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Abstract. In the paper, we investigate a three-species food chain model with diffusion and
ratio-dependent predation functional response. We mainly focus on the co-existence of the
three species. For this coupled reaction-diffusion system, we study the persistent property
of the solution, the stability of the constant positive steady state solution, and the existence
and non-existence of non-constant positive steady state solutions. Both the general stationary
pattern and Turing pattern are observed as a result of diffusion. Our results also exhibit some

interesting effect of diffusion and functional responses on pattern formation.
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1 Introduction

Understanding of spatial and temporal behaviors of interacting species in ecological systems is a
central issue in population ecology. One aspect of great interest for a model with multi-species
interactions is whether the involved species can persist or even stabilize at a co-existence steady
state. In the case where the species are homogeneously distributed, this would be indicated by
a constant positive solution of an ordinary differential equation (ODE) system. In the spatially
inhomogeneous case, the existence of a non-constant time-independent positive solution, also called
stationary pattern, is an indication of the richness of the corresponding partial differential equa-
tion (PDE) dynamics. In recent years, stationary pattern induced by diffusion has been studied
extensively, and lots of important phenomena have been observed.

In particular, starting with A. Turing’s seminal 1952 paper [34], diffusion has been regarded
as the driving force of the spontaneous emergence of spatiotemporal structure in a variety of non-
equilibrium situations. To verify the influence of diffusion on this aspect, in the past decades,
biologists and applied mathematicians have proposed a number of models and much work has

been devoted to the investigation of the existence of stationary pattern in chemical and biological
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2 A Ratio-dependent Food Chain Model with Diffusion

dynamics theoretically as well as numerically. For example, chemical models include the activator-
inhibitor Gierer-Meinhardt model [10, 23], the Sel’kov model [7, 35|, the Gray-Scott model [32, 37],
the Brusselator model [3, 30], the Noyes-Field model for Belousov-Zhabotinskii reaction [29], the
chemotactic diffusion model [4, 18, 19, 22, 24, 37], and biological models include the competition
model [14, 20], and the predator-prey model [8, 15, 16, 27, 28, 31, 36], (see also the references
therein).

In his original paper [34], A. Turing proposed the notion of diffusion-driven instability (also
called Turing instability) in his attempt of modelling, among other things, the regeneration phe-
nomenon of hydra—one of the earliest examples of morphogenesis. That is, Turing claimed that
the formation of spatial pattern during morphogenesis could be explained in terms of the instability
of a homogeneous steady state solution to a reaction-diffusion network describing the growth and
movement of a set of morphogens. Turing’s original work was primarily concerned with the stability
analysis of the uniform steady state solution of the system for the interacting morphogens.

In biology and chemistry, the more interesting question, however, is whether the spatially inho-
mogeneous solution may be generated by such instability. Strikingly, in some cases, Turing insta-
bility can indeed lead to stationary pattern(also called Turing pattern), a fascinating phenomenon
in nonlinear science, which has been found in various mechanisms, [4, 18, 26, 27, 28, 30, 35, 36, 37].
While linear stability analysis about the homogeneous steady state is a straightforward method
for calculating conditions for the onset of Turing instability, the analysis of existence of resulting
non-homogeneous steady states is mathematically challenging. In this paper, it is the question of
existence of non-homogeneous steady states that we focus on.

In the present work, we will investigate a coupled reaction-diffusion food chain model with
ratio-dependent functional response, and analyze the co-existence of the three species. We attempt
to further understand the influences of diffusion and functional responses on pattern formation.
As a consequence, the existence and non-existence results for non-constant positive steady state
solutions to this system indicate that stationary pattern arises as the diffusion coefficients enter into
certain regions. In other words, diffusion does help to create stationary pattern. For this model,
we also show Turing instability occurs, and prove the generation of Turing pattern in some cases.

On the other hand, our results also demonstrate that diffusion and functional response can
become determining factors in the formation of pattern. Although our model is very different from
the one considered by Lou, et al. in [20], their interesting observation that the introduction of a
new species may qualitatively change the pattern structure of the original system is again present
in our study. At the same time, our work corroborates recent numerical results implemented by
Alonso, et al. in [2]. We refer the reader to more detailed discussions in §6.

Our paper is organized as follows. In §2, we propose our mathematical model. In §3, we discuss
the persistence and the stability of the unique constant positive steady state for the ODE and
PDE systems. In §4, we consider the non-existence of non-constant positive steady state solutions
while §5 is devoted to the existence of non-constant positive steady state solutions. In §6, from the

biological viewpoint we make some comments on our studies, indicating some interesting influences
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of diffusion and functional responses on pattern formation. Finally, in the appendix, we analyze
some conditions, which are imposed in §5 to obtain the non-constant positive steady state solutions
to the PDE system.

