
inset shows a sketch of the time evolution of the applied bias and gate potentials.) The
first peak appears at w = 0.686 a.u. which is the modulus of the energy of the bound
eigenstate of the final Hamiltonian (H(z,t > T) has one bound eigenstate). Different
curves correspond to different Fermi energies.

for the density). Consequently, the dynamical part of the current vanishes deep inside
the leads (away from where the bound states are localized). In the second example,
we consider a system described initially by the translationally invariant Hamiltonian
H(z,t < 0) = —%;—;. At t = 0 we suddenly switch on a constant bias in the left
lead Wy, = 0.15 a.u. and propagate until 7" = 150 a.u. when a steady state is already
reached. At t =T a gate voltage Vy(z) = vy = —1.02 a.u. is suddenly turned on and the
Hamiltonian H(x,t > T') has one bound eigenstate at energy ¢;° = —0.686 a.u. . The
depth v, is chosen in such a way that if one slightly increases v, a second bound eigenstate
appears. Since the system has only one bound state, the oscillations die out slowly as
1/(t — T') and eventually another steady state is reached. In order to understand the
transient oscillations we have studied the Fourier transform of the current as shown in
Fig. (4.2). There the first peak appears at the frequency of w = [§ [ which is a transition
between the bound level and the bottom of the continuum. As such, the position of this

peak remains unchanged for different Fermi energies. Besides this transition one observes

other peaks whose positions shift as the Fermi energy is changed. They correspond to
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transitions from the bound level to the top of the left and right continua and, as for the

first transition, they decay as 1/(t — T).

4.2.2 Dependence on Initial Conditions

The dynamical part of the current depends on the initial Hamiltonian H°(x) through the
amplitudes f, y of Eq. (4.8). In the first example of the previous Section the Hamiltonian
at negative times, H°(x), had no bound eigenstates. At positive times a gate voltage
and a bias in the left lead were suddenly switched on and the Hamiltonian at positive
times is equal to H*°(x) and has two bound eigenstates. We now consider a system with
two bound eigenstates for ¢ < 0 which is exposed to a dc bias for ¢ > 0. Specifically,
we start with a static potential describing a quantum well of depth Uy(z) = —1.4 a.u.
for |x| < 1.2 a.u.. The groundstate of the system is the Slater determinant of all the
extended eigenstates with energy up to ep = 0.1 a.u. and of the two bound eigenstates at
energies 5271 = —1.035 a.u. and 5272 = —0.156 a.u.. At t =0 a dc bias Wr = 0.1 a.u. is
suddenly switched on in the left lead and the Hamiltonian H (z,t > 0) = H*(z) is equal
to the final Hamiltonian studied in the previous Section. The resulting time-dependent

current for these two systems are shown in Fig. (4.3).

As a consequence of the fact that H°°(z) is the same in both systems the time-dependent
currents should oscillate with the same frequency, a result which is confirmed by our
numerical calculation. The amplitude of this oscillation, however, depends on the initial
equilibrium configuration as well as on how H(x,t) approaches the asymptotic Hamil-
tonian H*°(x). As one can see from Fig. (4.3), the amplitude is much larger in the
system with no initial bound states. This difference can be explained qualitatively by
looking at Eq. (4.8). In both systems the time-dependent perturbation is switched on
suddenly. Therefore, the memory matrix of Eq. (4.9) becomes the unit matrix and

Eq. (4.8) reduces to
Foyr = (W5° F(HO)|5). (4.25)

When the perturbation is small like in the case of the system with two initial bound states
(H® ~ H®), the eigenfunctions [¢°) of H> are approximate eigenfunctions of H? as
well. Therefore f(H)[Yg°) ~ f(ep)|1b5) and fyy ~ f(€p)dpp Which leads to a vanishing

dynamical part of the current since there only the off-diagonal elements contribute. By
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FIGURE 4.3: Comparison of the time-dependent current for systems with and without

bound states at negative times. The inset shows a magnification of the time-dependent

current of the system with two initial bound states. Since both systems have the same

final Hamiltonian, the frequencies of the current oscillations are the same while the

amplitude of the oscillations for the quantum well (with two bound states initially) is

smaller by almost two orders of magnitude than for the system without initial bound
states.

contrast, if the applied potential U(x,t) is large, the overlap (15°|f(H)[2°) can be

quite substantial and the resulting amplitude of the current oscillation is large.

4.2.3 History Dependence

4.2.3.1 Dependence of the Current Oscillations on the History of the Bias

The amplitude of the bound-state oscillations depends, through the memory matrix
in Eq. (4.9), on the history of the time-dependent potential which perturbs the initial
state. In this Section we investigate how the amplitude depends on the switching process

(history-dependence effects).

We take the flat potential Uy(x) = 0 as initial potential and the Fermi energy ep = 0.2
au.. At t = 0 a gate voltage Vy(x) = —1.3 a.u. abruptly lowers the potential in
the center. In addition, a time-dependent bias is applied to the left lead as W (t) =
W sin?(wyt) for t <t = 2“7,] and W (t) = W, for t > 2%, where W, = 0.1 a.u..
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FIGURE 4.4: The amplitude of the current oscillation as function of the switching time
of the bias. The bias in the left lead is switched according to Wp,(t) = W, sin?(wyt) for
t<t,= ﬁ and Wi (t) = Wi = 0.1 a.u. for later times. The frequency of the current
oscillation wy = ;% — €, is given by the difference of bound state energies in the final
system which have the values €% = —0.933 a.u. and €% = —0.063 a.u., respectively.
The Fermi energy is ep = 0.2 a.u. and the gate poten’tial is V, = —1.3 a.u.. Inset:
potential landscape (external potential plus bias plus gate potential) for t < 0, t = 0,
and t > tp.

The final biased Hamiltonian has two bound states with energies €q = —0.933 a.u. and

€% = —0.063 a.u. which again leads to undamped oscillations in the current.

Choosing t; in such a way that A%° (from Eq. (4.10)) equals 27, 4,...the upper block
of the unitary matrix in Eq. (4.9) become the identity matrix in region L. This suggests
that the amplitude of the current oscillations might exhibit a non-monotonic behavior
as a function of the switching time. Our numerical results demonstrate that this is not
the case. Fig. (4.4) shows that the amplitude decreases monotonically as a function of
tp, a trend which is expected in the region of long switching times (adiabatic switching).
Such behavior, however, does not contradict the analytic results of Section (4.1). In fact,
it is important to point out that the memory matrix in the central region M - does not
only depend on the history of the applied perturbation in the central region, but also
on the way the bias is switched on through the time-dependent embedding self-energy
needed to calculate GéC(O; t), see Eq. (4.11). Hence, M ¢ # 1¢ when A° = 2m, 4m,. ..
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4.2.3.2 Dependence of the Current Oscillations on the History of the Gate Voltage

To illustrate the dependence of the current oscillations on the switching process of the
gate voltage, we first consider a system whose initial state is a Slater determinant of
plane waves with energies less than ep = 0.1 a.u. (a flat potential). At ¢ = 0 we suddenly
switch on a bias Wj, = 0.15 a.u. in the left lead and as a result a current flows which
after some transient time reaches a steady value of about 0.027 a.u.. After the steady

state is attained, at time 7" = 100 a.u., we switch on a gate potential

Vy(z,t) = Vg (4.26)

for T' <t < T+t, with a switching time ¢, = 20 a.u. and the final depth of the potential

well v = —1.3 a.u.. For times t > T + t, this gate potential remains unchanged at
Vy(x,t) = vy and the final Hamiltonian supports two bound states at g9 = —0.933 a.u.
and €% = —0.063 a.u.. The resulting TD current in the center of the device region is

shown in the upper panel of Fig. (4.5). The development of a steady-state current for
T < 100 a.u. can clearly be recognized. After the bound states are created (t > T +tg)
the current starts to oscillate as expected. The amplitude of the current oscillation is
of the order of 0.35 a.u., i.e., more than an order magnitude larger than the steady-state

current.

The history dependence of the current oscillations can be seen by comparing the current
in the upper and lower panels of Fig. (4.5). Both currents were computed by starting
from the same initial state and applying the same bias at £ = 0. In the lower panel we
create the same, final potential as in the upper panel, but in two steps. At T = 100 a.u.
we suddenly switch on a first gate potential with depth v, = —0.2 a.u. which creates
only one bound state. Waiting for the slow decay of the resulting bound-continuum
transition we then apply an additional gate potential of depth vy = —1.1 a.u. (hence
the total depth is again 1.3 a.u.) with a switching time t, = 20 a.u.. Again we recognize
the persistent current oscillations due to the bound-bound transitions. Although the
amplitude (about 0.07 a.u.) is still large compared to the steady-state current, it is

about a factor of four smaller than the amplitude in the previous case.

To gain more insight into the dependence of the amplitude of the current (density)
oscillations on the history of the gate voltage, in Fig. (4.7) the amplitude of the oscillation

versus the switching time t, is shown for a final depth of the gate v, = —1.3 a.u. (the
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FIGURE 4.5: Time evolution of the current at x = 0. At ¢t = 0 a.u., a bias Wy = 0.15
a.u. is suddenly switched on and the system evolves to a steady state. Upper panel:
at T =100 a.u., a gate potential is turned on (v, = —1.3 a.u. and ¢, = 20 a.u.) which
creates two bound states and results in large amplitude oscillations of the current.
Lower panel: at T' = 100 a.u., a first gate potential (vy = —0.2 a.u. and t; = 0) is
turned on which creates a single bound state. Waiting for the transients to decay, a
second gate voltage (v = —1.1 a.u. and t, = 20 a.u.) is then applied which leads to
the formation of a second bound state and therefore to persistent current oscillations.
Although H® is identical in both cases, the amplitude of the current oscillation is
significantly smaller in the second case, illustrating its dependence on the history of the
system.

gate voltage is applied linearly as Eq. (4.26) at 7' = 100 a.u.). A sketch of the system
in and out of equilibrium is shown in Fig. (4.6) which is similar to the system described

in the upper panel of Fig. (4.5).

In the upper panel Fig. (4.7), the bias in the left lead is fixed to W = 0.15 a.u. and
the Fermi energy is varied from ep = 0.1 a.u. to 0.3 a.u.. We first note that in the limit
of adiabatic switching (t; — oo) the oscillation amplitude tends to zero. Furthermore
we see that the amplitude reaches a maximum value for a certain switching time. It is

also worth noting that the amplitudes are generally smaller for larger Fermi energies,
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FI1GURE 4.6: Sketch of the time evolution of the Hamiltonian. Starting from an initially

constant potential (left), at ¢ = 0 a bias is suddenly applied to the left lead and the

system evolves toward a steady state (center). Then, between times 7" and T + t4, a

time-dependent gate voltage Vy(z,t) = Z—j(t —T) is switched on in region C. For times
t > T +tg4 (right) the Hamiltonian remains constant in time.

a behavior which can be explained as follows: let |¢,) be an eigenstate of H with

eigenenergy €,. Then

fb,b/ = Z <¢l€’¢n><¢n|¢{;’> (4'27)

en<er

As the Fermi energy increase the sum over ¢, approaches the sum over a complete
set of eigenstates and hence fi,;y approaches the value (¢j|¢;,). This latter quantity
vanishes since the states [1/]) are related to the orthogonal states |¢;°) by a unitary
transformation and hence remain orthogonal. The lower panel of Fig. (4.7) shows the
amplitude versus the switching time of the gate voltage for a fixed Fermi energy e = 0.2
a.u. and for different values of the applied bias. The striking feature of this plot is that
the position of the maximum remains almost unchanged as function of the bias Wr..
Interestingly, for the situation in which the gate voltage is applied in two steps (similar
to lower panel of Fig. (4.5)) in such a way that the first bound state is created at
T = 100 to the biased system and then after associated bound-continuum transitions
have decayed another bound state is created by decreasing further down the gate voltage
with a switching time ¢4, the maximum amplitude of oscillations occur at a ¢, close to
zero. Similarly, in the case where the system initially has one bound state, the amplitude
has a maximum for sudden switching of the gate, i.e., t; = 0 a.u., while in the case with
no initial bound states the maximum appears at a finite value of ¢,.
To gain an intuitive understanding of the size of the oscillations as a function of the

switching time of the gate t;, we show in the next section how it is related to the
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F1GURE 4.7: The amplitude of the current oscillations as function of the switching

time t, for vy = 1.3 a.u.. Upper panel: for fixed bias Wy = 0.15 a.u. and different

Fermi energies. Lower panel: for fixed Fermi energy e = 0.2 a.u. and different values
of the bias. All curves reach a maximum whose position remains almost unchanged.

transition probability between the partially occupied bound states. In the last case(s)
we mentioned the largest amplitude for the current oscillations is found for switching
time t4 (close to) zero which is related to the fact that the first bound state is almost
fully occupied. Therefore, the transition probability is maximum when the occupation
of the second bound state reaches its lowest value. This happens for switching time ¢,
(close to) zero, leading to the largest oscillation amplitude. This is also supported by
the following observation (see Fig. (4.7)): the switching time ¢, for which the current
oscillations are largest depends on the Fermi energy (for fixed bias) since the occupation
of the bound states depend on ep. At the same time, the position of this maximum is
almost independent of the bias (for fixed Fermi energy) since the bias only leads to a

slight energy shift for the bound states.
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4.2.4 History-dependent Occupation of the Bound States

As discussed in Section. (4.1) the bound-state oscillations not only appear in the current
but also in the density, and memory effects in the amplitude of the density oscillations

are seen as well. The dynamical contribution to the density is given by

ntP) () = fo cosl(§° — e T (1) (r). (4.28)

bb
where the amplitudes f, are again given by Eq. (4.8). We observe that while the
diagonal term, b = b, does not contribute to the current of Eq. (4.16), it does contribute
to the density of Eq. (4.28) with a history-dependent coefficient fj;. This means that
even if we average out the density oscillations, history-dependent effects will show up in
the density at the device region. The time-independent part arising from the diagonal

(b =V') contributions to the double sum in Eq. (4.28) reads

nPV(r) =Y fiplps (). (4.29)
b

The coefficients f;; can be interpreted as occupation numbers of the bound states in
the long-time limit. We further notice that also the bound-state occupations f3; depend
on the initial condition and on the history of the time-dependent perturbation through
the memory operator M. In fact, the TD description provides a natural solution to the
problem of how to populate bound states in transport calculations a problem which is not
treated properly in the static approaches to transport, e.g., L4+DFT or NEGF+DFT.
In these approaches, bound states below the bias window are entirely populated, (i.e.
fop = 1), while bound states within the bias window are populated in a somewhat
artificial way by hand with some ad-hoc choice for the occupation numbers [47]. Of
course, due to its self-consistent nature, the solution of the NEGF+DFT approach is
affected by this somewhat arbitrary choice of bound-state occupations. Here we show
that the assumption that bound states are entirely populated below the bias window is
only valid in the case of adiabatic switching of the time-dependent perturbation.

To illustrate the existence of memory effects in the time-independent part of the density
we have computed n,y (), the time-dependent density averaged over an oscillation period
for a system with two bound states in the final Hamiltonian. The system is the one which

leads to the current shown in the the upper panel of Fig. (4.5) except that the gate
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FIGURE 4.8: Upper panel shows memory effects for the static part of the density in the
long-time limit in the presence of bound states. The densities shown here correspond
to systems which are identical to the one studied in the upper panel of Fig. (4.5) except
that they are computed for three different switching times of the gate potential of
Eq. (4.26): t; = 0.1 a.u. (solid, black), t; = 5.0 a.u. (dashed, blue), and t; = 20
a.u. (dash-dotted, red). The lower panel shows the occupation numbers f,; (Eq. (4.8))
of the two bound states as function of switching time. The state with lower energy
eigenvalue (b = 1) has higher occupation than the one with higher energy. For short
switching times the occupation is significantly smaller than one, while for adiabatic
(slow) switching both occupation numbers approach one.

potential is turned on with different switching times ¢,. In the upper panel of Fig. (4.8)
we show n,y(z) for three different ¢, and, as one can see, the corresponding nay(x)
differ quite substantially. This difference has to be attributed to bound states since
for the contribution of the scattering states all memory is washed out [29]. Of course,
the relative importance of the bound-state contribution to nay(z) will decrease when
er (and therefore the contribution of the continuum states) increases. By subtracting

the continuum contribution from n,, and fitting the explicit function nP) with the
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numerical curve (where the only fitting parameters are the coefficients f; for b = 1,2)
the bound-state occupations f; can be calculated. Those are shown in the lower panel
of Fig. (4.8) as a function of ¢,. Remarkably we find that fy; exhibits rather large
deviations from unity, especially for small switching times. In other words, choosing full
occupation (fp, = 1) for the bound states below the bias window is justified only for
the case of adiabatic switching. As one would intuitively expect, the occupation of the
state with lower energy (b = 1) is larger than for the state with higher energy. In the
adiabatic limit of very slow switching (¢, — o0), both occupation numbers approach
unity which is expected since both states are energetically below ep.

Moreover, the occupation numbers offer an intuitive qualitative picture of the size of the
current and density oscillations: for relatively short switching times (t;, < 50 a.u.) the
occupation numbers deviate substantially from one. Therefore the transition probability
between the bound states is relatively large and so are the oscillations in current and
density. Remarkably, for the switching time t, with the largest oscillations amplitude
(see black curve in the upper panel of Fig. (4.7) where the largest oscillations occur for
tg = 20 a.u. ), the difference between the occupation of the first and second bound state
attains its highest value (see lower panel of Fig. (4.8)). On the other hand, for large
switching times both bound states are almost “fully” occupied and the probability of a

transition between them is small, leading to small amplitudes in the dynamical density.

4.3 Conclusions

In the theory of electron transport one usually assumes that the application of a dc
bias to an electronic system attached to two macroscopic electrodes always leads to
the formation of a steady-state current. However, the presence of bound states leads
to qualitatively new features (current oscillations and memory effects) in the dynamics
of electron transport in the long-time limit [43]. These as well as transient features
are investigated in detail by numerical simulations in this Chapter. In the Fourier
transform of the calculated time-dependent current one not only finds the predicted
transitions between the bound states in the long-time limit, but also transitions in the
transient regime between the bound states and the continuum of the leads. In summary
we have demonstrated that 1) the persistent current oscillations in the presence of bound

states can be much larger than the steady-state current 2) the amplitude of the current
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oscillations can have a strong dependence on the history of the system 3) a similar history
dependence is found for the contribution of the bound states to the density and 4) the
occupation of bound states below and within the bias window is well defined in a TD
description of quantum transport. These results are of great importance for all transport
calculations: the first three points challenge one of the fundamental assumptions of the
Landauer formalism (the assumption that a unique steady state always develops) while
the fourth point solves the problem of properly defining the bound-state occupations.
Hence the TD approach to transport provides a natural, unified framework to describe

current oscillations, memory effects and bound-state occupations.

Our results indicate that in transport calculations special care has to be taken if bound
states are present in the biased system.

In fact, it should be pointed out that the existence of bound states in biased transport
systems may not be an exotic feature in an experimental situation. For single molecules
attached to metallic leads it is quite conceivable that some of the molecular orbitals
energetically fall into an energy window which corresponds to an energy gap of the leads
and those orbitals therefore cannot hybridize with any lead states and remain fully local-
ized. In the case of transport experiments on quantum dots one could artificially create
bound states by applying an attractive gate potential.

In this chapter, electron-electron and electron-phonon interactions have not been in-
cluded. In real systems, of course, electron-phonon scattering leads to a level broad-
ening and hence damping of the oscillations with a typical time scale of picoseconds.
The question if these oscillations in principle can be seen experimentally then becomes
a matter of time scales. We emphasize that since ultimately one wants to exploit the
ability of molecular electronics devices to switch on the electronic time scale (femtosec-
onds), phononic damping , which is governed by the nuclear time scale (hundreds of
femtoseconds or picoseconds), is less important. Hence the bound-state oscillations be-
come extremely relevant on this time scale.

To assess the role of the electron-electron interaction, we point out that the entire for-
malism remains valid for any effective single-particle theory such as, e.g. TDDFT which

can treat interactions in principle exactly.

In the presence of bound-states, essentially two situations are conceivable: in the first
scenario the effective single-particle potential converges to a time-independent potential

supporting bound states for which Eq. (4.13) applies leading to oscillating currents in
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the long time limit ¢ — co. This may well be consistent with a time-independent Kohn-
Sham potential for ¢ — oo because the exact Hartree plus exchange-correlation potential
may well become time-independent even if the density is oscillatory.

In the second scenario, the effective single-particle potentials are time-dependent with
the bound states eigenenergy differences as prominent frequencies. In that case the
density will again be time-dependent for ¢ — oo by virtue of Floquet’s theorem. This
situation can even be captured by simple exchange-correlation functionals which are lo-
cal in time such as, e.g., Adiabatic Local Density Approximation (ALDA) or generalized
gradient approximations. This is shown for an ALDA calculation presented in Fig 7.12.
Although this argument is clearly not mathematically rigorous, the in principle ex-
act single-particle nature of the TDKS equations suggests that even in the presence of
electron-electron interactions oscillations will appear on the femtosecond time scale.
This opens up the possibility of having oscillatory solutions for constant biases and may
change substantially the standard steady-state picture already at the level of exchange-
correlation functionals which are local or semi-local in time. On the other hand, the
asymptotic (¢ — oo) density depends on the occupation coefficients f,; which in turn
depend on the history of the TDDFT potential. Thus, history-dependent effects might
be found even at the level of the ALDA.

Finally, we wish to point out that probes with high spatial resolution would be needed
to observe bound-state oscillations experimentally as they are localized in the device

region.






Chapter 5

Time-dependent Quantum
Transport through Model Devices
with On-site Interaction: Different
Approaches

5.1 The Model

In the next three chapters we consider an interacting nanoscale device contacted to two
non-interacting leads. The whole system is initially in equilibrium at a given temperature
and chemical potential. At time ¢y, we switch on a bias between the leads and follow

the time evolution of the perturbed system.

The Hamiltonian of the system can be split into three different parts as

H(t)=Ho(t)+ Y Ha(t)+ Hr . (5.1)
a=L,R

Here, He(t) describes the device, H,(t) is the Hamiltonian for lead o, and Hyp is the
coupling Hamiltonian between the device and the leads. To be specific, we consider

devices which consist of a tight-binding chain with nearest neighbor hopping and a

53
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short range electron-electron interaction of the Hubbard form

No—1
He(t) = Za ()dl,dig — > (Vedl,diy1o + Hec.)
=1
+= Zwa 1 digrdio (5.2)

UO’

where 7 labels the N¢ sites of the interacting chain, o and ¢’ are spin indices, and a?ja and
czw denote creation and annihilation operators for electrons with spin o at site i. The
eic(t) are on-site energies which may contain an arbitrary, explicit time dependence, Vi

is the nearest-neighbor hopping in the chain and U is the on-site Hubbard interaction.

The non-interacting left (L) and right (R) leads v = L, R are described by one-dimensional

semi-infinite chains with Hamiltonian

o
T
g (ea + Wa(t)) &, Civa
=1
g
o

Z ( Elpalitioa + H-G) (5.3)

O'
with creation (annihilation) operators cjm (Cioa) for electrons with spin o at site ¢ in
lead . The on-site energies €, and the hopping matrix elements V, are independent

of time and site index while W,(t) describes a time-dependent, site-independent bias

applied to lead a.

Finally, the tunneling Hamiltonian which couples the leads to the device is given by

Hp = Z (‘/hnkdlgclaL + Vilndeco-claR + HC) ) (54)

g

where we have adopted the convention that the site in lead a connecting to the device

is labelled by the site index 1.

5.2 Time-dependent Approach to Transport

In the next chapters we study the time-dependent quantum transport for the model

introduced in the previous Section using two different approaches: MBPT and TDDFT.
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The time-dependent MBPT formulation of transport [48, 49] is based on the time evolu-
tion of the Green function via the Kadanoff-Baym (KB) equations [50-52]. The central
quantity entering the MBPT approach is the many-body self-energy g which can be
approximated by selecting the class of Feynman diagrams relevant for the description of
the main scattering processes. The computational cost to propagate the Kadanoff-Baym
equations is rather high such that applications have to be restricted to small systems

and short propagation time.

On the other hand, TDDFT [53] offers an alternative, in principle exact, framework to
account for correlation effects both in the leads and the central region [28, 29]. Moreover,
since TDDFT only involves the propagation of effective single-particle equations, it is
a computationally efficient way to describe time-dependent transport [30]. The down-
side of TDDFT is that the construction of accurate approximations for the exchange-
correlation potential is highly non-trivial. The most popular approximation, ALDA,
depends only on the local and instantaneous density, i.e., it does not include memory

effects.

5.2.1 Time-dependent Density Functional Theory

In TDDFT, the problem of interacting electrons is mapped, in principle exactly, on the
much simpler problem of non-interacting electrons moving in an effective, local potential
[53]. This effective potential, the KS potential, is itself an unknown functional of the
time-dependent density and the difficulty lies in constructing accurate approximations
to this functional. Below we will discuss in detail which functional we choose for our
investigation.

In the context of TDDFT applied to quantum transport, the complexity of describing
an infinite non-periodic system, or equivalently, a finite open system attached to semi-
infinite leads, can be reduced to an equation of motion for the central region only. In

the one-particle Hilbert space, the KS Hamiltonian is a matrix which can be partitioned

as
HES (1) Hie 0
Hq; Hgg(t) Hcr ) (5'5)
0 Hpe HEZ()

where HE 3 (t) is the Hamiltonian of the isolated device and HX?(¢) = HES + WS (1)

are the Hamiltonians of the isolated leads o« = L, R.
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As discussed in Chapter 3, we assume instantaneous screening in the metallic leads,
WES(t) = W,(t)14 with 1, the identity matrix projected onto lead a = L, R. Finally,
H,c describes the coupling between lead o and the device. Here and in the following
we will use boldface to indicate matrices in one-electron labels.

The equation of motion for the k-th KS single-particle orbital ¢, ¢ (t) projected onto the

central region reads

(10, — HEE ()] o () / At BB (t,9)[vr.c ()
+ Z HCagaa (t7 0) |¢k,a (0)> (56)

The coupling of the central region to the leads is accounted for in an exact way by the

retarded embedding self-energy

SE(t) = > Heagh, (t,1)Hoc, (5.7)
a=L,R

which describes virtual processes where an electron in the device hops onto the leads at
time ¢’ and then hops back onto the device at time ¢. As discussed in Chapter 3, the
quantity gZ (¢,1') is the retarded Green function of the isolated semi-infinite lead a and

satisfies the equation of motion
[i0; — HES (1)) gl (t,1)) = 6(¢,1), (5.8)

with boundary conditions gZ (¢,t*) = —il, and gZ (t,t7) = 0. In our model the
KS Hamiltonian matrix Hgg(t) has a tridiagonal form where the only non-vanishing
entries are the off-diagonal matrix elements [HES ()] 41 = [HES(t)]j41,; = —Ve with

j=1,---,N¢g —1, and the diagonal matrix elements

[HES (1))

VKS (]a t)

= €5 (1) +vm(n (1)) + vxe[n] (5, 1), (5.9)

with j =1,---, N¢.

The time-dependent density at site j in general is given by
nj(t) = ~2i[GE(t )5, (5.10)

where t* approaches t from an infinitesimally later time ¢t* = ¢ + §. Within TDDFT

Gce in Eq. 5.10 is replaced by GIC( Due to the non-interacting nature of GCC, Eq. 5.10
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simplifies and in particular at zero temperature, it reduces to

occ

le(t) = 22 |¢k,C’(j7t)|27 (511)
k

where the sum runs over the occupied KS orbitals and the pre-factor is due to spin
degeneracy. The second term on the r.h.s of Eq. 5.9 is the Hartree potential and the
third term is the exchange-correlation potential of TDDFT. The XC potential vy[n](7, )
depends on the time-dependent density at all times earlier than ¢ and in all sites of the
system (including the leads). Of course, the exact form of vy.[n| is unknown and in
practice one has to resort to approximations. It is worth to point out that, independent
of the particular form used for vy, already at this point we make the approximation that
the XC part of the KS potential vanishes identically inside the leads. We discuss this
issue further in Chapter 8. Although in our model Hamiltonian (Eq. 5.1) the interaction
is restricted to the device region only, the exact KS potential for this system will have
XC contributions in the lead regions adjacent to the central device and will rigorously
vanish only deep inside the leads. Setting vy, equal to zero in the leads is not a principal
limitation of the TDDFT approach but rather a simplifying approximation: We could
have incorporated a finite portion of the leads in our explicitly treated region, thereby

accounting for the aforementioned effect.

In the next section, we will introduce the approximation for the XC potential we use
which is based on the local density approximation (LDA) derived from the exact Bethe-

ansatz solution of the static, uniform one-dimensional Hubbard model.

5.2.1.1 Exchange-correlation Potential of the Hubbard Model

From the exact Bethe-ansatz solution to the homogeneous 1D Hubbard model (1IDHM)
[54] , one can extract analytical expressions for the total groundstate energy in several
important limiting cases.

For infinitely strong interactions (U — oo) and less than half-filled band (n < 1) the
per volume energy e reads

2V
e(n,V,U — o0) = —— sin(mn). (5.12)
T
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In addition, in the absence of interaction (U = 0) and n < 1 it is easy to show that

4
e(n,V,U = 0) = —7‘/ sin(gn). (5.13)

Finally, for an exactly half-filled band (n = 1) and any interaction U

Jo(SU)Jl (1‘)
1+ exp(Ux/(2V))]

e(nzl,V,U):—ZLV/Ode [ (5.14)
0 x

where Jg and J; are the zeroth and first order Bessel functions respectively.

By interpolating these limiting cases, the Bethe Ansatz LDA (BALDA) groundstate
energy is obtain for intermediate values of the density and interaction. Motivated by
the similarity of the limiting expressions for U = 0 and U — oo the following functional
form is adopted [55]

_2veuyy) T
m EU/V)

e(n,V,U) = n) (5.15)

where ¢ is a function of the ratio U/V. To guarantee the correct result for half filling,
Eq. 5.15 at n = 1 and Eq. 5.14 must give the same value, and therefore

V) m o  h@h@
s =2 [ e e (5.16)

This equation determines £ for all values of U, including the limiting cases. In the
limit of infinite (zero) interaction strength, U, the integral of Eq. 5.16 has an analytical
solution which indeed recovers & = 1 (§ = 2). For intermediate values of U, & is a

number between one and two calculated only once outside the self-consistency cycle of

DFT.

For a more than half-filled band, a particle-hole transformation can be used to express

the energy in terms of the energy of a less than half-filled band:
e(n>1,V,U)=e2—-n,V,U)+(n—-1)U . (5.17)

This completes the interpolation of the groundstate energy of the 1IDHM.

Note that this procedure slightly deviates from the usual LDA because it is based on the
three exact limiting cases. Hence it is exact only in the limiting cases introduced above.
However, the groundstate energy calculated from BALDA is in excellent agreement with
the one obtained from numerically solving the Lieb-Wu integral equations following from

the Bethe Ansatz [54].
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XC [

0.05r

Ficure 5.1: The BALDA XC potential as a function of the density for U = 1 and
Viink = 0.5.

Having the per-volume energy e(n, V,U) the total energy of the IDHM is :

EPAPA [y g ng,...] =) e(n,V,U) : (5.18)

4 n—n;

To extract the exchange-correlation energy, the non-interacting kinetic energy and the
Hartree energy are subtracted from the total energy
exc(n, V,U) =e(n,V,U) —ts —eg(n,U)
(5.19)
=e(n,V,U) —e(n,V,0) —eg(n,U).

For a homogeneous system the Hartree energy is defined as ey (n,U) = Un?/4 and
the non-interacting kinetic energy is simply given by e(n,V,0), since for U = 0 the
Hamiltonian of the 1IDHM contains only the kinetic energy term. The XC potential is
obtained by taking the derivative of ey, (Eq. 5.19) with respect to density n. This yields

vxe[n] = 0(1 —n)vg[n] —0(n — 1ve]2 —n), (5.20)
ven] = —%Un -2V |:COS (%) — cos (ﬂzﬂ . (5.21)

Note that the original BALDA functional [55] is devised for the uniform 1D Hubbard
model with Hubbard interaction U on all sites and hopping V' between the sites, such
that U/V is the relevant parameter in vyc.

In the next Chapters, however, we are interested in studying time-dependent trans-
port through an interacting device weakly connected to effectively non-interacting leads.

Since the system is highly inhomogeneous in this case, we use a modified version of this
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functional where U/Vjjpk becomes the relevant parameter. For the case of a single inter-

acting impurity site (N¢ = 1) the modified BALDA, reads explicitly

ve(n) = —%Un — 2Viink [cos (%n) — cos <7T§n>] . (5.22)

Here, € is a parameter determined by the equation

Jo(x)J1(x)
1+ exp(Uz/(2Viink))]

2?5 sin(r/€) = 4 /0 " da - (5.23)

In this thesis we use the same functional also for more than one site in the chain (N¢ > 1)
with the additional restriction that in this case we only consider models for which the
hopping Vo in Hee is equal to the hopping Vi, from the chain to the leads.

A particularly interesting property of the BALDA is its discontinuity at half filling [55]:
Vxe(1T) = vxe(17) = U — 4Vijnk cos(%). Note that due to the deficiency of the BALDA
functional, this term can be negative for small U/Wjjnk. This point is explained in more
detail in the next chapter.

In Fig 5.1 we display the typical behavior of the BALDA potential as a function of the
density. For our later analysis it is important to observe that vy is very small when the

density is close to 0, 1 or 2.

5.2.2 Many-body Technique: Kadanoff-Baym Equations

The MBPT approach to study systems out of equilibrium consists in propagating the
Green function in time according to the Kadanoff-Baym equations [50]. For times ¢ < t
the whole system (central device plus left and right leads) is in thermal equilibrium at
chemical potential ; and inverse temperature 8. At t = ¢y an external bias is switched

on, thereby driving the system out of equilibrium.