2 The derivation of the mathematical model

Numerous examples from biological control indicate that the classical prey-dependent predator-prey
model is often contrary to the actual observations, such as the well-known paradox of enrichment
formulated by M. L. Rosenzweig [33]. The theory of Rosenzweig states that enriching a predator-
prey system (increasing the prey’s carrying capacity) will cause an increase in the equilibrium
density of the predator but not in that of the prey; it will destabilize the positive equilibrium as
the prey’s carrying capacity increases, and thus will increase the possibility of stochastic extinction
of predator. Recently there is growing evidence that in some situations, especially when predators
have to search, share and compete for food, a more suitable general predator-prey model should be
a so-called ratio-dependent one (namely, the functional responses are ratio-dependent). Roughly
speaking, this model states that the per capita predator growth rate should be a function of the
ratio of prey to predator abundance, (see, e.g., [1]).

In the case of multiple species interaction, the prey-dependent models such as those studied by
[5, 9, 11, 17], while mathematically interesting, inherit the mechanism that generates the factitious
paradox of enrichment and fail to produce the often observed extinction dynamics such that the
collapse of the system. Consequently, a ratio-dependent food chain model, which is an ODE
system with three equations and hence whose species are assumed to be spatially homogeneous,
was proposed by Hsu, et al. in [13] to describe the growth of plant, pest and top predator.

More precisely, the authors of [13] considered the following three trophic-level food chain system

with ratio-dependent functional response:

d 1
m:ml(l_ﬂ_mwwz, >0,
dt k M1 U1 + C1u2
d 1
dup | mawiwp 1 mawpus
dt w+cug T2 U2 + C2u3 (2.1)
dU3 maougus
—2 = == byug, t>0,
dt¢ U9 + Ccou3 243
ul(o) > 0, UQ(O) >0, U3<O) > 0,

where u;, (i = 1,2,3) are the respective population densities of prey, predator and top predator.
For ¢ = 1,2, n;, m;, ¢; and b; represent the yield constants, maximal predator growth rates, half-
saturation constants, predator’s death rates respectively. Constants r and k are the prey intrinsic
growth rate and carrying capacity respectively. As observed in [13]: w3 preys on uz and only on
uo, and ue preys on uj and nutrient recycling is not accounted for, which produces the so-called
simple food chain. A distinct feature of simple food chain is the Domino effect: if one species dies

out, all the species at higher trophic level die out as well.



4 A Ratio-dependent Food Chain Model with Diffusion

As in [13], for simplicity, we use the following scaling to (2.1):
t—rt, up — uy /k, ug — crug/k, usz — cicous/k,
my — ma /T, by — bi/r, my — ma/T, by — ba/r,

and (2.1) becomes the form:

duy a1uug
o (1= ) — , t>0,
dt “ ( UI> u1 + u9
d
T2 _ T2 g gy — 828298 o,
dt uy + u2 uz + ug (2.2)
dU3 moauaus
T _ 28 s, t>0,
dt U + us 243
u1(0) > 0, UQ(O) > 0, U3(0) > 0,

where a; = m;/(n;icir), (i =1,2), can be regarded as the respective predation rate of uy and us.
From [13], it is easily shown that (2.2) has a unique positive steady state solution if and only if

the following are satisfied
mo>by, A>1 and 0<a; < A/(A-1), (2.3)

where
A= ml/(aQ(mg — bg)/mg + bl).

Moreover, the unique positive steady state (uy,ug,us) = (41, U2, Us3) can be expressed as
UL = [CLl + A(l — al)]/A, Uy = (A — 1)111 and u3 = (mg — bg)ﬁg/bQ.

We also note that mo > by and A > 1 imply mq > b;.

In [13], the authors dealt with (2.2). In particular, they obtained the extinction conditions of
certain species, and discussed the local asymptotical stability of (1, U2, U3) and various scenarios
where distinct solutions can be attracted to the origin, pest free steady state and the positive steady
state (11, U2, 0g). For the more details, we refer the readers to [13]. From their results, the authors
pointed out that this ODE system is very rich in dynamics.

To take into account the inhomogeneous distribution of the predators and the prey in different
spatial locations within a fixed bounded domain 2 in R with smooth boundary at any given time,
and the natural tendency of each species to diffuse to smaller population concentration, instead of
(2.2), we need to consider the following reaction-diffusion (PDE) system:

aiu1ug

upe — diAug = ug (1 —up) — F—— in Q x (0,00),

Ugp — doAug = % — biug — ijfzz in Q x (0,00),

ugs — dsAug = Matiats bous in Q x (0,00), (24)
uz + u3

ou; =0, i=1, 2, 3, on 09 x (0,00),

u;(x,0) = ujp(x) >0,£0, i =1,2,3, in Q.
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Here v is the outward unit normal vector on the boundary 02 and 9, = 9/dv, and d; (i = 1,2,3)
are called the diffusion coefficients of the corresponding species u;, and hence are assumed to be
positive constants. The initial data w;o (i = 1,2, 3) are continuous functions, and the homogeneous
Neumann boundary condition means that model (2.4) is self-contained and has no population flux
across the boundary 0f).

In our work here, we are mainly concerned with the effect of diffusion on stationary pattern

generated by (2.4). Hence, this leads us to study the steady state problem of (2.4), which satisfies

a1U1U2

—diAu; =uy (1 —uy) — in €,
1Au 1 ( 1) w1+ Us
—dsAuy = Mtz bius — 2tz in €,
U1 + U uz +u3 (2.5)
—d3AU3 = M - b2'LL3 in Q,
ug + ug
ou; =0, 1=1,2,3, on Of2.

It is evident that only non-negative solutions of (2.5) are of real interest. The positive solution
(u1,u2,us) of (2.5) to be mentioned below, always refers to a classical one with u; > 0, (i = 1,2,3)
on Q. It should also be noted that the well-known maximum principle ensures that a non-negative
classical solution of (2.5) with u; # 0, (i = 1,2,3) must be a positive one.

For (2.4) and the steady-state problem (2.5), we will mainly concentrate on the co-existence of
the three species, and consider the case of a; < 1. In particular, some results for the existence and
non-existence of non-constant positive solutions to (2.5) are derived. In establishing the existence of
non-constant positive solutions, due to the lack of variational structure for (2.5), our mathematical

tool is the topology degree theory incorporated with the calculation of fixed point index.

3 Persistence and stability
For simplicity of presentation, we introduce some notations. Throughout this section, let
u(t) = (ui(t),uz(t),us(t))’ and u(z,t) = (ui(z,t), us(z, ), uz(x, )"

be the respective solutions of (2.2) and (2.4). Denote u = (uy,uz,u3)’, @ = (i1, to,u3)”. From
classical theories of ODEs and parabolic equations, u(t) and u(z,t) exist globally and are positive,
namely, u;(t), u;(z,t) >0, (i=1,2,3) forall t > 0 and x € .

First we state some simple facts on the asymptotical behavior of solutions to (2.4). The proof

is similar to that of Theorem 2.5 in [28] and is so omitted here.

Proposition 3.1 The solution (ui(x,t),us(x,t),us(z,t)) of (2.4) satisfies:
(i) If m1 < by, then (us(z,t),uz(x,t)) — (0,0) uniformly on Q ast — oo;
(i) If mg < by, then us(x,t) — 0 uniformly on Q ast — oo;
(iii) If a1 <1 and my < by, then ui(x,t) — 1 and (uz(w,t),us(x,t)) — (0,0) uniformly on Q

ast — 0o0. As a consequence, if mi < by or mg < be, problem (2.5) has no positive solutions.
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As shown in Proposition 3.1, if m; < by or mg < bo, the two predators or the top predator
will become extinct, respectively. Moreover, if a; < 1 and m; < b1, then only the plant will exist
eventually.

In this paper, since our main goal is to analyze the co-existence of the three species, from now
on, unless otherwise specified, it is always assumed that (a@;, U2, @3) exists, which implies that
mq > by and mo > by as indicated in §2.

We have the following basic persistence property of the solutions u(t) and u(z,t), which shows
that the three species always co-exist at any time and any location of the habitat domain, no matter
how fast or slowly they diffuse, under certain conditions on parameters. This result is even new for
the ODE system (2.2).

Proposition 3.2 Assume that a1 < 1, as + by < mq hold. Then, for any 0 < ¢ < 1, there exists
T > 1 such that u(t) and u(z,t) satisfy

K —ce<u(t), uwi(z,t) <l+e,

K(my — (a2 + b1)) my — by
- R —
PR e <ug(t), wus(x,t)< ™ + e,
K(mq — (a2 + b1))(m2 — b2) (mq — by)(mg — be)
—e<us(t), wuzlz,t)< + ¢,
(az + b1)by a(t), ua(@1) b1bo

for allx € Q and t > T. Here, K is given by

K:;{Q—TZ;+\/(2_72?>2+4(1—a1)(77b?—1) }

Proof. The proof is based on comparison principles. We first prove that the estimates hold for
u(t). For 0 < e < 1 and ¢t > 1, from the first equation in (2.2) it is clear that u;(t) < 1+ by the

comparison principle for ODEs.
In the following, we always consider that 0 < e < 1 and t > T > 1, and the values of € and T'

may be different from line to line. Since us(t) satisfies

(m1 — bl)(l + 5) — bl’lLQu

uy(t) < 1+e+u

Y

by the comparison principle for ODEs again, we have that

—b)(1 -b
us(t) < (m = b1)(1 +¢) o=t M
bl bl bl

Thus we can assume the following holds:

b
m@%<m%—i+a (3.1)
1

Combining (3.1) and the first equation in (2.2), we deduce that

—’LL% + (2 —ml/bl —8)U1 + (1 — al)[(ml — bl)/bl +€]
(m1 _bl)/bl +e+u

uy (t) > u1.
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Therefore

1 my my 2 my
ul(t)>2{2—b1—5+\/(2—bl—€) +4(1—a1)(a—1+6) }—5>K—5.