The nonequilibrium (Keldysh) Green function is defined as the thermal average of the

contour ordered product [45]

I {Ut — B, t0) Telr (V) ()]}
Te{U(to — iB,t0)}

where 7¢ is the contour-time ordering operator along the Keldysh contour [56] C of

G(1,2) = (5.24)

Fig 5.2, U is the contour evolution operator and @H are the fermionic operators d (for
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\J

t

to—if

FIGURE 5.2: Keldysh contour C. Times on the upper/lower branch are specified with
the subscript F.

the device) or ¢ (for the leads) in the Heisenberg representation

V(1) = Ulto, 21)iy0, U (21, o). (5.25)
We here use the compact notation with collective indices 1 = (i1,01,21) and 2 =
(i, 09, 29) for the site, spin and contour variable (z; and zo specify the position on
the contour) respectively. The Green function of Eq. 5.24 is anti-periodic along the
contour since

G(17 2)‘21=t0 = _G(lv 2)|21=t0—i5 (526)
and similarly for variable 2. These exact relations provide the boundary conditions to
solve the equation of motion along the contour

i0.,G(1,2) —/Cdz?, [h(1,3) + XmB(1,3)] G(3,2)

= §(1,2), (5.27)

where

h(1,3) = 6(21,23)hiyoy is05(21)

= 6(21,23) (O dhiyo, H (1)), |0) (5.28)

is the one-body part of the full Hamiltonian whereas ¥yg is the many-body self-energy.
In practice, of course, the self-energy Y has to be approximated. We consider only
approximations that preserve basic conservation laws like the continuity equation or the
conservation of the total energy. In this case Ypp = Xyp[G] is a functional of the Green

function and can be written as the functional derivative of the Baym functional ®[G]
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Pu|G](1,2) = 5G(2,1)

(5.29)

Any functional ®[G] that is an arbitrary linear combination of vacuum diagrams with
fermionic lines GG yields a conserving approximation to the at the level of the Hartree-
Fock (HF), second Born (2B), GW and T-matrix; their diagrammatic representations
are illustrated in Fig 5.3. Note that the equation of motion of the Keldysh Green func-
tion is solved fully self-consistently. The self-consistent HF approximation is time-local
and includes the Hartree and the exchange potential. The self-consistent 2B approxi-
mation consists of the two diagrams to second order in the interaction [58]. It describes
dynamical screening of the electron-electron interaction via a simple bubble diagram
and includes a vertex contribution via the second order exchange diagram. The fully
self-consistent GW approximation [59] incorporates the dynamical screening effects via
the infinite summation of bubble diagrams [60]. In this approximation, the Coulomb
interaction is replaced by the screened potential W. The last approximation we use is
the fully self-consistent T-matrix approximation [45, 50]. It contains the 2B diagrams
and an infinite summation of the ladder diagrams. The GW and T-matrix approxima-
tions are complementary since the GW approximation accounts for dynamical screening
in infinite systems with long-range Coulombic interactions whereas the T-matrix ap-
proximation is known to be important in describing infinite systems with a short range

hard-core interaction [50, 61].

As in the TDDFT case, discussed in the previous section, also in the context of MBPT
applied to transport we deal with the problem of a finite open system attached to semi-

infinite leads. Again, this can be achieved by using an embedding self-energy. Since
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in our model the interaction is restricted to the central device only, the many-body
self-energy depends only on the central block of the Green function Go¢ and is itself a

matrix with the following block structure

0 0 0
EvB[G]=| 0 EZuB[Gec] 0 |- (5.30)
0 0 0

The equation of motion (5.27) can be transformed into an equation in the device region

only by embedding the leads

[i0, — Heo(2)] Goo(z,2') = 6(2,2)

+ / dz [Bem(2,2) + Zus(2,2)] Goe (3, 7)) . (5.31)
c
The presence of the leads is described in an exact way by the embedding self-energy

Eem(zy 2/) = Z HCagaa(zy Z/)HaC7 (5'32)
a=L,R

which accounts for virtual processes where an electron in the device hops onto the
leads at time 2’ and then hops back onto the device at time z. The quantity gaqa(z, 2) is
therefore the Green function of the isolated semi-infinite lead o and satisfies the equation

of motion

[10. — Hao(2)] 8aa(z, 7)) = 6(2,2). (5.33)

The technique to propagate the equation of motion (5.31) is described in detail in
Ref. [52].

For the time-dependent observable calculated on the real axis we denote the contour
parameter z by the real time ¢. The time-dependent density is given by Eq. 5.10.
The current through the lead a = L, R can be expressed in terms of the so-called Keldysh
Green functions as [48, 49]
t
L(t) = 2Re{ /t AHGE (8. B2 n(F. 1)
0

t
+ d'Ech(t,E)E< (Ea t)]

em,x
to

B
i / Gl (t, 7)o (7, t)}, (5.34)
0



Chapter 5. TDDFT and MBPT approaches 64

where we integrated on the Keldysh contour and where the superscripts A,R and <
refer to the advanced, retarded, and lesser components of the Green function and the
self-energy. Further, ] and [ are the mixed components having one time argument on the
imaginary axis and another on the real axis [49, 52]. The initial many-body correlations
and embedding effects are taken into account by the last term in Eq. 5.34 which is an
integral over the vertical track of the Keldysh contour [62]. If we assume that in the
t — oo limit the terms with components on the imaginary track vanish and that the
Green function and the self-energy depend only on ¢ — ¢’ then we can Fourier transform
Eq. 5.34 and we obtain the Meir-Wingreen formula for the steady-state current [36]
o= i / - d%f‘a(w) GEolw) — 2imfa()A() (5.35)
—o0
where I'y(w) is the imaginary part of the embedding self-energy, f,(w) is the Fermi
function and A(w) is the steady-state spectral function [36]. Hence, Eq. 5.34 is a gener-
alization of the Meir-Wingreen formula [49)].
We further define the nonequilibrium spectral function

T

2), (5.36)

A(T,w) = —Im Trc / 47 e (G - G<|(T + g,T —
s

where 7 =t —t is a relative time and 7' = (¢ +t')/2 is an average time-coordinate [63].
In equilibrium, this function is independent of T" and has peaks below the Fermi level at
the electron removal energies of the system, while above the Fermi level it has peaks at
the electron addition energies. If the system reaches a steady state after some switching
time, then also the spectral function becomes independent of T after some transient
period and has peaks at the addition and removal energies of the biased system [64].
The Kadanoff-Baym equations have recently been implemented for closed systems such
as atoms [51] or finite Hubbard clusters [65] while the extension to the transport problem
has been given in Refs. [48, 49]. In Ref. [65] it has been noted that in finite systems the
Kadanoff-Baym dynamics suffer from an artificial damping due to the specific selection
of the diagrams in ¥yg. In open systems, however, this artificial damping is hopefully
negligible with respect to the physical damping induced by the coupling of the discrete
energy levels of the device with the energy continua of the leads. However, one expects

that for weakly coupled devices this unphysical effect will be more consequential .
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5.3 Steady state Condition for the Density

Following the time evolution of the system as it is driven out of equilibrium by applying
a bias in the leads, will tell us if and how the system eventually reaches a steady state.
If, instead, we assume that the system eventually approaches a steady state in the limit
t — o0, then an equation determining the steady-state density n5° := limy_,o0 15 (t) can
be obtained from Eq. 5.11, using the fact that in the steady state the Green function
depends only on the relative time coordinate ¢ —t'. Fourier transformation with respect

to this variable leads to

ns® = / L lagew)], (5.37)

T

where G§(w) can be obtained from[29]
G&c(w) = Glio(w) B (@) Gee(w) (5.38)

and

Ehi(w) = 25, (W) + EﬁB(W) (5.39)

is the total self-energy which consists of the embedding and the many-body contribution.

The advanced and retarded Green functions are related via Géo = [GgC]T and the latter

is given by
-1
Glc(w) = (wloo — HEe — T (w)) (5.40)
where 1o is the unit matrix in the device region and
H%OC = lim Hee(t). (5.41)
t—o00

For the 1D tight-binding leads the retarded embedding self-energy is given by

(22 ()i = 28, L(W)6i161 + BE, p(w)di N0 N. (5.42)

em,L
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where

YR (W) = Ag(w) — ifa(w)

em,o
Wo — w2 —4V2 We > 2V,
V2
link

= gp2 ) Y + /w2 —4V2 W < =2V, - (5.43)
(6%
Wo — 1\/4V2 — w2 lwa| < 2V,

Here, wy = w — €% — WS where W2° = limy_,oo Wi (t) is the long-time limit of the

applied bias. The lesser component of the embedding self-energy is

[Ban (W) = 35, 2 (W)di1051 + 25, p(W)di N.0j N, (5.44)
where
SonaW) = if (W) Ta(w) , (5.45)

fw) = (1 +exp(B(w — u)))~! is the Fermi distribution function and T',, is defined by
Eq. 5.43.

When using TDDFT, where all many-body interaction effects appear in vy, the self-

consistency condition for the density nj°, simplifies as we will see in the following. In

the adiabatic approximation, the retarded KS Green function is given by

-1
KS,R KS, 00700
GO (@) = (w1 - HEG® (] - B8, () (5.46)
where
KS,007 oo .
Hee™ ™) = lim HER (1) (5.47)

is the asymptotic value of the KS Hamiltonian and we have emphasized in the notation
that the latter depends on the steady-state density n°°. The KS lesser Green function
then is

KS, KS,R KS,A
GCC<(W) = Gog (W) EG(w)Geg” (w) (5.48)
and the self-consistency condition for the steady-state density becomes

2

;= / d7w(fL<w>rL<me§%R<w>ha

R R@GES @)n.l) (5.49)

with the shifted Fermi function f,(w) = f(w — WS°). Since the KS Green function
Gg%’R (Eq. 5.46) depends on n*° (through Hg%oo[noo]), Eq. 5.49 becomes a set of N,
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coupled, non-linear equations for the steady state density n3°, j =1,..., N; at the N,
sites of the interacting device region. These equations are non-linear and it is therefore

possible that they have more than one solution.

It is important to note that a closed set of equations for n7° is obtained only for adiabatic
approximations of the time-dependent XC potential. For approximations with memory,
Hg%oo (and hence Gg%’R) depends on the whole time evolution, n(t), of the density.
Consequently, the right-hand side of Eq. 5.49 is not simply a function of n* for non-
adiabatic XC functionals. This is similar to the case of MBPT, where the steady state
self-consistency condition for the density requires knowledge of the central block of the
Green function Ggoeo(w) (to compute the many-body self-energy Xyp[Gec]) and thus
the equations are not closed. One can, however, deduce a steady-state equation for the
whole Green function Geoe(w) which can be solved by an interative procedure, like in
Ref. [66]. In this case, due to the non-linear nature of the steady-state equation for
Gcco(w), different initial guesses for the Green function may lead to the convergence to

more than one self-consistent solution.






Chapter 6

Dynamical Coulomb Blockade and
the Derivative Discontinuity of
Time-Dependent Density Functional
Theory

In this chapter we investigate the role of the discontinuity of the exchange-correlation
potential of density functional theory for the problem of electron transport and show
it is intimately related to the Coulomb blockade phenomenon. Coulomb blockade [67]
is one of the true hallmarks of electron-electron interactions in molecular transport. In
essence, Coulomb blockade is due to an electrostatic barrier induced by the electrons in
the device which, for a range of bias values, prevents further electrons from tunneling
in [68], until the bias is sufficiently increased to supply the necessary charging energy of

the device.

In the conventional static picture of Coulomb blockade it is particularly important to
ensure the charge quantization of the device. In general, this is valid in the limit of
very week coupling to the leads. To guarantee this in a DFT calculation, the exchange-
correlation potential must exhibit the so-called derivative discontinuity, i.e., the XC
potential jumps by a constant when the number of electrons on the quantum dot passes

through an integer.

Progress in the theoretical description and experimental manipulation of the Coulomb
blockade effect is expected to foster advances in nanoelectronics and quantum informa-

tion technologies [69, 70]. Thus, a great deal of experiments are currently devoted to

69
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accurate fabrication of lead-molecule setups and inherent transport measurements in
the Coulomb blockade regime. Here, considerable progress has been made [71, 72]. On
the theoretical side the situation is less satisfactory. The so-called constant interaction
model [73] explains the Coulomb blockade phenomenon in a rather simplistic way by
associating a capacitance C' to the central region, consisting of the device (e.g. a quan-
tum dot) and the tunneling barriers. Hence, the electrostatic energy of a charge ¢ = eN
sitting on the dot is given by g. To bring in an extra electron to the quantum dot the
bias voltage W has to increase by % (plus the N and N + 1 energy level difference), to
overcome the Coulomb repulsion due to the charge already present in the dot [74]. For
all bias voltages below this limit, no current flows and the access to the dot is blocked
due to the Coulomb repulsion caused by the filled N-electron level, until the bias in-
creases enough such that the value of the chemical potential of one of the lead and the
empty N 4 1 level line up and another electron can tunnel in.

Although many aspects of Coulomb blockade can be understood by the constant interac-
tion model, it is clear that, to achieve quantitative accuracy in real systems, an ab initio
description is required, something which has not been accomplished so far. In fact, as
mentioned in the previous chapters, most current ab initio treatments of transport are
limited to the steady-state regime and based on the Landauer formalism combined with
DFT [17, 20, 23, 24]. Within this prescription (L+DFT), the agreement with experiment
is often poor, particularly for devices weakly coupled to leads. As a possible reason for
its failure, the shortcomings of typical exchange-correlation functionals of static DFT
[75] have been identified, such as, the lack of a derivative discontinuity in popular Local

Density Approximations and Generalized Gradient Approximations [76, 77].

As transport is an intrinsically non-equilibrium phenomenon, the scientific community
has progressively shifted to time-dependent approaches in recent years (see, e.g., Refs.
[48, 49, 78-84]). This shift also recognizes the fact that significant novel physics occurs

in the time domain.

It is then quite natural, at this stage, to address the phenomenon of Coulomb blockade
with TDDFT. This immediately raises the following questions: i) what is the connection
between a TDDF'T description of Coulomb blockade in real time and the one of standard
steady-state approaches? ii) which features an approximate XC functional needs to have

to be able to describe Coulomb blockade ?
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In this Chapter these basic questions are addressed. We present here a TDDFT study of
Coulomb blockade in the time domain for a correlated single-level quantum dot weakly
coupled to leads. We use the XC functional [85], introduced in Chapter 5, exhibiting
the proper derivative discontinuity and find that the assumption that the system evolves
towards a steady state is not justified in this case. The discontinuity of the potential leads
to self-sustained oscillations induced by electron correlations, with history-dependent
frequencies and amplitudes. Our results thus reveal dynamical aspects of Coulomb
blockade which are not accessible by traditional steady-state approaches. In the following
section we discuss the origin and importance of the derivative discontinuity in the DFT

approach.

6.1 Derivative Discontinuity of DFT

To gain some insight into the origin of the derivative discontinuity in DFT let us first
define a few basic terms and concepts:

The particle-removal energy of an N particle quantum system
E.:=FE(N—-1)— E(N)=1I(N), (6.1)
and the particle-addition energy of an N particle quantum system
E,:=E(N)—E(N+1)=A(N). (6.2)

Here, E(N) denotes the many-body groundstate energy of the N particle system (the
external potential is kept fixed). In the context of finite systems, F, and E, are the
ionization energy I(N) and electron affinity A(N), respectively. Note that A(N) can be
viewed as the ionization energy of the NV + 1 particle system, i.e., A(N) = I(N +1).

The difference between the particle-removal and addition energy is called fundamental

gap

A=FE.—E,
(6.3)
— B(N +1) — 2E(N) + E(N — 1).
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For the case of truly non-interacting system, for instance, the difference E, — E, is

Aponint := Er — E,
— (Enonint(N _ 1) . Enonint(N)) _ (Enonint<N) o Enonint(N + 1)) (64)

= ERTIY(N) — RN,

where eﬁ}mmt (N) denotes the M*™ single-particle energy level of the N particle system.
Returning to the interacting case, it is well known within DFT that the KS energy
eigenvalues have no physical meaning, except for the the highest occupied eigenvalue,

whose negative is the ionization energy of the interacting system:
I(N) = —ep’(N) = —€fio(N). (6.5)
Given the fact that A(N) = I(N + 1) we conclude that
A(N) = I(N +1) = —ekS (N +1) = —efS(V + 1) (6.6)

where e%iI(N + 1) is the highest occupied energy of a KS system with NV + 1 particles
exposed to a KS potential that reproduce the density of the interacting NV + 1 particles
system.
From Eq. 6.5 and Eq. 6.6 it can readily be seen that:
A =1(N)— A(N)
(6.7)
= N1 (N +1) — g (N).

Thus, the fundamental gap in DFT is the difference between the HO energy of an N + 1
particles KS system and the HO energy of an N particles KS system. It is important
to note that, conceptually there is a difference between the fundamental gap (given in
Eq. 6.7) and the so-called Kohn-Sham gap, Axg, which is defined analougous to Apopint
as

Aks = e (V) — 3V, (6.8)

The Kohn-Sham gap is the difference between the lowest unoccupied (LU) energy of a KS
system with N particles and the HO energy of the same KS system (with N particles).
The difference between the fundamental gap and the Kohn-Sham gap is called derivative
discontinuity and is given by Axc = A—Aks = 6115&1 (N+1) _GI]\([S+1 (N). In the following,
we show that this consept can also be expressed in terms of the energy functionals.