Similarly, applying (3.2) to the second equation in (2.2), we obtain

K(m1 — (CLQ + bl)) B

t
UQ()> as + by

Together with (3.1) and (3.3), the third equation in (2.2) results in

K[ml — (CZQ + b1)](m2 — b2) (m1 — bl)(mg — bg) Le
(a2 + b1)b2 b1by

—e< U3(7f) <

(3.2)

(3.4)

To sum up, (3.1)—(3.4) deduce our result for u(¢). In a similar manner, by the comparison principle

for parabolic equations, one can establish the desired estimates for u(x,t). O

In particular Proposition 3.2 and the maximum principle implies a priori upper and lower

bounds for the positive solutions of (2.5), which will play crucial roles in the later sections. To

prove that we recall the following maximum principle (for example, Lemma 2.1 in [21]):

Lemma 3.1 Suppose that g € C(Q x R).
(i) Assume that w € C%(Q) N CY(Q) and satisfies

Aw(z) + g(z,w(z)) >0 in Q, dw<0 on IN.

If w(zp) = maxg w, then g(xg, w(xp)) > 0.
(ii) Assume that w € C%(Q) N CY(Q) and satisfies

Aw(x) + g(z,w(x)) <0 in Q, dw>0 on IN.
If w(zp) = ming w, then g(xo, w(zg)) < 0.

Now we have the following a prior: estimates for steady state solutions.

Theorem 3.1 Assume that a1 < 1 and as + by < my hold. Let K be defined as in Proposition

3.2. Then any positive solution (u1,us,us) of (2.5) satisfies: for all x € ,

K< w(x) <1,

K(my — (a2 + b1)) my1 — by
< wlz) < 2—7L
as + by b1
K(m1 — (CLQ + bl))(mg — bg) (m1 — bl)(m2 — bg)
< uglx < .
(CL2 +b1)b2 3( ) blbg

Proof. From Proposition 3.2, stated results hold if strict inequalities are replaced by non-strict

inequalities. Thus we only need to show the strict inequalities. Let (u,ug, us) be a positive solution

of (2.5) and set

wi(x;) = maxw; and  wi(y;) =minw;, i=1,2,3.
Q Q
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Applying Lemma 3.1 to the first equation in (2.5), we find that

arua(r)
ui(xy) +ug(z1) —

1-— U1($1) —

Thus when a; < 1, it follows that u;(y1) < 1. Following the same order in the proof of Proposition

3.2, we can show the stated results with strict inequalities hold. O

When the population persistence holds for the food chain, the constant steady state 1 is always
in the attracting region given in Proposition 3.2 and Theorem 3.1. Next we discuss the stability of
u with respect to (2.4). To this end, we need to collect some known facts from [13]. For sake of

simplicity, we denote

ajuiuz
Ul (1 — ul) —

Ul + u2 a a 0

G( ) miuiug a2U2U3 ic (~) 11 12
u) = — 012 — an u) = a21 G922 Qa3

uy + ug u2 + ug v 0 a ag ’
MolaUs 32 433
— boug
Uz + U3
where
N 14 a1ts - my a3
allzul[_ - } a22=u2{— = - = ~ }
(41 + 12)?) (U1 +a2)? (U2 + t3)?
~ ) )
mousus alu miu
agg = —————5 <0, a13=————3 <0, ag = ——>= >0,
(a2 + 3) (@ + 1z) (@1 + 1z)
~2 ~2
au mol
a23:—~722<0, a32:~7~32>0.
(Gg + ug) (@12 + u3)

In Proposition 3.1 in [13], it was proved that if a;; < 0 and age < 0, 1 is locally asymptotically
stable for (2.2). Indeed even with the presence of the diffusion, @ is uniformly asymptotically stable

for (2.4) under the same conditions. More precisely, we have

Theorem 3.2 Assume that a11 < 0 and ase < 0 hold, then u is locally uniformly asymptotically
stable for (2.4) in the sense of [12]. As a consequence, (2.5) has no non-constant positive solution
in a neighborhood of u. Moreover if a1 < 1 and as + by < mq, then a11 < 0 and aze < 0, hence t

18 locally uniformly asymptotically stable.

Proof. The proof of stability when a1; < 0 and age < 0 is similar to that of Theorem 2 in
[36], and we omit the details here. We note that if a; < 1, then a;; < 0. Moreover, the inequality
ase < 0 is equivalent to

mi > (b +a M) /(b1 +a (Mf) (3.5)
12 |01 2 s 1 2 . .
It is also noted that
(i +a m2—b2)2/<b rao(M2Y) <y
1 2 . 1 2 . 2+ 01.