In standard DFT, the number of electrons N is a fixed and integer value and the density
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FIGURE 6.1: Groundstate energy of an ensemble of M = N + w electrons

functionals are defined in the domain of densities that integrate to N. By extending DFT
to ensemble DFT, whose number of electrons is a fractional number, the fundamental
gap can be rewritten in terms of derivative discontinuities of the total energy functional.
To develop a density functional theory for fractional particle number, wavefunctions with
different electron numbers are included in the same ensemble. The ensemble expectation
value of an operator O (of a system with a fractional particle number M = N + w) is
defined as
(O0) :="Tr {ﬁé} , (6.9)
with D being
D= (1-w)|Un)(Un|+w|Wni1)(TUni]. (6.10)

Hence, the ensemble density n(r) is given by
n(r) = Tr{ Da} = (1= W) (Unli(r) Wa) + w( @) i), (6.11)

which integrates over all space to M = N+w with (0 < w < 1). In addition the ensemble
groundstate energy is
Ey = Tr {Dﬁ} = (1 —w)E(N) + wE(N +1)
(6.12)
=w(E(N+1)—E(N))+ E(N)
From Eq. 6.12, it is clear that the groundstate energy Fj; as a function of the particle
number M consists of straight line segments with possible derivative discontinuities

at integer N (see Fig 6.1). Therefore, the chemical potential u(M) = %EA% changes
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discontinuously at N

OEy E(N)-E(N—1) N—-1<M<N
oM E(N+1)—E(N) N<M<N+1

—I(N) N—-1<M<N

= (6.13)
—A(N) N<M<N+1.

As a consequence, the fundamental gap can be rewritten as
=—1i — li ) .14
A== lim p(N —w)+ lim (N +w) (6.14)

Using ensemble Hohenberg-Kohn variational principle
0E[n]
= u(M 6.15
M

the fundamental gap is rigorously given by

A — lim {5E[n] _ 0E[n] }

w—0 on Ntw on New

— lim {5T8 [n] _ 0T[n] }
w—0 n NA4w 5” N—w (616)

. {5EXC [n] dExc[n }

+ lim § ———— -—
w—0 on N+w on N—w

= AKS + Axc-

In Eq. 6.16, we have used the fact that the Hartree and the external potential energy
are explicit and continuous functionals of the density, and as a consequence the deriva-
tive discontinuity must come from the kinetic and the exchange-correlation part of the
total energy. The derivative discontinuity of the kinetic energy is the discontinuity of a
non-interacting system of N particles exposed to some external potential (which is the

Kohn-Sham potential, if the derivatives are calculated at the density of the N particle

interacting system) and therefore Agg = e%ﬁ_l(N ) — XS (NV).
The exchange-correlation discontinuity Ayx. = v2. — vs, where vZ, = EEgifl[n] , known

N+4w
as derivative discontinuity in DFT, has to be added to the KS single-particle gap. The

discontinuity of the XC potential is essential to capture the Coulomb blockade phe-
nomenon in quantum dots within the framework of DFT [77]. In quantum dots, the
energy gap is traditionally also decomposed into two contributions:

1) The single-particle contribution , Ae, describing the effects of quantized energy levels
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due to geometry and confinement.

2) The charging energy raising the energy gap discontinuously upon addition of one
more electron due to many-body effects.

The later contribution is typically described phenomenologically, by a classical capaci-
tance C' and thus the charging energy is given by %. Both decompositions of the full gap
must add up to the same value, so that Axsg + Ayxe = Ae+ %. In the phenomenological
approach, no general microscopic expressions for Ae and % are given. If Ae is calcu-
lated from eigenvalues of noninteracting particles, subject to the confining potentials
only, then % accounts for all many-body effects. Therefore DFT suggests an alternative

identification of Ae with the Kohn-Sham gap, and % with the derivative discontinuity.

6.2 The System and its Time Evolution

To investigate the role of the derivative discontinuity of the exchange-correlation poten-
tial in Coulomb blockade, we study a single-level quantum dot coupled weakly to two
semi-infinite, non-interacting 1D leads. The Hamiltonian of this system is similar to the

one given in Eq. 5.1 and schematically shown in Fig 6.2.

The Hamiltonian of the central region for the single quantum dot (QD) reads
I:IC = I:IQD = Vg Z Noe + UTALOTTALOJ, (6.17)
g

with ng, = éggéoa the density for electrons with spin 0. The dot is characterized by two
parameters: the on-site Coulomb repulsion U and a gate voltage vs. For times t < 0,

the system is in equilibrium; at ¢t > 0, a bias W, (t) is applied.

Within TDDFT, the KS dynamics produces the exact TD density, provided we know
the exact KS potential whose density dependence is non-local in space and time. In
practice, one has to resort to approximations. However, as shown below, we can already
gain significant insight via an approximate, adiabatic KS potential. Here we use the
modified BALDA functional, based on an LDA functional for the uniform 1D Hubbard
model BALDA [85], which was explained in detail in Chapter 5.

In the context of TDDFT, an adiabatic version of BALDA, which we call ABALDA,

had already been used to investigate the dynamics of Hubbard clusters [86].
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FIGURE 6.2: Schematic picture of the system

Within the ABALDA, the KS Hamiltonian reads Hgs (t) = fAIQD,KS(t) —|—Za:L7R H, (t)+
ﬁT, with
Hqp ks(t) = Z vks(no(t)) Moo, (6.18)
ag

and the KS potential is a function of the instantaneous density ng(t) = >, nos(t) on

the quantum dot. Explicitly,

vks(n0(t)) = Vext +vr(no(t)) + vse(no(t)) (6.19)

= vg+ %U’I’Lo(t) + vxe(no(t)).

In the Coulomb blockade regime, the electrons need to be largely localized in the device.
For our model system, this corresponds to i) taking a dot-lead hopping Vji,k significantly
smaller than the hopping V' in the leads and ii) using U/Vjink as relevant parameter in
the BALDA functional. Thus, as discussed in Chapter 5, the following functional form

is used:

ve(n) = 6(1— m)elO(n) - 0(n — 1ol 2 — ), (6.20)
v\ (n) = —%Un — 2Viink [cos (%) — Cos (wgn)] , (6.21)

where the parameter £ is determined by the condition

25 . /oo Jo(x)Jl(x)
—sin(n/&) =4 dx 6.22
T (/) 0 z[1 + exp(Uz/(2Viink))] (6.22)
with J;—0,1(z) Bessel functions.
In the limit of very weak coupling
lim vge(n) =—0(1 —n)Un/2+60(n—1)U(2—n)/2, (6.23)

Viink—0

which correctly reproduces the exact XC potential of an isolated single level quantum
dot. Therefore this is the limit where the BALDA becomes exact.

For finite coupling the discontinuity of vx.(n) at half-filling is :
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FIGURE 6.3: The exact exchange-correlation functional for a correlated quantum dot

in small a cluster with five sites on its left and six sites on its right. The hopping

between the impurity and its neighboring site Vjjnk is 0.3 and elsewhere V' = 1, the
charging energy of the impurity U = 2 and ep = 1.5.

Axe = vxe[11] — vxe[17] = U — 4V cos(g), (6.24)

It is worth noting that the discontinuity at half filling in the limit of very week coupling
(Miink — 0) reduces to U which is the charging energy required to move a second electron
on an isolated quantum single level dot already charged by one electron.

In addition, as the discontinuity of the XC potential for our model (and also for the
uniform one-dimensional Hubbard model) matches the fundamental gap, it must be
always positive. However, for the modified (original) BALDA the fundamental gap
becomes negative when U/Vijn(U/V) is less than 1.735. This unphysical behavior is
due to the deficiency of the BALDA functional stemming from the fact that the original
BALDA functional is exact for the uniform one-dimensional Hubbard model only in
certain limits.

The exact XC potential is certainly discontinuous for the homogeneous Hubbard model
and the isolated QD. However, for the quantum dot connected to non-interacting leads,
the coupling to the leads introduces some broadening in the quantum dot levels. Hence
it is reasonable to expect a small smoothening of the discontinuity. This is supported
by preliminary calculations of the exact vy, for a system similar to the one shown in
Fig 6.2, but with the left lead having five and the right lead having six non-interacting
sites away from the impurity. The exact groundstate density is calculated as a function
of vy by exact diagonalization of the system from which the exact vy, at the impurity
site is obtained using reverse engineering [86] . The result as shown in Fig 6.3 suggests

that the discontinuity of the XC potential is smoothened.
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We therefore modified the discontinuous of vx.(n) of Eq. 6.20 at n = 1, with a softened,

continuous version

Txe(n) = f(n)oid) (n) — (1 = f(n))old) 2 —n] (6.25)

where
1

exp((n—1)/a) +1

with a smoothening parameter a. The smoothening of the KS potential also has the

fn) =

(6.26)

advantage of alleviating the numerical difficulties caused by the sudden changes of vy,

during time propagation.

To propagate the lead-dot-lead KS system in time, we use an adapted version of the
TD algorithm explained in Chapter 3 for an open system of effectively noninteracting
electrons, as required in TDKS. In all simulations below, energies are measured in units
of V, times in units of V! and currents in units of |e|V where e is the charge of the
carriers. The sharp slope near n = 1 in vy has a profound impact on the time evolution

of the density on the quantum dot as well as on the current through it.

6.3 Time-dependent Transport in the Coulomb Blockade Regime

In this section we demonstrate the dynamical behavior of a system in the Coulomb

blockade regime.

We consider the system in its groundstate for ¢ < 0 and calculate the groundstate den-
sity self-consistently with the vkg of Eq. 6.20 and a smoothening parameter a = 10~%
but within static DFT where vkg is a functional of the groundstate density. We choose
Viink = 0.3, vz = 2, U = 2, and Fermi energy e = 1.5. This choice of the parameters
corresponds to the Coulomb blockade regime within a certain range of bias values, as
we will see below. At ¢t = 0, a dc bias W, is suddenly switched on in the left lead.
In Fig 6.5, we show the time evolution of the density for three different bias values
Wi = 1.3,1.6,1.9. Remarkably, for this set of parameters and within a certain range
of biases, the system does not evolve towards a steady state; instead, after a transient
period, we see self-sustained density oscillations around unity (Fig 6.5). By following
the time-dependent density on the quantum dot, one sees upon applying the bias, the

charge density is constantly accumulating on the dot until it reaches an integer value
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(n=1), at which the Kohn-Sham potential jumps up. Due to the potential increase on
the quantum dot, the transition probability drops down dramatically in the Coulomb
blockade regime, and as a result some charge flows back into the leads after some time.
As the charge density on the dot decreases, it hits the integer value again, therefore the
potential jumps back down, and the process repeats. This process is shown schemati-
cally in Fig 6.4.

The amplitude of the density oscillations is fairly small, of the order of 5 x 1072 as

-

Age |

-~/
n=1" n=1"

FIGURE 6.4: Schematic picture of Coulomb blockade in the time domain. If the bias

voltage allows tunneling, charge accumulates continuously. But as soon as the first level

is fully occupied ng = 1, and infinitesimal extra charge is injected to the system, the KS

potential jumps up . This jump prevents more electrons from tunneling in and causes

some of the charge to flow back into the leads after some time. As the charge density

of the dot decreases, it hits the integer value again, therefore the potential jumps back
down, and the process repeats.

shown in the inset of Fig 6.5. For the lower bias, W, = 1.3, the density remains below
unity for most of the period, for W;, = 1.6 the density roughly oscillates around 1, and
for W, = 1.9 the density exceeds unity for most of the period.

The oscillations are also present in the current (Fig 6.6) as expected, but this time with
a much larger amplitude relative to its average value. The saw-tooth structure of the
current oscillations is consistent with the continuity equation. The current is related
to the first time-derivative of the density which, from Fig 6.6, is roughly piece-wise
parabolic. Note that away from the quantum dot, the oscillations in the current (and
in the density) disappear (bottom panel). Oscillations are clearly visible also in vkg
(Fig 6.6). Due to the fairly large jump in vy, and the small amplitude of the oscillations
of the density at the dot, the KS potential is a train of almost rectangular pulses. For
larger biases the density remains above unity for longer times, and the width of the
pulses in vkg extends in time.

The rapid variation of the KS potential and the piece-wise parabolicity of the time
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FI1GURE 6.5: Time evolution of the density for three different biases. Solid, chain and
dashed line refer to W = 1.3, 1.6, 1.9, respectively. The inset shows the density at the
end of the propagation period.

dependent density in the long time limit suggest a simple way to understand the oscil-
lations and the absence of a steady state. Let us denote ¢; the instant when the TD
density crosses the critical value of unity from below, while to (t2 > t1) is the time at
which the TD density hits unity from above. After to the KS potential is lowered, the
electrons will be attracted to the dot and eventually the TD density crosses unity again
at t3. After a period T = t3 — t; this process repeats. Denoting the density in the

interval between to and t; as ny and between ¢35 and to as n— we have

no(t) = —%(t—tl—\/ﬁ/a)2+ﬁ/2+l t<t<t (6.27)
n_(t) = +%(t—t2—\/6~/d)2—3/2+1 ty <t <ty

here «, 3, &, B are real and positive and are chosen in such a way to satisfy n4(t1) =
n_(te) = 1. In addition, n4(t2) = n_(t3) = 1 and hence we obtain ty = t; + 21/5/«
and t3 = ty 4+ 21/5/& and therefore

T =2v/B/a+2\/5/a (6.28)

Furthermore, from the derivative of density at ¢ we have, n/, (t2) = n’ (t2) which lead

to a8 = aB. This relation together with n (t1) = v/Ba, n/, = —a and n” = & and
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FIGURE 6.6: Time evolution of the current and KS potential for three different biases.

In all panels, solid, chain and dashed line refer to Wy = 1.3, 1.6, 1.9, respectively.

Thick lines show the current through the quantum dot while the thin ones are the KS
potential. Bottom panel: current five sites away from the quantum dot.

Eq. 6.28 , give a relation for the period of oscillations in terms first and second derivative

of the density

1 1

T=Ty+T_ =20 (t)(— + \77) (6.29)
+

n

Here Ty (7T-) is the fraction of time that the time-dependent density spend above (below)
unity in one period. It is clear from Eq. 6.29 , if |n/[| < n”, the time-dependent density
is for most of the period above unity, i.e., T > T_ and vise versa. It should be pointed
out that the time-dependent density is not perfectly piece-wise parabolicity, therefore
Eq. 6.28 in only an approximation. To verify the quality of this approximation we
derive an equation of motion for the density of the interacting site ng(¢) which can be
expressed in terms of the density matrix p; ;(¢). Using the equation of motion for the

density matrix we arrive at the following equations for the interacting site, i.e., i =0
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FIGURE 6.7: Time evolution of the second derivative of the density for two different
biases and different terms of Eq. 6.30. Thin lines correspond to Wy = 1.9 while the
thin dashed ones are for Wy = 1.3.

() = 2V (n1 + n-1 — 2no)
—  VVinkRe[po2 + po,—2]
+ 4V Re[pr, 1]
+ 2(vks(t) + vg(t) = Wi(t) + €0 — er) ViimkRe[po,—1(t)]

+ Q(UKS (t) + Ug(t) — WR(t) + €0 — ER)thkRe[pOJ(t)], (630)
and the first derivative of the density is given by

d
gno(t) = 2ViinkIm [po 1 + po,—1]- (6.31)

In Fig 6.7, we show the second derivative of the density for bias values Wy, = 1.3 (thin
line) and Wy, = 1.9 (thick dashed line). In the same figure, we plotted the contribution
of different terms of Eq. 6.30 and see after the transient regime the first term on right
hand side of Eq. 6.30 corresponding to bias values Wy = 1.3 and W, = 1.9 are very

close to each other and eventually approach almost a constant value in the long time
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limit. The same is true for the second and third term of right hand side of Eq. 6.30. On
the other hand, the last two terms (blue curves) are very distinguishable for different
bias values and have the leading role in the long-time behavior of the second derivative
of ng(t). The relatively large oscillations in the last two term are expected due to the
discontinuous (or rapidly varying) nature of the KS potential which appears in these
two terms. It is noteworthy to see that in the case of larger(smaller) bias, the term |n/]

is smaller(larger) than n” and as a result T} is larger (smaller) than 7_, i.e., the time
dependent density for most of a period stays above (below) unity. The relation between
Ty and T_ can be also realized from to the last two terms of Eq. 6.30 and considering
that Re[po,—1(t)] and Re[po1(t)] are negative. If the bias increases further (larger than
Wi, = 1.9) , |n/l| approaches zero which makes T very large. Hence, after a critical
bias, due to the positive rate of the change of the density, only a very small amount of
density flows back into the leads right after the time-dependent density hits unity and
it keeps increasing until it approaches a steady state. In the same way if the bias is
smaller than a critical value, the steady state is achieved eventually.

This means that for bias values outside the Coulomb blockade regime the KS potential
reaches a time-independent value in the long-time limit and therefore the system reaches
a steady state with a non-zero current. This is shown in Fig 6.8, where the time-
dependent density of the impurity site for bias Wi = 0.5 and W = 2.5 approaches a
value far from unity after some transient and the KS potential goes to a constant value at
t — oo. Interestingly, the KS potential for bias Wy = 2.5 jumps up around t =~ 4 when
the density passes unity, but in this case the curvature of the density at ¢ ~ 4 is very
close to zero [n/{| ~ 0 and due to the positive rate of the change of density, it does not fall
below unity. In the same figure the time dependent density and KS potential at the HF
level is presented for bias value Wy = 1.6 ( all other parameters are identical with the
one in Fig 6.5). In this case although the density of the impurity site is almost one, the
oscillation in the density as opposed to BALDA are absent because the Hartree potential
changes continuously as the number of electrons on the dot goes through an integer and
as a result the time propagation naturally evolves to a steady-state in the longtime limit
going, of course, through a transient period with decaying current (density) oscillations.
We emphasize again that a continuous exchange-correlation potential such as the Hartree

approximation cannot capture the Coulomb blockade phenomenon.
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FIGURE 6.8: Time evolution of the density and KS potential for W, = 0.5, 2.5 within
BALDA and Wi, = 1.6 within HF approximation (red curve) .

6.4 History Dependence, Oscillations and Smoothening

To shed some light on the history dependence of oscillations, we have calculated the time-

Tt )
2Tswitch

evolution of the system as obtained by switching the bias as Wy, (t) = W, sin?(
for t < Tywiten and Wr,(t) = W, = const otherwise.

The Fourier analysis of the density oscillations reveals peaks whose position and height
depend on Tiyitch, i-€., on the history of the applied bias. However, it turned out that
the main frequency of oscillation, w, does not show a strong dependence on the history
of the applied bias for small Ty, namely the frequencies remain almost constant for
Tswiteh < 30. For fast switching times, the main frequency w is given in Table 7.1 for
different bias values, which shows that the larger the applied bias, the larger the (main)
frequency of oscillations gets.

It is noteworthy to point out that the main frequency (with the largest amplitude)
obtained from the Fourier analysis of the density oscillations for different values of final
bias W, agrees very well with the frequency calculated from the approximate Eq. 6.29

with time average value of n/| as input.

In addition to the main frequency, other peaks are also present in the Fourier transforma-
tion of the density whose frequencies are either integer multiples of the main frequency
or equal the applied bias, and their amplitudes are few orders of magnitude smaller than

the main one.
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Wr| 12| 14 | 1.6 | 1.8
w | 511|550 | 5.85 | 6.13

TABLE 6.1: The main frequency w for different values of bias applied suddenly.

Furthermore, we found that for any small but finite a, the amplitude of the oscillations
approaches zero as Tyyiteh — ©©. This can be understood from Eq. 6.28, where the
amplitude of oscillations is approximately given by ﬁ%ﬁ = %1)2[% + ﬁ] In the case
of adiabatic switching, Tiwitcn — 00, the rate of the change in the density and as a result
the amplitude of oscillations approach zero. We therefore conclude that in this case the

L+DFT approach gives the same solution as TDDFT for sufficiently slow switching [87].

For a = 0, instead, the system never reaches a steady state.

6.5 Coulomb Blockade Regime from the Steady-state Approach

The oscillations just described are distinct from those occurring in the presence of single
particle bound states (see Chapter 4): They are induced by electron correlations. An
especially revealing feature is that at long times the system is in a dynamical state of
oscillating density and current, whose time-average is fairly constant for a large range
of biases. For further insight, we now use the L4+DFT approach which yields the same

solution as TDDF'T for smoothening parameters a # 0 and for adiabatic switching.

The steady-state density at the quantum dot is obtained from the self-consistency con-

dition. Here we rewrite Eq. 5.49 for a single interacting quantum dot

er+Ua dw SR
=g =2 Y / P~ Ua) RS ()2 (6.32)
a=L,R” ™%
Here GE%R(w) = (w—vks(n) — >, B8 (w - Ua))_1 is the retarded Green function
at the quantum dot site, which depends on ng® through viks. Here we use the notation

ns for steady-state density.

We first consider a discontinuous vy (i.e. @ = 0). In Fig 6.9, we display the left hand
side and the right hand side of Eq. 6.32 as function of n, for the parameters V = 1,
Viink = 0.3, U = 2, vext = 2, ep = 1.5 and for different values of the dc bias Wy,. These
are the parameters used in our TD simulations of Fig 6.9. Interestingly, there is a range

of applied bias voltages for which Eq. 6.32 does not have a solution. Since Eq. 6.32 is
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FIGURE 6.10: Steady-state density as function of Wy for a smoothened vkg with
a = 10* for a few values of the dot-lead hopping parameter Vii,i.

a condition for the quantum dot density at the steady-state, it follows that, as a direct

consequence of the discontinuity in vy, for some values of W, no steady state exists.

On the other hand, for smoothening parameter a = 107, as in our TD simulations,

Eq. 6.32 admits steady state solutions; however, from Fig 6.5, we know that, in gen-

eral, the system time-evolves towards an oscillating regime and that the solution of the

L+DFT scheme is a solution in TDDFT for adiabatic switching. To show that in fact
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we are in the Coulomb blockade regime, in Fig 6.10 we display the steady state density
n, as a function of Wr. As before, vz = 2, ep = 1.5, U = 2.0 and a = 1074 We
clearly see a plateau in the density at unity developing for a range of bias values Wy,
(for Viink = —0.3, the Wp’s of our TD simulations correspond to the beginning, middle,
and end of the plateau). Interestingly, the plateau becomes wider and more step-like
as Wik decreases, and in the limit of very small Vjui its length becomes equal to the
charging energy U. This corresponds to the usual Coulomb blockade picture: if the site
is occupied by one electron, a second electron can only jump in if its energy exceeds the
charging energy of the quantum dot.

As emphasized in the previous section the discontinuity of the exchange-correlation po-
tential is a crucial property to be able to describe Coulomb blockade and in particular
to get the step-like feature in the steady-state density as function of bias (or gate), i.e.,
within a continuous approximation to the KS potential the step is completely absent.
The steady-state density calculated using the Hartree approximation, for instance, rises
almost linearly within a certain bias range for small V.

When leaving the Coulomb blockade regime, i.e. for larger values of Vjj,k, within BALDA
the step is either very small or absent and ns as function of bias calculated within the
Hartree approximation behaves qualitatively similar to BALDA.

At the end of this section, we demonstrate how the groundstate density within the
BALDA approximation compares to the exact Quantum Monte Carlo (QMC) calcu-
lations presented by Wang et al. in Ref. [88]. The QMC results were performed
for a single interacting quantum dot with various values for the interaction strength
U = 0.105,0.21,0.42,0.84 . For the hopping between leads and impurity we take a weak
Viink = 0.1803. In order to achieve a meaningful comparison to the QMC data, the value
of our Vi is a factor of 1/4/2 smaller than the one used in Ref. [88] since Wang et al.
considered an impurity coupled to a single lead only. For the smoothening parameter
we choose the value a = 1073. Fig 6.11 shows the groundstate density as function of
gate voltage vy,. We observe that the QMC and BALDA results agree surprisingly well,
especially for weak interactions limit. For strong interactions the BALDA develops a
clear Coulomb blockade step, i.e., the density hardly changes over a significant range of
on-site energies. Although the step in BALDA extends over a smaller range of on-site
energies than in QMC, the agreement is still quite reasonable. Certainly, the feature
which gives rise to the Coulomb blockade step is the derivative discontinuity built into

the BALDA functional.
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F1GURE 6.11: Comparison of BALDA and QMC groundstate densities at the impurity
as function of on-site energy vy, + U/2 for different values of the interaction.

6.6 Some Considerations on the Exchange-correlation Poten-
tial

Here we wish to comment on the ABALDA which it is based on two approximations: the
locality in space and in time (adiabatic approximation). Dropping only the assumption
of locality in space for vy, the latter will depend (instantaneously) on the densities
at few, say M, sites around the quantum dot. We will have a steady state condition
given in Eq. 5.49, in the form of a set of equations for the densities at the M sites.
For a discontinuous vy at one (or more) of the M sites, these equations may not have
a solution. It is much more difficult to assess the role of non-locality in time, where
vxe depends on the density at all earlier times. This would require to develop XC
functionals with memory, for example via non-equilibrium Many-Body Perturbation

Theory [48, 49, 65] or through fluid dynamical considerations [89, 90].

We can now provide an answer to the two questions posed at the beginning of this chap-
ter. A discontinuous or rapidly varying vy is central to the description of the Coulomb

blockade within L+DFT and TDDFT. For KS potentials with a true discontinuity, the
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steady-state self-consistency condition in L+DFT cannot always be satisfied. Consider-
ing a smoothened discontinuity (which, as said earlier, is physically more realistic) the
L+DFT approach yields a clear-cut Coulomb blockade scenario. However, if the very
same XC potential is used as adiabatic approximation in a TDDF'T framework it leads to
a dynamical state with history-dependent, self-sustained density and current oscillations:
where the static approach gives Coulomb blockade , the TD approach gives oscillations.
The average of these oscillations corresponds to the L+DFT solution. The latter is a

TDDEFET solution only for an adiabatic switch-on of the time-dependent perturbation.

In conclusion, our results suggest that Coulomb blockade is an intrinsically TD phe-
nomenon, i.e., it corresponds to an oscillatory current representing the intuitive picture
of Coulomb blockade as a sequence of charging and discharging of the weakly coupled
molecule or quantum dot. While our calculations are performed for a model consisting of
a single correlated quantum dot coupled to non-interacting leads, we expect the results
to be of general nature: In the continuum-real-space TDDFT description, whenever
the particle number on the molecule or quantum dot crosses an integer, the discontinu-
ity of the time-dependent XC potential [91] will trigger persisting charge and current

oscillations which cannot be captured in any steady-state approach.






Chapter 7

Multistability at the Nanoscale:
Real-time Switching between
Multiple Steady-states and
Correlation Effects

In this chapter, the possibility of finding multistability in the density and current of an
interacting nanoscale junction coupled to semi-infinite leads is studied at various levels
of approximation.

The occurrence of bistability has been the subject of several studies in the field of
quantum transport. In their seminal paper Goldman et al. [92] reported the observation
of bistability in the I-V curve of double-barrier resonant tunneling (DBRT) structures,
thus stimulating many theoretical [93-96] and experimental investigations [97, 98] on the
subject. Bistability is a non-linear effect induced by the electrostatic charge build-up in

the quantum well and occurs in the bias window of negative differential resistance [92].

From the theoretical point of view, various techniques have been used to capture this
phenomenon, ranging from a crude estimate of the charge build-up [97] to self-consistent

calculations at the mean field-level [93-95, 99-101].

With the increasing interest in transport through nanoscale devices, in particular using
molecules as a possible component of future electronic circuits with great promise in the
process of miniaturization [70], the study of intrinsic bistability in nanoscale devices has

gained new attention.

91
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This is due to the fact that the success of molecular-devices is connected to the possibility
of finding molecular devices equivalent to conventional non-linear devices, such as diodes
and transistors. There have already been some successful attempts along these lines.
Molecular devices with large on-off current ratio and large negative differential resistance,
behaving similarly to mesoscopic DBRT structures, have been reported [102, 103]. So
far, the great majority of bistability studies have been limited to the steady-state regime
and performed within the framework of the Landauer formalism combined with static
DFT. At the Hartree level, bistability was reported for a double quantum dot structure
[39, 104].

Here we study an interacting nanoscale junction coupled to semi-infinite leads which
is driven out of equilibrium by an external bias and the non-equilibrium properties
are determined by real-time propagation using both time-dependent density functional
theory and many-body perturbation theory. In TDDFT the exchange-correlation effects
are described within the adiabatic Bethe ansatz local density approximation given in
Eq. 5.22. In the context of TDDFT, the inclusion of memory effects beyond the adiabatic
approximation is not straightforward and the development of accurate functionals to be
used in numerical calculations is still under way. A promising and timely, even though
computationally demanding, alternative is the solution of the Kadanoff-Baym equations
[48-52, 63] using self-energies from MBPT. The advantage of MBPT over TDDFT is
that the inclusion of dynamical exchange-correlation effects, i.e., effects arising from a
frequency-dependent self-energy, can be achieved in a more systematic way through the
selection of suitable Feynman diagrams. Thus, MBPT provides an important tool to go
beyond the commonly used adiabatic approximations and to quantify the importance of

memory effects through advanced approximations to the self-energy.

The fundamental issue which we address in this chapter is whether the bistability phe-
nomenon found in static DFT, Hartree and Hartree-Fock approximation survives when
dynamical XC effects are taken into account. In contrast to DFT and mean-field ap-
proximations the steady-state equations of MBPT do not form a closed set of equations
for the density only. This difficulty renders the search for bistability in MBPT computa-
tionally very costly. To overcome the problem we implement a time-dependent strategy.
We first solve the steady-state equations of DFT and mean-field theory to determine

the parameter range for bistability. Then we go beyond the current state-of-the-art
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and provide a TD description of the bistability phenomenon in adiabatic TDDFT [28—
30, 78, 105-107] and TD mean field theory. We show how to switch between different
stable states by means of ultrafast gate voltages. The possibility of reversibly switching
between different stable steady-states is an aspect that has remained largely unexplored.
Knowing how to steer the electron dynamics in real time we finally use the same driving

fields in correlated MBPT simulations.

7.1 Stability Analysis of the Solutions: the Fixed-point Theo-
rem

From Eq. 5.49 we have a set of N. coupled, nonlinear equations for the steady state
density nj°, j =1,..., N, at the N, sites of the interacting device region. These equa-
tions are nonlinear and it is therefore possible that they have more than one solution.
We will use them to scan the parameter space for sets of parameters leading to mul-
tiple steady-states. Clearly, the time evolution of the system, will tell us if and how
the system eventually reaches a steady state. In particular, the steady states accessi-
ble by time evolution are the ones that are stable. However, even without doing the
time propagation, the stability of steady-state solutions can be analyzed by means of
the fixed-point theorem. Consider a system of ny. coupled equations of the following
general form [108]:

n=gmn), n=(ny,ng,....,nn.)" (7.1)
Let the vector n be a solution of Eq. 5.49 called “fixed point” and J the Jacobian matrix
g—rgl evaluated at n. The eigenvalues p1, ji2, ..., un, of J are called the multipliers of the
fixed point. We define m_, mg and m4 to be the number of the multipliers of the fixed
point n lying inside, on, and outside of the unit circle centered at zero, respectively.
- A fixed point is stable if m_m, = 0 and m_ = N, i.e, the absolute values of all
multipliers are inside the unit circle (|u;| < 1 for all values of 7)
- A fixed point is unstable if m_my = 0 and my = N,, i.e, the absolute values of all
multipliers are outside the unit circle (|u;| > 1 for all values of )

- A hyperbolic fixed point is called hyperbolic saddle point if m_m4 # 0 and mg =0
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7.2 Results

In this Section, we present the results of our numerical simulation for a certain set of
parameters for which the self-consistency condition (5.49) admits multiple solutions. We
investigate how one can switch between different stable solutions by applying a time-
dependent gate voltage. We also demonstrate that for the same parameter sets the
bistability is suppressed in the correlated many-body approximations, e.g., 2B and GW.
The analysis will be carried out in two types of model devices, namely the one and

two-site Hubbard models.

7.2.1 Single-site Hubbard Model

As a first example, we study a single-site Hubbard model connected to semi-infinite
leads with the following parameters:Vije = 0.3, Wp, = 1.8, Wi = —1.0, U = 2.0, ¢ =
-0.6, e = ep = 0 (half-filled leads), and the inverse temperature 8 = 90. All energies
are measured in units of the lead-hopping parameter V. In the biased system the band-
width of the leads extends from ep + W, — 2V to ep + W, +2V. With these parameters
the self-consistent equation (5.49) admits five (three) solutions within the HF (BALDA)
approximation . The fixed points are shown in the lower left corner of Fig 7.1 where we
display the left and right hand side of Eq. 5.49. The corresponding densities in the case
of HF are n; = 0.17, o = 0.54, ng = 1.0, n4 = 1.46 and 75 = 1.83 while for the BALDA

the three fixed-point densities are n1 = 0.18, no = 1.00, ng = 1.82.

For a single site the fixed-point theorem tells us that a solution is stable if |g%‘n:ﬁi <1,
with g being the right-hand side of Eq. 5.49. Hence, one can see from Fig 7.1 that the
fixed points n1, n3 and 75 are stable in the case of the HF, while in the case of the
BALDA the stable solutions are 7; and n3. Although the solution with density of unity
exists for both approximations, it is stable in the HF approximation and unstable in
the BALDA. In the upper panels of Fig 7.1 we plot the steady-state spectral functions
corresponding to the fixed points of the HF and BALDA. The HF peak for density
n1 = 0.17 (and the BALDA peak for density n; = 0.18) is located within the right lead
energy continuum, while the HF peak for density n5 = 1.83 (and the BALDA peak for
density n3 = 1.82) is located within the left lead energy continuum. By contrast, the

HF spectral function of the unstable fixed points, 7io and 74, are peaked at the edges
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FIGURE 7.1: Spectral functions for the different steady-state solutions of the HF
approximation(top-left panel) and BALDA (top-right panel). The graphical solution of
Eq. 5.49 is displayed in the bottom-left panel for the HF and BALDA. For comparison
we also report the 2B and GW steady-state spectral functions in the bottom-right panel.
In 2B and GW the steady-state density is unique and has a value close to n = 1.0.

of the left and right lead band respectively. The HF and BALDA spectral functions
of the fixed point with density of unity are identical (the XC potential is zero in this
case) and the peak is located exactly in the middle of the overlapping region between
the left and right bands. In spite of this, the stability condition of this fixed point
is completely different in the HF and BALDA case. Since the multistability can be
most easily observed if the spectral peaks of the stable solutions are well separated, we
conclude that this phenomenon is favored when the energy bands have a small overlap

and the system is in the negative differential resistance (NDR) regime.