Hence if a; < 1 and a2 + b1 < my, we have a1, ags < 0 by (3.5). O
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Remark 3.1 Theorem 3.2 and the previous arguments show that no Turing instability or diffusion-
driven instability phenomena occurs when a1; < 0 and age < 0 hold. On the other hand, if we take
m1 = (by + az(mag — bg)/m2)2/(b1 + az(ma — bz)?/m3) — o(b1), and by — 0, ag, by, ma are properly
chosen and either a; — 1/2 or a; — 1, as in Proposition 3.1 in [13], together with some meticulous
computations, the well-known Roth-Hurwitz criterion ensures that u is still stable for the ODE
system (2.2). However, fixing these parameters including d; and ds, and then letting the diffusion
ds be large enough, similar to the proof of Theorem 2 in [36], one can show that u is unstable
with respect to the PDE system (2.4). Thus Turing instability could occur when the conditions of

Theorem 3.2 are not satisfied.

From Theorem 3.2, 4 is locally uniformly asymptotically stable when a1 < 1 and as + b1 < m;y.
In this case non-constant positive solutions (stationary pattern) of (2.5) unlikely exist. Indeed with
more restrictive conditions on parameter, we can show the global stability of & for systems (2.2) and
(2.4). Our result below is independent of the diffusion rates d;, that is, the constant co-existence
state u is globally asymptotically stable. Hence when the conditions on the parameters are satisfied,

u is stabilized under arbitrary spatially inhomogeneous perturbation.

Theorem 3.3 Let K be defined as in Proposition 3.2. Assume the following hold:
(i) a1 < 1 and az + by < my;
(ii) a1 (A —1)/A <mi1K/(az + b1);
(iii) agbami(me — be)(ag + b1) < bymaK[my — (ag + b1)][bima + a2(ma — b2)].
Then the constant positive steady-state @ is globally asymptotically stable for systems (2.2) and

(2.4) for all initial nonnegative conditions which are not steady states. In particular, (2.5) has no

non-constant positive solution if conditions (i) — (iii) hold.

Proof. We use Lyapunov functionals for the proof. First, we verify the result for system (2.2).

For our purpose, we first recall the following basic Lyapunov functionals:

E(u) =i — @ — Gln—, i=1,2 3.
Note that F(u;(t)) are non-negative, and E(u;(t)) = 0 (i = 1,2, 3) if and only if (uy(t), uz(t), us(t)) =

(t1, g, u3). Hence, letting

FEit)=F t FE t FE t
(6 = Bur(0) + 20 Bua() + 2122 ),
we have
dE a1us - \2 a1y miuy
— =< -1+ = ~ - + po — = p
dt { (U1 + u2)(u1 + UQ) }(U1 U1) miuo { (U1 + uz)(ul + u2)

n asug (up — iig)? — a1azuy g
(fLQ + ﬂg)(Uz -+ U3) mlﬁg(ﬂz + ﬂg)(’ug + U3)

(U3 — 713)2.
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Under our assumptions (i)—(iii), we can claim that for ¢ > 1 the following hold:

a9 <1 d asUs < miiy
= = ~ an — — < o= — .
(U1 + UQ)(ul + UQ) (uz + U3)(ug + U3) (u1 + UZ)(U]_ + UQ)

(3.7)

In fact, by Proposition 3.2, to satisfy (3.7), for ¢ > 1 it is sufficient to require

ai1us < mi1 K and as s ' @ miuq ‘ ng(ml — (ag + bl))
(’lh + 1~L2) as + by (112 + @3) by (?h + ﬂz) (CLQ + b1)bg

Therefore by the definition of (41, Gz, t3), we easily see that the above two inequalities are equivalent
to the assumptions (ii) and (iii) respectively. Thus (3.6) implies that E’(t) < 0 for ¢ > 1. Now
for t > 1, E(t) is a Lyapunov functional for system (2.2), namely, for ¢ > 1, E'(t) < 0 along
trajectories and E(t) > 0 except at . Hence u is globally asymptotically stable for (2.2) following
well-known theorem of Lyapunov stability.

Based on the proof above, by Proposition 3.2, it is not hard to see that for ¢ > 1

B (1) :/Q{E(ul(a;,t))+ DU g, 1)) + 220 (g, 1))} d

miuz mimaus

is a Lyapunov functional for system (2.4) and u is globally asymptotically stable for system (2.4)

under our assumptions. O

Remark 3.2 Simple analysis shows, Theorem 3.3 holds if one of the following holds: (1) a; —
0, az — 0; (2) a1 < 1, my is large and mg — by; or (3) a1 < 1, my is large and agba(mo — ba)(az +
b1) < (1 —ay)bymalbima + az(mg — by)]. Indeed in case (1), K defined in Proposition 3.2 tends to 1
as a1 — 0, and the lower and upper bounds in Proposition 3.2 and Theorem 3.1 tend to the same
value as ag — 0. This shows the a priori estimate in Proposition 3.2 and Theorem 3.1 are sharp

when a1 and ao are small.