As we shall see below, for the correlated MBPT approximations the situation is very
different. In the lower right panel of Fig 7.1 we show the 2B and GW steady-state

spectral functions, as obtained from the propagation of the KB equations. The spectral
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FIGURE 7.2: Top panel: Time-dependent density in the HF approximation (top) and

ABALDA (bottom) after the sudden switch on of the bias voltage and a series of gate

pulses as in Eq. 7.2. Bottom panel: Time-dependent density within 2B (left) and GW

approximations (right) after the sudden switch on of the bias voltage and a gate pulse
as in Eq. 7.2 with V, = —3,0, 3.

weight is spread over the whole lead energy range and beyond. Consequently, the height
of the spectral function is also much smaller. The considerable broadening is due to an

increased quasi-particle scattering in the out of equilibrium system as already observed

in Ref. [49].

Let us now study how to switch between different stable steady-state densities using
ultrafast time-dependent driving fields. We start from the initially unbiased equilibrium
system with groundstate density 7y = 0.69 (74 = 0.82) for HF (BALDA). In Fig 7.2 we
show the time evolution of the density at the interacting site for different approximations

after the sudden switch on of the bias voltage Wy = 1.8 and Wi = —1.0. In the HF
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approximation we observe that, after some transient time, the density approaches the
value 1. The behavior of the ABALDA density is very different: In agreement with the
fact that the solution with density of unity is unstable, it cannot be reached by time

evolution. At the steady state the ABALDA density equals the lowest value 7.

To switch to the other stable solutions in real time we applied a time-dependent gate
pulse on the Hubbard site. We have used an exponentially decaying gate voltage of the
form
Vye 1t L 0<t<T,
Vo) = 4 Ve t=T0) [ if T, <t < 2T, - (7.2)
Vee "t=2Ta)  if ¢ > 2T,

In Fig 7.2 we show that in the HF case, the state with the lowest density n; can be
obtained (in addition to applying a sudden bias in the leads) by switching on a pulse
with amplitude V; = —3.0, decay rate v = 0.2 and T, = oco. The state with highest
density 15 = 1.83 can be obtained in a similar fashion but now applying a gate with
positive amplitude V;, = 3.0. Thus, by changing the amplitude of the gate voltage we
can switch between stable steady-state solutions. For instance, with a first pulse of
positive amplitude and T, = 50 > 1/ the system reaches the state with ns. At the
time T, we apply a second pulse but with negative amplitude. The density shows a
transient behavior after which it approaches the value n1. If we now apply a third pulse
of positive amplitude at time 27} the density goes back to the initial value 75. This is
nicely visible in Fig 7.2. In Fig 7.3 we show the non-equilibrium HF spectral function
A(T,w) of Eq. 5.36 for a double switch with V, = —3.0, v = 0.2 and T, = 50. The
figure enlightens an interesting aspect regarding the transition from one steady-state to
another. The density rises from the lowest 721 to the highest n5 lingering for a while in

the middle stable solution n3.

Going back to Fig 7.2 we see that also in the ABALDA the state with highest density
n3 = 1.83 is reached by applying a gate pulse with V;, = 3.0 and v = 0.2 (in addition to
a sudden bias in the leads). If the amplitude is negative instead (V; = —3.0) the density
increases first but eventually drops down and goes back to its initial value n;. Like in
the HF case we can switch back and forth between stable solutions by changing the sign
of V. Not unexpectedly, however, the decay time 7, ~ 1/ cannot be arbitrarily short.

If 7., is too short the system does not have time to accumulate or lose enough density to
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FIGURE 7.3: Non-equilibrium spectral function for a gate pulse V; = =3, v = 0.2

which brings the density to n; first, followed by a second identical gate pulse gate but

with opposite amplitude which brings the density to n5. The intermediate transition
to the ng stable solution is clearly visible.

change the self-consistent potential and after some transient it falls back to the previous
steady-state value. This is clearly shown in Fig 7.2 for the amplitude V;, = £3.0, T, = 50

and a faster decay rate v = 0.6.

Intuitively one would expect that by increasing (decreasing) the on-site energy of the
Hubbard site the density decreases (increases). However, the highest (lowest) stable
steady-state density is obtained with a positive (negative) gate. This is due to the fact
that in our case the on-site energy of the Hubbard site lies below the energy band of
the left lead. By applying a positive gate a finite hybridization occurs, leading to the
migration of extra charge from the left lead to the Hubbard site. A similar argument
explains the reduction of the density on the impurity site when a negative gate is turned

on.

In the lower panels of Fig 7.2 we plot the densities obtained within the 2B and GW self-
energy approximations. We have applied the bias voltage and a gate pulse of the form
Vy(t) = Vye 7 for t > 0 with V; = 0, 3. In all cases only one steady state emerges
at the end of the propagation with a density of about 1.0. It is worth observing that

the 2B and GW steady-state values of the densities are close to each other, indicating
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that the single-bubble diagram, common to both approximations, is the dominant term

of the perturbative expansion in this case [49].

By time propagation we have shown that the three HF densities, n1, n3 and ns, and
the two ABALDA densities, 71 and 73, are stable in a slightly different sense than that
of the fixed-point theorem. The fixed-point theorem does not contain any information
on the actual dynamics. Similarly, the HF solutions 7o and 74 as well as the ABALDA
solution 715 are unstable in the sense that there exist no external perturbation to drive the
system toward them. Thus, the fixed-point theorem provides us with a good criterion to
establish whether a given steady-state can be reached or not. This criterion is certainly
rigorous in the limit of adiabatic switchings but, as we just found, its validity extends

well beyond the adiabatic regime.

The time-dependent currents for the various approximations are shown in Fig 7.4. Cor-
responding to the three stable HF steady-state densities there exist only two distinguish-
able values for the current I(t) at the interface between the Hubbard site and the right
lead. The lower value corresponds to the solutions n; and 75, while the higher value
corresponds to the solution nz. The existence of only two solutions for the current is
the consequence of an approximate particle-hole symmetry of the self-consistent equa-
tion (5.49), i.e., iy ~ 1 —ny. One particularly appealing feature of the HF currents is
the large difference between the two steady-state values, a highly desirable property for

designing nanoscale diodes.

The particle-hole symmetry holds also for the ABALDA and therefore the steady-state
currents corresponding to the two stable solutions are almost indistinguishable. Finally,
the 2B and GW steady-state values of the currents, approach the same value independent

of the gate voltage, in agreement with the existence of a unique steady state.

Increasing the bias the number of HF fixed-point solutions reduces to three of which
only two are stable. Also by increasing the interaction strength U the number of stable
solutions reduces to two because a small amount of density causes a considerable change

in the effective potential. As a consequence, the middle solution becomes unstable.
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FIGURE 7.4: Time-dependent current after the sudden switch on of the bias voltage
and of a gate pulse as in Eq. 7.2 in the HF (top-upper panel), ABALDA (top-lower
panel), 2B (bottom-left panel) and GW (bottom-right panel) approximations. In the
HF and ABALDA case a time-dependent switch between two different steady-states is

shown.

7.2.2 Two-site Hubbard Model

In this Section we consider the case of two interacting sites (N¢ = 2) connected to two

semi-infinite, non-interacting tight-binding leads. We choose the following parameters:

Vimk = 0.4, W, =22, Wg =-1.2,U =2.0, Vo = Vi = 04,64 =ep = 0, =e§'=-0.6

and 8 = 90. The leads are half-filled and the lead bands have an energy range between

o+ Wo—2V and g, + W, + 2V.

Within the HF approximation, the steady-state condition (5.49) then has seven solutions

which are shown in the upper panel of Fig 7.5. The black curve is obtained by finding

the root of the equation ng — ga2(nq1,n2) = 0 at fixed ny where go(nq,n9) is the right
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FI1GURE 7.5: Upper panel: Graphical solution of the integral in Eq. 5.49. Lower panel:
Spectral functions for the HF approximation with Hubbard interactions corresponding
to the seven different steady-state solutions for the density.

FP 1 2 3 4 ) 6 7
ny | 0.094 | 0.150 | 0.124 | 1.098 | 1.867 | 1.129 | 1.794
ng | 0.144 | 1.146 | 1.860 | 1.821 | 1.862 | 0.546 | 0.226

TABLE 7.1: Fixed point (FP) solutions of Eq. 5.49 for the steady-state densities of

two interacting Hubbard sites connected to two biased, non-interacting leads in the HF

approximation (see upper panel of Fig 7.5). The parameters are: Vi = 0.4, Wi, =
22, Wg =-12,U =2.0, Vi3 =04, e, =cp =0, and e{ =&§ = —0.6.

hand side of Eq. 5.49 with 7 = 2. The red curve is obtained in an analogous way by
exchanging 1 <+ 2. Hence the intersections of the curves are the fixed points. The
numerical values for the steady-state densities at the two Hubbard sites for the seven

fixed points are given in Table 7.1.

In the lower panel of Fig 7.5 we show the spectral functions corresponding to the seven
different fixed points (FPs). The spectral function for FP 1 is located mostly in an energy
range within the energy band of the right lead, while the one for FP 5 has most of its
weight in the energy range of the left lead. In contrast, FPs 6 and 7 have considerable

weight in the energy bands of both leads. The spectral functions corresponding to FPs
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FIGURE 7.6: Densities and currents for the HF approximation in the case of short

range (Hubbard) and long range (Coulomb) interactions. Switching between different

steady states by applying an exponentially decaying gate of the form given in Eq. (7.2),
is shown.

2, 3, and 4 have much narrower peaks than the spectral functions for the other fixed
points. According to the fixed-point theorem only the FPs 1, 3, 5, and 7 are stable and
we expect them to be accessible by time propagation. In the upper left panel of Fig 7.6
we show the time evolution of the total density on the two dots, nit(t) = ni1(t) + na(t),
in the HF approximation for a sudden switch-on of the bias and several gate voltages
starting from the equilibrium state with groundstate density n1 = ng = 0.83. The steady
state corresponding to FP 1 is obtained by applying only the bias (no gate). In the case
where we apply, in addition to the bias, a decaying gate voltage of the form (7.2) to both
sites with V1 = V2 = V;, = 3.0 and decay rate v = 0.2, the total density increases
and after some transient evolves towards the steady state corresponding to FP 5. In
this case, lifting the on-site energy due to the gate voltage allows for extra charge to
accumulate at the interacting sites such that the high-density steady-state solution can

be achieved . In contrast, the solution of FP 7 can be obtained by applying the decaying
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FI1GURE 7.7: Densities of the first and second site for the HF approximation in the case
of Hubbard interactions corresponding to the middle curves in the upper left panel of
Fig 7.6

gate voltage to the first (left) site only with amplitude V,; = 3.0, V2 =0 and v = 0.2.
Surprisingly, applying a similar asymmetric gate voltage but with a smaller amplitude
(Vg1 = 1.0,Vy2 = 0), leads to a very different long time behavior. In this case the
system does not evolve towards a steady state after the transients, instead we observe
an oscillatory time-dependent density. In the long-time limit, the time-dependent total
density (purple curve in the upper left panel of Fig 7.6) oscillates with an amplitude
of the order of 1073, around 1.96. This value corresponds approximately to the total
steady-state density of FP 3 of Fig 7.5. As observed from the upper left panel of Fig 7.6,
after some transients the total time-dependent density (purple curve) goes close to the

green curve which corresponds to the FP 7 with the total steady-state density of 2.02.

Despite this apparent similarity, the nature of these solutions is very different. While
for the steady state of FP 7 the charge is mostly located at the first site, in the case
of FP 3 the density on the first site is smaller than on the second one (see Table 7.1).
The different nature of these two cases becomes even more obvious when looking at
the time evolution of the density at the two interacting sites separately (see Fig 7.7).
While in the first case (V,1 = 3.0, V2 = 0) the steady state is attained quite rapidly,
in the second case (V1 = 1.0,V 2 = 0) we see non-decaying density oscillations at the
individual sites with rather large amplitude of about 0.32 and frequency w = 1.18 . In
the long-time limit the density oscillates thus inducing an oscillating KS potential. The
persistence of these oscillations means that the density solves the Floquet system of

equations in which the harmonics of the potential depend on the density itself. At first
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FIGURE 7.8: Densities of the first and second site for the HF approximation with the

bias applied smoothly as W, (t) = W, sin®(wut) for t < 75— and otherwise W (t) = Wy

with w, = 0.04, the other parameters are the same as the one of the middle curves in
the upper left panel of Fig 7.6

sight one might be reminded of non-decaying density and current oscillations which can
appear for non-interacting systems when the biased system possesses two or more bound
states. However, here we work in the HF approximation and therefore the analysis of
Refs. [43, 109, 110] needs to be modified, see below. Moreover, the HF density of state
calculated at the average density does not posses two split-off state. On the other hand,
the fact that the oscillations of the the total time-dependent density are negligible leads
to presume that we have something similar to the Rabi oscillations between the two
sharp levels of the Hubbard dimer. Looking at the spectral function, bottom right panel
of Fig 7.5, corresponding to the solution ng we observe two sharp peaks at distance
~ 2.02 which is about twice as large as the frequency of the oscillations. Moreover, our
further numerical investigations did not support this idea.

Some insight into the nature of these oscillations can be gained from the simple model
of an isolated Hubbard dimer. In the HF approximation, the equation of motion for the

electronic density matrix p of the isolated dimer reads
iOyp(t) = [Hur(t), p(t)]; (7.3)

where the HF Hamiltonian is given by

e1+ Yny Vi2
Hyp(t) = 2 (7.4)

Vip €9 + %nz
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Let us define few quantities

n = ny—ng=p1(t) — p2(t)
J = iVialp21 — p12]

K = Via[pa1 + pi2), (7.5)

for which the following equations of motion can be derived

d
% K = —ohg=-27" 5, (7.6)

where de = €1 — g9 and 0h = de + Udon/2.
2
For the simpler case g1 = g9, we get J2 + K2 — BVT”K =C and K = —-U/8 (6n)? + D

where C' and D are constant numbers. In addition
it = 2J = —(4VZ, — KU)don (7.7)

and hence

2
8t + (4VPy — UD)on + %(571)3 = 0. (7.8)

Here the constant D is related to the initial condition of the isolated Hubbard dimer

and can be defined through the off-diagonal matrix elements of the density matrix as

D = Via(p12(0) + pa(0)) + 5 (4n(0))” (7.9)

We note that Eq. (7.8) is the equation of motion of a classical, anharmonic oscillator
and therefore supports oscillating solutions. We now check if the model of the isolated
Hubbard dimer has anything to do with the oscillations seen in our transport setup.

4vP, u 2
7 + g(6n)°, where

To this end, we calculate D from Eq. (7.8), i.e., D = 5%] +
the densities and their time-derivatives are taken from the transport calculation after
the transients have died out. As Eq. (7.8) is only an approximation for the connected
Hubbard dimer, D is not constant in time. Hence in order to compare the oscillation
amplitudes and frequencies from the transport simulations with those resulting from
Eq. (7.8) we averaged D over an oscillation period. In Fig. 7.9 we show the dependence

of the oscillation frequency and amplitude for different switchings of the gate (V;1(t) =
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FIGURE 7.9: Oscillation frequency and amplitude of the density oscillations found in

HF for certain gate switchings of the Hubbard dimer connected to biased leads as func-

tion of the hopping between the Hubbard sites. For comparison, oscillation frequencies

and amplitudes are given for the isolated Hubbard dimer in HF approximation described
by Eq. 7.8

Voexp(—nt), Vga(t) = 0, Vo = 1) as function of the hopping Vi between the two
sites of the Hubbard dimer connected to biased leads and compare to the corresponding
solutions of Eq. (7.8). We see that both frequency and amplitude of the isolated and
connected dimer behave qualitatively quite similar as function of the inter-site hopping
and we conclude that the model of the isolated dimer certainly captures the physics

behind these oscillations.

We also would like to point out that the regions of parameter space where the oscillations
are found appear to be quite small. For most parameters the system actually does evolve
towards one of the steady states of Table 7.1. In fact, the steady state corresponding
to FP 3 can be reached in the long time limit by turning on the biases smoothly as
W (t) = W, sin?(wat) for t < ﬁ and otherwise W, (t) = W, with w, = 0.04 as shown
in Fig 7.8. The gate is applied as Vj 1(t) = exp(—0.2t), Vj2(t) = 0.

The occurrence of self-induced persistent oscillations in the HF mean field theory is
likely to be favored by the short-range nature of the Hubbard interaction. In fact, we

also have studied a modified version of our model where we replaced the last term of
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FIGURE 7.10: Densities and currents for the 2B approximation short range (Hubbard)
and long range (Coulomb) interactions are used. Lower panel: Spectral functions for
the different approximations at the end of the time propagation.