Results in this section have interesting and significant biological implications. About the impact
of the diffusion, all results in this section (Proposition 3.1, Proposition 3.2, Theorem 3.1, Theorem
3.2 and Theorem 3.3) are independent of diffusion coefficients d;, i = 1,2,3. In these parameter
ranges, diffusion usually enhances the stability of the constant steady states. Proposition 3.1 gives
conditions of total extinction of all the three species and conditions of the extinction of both middle
and top predators. Comparison can be made with results in Section 2 of [13] where the ODE system
is studied in more details.

When the constant co-existence steady state u exists, our main persistence and stability results

are proved under the assumptions:
a1 <1, and as+ by < my. (3.8)

These conditions are evidently stronger than the conditions (2.3) under which u exists. But with
(3.8) satisfied, persistence holds for the whole food chain, and all three species coexist regardless

of initial conditions (see Proposition 3.2). The persistence question is even open for the same ODE
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system, and here we prove it for the more general reaction-diffusion system with no-flux boundary
condition. This answers an open question raised in [13] (see discussion in pg. 80). Moreover under
(3.8), u is also locally uniformly asymptotically stable with respect to (2.4), and under strong
conditions in Theorem 3.3, 1 is globally asymptotically stable. For the ODE systems, these results
complement the ones in [13] in which the main concern is successful biological control. Indeed our

results show under (3.8), biological control of the pest cannot be achieved.

4 Non-existence of non-constant positive solutions of (2.5)

In Theorem 3.3, the global stability of the constant coexistence steady state implies the non-
existence of non-constant positive solutions of (2.5) regardless of diffusions. Several non-existence
results of non-constant positive solutions to (2.5) will be presented in this section, and in these
results, the diffusion coefficients do play important roles. The mathematical techniques to be
employed are the Implicit Function Theorem Method and the Energy Method, respectively. From
now on, let 0 = pg < p1 < po < --- be the eigenvalues of the operator —A on  with the

homogeneous Neumann boundary condition.

4.1 The Energy Method

In this subsection, we apply the Energy Method to establish some results on the non-existence of
non-constant positive solutions of (2.5). For convenience, let us denote the constants a;, b;, m;, (i =
1,2) collectively by A.

Theorem 4.1 Assume that a1 < 1 and as + b1 < my.

(i) There exists Dy = Dyo(A) which is independent of d3 and Q, such that (2.5) has no
non-constant positive solution provided that min{uidy, pids} > 151’2.

(i) If in addition a1(ag 4 b1)*(my — by) < (1 — a1)?b1m3, then there exists Dy = Do(A) which
is independent of di, d3 and Q, such that (2.5) has no non-constant positive solution provided that
pinds > Dy

(iii) If in addition as(ag + by)?bamy(my — by)(ma — ba) < (1 — a1)?b3m3(m1 — (az + b1))?, then
there exists D13 = Dy 3(A) which is independent of dy and Q, such that (2.5) has no non-constant
positive solution provided that min{uqdy, p1ds} > ﬁLg.

Proof. Let (u1,us2,u3) be a positive solution of (2.5) and let g = ||~ [, gdx. Then, multi-
plying the corresponding equation in (2.5) by u%(u, —u;), © = 1,2,3, integrating over 2 and adding
the results, we get

3 d;ui |V (u; — ay 2
/Q{Z v >|}dx

i=1 2

- /Q {(u1 - ﬂ1)2( —1+ ( ay iz ) (= 1) (g — ) —ay Uy + miis

uy + ug) (1 + a2) (u1 + ug)(u1 + Uz)

11



12 A Ratio-dependent Food Chain Model with Diffusion
—miu1 " a3 )
(u1 + UQ)(Q_M + ’l_LQ) (UQ + Ug)(ﬂz + ﬂg)
—agU2 + Molg
ug + uz) (g + U3

Jr(’LLQ — ﬂg)2<

maoU2
ug + ug) (U2 + us3

+(U2 — ﬂg)(u;; — ﬂg)( ) — (U3 — ﬂ3)2( ) } dx. (4.1)

By Theorem 3.1 and the Young inequality, from (4.1) it follows

3 —
i _ a1l B
/QizldiV(ui—uz‘)Ide < C/Q{(u1—u1)2<—1+ ETNICEEN +5> + O (e)(up — 11n)?

_ mala
+(uz — u3)?( — +¢e) pdx. 4.2
(ug — 15)* e Oy )} (4.2)
Here, C' depends only on A and C(e) depends only on A and e. By Theorem 3.1 again, we can
choose 0 < € < 1 which only depends on A such that

— m2u_2 — +e<0.
(u2 + u3)(ag + u3)

Thus, with (4.2) and the Poincaré inequality:
m [ (9-92dr < [ [9(g—g) da.
Q Q
we find that

3 2
51 /Q ZdZ(UZ — ﬂi)QdX < C(E)/QZ(UZ — ﬂi)2 dx.

By the above inequality, it is clear that there exists 151,2 depending only on A, such that when
min{puidy, pida} > 15172, u; = u; = constant, i = 1,2, 3, which asserts our result (i).
If in addition we assume aj(ag + b1)%(m1 — b1) < (1 — aq)?bym?, then Theorem 3.1 implies

ailo

-1+ - — < 0.
(u1 + uz)(ur + u2)
Therefore, for 0 < € <« 1 satisfying
-1+ alug — +e<0 and - m2u_2 — +e <0,
(u1 + U2)(U1 + UQ) ('LLQ + U3)(UQ + U3)

as before, (4.2) implies
3
/ S iV (i — )|? dz < C(e) / (us — )2 da. (4.3)
Q= Q

Similar to arguments above, from (4.3) and the Poincaré inequality, there exists Dy =Dy (A) such
that (2.5) has no non-constant positive solution if y;ds > Dy. Thus (ii) holds.

To prove (iii), as in the arguments above, it is enough to verify that
azﬂg(ul + ’LLQ)(l_U + Q_LQ) < miuq (UQ + U3)(’L_Lz + 1_63). (4.4)

By Theorem 3.1 again, to ensure (4.4), it suffices to require that the third condition in (iii) holds.

This completes our proof. O
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Theorem 4.2 (i) Let di, di be fized positive constants satisfying pid; > 1 and prdi > mg — ba.
Then there exists a positive constant D3 = D3 (d}, d3, A) such that (2.5) has no non-constant positive
solution provided that pdy > D5, di > di and d3 > d3.

(ii) Let d5 be a fized positive constant satisfying pids > mi — by. Then there exists a positive
constant Di 3 = Dj3(d5, A) such that (2.5) has no non-constant positive solution provided that

min{puidy, prds} > D7 5 and dy > d3.

Proof. We only prove (i), and the verification of (ii) is similar. Suppose that (u1,us2,uz) and
(u1,ug,us) are same as in the proof of Theorem 4.1. Multiplying the corresponding equation of

(2.5) by u; — w;, i = 1,2,3, the analysis similar to the proof of Theorem 4.1 deduces
3
mS /Q di(u; — )%z < /Q{u +e)(ur — )2 + Clus — )2 + (ma — by + &) (us — 73)?}dz
i=1

for some positive constant C' = C'(A, €). Choose € > 0 to be so small that djpu; > 1+ ¢, dzug >
mg — be + €, then there exists D3 such that (u1,ug,us) = (41, Ue, u3) must hold if do > D3, and so
our conclusion holds. O

The results in this subsection demonstrates such a phenomenon: when all diffusion coeflicients
are large, no patterns exist. Here either dj,ds or ds has a lower bound (see Theorem 4.2). If
in addition the conditions (3.8) are satisfied, then the patterns do not exist even only one or
two diffusion coefficients are large. Such results for general reaction-diffusion systems appeared in
[6], and our results here show more delicate dependence on the diffusion coefficients only for the
food-chain system (2.4) and (2.5).

4.2 The Implicit Function Theorem Method

In this subsection, we use the Implicit Function Theorem to obtain some further results for the non-

existence of non-constant positive solutions of (2.5). We will need the following a priori estimate:

Theorem 4.3 Let a; < 1 and let d be a fized positive number. Assume that for any positive

constants ds and ds, the boundary value problem

aw2ws3

—dyAwy = (my — by)wy — Q
20W2 (ml 1)w2 Wy + w3 n 34
—CigA’LUg = % — b2w3 in Q, (45)
w2 + w3
O, w9 = w3 =0 on 0f)

has no positive solution satisfying |wa|eo+|ws|eo = 1. Then there exist positive constants C1(A, 2, d)

and Ca(A,Q, d) such that any positive solution (uy,us,us) of (2.5) satisfies
Cl(AaQ’d) <wu; < C2(AaQad)7 1=1,2,3,

provided that dy, do, d3 > d.

13



14 A Ratio-dependent Food Chain Model with Diffusion

Proof. Since a1 < 1, from the proof of Theorem 3.1, we see that
l—a; <u;p <1, us < (m1 — bl)/bl and ug < (m1 — bl)(TTLQ — bg)/(blbz), (46)

so C2(A, €, d) has been found. Similar to the proof of Theorem 3.4 in [28], from the second and
third equations in (2.5), the desired C(A,Q,d) can be obtained. O
The assumption that (4.5) has no positive solution is satisfied in some important parameter

ranges:

Lemma 4.1 Problem (4.5) has no positive solution if one of the following holds:
(i) ag + by < mgy; or

(ii) as + by > mq and a2+m2<\/m1—b1—|—\/@-

In particular, if ap < 1 and either (i) or (ii) holds, the a priori estimate in Theorem 4.3 holds.

Proof. If condition (i) holds, our conclusion is derived from (ii) of Lemma 3.1; if condition (ii)
is satisfied, the proof is the same as that of Corollary 3.5 in [28]. O

In this subsection, we will prove a result which considerably improve Theorem 4.2 if the estimates
in Theorem 4.3 hold. We note that the conditions (i) and (ii) include (3.8), thus the results are
along the same line as the ones in the last subsection. To prove our result, we first prepare two

lemmas.