Eq. 5.2 by a more long-range, Coulomb-like interaction %Z?Zl Ui,jcﬂ dl ,dja,dw with

10 jo
U i=j

Uij = :
U . .
qig (FI

(7.10)

In this case we have not found any oscillating solutions in the long-time limit. We
have found two stable steady-state solutions accessible by time propagation. The first
steady-state solution has densities ny = 1.06, no = 1.09, the second one has ny = 0.11,
ng = 0.13. The spectral functions corresponding to these solutions (see Fig 7.12) are
localized around the Fermi-level of the left or right lead, respectively. The inclusion of
the long range interaction destroys the states where the first peak is localized on the
right lead energy band and the second peak is localized to the left lead energy band.

Because the magnitude of the interaction felt by the electron on the site is now higher the

density on the sites is decreased and the solution corresponding to the highest density
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TABLE 7.2: Fixed-point (FP) solutions of Eq. 5.49 for the steady-state densities of two
interacting Hubbard sites connected to two biased, non-interacting leads in the BALDA
approximation (see upper panel of Fig 7.11). The parameters are: Vi = 0.4, W, =
0.4,cq =cp =0, and e = —0.04, €§ = 0.2.
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2.2, Wg =-1.2,U = 2.0, Vi 5 =

different steady-state solutions for the density.

FP 1 2 3 4 )
ny | 0.147 | 0.632 | 1.506 | 1.585 | 1.624
ng | 1.685 | 1.658 | 1.466 | 0.674 | 0.250

is at half-filling. Also in this case we are able to switch between the two steady-states.

The currents corresponding to these two solutions for the density have almost the same

magnitude.

In Fig 7.12 we show the time-dependent densities and currents for the 2B approximation.

Again within the correlated approximations we find only one solution for the density

and current. In the lower panels of Fig 7.12 we show the spectral functions for the 2B

and GW approximations compared to the spectral functions of the HF approximation.

The 2B and GW spectral functions are qualitatively quite different from those of the HF

approximation. Instead of the two peak structure of the HF approximation, with the

2B and GW approximations we have one very broad peak with much lower maximum.
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FicURE 7.12: Time-dependent density and current for the ABALDA with different
applied gates.

We also studied the possibility of multiple steady-states for the same model within
the BALDA approximation. Using the same parameters as above, the BALDA has
multiple solutions. However, at least one fixed point has a density on one of the dots
very close to unity, exactly where the BALDA potential is discontinuous. For a single
interacting dot, this discontinuity has been shown to be closely related to the Coulomb
blockade phenomenon [111]. For the purposes of this chapter we avoid the regime of
integer occupancy in an ABALDA treatment by changing the on-site energies of the
interacting sites in an asymmetric way such that ¢{ = —0.04 and €5 = 0.2. With these
modifications, the two coupled equations given by Eq. 5.49, are solved simultaneously,
yielding five fixed-points (see Fig 7.11 and Table 7.2). Among these five fixed points,
FP 1, FP 3, and FP 5 are stable, the other two unstable.

The spectral functions corresponding to FP 3 and FP 5 have two well separated smooth
peaks, while the one corresponding to FP 1 has two sharp peaks, the first one located
at w1 = —0.168 outside the energy range of the left lead, the second one at wy = 2.16

outside the energy range of the right lead.

Again, the stable solutions are accessible by time propagation. Upon application of a

sudden bias in the leads at t = 0, the system approaches the third solution if no external
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gate voltage is turned on. On the other hand, if a gate voltage of the form (Eq. 7.2)
is applied only to the second site, with amplitude V> = —2.0 and v = 0.2, the system
attains a steady-state with a density corresponding to FP 5. As before switching between
these two steady-state density is possible by changing the sign of the applied gate. A
similar gate voltage applied only to the second site and smaller amplitude (V; = —1.0)
leads to an oscillatory time-dependent density, whose average total density is close to

the one of FP 1.

The frequency of the time-dependent density is w = 2.24 which is close to the energy
difference (w = 2.34) between the peaks of spectral function. Hence, these oscillations are
due to the existence of bound-states in the biased interacting system. One possible way
to explain the role of bound-states in the biased KS Hamiltonian is that in the long-time
limit the KS potentials are time dependent (with the bound state eigenenergy differences
as prominent frequencies) leading again to time-dependent currents and densities (by
virtue of Floquet’s theorem). This is evidently achieved in adiabatic approximations
with the XC potential depending only on the local density such as the ABALDA and

HF' approximation.

7.3 Conclusions

In this chapter, we have investigated by means of real-time propagation within MBPT
and TDDFT, the existence of multiple steady states in single and double interacting

quantum dot systems connected to semi-infinite leads.

In order to find the parameter region for bistability, we first solved the self-consistent
steady-state equations within the HF and BALDA approximation and determined the
regime for which multiple solutions occur. We show that only the stable solutions are
accessible by time propagation. Moreover, we find that by superimposing an exponen-
tially decaying gate voltage pulse to the external bias, it is possible to reach the various
stable solutions and also to switch between them. Interestingly, within adiabatic and
spatially local approximations of the time-dependent exchange-correlation potential, we
found special parameters for which the time-dependent current(density) exhibit persis-
tent oscillations in the long-time limit, even though the fixed-point theorem predicts
a stable steady-state solution. These oscillations die out provided the time-dependent

gate or bias is applied in an adiabatic fashion. The question of when the adiabatic



Chapter 7. Real-time switching between multiple steady states 111

and local approximation of the time-dependent exchange-correlation potential does not
allow the system to reach a steady state, is still an open and interesting question. For
the same parameters and driving fields, we then included dynamical XC effects by solv-
ing the Kadanoff-Baym equations with MBPT self-energies at the 2B and GW level of
approximation. In all studied cases where adiabatic DFT and HF theory predict bista-
bility dynamical XC' effects destroy the phenomenon. Here we emphasize that we have
performed 2B and GW calculations for many more parameter sets than those for which
we have shown results here. We have found no indication for the existence of multiple
steady states for any of these sets. However, due to the vastness of the parameter space,
we cannot rule out completely the possibility of multiple steady states when dynamical

XC effects are included.

We wish to point out that even though ABALDA already contains correlations it is
based on two approximations: spatial locality and the adiabaticity. For any non-local
but adiabatic approximation to the TDDFT functionals one could still derive a self-
consistency condition for the steady-state density in the form of coupled, nonlinear
equations. Because of the nonlinearity, multiple solutions, i.e., multiple steady states,
can be possible. Therefore our results suggest that it is the adiabatic approximation
which permits bistability while we expect that the inclusion of memory effects suppresses
it. We also expect that bistable regimes induced by the electron-electron interaction only,
are unlikely to be found in Hubbard or extended Hubbard model nanojunctions, and

that other degrees of freedom, like nuclear motion, must be taken into account.






Chapter 8

Comparative Study of Many-Body
Perturbation Theory and
Time-dependent Density Functional
Theory in the out-of-equilibrium
Anderson Model

For the description of electron transport several numerical approaches have been devel-
oped that can deal with fully time-dependent systems [28, 30, 49, 65, 81, 82, 106, 112
117].  Among these are the tDMRG approach [118], time-dependent density func-
tional theory [28, 30], and self-consistent many-body perturbation theory based on the
Kadanoff-Baym equations [48, 65, 116]. Each of these methods has its own advantages
and disadvantages. In the last two chapters, we investigated time-dependent electron
transport through nanostructures described by an Anderson-like model where the inter-
actions on the impurity site(s) are accounted for via the self-energy approximations at
Hartree-Fock, second Born, GW, and T-Matrix level as well as within a time-dependent
density functional scheme based on the adiabatic Bethe-Ansatz local density approxima-
tion for the exchange-correlation potential. The nonequilibrium dynamics of the Ander-
son model out of equilibrium is determined by real-time propagation. In this chapter, the
time-dependent currents and densities obtained from the various MB approximation and
also ABALDA are compared to results obtained with the tDMRG method which serves
as benchmark for the approximate treatments. The tDMRG method is a numerically

exact algorithm applicable to low-dimensional systems [119]. Here we used published

113
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tDMRG results [83] as a benchmark for both the TDDFT and MBPT approaches. Such
a study is expected to be valuable for gaining insight into these methods and into the
direction in which each method needs to be improved. In the steady-state regime of quan-
tum transport such comparisons of many-body and benchmark approaches were made
by Wang et al. [88] within the GW-approximation and by Schmitt and Anders [120] at
second Born and GW level. In both cases good agreement with benchmark results was
found in certain parameter ranges. Here these comparisons are extended to the transient

regime as well.

Many-body perturbation theory beyond HF turns out to give results in close agreement
with tDMRG especially within the 2B approximation. To gain some insight about the
quality of the ABALDA, we remind the reader that in Chapter 5, Eq. 5.6 is derived with
the assumption that the exchange-correlation potential is zero in the leads. However,
Eq. 5.6 is in principle exact only if X2 is replaced by EES, i.e, when the interaction in
the leads is correctly accounted for. Practically this can be done by including a finite
portion of the leads into the central region, where the interactions are properly taken into
account. Furthermore, most applications of TDDFT to quantum transport processes [24,
28-30, 40, 78, 105] use the adiabatic approximation which assumes that the XC potential
instantaneously follows the density profile. This is a reasonable assumption when the
density changes are slow on a time-scale of typical lead-to-molecule tunneling rates, and
also when the switch-on times of the applied biases are small enough. However, it has also
been pointed out that non-adiabatic effects can have substantial influence [40, 121] on
calculated properties. In such cases there is also a need to introduce spatial non-locality
in the density functional because the non-localities in space and time are strongly related
by conservation laws [122]. This relation is virtually unexplored within the quantum
transport context and such a comparison may help us to gain further insight into the
importance of this issue.

The adiabatic approximation implies that

duxe[n](t) _ /
GE =0(t —t') fxe(n(?)), (8.1)

where fy. = dvge(n)/dn, meaning the XC response kernel is local in time (and in space).
This local and instantaneous approximation becomes valid for Hubbard systems in the

limit of slowly varying density both in space and in time. These conditions are not
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satisfied for the quantum transport system under consideration. Despite this fact, rea-
sonable densities were obtained using the BALDA for finite Hubbard chains [86] and it

is therefore worthwhile to try the approximation for quantum transport phenomena.

For future reference we make a connection with the many-body approach. The fully
self-consistent Green function for the whole system (i.e. leads plus impurity) satisfies

the following equation

Gz-j(z,z') = G?js(zazl)
1 Z / dzdz' G} (2, 2)[Bkixe (2, 2)
kl

- (5(2, 2/)5klvk,xc(z>]Gl]’(zlaz/)- (8.2)

Since the exact density is given by both the KS and the exact Green function, i.e.,

ni(z) = —iGyi(z, 27) = =GP (2, 21), it follows that

Z /c dz G3(2, 2)vp xe(2)Ghi (3, 2) =
k

link

Z/dzdz' G3(2,2) Shxe (2, 7)Gu(Z, 2), (8.3)
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Ficure 8.1: The BALDA XC potential as a function of the density for parameters
used in the subsequent sections.
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where Y. is the many-body self-energy with the Hartree potential subtracted. If the
self-energy is exact then the corresponding XC potential that solves this Sham-Schliiter
equation [123] yields the exact density of the system. We see that the integral kernel on
the left hand side of this equation is nonlocal in space and time. Hence, the solution of
this integral equation for vy x. will in general have values on any site k. This has been
confirmed by recent work of Schenk et al. [124]. It is important to note that this is true
even if the many-body interactions are restricted to the impurity site only. We therefore
make an approximation if we set the XC potential to zero in the leads. We will discuss

the validity of this approximation in the results section.

In MBPT one has direct access to quantities like quasiparticle spectra, lifetimes, and
screened interactions which provide insight into the effects of electron correlation. In
particular, the non-locality in time of the 2B, GW, and T-Matrix approximations allows
for a description of dynamic XC effects and quasi-particle broadening. Furthermore, the
MBPT approach can be used to derive new improved time-dependent density functionals

with memory and conserving properties [125].

8.1 Transport through a Weakly Coupled Correlated Site

We perform many-body and density-functional transport calculations for the Anderson
impurity model. As mentioned in last chapters, the single quantum dot model is fully
specified by three parameters: the Hubbard interaction (or charging energy) U, the
on-site energy ¢g and the hopping Vjuk connecting the interacting impurity site to the
leads. In the leads, the on-site energies are ¢, = ep = 0 and the hopping in the left
and right lead is V7, = Vg = V. All parameters are given in units of the lead hopping
V. For times t < 0 the contacted system is in the groundstate with Fermi energy ep. A
constant bias W, in lead a = L, R is suddenly switched on at t = 0 after which the time-
dependent observables are calculated. We only consider weak coupling to the leads, i.e.,
Viink € V, since in this regime the role of correlation effects is enhanced. The equilibrium
Green function is obtained as the self-consistent solution of the Dyson equation [60] for
different approximate many-body self-energies. In the TDDFT calculations the initial
state is obtained by a self-consistent static DFT calculation [28]. For the XC potential
we use the modified BALDA defined in Section 5.2.1.1.
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FIGURE 8.2: Groundstate density n, on the correlated site versus the on-site energy, o,

for U = 1, Viink = 0.5 and e = 0. In the bottom panel we subtracted nj, () = ago+b

in order to enhance the difference between the curves. The constants a and b are such
that nyn(—U/2) =1 and ny;, (U/2) = 0.35.

8.1.1 Equilibrium Results

We start by considering a system with interaction U = 1 and coupling to leads Vi, =
0.5. The Fermi energy of the system is ep = 0 (half-filling). In Fig 8.2 we display
the groundstate density ny on the correlated site for all values of the on-site energy,
g, for the density functional BALDA and the many-body HF, 2B, GW, and T-Matrix
approximations. For g9 = —U/2 the system is invariant under the particle-hole trans-
formation cijg — (=) d;r , and therefore the exact density on the impurity site equals
ng = 1. This remains valid in all the approximation schemes employed. If we increase
the gate potential ¢y away from the particle-hole symmetric point, the density on the
impurity site decreases almost linearly in all approximations. In order to enhance the
differences between the approximations, in the bottom panel we plot n(ep) — nn(€0)
where njin(€0) = agp + b and the constants a and b are chosen such that ny,(—U/2) =1

and ny;, (U/2) = 0.35. In the vicinity of the particle-hole symmetric point, the BALDA
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has a cusp that is responsible for correlation induced density oscillations on the impurity
site. This gives a time-dependent description of the Coulomb blockade (see Chapter 6).
The HF approximation can describe the Coulomb blockade provided we allow the spin
symmetry to be broken. The many-body approximations that we use here do not seem
to be able to describe the Coulomb blockade without spin-symmetry breaking [88] al-
though the onset of the Coulomb blockade is observed [120]. It can be concluded from the
above observations that among these approximations only BALDA yields the Coulomb
blockade without spin symmetry breaking [111]. For g < —U/4 the groundstate density
of the interacting dot is around 0.7 which gives an XC potential close to zero as shown
in Fig 8.1 and BALDA consequently differs substantially from the correlated MBPT
results and follows more closely the HF curve. When g( attains positive values, the
correlation potential is large and negative, favoring charge accumulation (see Fig 8.1).
Consequently, the BALDA deviates from HF and follows the correlated MBPT results,
in particular with the GW results for £y around U/2. As a general feature, we find that
correlations favor the presence of electrons on the interacting site (for density less than
1), since the density in the BALDA and the many-body approaches is larger than the

HF density for all values of the on-site energy.

8.1.2 Nonequilibrium Steady-state Results

We now shift our attention to the nonequilibrium case. In the left panel of Fig 8.3
we display the steady-state density and current (within ABALDA, HF, and 2B) for a
symmetrically applied bias W, = —Wpg = W/2 and for three different values of the on-
site energy eg = —U/2,0,U/2. To improve the clarity of the plot we do not display the
results for GW and T-Matrix as they are, in this parameter range, in close agreement
to those obtained within 2B. In the left panel of Fig 8.3 we see that the 2B, HF, and

ABALDA densities are generally in good agreement with each other.

For the corresponding steady-state current, benchmark results are available from tDMRG
calculations (see Ref. [83]). In the right panel of Fig 8.3 we plot the currents as a func-
tion of the bias W/U. Because the current is proportional to the overlap of the energy
bands of the leads, for higher biases, i.e., W/U > 1.5, the steady-state current decrease

with increasing bias.
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FIGURE 8.3: Steady-state density ns (left) and current I (right) for a symmetrically
applied bias Wy, = —Wpx = W/2 and for three different values of the on-site energy &g.
The other parameters are U = 1, Vjjpx = 0.5 and ep = 0.

We note that for small bias values all the approximations yield values for the current
which are on top of the numerically exact tDMRG results for all on-site energies con-
sidered. However, for higher biases, only the current obtained within 2B follows closely
the tDMRG values for all on-site energies. Therefore, in this range of parameters, we
will use the 2B results for benchmarking the other approximations. For ey = U/2, the
HF and specially ABALDA results follow closely the tDMRG and 2B curves, and for
the whole bias-range. This corresponds to small density on the dot. For higher biases
and smaller on-site energies, i.e. ¢g = 0 and ¢g = —U/2, they considerably overestimate
the exact results. However, the conductances, i.e. the initial slopes of the I-V curves
in Fig 8.3, still remain in close agreement with the 2B approximation and the tDMRG
approach. This agrees with the Friedel sum rule that relates the conductance to the

density [126].

For the results displayed in Fig 8.4 we considered the same system parameters and
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plotted the density (left panel) and the current (right panel) for an asymmetrically
applied bias Wy = W, Wgr = 0. The overlap between the lead energy bands starts to
decrease for W/U > 1 and, consequently, the currents decrease with increasing bias.
The steady-state densities behave similarly to the case of symmetric biases (see Fig 8.3):
the ABALDA and the HF results are in agreement with 2B results except for the case
of gate potential £9 = 0 at high bias. For the steady-state current (left panel) we also
see the same trend: the ABALDA results are close to the HF results and overestimate

the 2B results.

8.1.3 Time-dependent Results: Adiabatic Effects

We now study the performance of the different approximations in the description of
transient phenomena. The results are compared to the numerically exact tDMRG data
of Ref. [83], obtained for a lead-impurity hopping parameter Vi, = 0.3535 and U = 0.5.

This decrease in the hopping parameter amounts to a slight enhancement of correlations
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FIGURE 8.4: Steady-state density ns (left) and current I (right) for a asymmetrically
applied bias Wy, = W, Wgk = 0 and for three different values of the on-site energy &g.
The other the parameters are U = 1, Vjjn = 0.5 and e = 0.
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as compared to the steady-state results of the previous section. The tDMRG calcula-
tions [83] were done for a particle-hole symmetric situation with g = —U/2. In addition,
we compare the many-body results with ABALDA for the on-site potential ¢y = U/2,

which is away from the discontinuity of the vyc.

1/(G, W)

I | I | I I | I | I
0 10 20 0 10 20 30
t t

F1cURE 8.5: Transient currents for different values of the applied bias Wy = —Wg =
W/2, U = 0.5 and Vi = 0.3535. In the upper panels, eg = —U/2 corresponds to the
particle-hole symmetric point. In the lower panels ey = U/2.

In the upper panels of Fig 8.5 we display the transient currents as a function of time for
the various many-body approaches and the ABALDA as compared to the benchmark
tDMRG data. Since the tDMRG calculations are performed on finite systems, one sees
the influence of reflections at the system boundaries after a sufficiently long propagation

time. The many-body results beyond HF are all in good agreement with the tDMRG



Chapter 8.

MBPT vs TDDFT

122

0.7

0.6

0.5

0.4

Density

0.3

0.2 &

= = B OO~ 8 —0-0- -

a- -

=--8 GW
ABALDA

FIGURE 8.6: Time-dependent density no(t) for a system with Fermi energy ep = 0,
and g9 = 0.2, Viipx = 0.2 and for different values of the charging energy U = 0.6 (left
column), 1.4 (right column). The system is driven out of equilibrium by an external
bias Wi, = 0.4 and Wx = 0. The constant Gy = €2/(27h) = 1/(27) is the quantum of

conduction in atomic units.
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FIGURE 8.7: Time-dependent density in the right lead within the 2B approximation

for a system with Fermi energy ep = 0, and g = 0.2, Vi = 0.2 and U = 0.6). The

system is driven out of equilibrium by an external bias W = 0.4 and Wr = 0. A
density wave entering the lead can be clearly observed.

results, the most accurate one being the 2B approximation. Not only the values of the
steady-state current but also the characteristic bump in the transient is reasonably well-
reproduced. The ABALDA and the HF approximations perform very similarly; they
overestimate the values of the steady-state current and for a bias value of W = 0.4 they
underestimate the height of the transient bump. Also the many-body approximations
underestimate the height of the bump somewhat. However, the best agreement is again
found for the 2B approximation. It is difficult to pinpoint the origin of the different
behavior of the transient bump in the ABALDA and HF when compared to results
obtained within correlated approximations. It is worth emphasizing, however, that in
time-local approximations such as HF the terms responsible for the initial correlation in
the current formula of Eq. 5.34, i.e., the terms with components on the vertical track
of the Keldysh contour, are lacking. In general these terms lead to damping and hence
time-local approaches such as HF tend to overshoot the bump in the transient current
[49]. In the upper left panel of Fig 8.5 such overshoots for the HF and ABALDA are
probably masked by the fact that the final steady state current goes to a value that is

too large. We finally like to point out that in systems with more levels the transient
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structure has a more rich oscillatory time-dependence which can be used to analyze the
level structure of the central molecule [49]. In these cases the differences between the

HF and the correlated approaches become more visible.

In the lower panels of Fig 8.5, we display the transient currents, with the on-site energy
on the impurity site being 9 = U/2. The transients show a more pronounced oscillatory
behavior because of the increased energy-gap between the impurity level and the Fermi
level of the right lead. This determines the oscillation frequency in the transient current
(see Ref. [49]). The many-body approaches agree rather well with each other whereas the
HF approximation underestimates the value of the steady-state current for lower biases.
In this case the ABALDA results agree closely with the correlated many-body results.
Due to the increased on-site energy vy. becomes negative favoring charge accumulation

on the Anderson impurity site (see Fig 8.1 and Section 8.1.1).

In order to increase the effects of correlation we now reduce the hopping between the
interacting site and leads to W, = 0.2 and consider two different charging energies
U =06 and U = 1.4. We also set ¢g = 0.2 and the Fermi energy to ep = 0. The
system is driven out of equilibrium by a sudden switch-on of a constant, asymmetric

bias Wy, = 0.4, Wr = 0.

In the upper panel of Fig 8.6 we show the time-dependent density for the interacting site.
For U = 0.6, all results obtained within correlated approximations are in close agreement
to each other. Obviously, if the interaction approaches zero, ABALDA and HF are close
to the MBPT approximations and all MBPT approximations become homologous. By
increasing the interaction the correlated MBPT approximations and ABALDA start to
detach from HF. For stronger interactions, i.e., U = 1.4 (right panel-column), the HF
density deviates considerably from the ABALDA and the many-body results.

In the middle panel of Fig 8.6 we show the time-dependent current through the right
interface (from the interacting site to the lead). As expected from the discussion in
Section 8.1.2 the ABALDA overestimates the current given by tDMRG and 2B. The
deviation from the 2B increases with increasing the interaction. The GW approximation
also shows a smaller but noticeable deviation from the 2B approximation. The agreement
between the ABALDA and the many-body results deteriorates gradually with an even
further increase of the charging energy. For the MBPT results, the differences in the

currents when increasing the interaction can be explained with the aid of the spectral
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function. We display the steady-state spectral functions in the lower panel of the Fig 8.6.
Since the current is approximately proportional to the integral of the spectral function
over the bias window (see Eq. 5.35), the highest current is given by the approximation
which has most spectral weight inside the bias window. As in the case of the site
densities, for small charging energies the spectral functions of all the approximations

remain closer to each other.

The spectral functions of correlated MBPT approximations are broadened compared to
the HF spectral functions. This is because many-body interactions lead to a fast decay
of many-body states generated by adding and removing particles. More precisely, the
states |U(t)) = dﬂH(t)|\I’0> and |®(t)) = dp(t)|¥o) in which we add or remove a particle
at time ¢ to the impurity in the presence of a bias have decreased survival probabilities
(T ()W) and [(®(t)|®(¢))|* for |t — t'| — oo when we include interactions. This
process is often referred to as quasi-particle scattering. When the charging energy is in-
creased quasi-particle scattering broadens the spectral functions and lowers the intensity

of the spectral peak in the case of correlated MBPT approximations [49, 66, 127].

The broadening of the HF spectral function is independent of U due to the absence of
quasi-particle scattering and depends only on the embedding to the leads. The same
holds true for the ABALDA spectral function which remains very close to the HF spec-
tral function when increasing the interaction. It should be noted, however, that the
ABALDA spectral function is the one of the KS system and should not be regarded
as an approximation to the true spectral function. The clear broadening of the MBPT
spectral functions as compared to HF demonstrates the importance of dynamical XC
effects in the transient regime. Therefore, memory must be taken into account for a
proper description of ultrafast time-dependent processes. In the next section, however,
we show that memory is not enough to improve the results of the steady-state current

and we identify a second important direction to go in order to improve the ABALDA.

8.1.4 Time-dependent Lead Densities and Non-locality

In order to gain some insight on how to cure the deficiencies of the ABALDA XC
potential, so as to yield an improved time-dependent current, we argue as follows: In
equilibrium, the density deep inside the leads is the same in all approximations and it

is uniquely determined by the Fermi energy ep. Let us denote with n, (g=groundstate)
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FiGURE 8.8: Difference between steady-state and groundstate density in the right lead
for a system with Fermi energy ep = 0, and ¢y = 0.2, Vjjpx = 0.2 and for different
values of the charging energy U = 0.6 (top panel) and U = 1.4 (bottom panel). The

system is driven out of equilibrium by an external bias Wy = 0.4 and Wx = 0.

the density at a site with index j; deep inside, say, the right lead, such that n; = n, for

all j > jq. If we plot the current I4(t) to the right of jg, no difference will be observed

in the site-density until after a time t;. This is clearly illustrated in Fig 8.7 where we

show the time-dependent lead densities obtained from a 2B calculation at interaction

strength U = 0.6 for the first 20 sites in the right lead. In the lower side of the figure

we clearly see a wave front moving into the right lead.

Let us then consider an interval of the right lead that extends from j; to jg + Ng with

Ng > 1. In equilibrium the number of electrons in this interval is simply nyNg. At

the time t ~ t4 the current wave-front reaches the site jgz, enters inside the interval

(Ja, ja + Ng) and after a time T; = Ng/v it goes out through the site jg + Ny, where v
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is the velocity of the density wave-front moving into the right lead

For times t > tg+ T, an equal amount of electrons enters in and exits from the interval,
and a local steady-state is reached. The number of electrons in the considered interval
is then given by
tg+Ty
nsNg = ngNd + / dt Id(t) ~ ngNd + I, Ty, (84)

ta

with I the value of the steady-state current. Taking into account that Ty = Ng/v we

conclude that the steady-state density deep inside the leads must be
ns =ng + Is/v. (8.5)

From Fig 8.7 we see that for our 2B calculation the velocity v has the value v = 1.88.
Given the value of the current of IP© = 0.034 for this case (U = 0.6) we find that the
density difference n, — ng4 is approximately 0.018 which is in good agreement with the
value in the upper panel of Fig 8.8. Also for the case of the U = 1.4 interaction strength
we see from the lower panel of Fig 8.8 that the ratio of the density differences ns —n, for
ABALDA and 2B is the same as the corresponding ratio for the currents in Fig 8.6. We
note that the value v is close to the Fermi velocity in the lead at half-filling as obtained
from a semi-classical calculation. This is given by v = 2V. Equation (8.5) shows that if
different approximations yield different values of the steady-state current they must also
yield different values of the difference between steady-state and groundstate densities
deep inside the leads. This can indeed be seen in Fig 8.8 where we plot n, — n4 for
the various approximations for the first five sites in the right lead. The ordering of the
density differences is identical to that of the currents in Fig 8.6. Therefore, the ABALDA
overestimates the difference between steady-state and groundstate densities in the leads.
However, in the regime of weak bias values, ABALDA turns out to be a quite good
description of the density on the impurity site, comparable to those obtained within the
many-body approximations. We thus conclude that the ABALDA xc-potential is quite
accurate on the impurity site but that setting the potential to zero in the leads is a
too crude approximation. As was discussed in relation to the Sham-Schliiter equation
(see Eq. 8.3) the XC potential will in general have values in the leads even when the
interaction is localized on the impurity site only. Hence, in order to obtain accurate
values for the current within a TDDFT approach one needs an XC potential that has
a nonzero value in the leads. We wish to observe that this nonlocality is different in

nature from the non-local dependence of the XC potential on the density. The latter is
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already implied by the conclusions of the previous section since non-locality in time and

space are intimately related by conservation laws.

8.2 Conclusions

We study electron transport through an interacting Anderson impurity model within
TDDFT and MBPT frameworks. Results obtained in the groundstate, transient and

steady-state regimes are compared with numerically exact tDMRG values.

In the groundstate, we find that for large values of the on-site energy, the density
obtained using the ABALDA XC functional is close to the densities obtained within
correlated MBPT approximations. However, for smaller values of the on-site energy,
the difference between the ABALDA and the correlated MBPT densities is significant,

ABALDA being closer to HF in this parameter range.

In all the cases where benchmark tDMRG results are available we find that the MBPT
approximations beyond HF which we considered give densities and currents close to the
benchmark ones for the entire parameter range considered. This is true for both the
transient and steady-state regimes. We find that in particular the 2B approximation
performs very well. The transients obtained within the 2B approximation are the clos-
est to the tDMRG ones, while the HF and ABALDA transients deviate significantly.
This indicates that it is important to include memory or retardation effects to properly

describe quasi-particle scattering in non-equilibrium transport.

Regarding the TDDFT approach we find that the ABALDA performs very well and
yields accurate densities on the interacting site in the weak bias limit but in many cases
overestimates the steady-state currents. This problem can be linked to an overestima-
tion of the lead-densities within the ABALDA. The results strongly suggest that it is
necessary to go beyond the local approximation and that one especially needs to take
into account XC-potentials that are nonlocal and non-zero within the leads. Improved
functionals should therefore be nonlocal functionals in space. As has been clearly pointed
out by Vignale [122], this implies that the functionals also need to be nonlocal in time
in order to satisfy basic conservation laws. The construction of such functionals is a
clear challenge for the future. One way to proceed would be to make connections to

many-body theory with conserving approximations [125].



Chapter 9

Outlook

By treating quantum transport in an explicitly time-dependent way, we have found
several physically different situations where no steady state is reached. Bound-state
oscillations are found even for non-interacting electrons while other cases, such as the
Coulomb blockade oscillations, appear only when sufficiently strong on-site interactions
are present.

Unfortunately, all these results have been obtained within certain approximations. Since
exact solutions of the transport problem are hardly available, it is difficult to assess to
what extent the time-dependent phenomena found in this thesis are a consequence of

the approximations made.

Comparing TDDFT and MBPT we have found that, generally speaking, MBPT intro-
duces damping which annihilates the phenomenon of multistability, and may also affect
the oscillatory behavior in the Coulomb blockade regime and in the presence of bound
states. However, MBPT within present approximations for the many-body self-energy
appears to over emphasize damping. Whether TDDFT or MBPT is closer to the truth

is currently unknown.

To assess both TDDFT and MBPT approaches, numerically exact solutions of the many-
body problem will be indispensable. The first attempts along this line, namely using
either tDMRG [83, 128] or time-dependent quantum Monte Carlo [129] or a hierarchical

equation of motion approach [130] are beginning to appear.

The future will show the truth.
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Deutsche Kurzfassung

Der Standardansatz fiir Quantentransport vereint den Landauer-Buettiker Formalismus
mit der Grundzustands-Dichtefunktionaltheorie (DFT). Die Grundannahme hierbei ist,
dass bei konstanter Spannung letztendlich ein zeitunabhéngiger Zustand (steady state)
erreicht wird. Wir werden hier aufzeigen, dass diese Annahme im Allgemeinen nicht
giiltig ist, und einige Beispiele geben, bei denen innerhalb verschiedener Naherungen kein
zeitunabhangiger Zustand erreicht wird. In diesen Fallen ist eine explizit zeitabhangige
Beschreibung des Elektronentransports notwendig. Hierzu vewenden wir die zeitabhangige
Dichtefunktionaltheorie (TDDFT) sowie die Vielteilchen-Stérungstheorie (MBPT). Fiir
den nicht-wechselwirkenden Fall zeigen wir analytisch und numerisch, dass das Vorhan-
densein von gebundenen Zusténden anhaltende und lokalisierte Stromoszillationen her-
vorruft. Diese konnen deutlich grésser als der stationédre Anteil des Stromes sein. Es
zeigt sich, dass der Beitrag der gebundenen Zusténde zur zeitlich gemittelten Dichte
vom zeitlichen Ablauf abhidngt und eine elementare Definition der dynamischen Beset-
zungszahlen von gebundenen Zustanden ermoglicht. Im Falle von Elektronentransport
durch wechselwirkende Nanokontakte mit angelegter Spannung fithrt die Unstetigkeit
des Austauschkorrelationspotentials der DFT zu einem dynamischen Zustand, welcher
durch korrelationsinduzierte Oszillationen im Regime der Coulomb-Blockade charak-
terisiert wird. Zuséatzlich kann die zeitabhéngige Methode bei multistabilen Systemen
beschreiben, ob und wie man reversibel zwischen verschiedenen stabilen Losungen der
stationaren Zustandsgleichung wechseln kann, indem man eine passende zeitabhangige
Gate-Spannung anlegt. Die numerischen Berechnungen in diesem Regime zeigen, dass
eine zeit- und ortslokale Naherung fiir das Austausch-Korrelations-Potential der TDDFT
zu ungedédmpften Oszillationen im Strom fiihrt, selbst wenn eigentlich ein stationéarer Zu-
stand erwartet wird. Ausserdem befassen wir uns mit dem grundsétzlichen Problem, ob
das Bistabilitdtsphanomen fortbesteht, wenn man dynamische Austausch-Korrelations-

Effekte in Betracht zieht. Wir vergleichen unsere Ergebnisse der TDDFT und MBPT
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eines Modellsystems mit denen aus der Methode der zeitabhangigen Dichtematrix Renor-
malisierungsgruppe. Wir bekommen dadurch Einblicke in die Leistungsfihigkeit der

verschiedenen in dieser Arbeit verwendeten Naherungen.
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