Lemma 4.2 Assume that f(u) is a continuous function in [0,00) and for some positive constant

a, f(u) >0 in (0,a) and f(u) <0 in (a,00). Then the following problem:
—Au=uf(u) in £, Oyu=0 on 00
has a unique positive solution u(x) = a.

Proof. The above result is easily obtained by the direct application of Lemma 3.1. O

Lemma 4.3 (i) Assume that a; < 1, and assumptions in Theorem 4.3 hold. Let (u1;, ug;, us;) be
a sequence of positive solutions of (2.5) with do = dg; and da; — 00 as i — oo. Then (u14, ug;, us;)
converges to  in [C()]3 as i — oo;

(ii) Assume that a; < 1, and assumptions in Theorem 4.3 hold. Let (uy;, uo;i, us;) be a sequence of
positive solutions of (2.5) with (d1, d3) = (d1i, dsi) and di;, d3; — 00 as i — oo. Then (u1;, ug;, us;)

3

converges to 1 in [C(Q)]3 as i — oo.

Proof. We only prove (i), and (ii) can be proved similarly by using Theorem 3.1 and Lemma
3.1.
From Theorem 4.3, the sequence {(u1;, ug;, u3;)} is bounded in [C'(Q)]? with bound independent

of dg, then some standard arguments show that there is a subsequence of (u1;, ug;, us;) (still labelled
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by itself), such that (uy;, ug;, us;) — (u1,ug,u3) in [C(Q)]3 as i — co. Furthermore, us = ¢ which

is a positive constant, uj,u3 > 0 on Q, and (uj, ¢, usz) solves

—d1Au; = ui(l —up) — aren inQ, d,u; =0 on 09,
uy +c¢
/ { ML g, 9248 } dz =0, (4.7)
o lur +c¢ ¢+ us
—dgAu?, = cmats — b2U3 in Q, 8,,’&3 =0 on 8(2
¢+ us

By Lemma 4.2, from the first and third equations in (4.7), we find u; and ugz are both constants:

mo — bz
ba

Substituting (4.8) into the second equation in (4.7), we find that (uy,c, u3) = a. This verifies that

u1£%{1—0+ \/(1—6)2+4c(1—a1) } and ug = (4.8)

the convergence holds for a subsequence of (w14, u2;, ug;). But the limit is a fixed point, thus the

convergence holds for the whole sequence (uy;, ug;, us;). 0O

Now we state our main result in this subsection:

Theorem 4.4 Assume that a1 < 1, and assumptions in Theorem 4.3 hold.

(i) Let €1 be an arbitrary positive constant. Then there exists Dy = Da(e1, A, Q) such that (2.5)

has no non-constant positive solution provided that min{d;, ds} > €1 and d2 > Ds.

(i) Let ex be an arbitrary positive constant. Then there exists D13 = D1 3(e2, A, Q) such that

(2.5) has no non-constant positive solution provided that dy > €2 and min{d;, d3} > D 3.

Proof. We first prove (i). By (i) of Theorem 4.2, for a fixed large constant D; 3 only depending
on A and , there exists D5 = D3 (A, Q) such that (2.1) has no positive non-constant solution when
di, d3 > D13 and dy > D35. As a result, it suffices to consider the case di, d3 € [e1/2, D1 3].

We make a decomposition: us = wg + £ with fQ wy = 0 and £ € R*. We observe that finding

the positive solution of (2.5) is equivalent to solving the following problem

arur (w2 + &) -
A A 1 —qy) - AW T8) Q. Oyuy = Q,
1Au; +ug (1 —up) R 0 in Q du;=0 on 0
myu(wz +§) az(wa + 5)“3} .
A mwa 8) WU 0 G =0 on 99,
wg—i-p{ P—— 1(wa +§) W L E T 13 in Q, wo on
/ {m1u1(w2+§) by (wa + €) — a2(w2+§)u3} dz = 0, (4.9)
ol up +wy+¢ wao + & + u3
ma(wy + §)us B : B
dzAuz + ————== —boug =0 in Q, d,u3=0 on 01,
we + & + u3
E>0, u,uz>0 in €,

where p = d2_1. Clearly, (u1,ws,&,ug) = (u1, 0, U2, us) is a solution of (4.9) for p > 0.
To prove our theorem, by the finite covering argument, it is sufficient to prove that, for any
fixed dy, d3 € [e1/2, Dy 3], there exists dy > 0 such that if p € (0,00), (d1,ds) € (di — do,dy + o) X

15



16 A Ratio-dependent Food Chain Model with Diffusion
(Lig — 5o, ds + dp), then (1,0, a2, a3) is the unique solution of (4.9). To this end, we define the
following Banach spaces:
WEHQ) ={g € WHH(Q) | 0,9 =0 on 02}, LY ={g € *@)] [ gdo =0},
and denote
F(dy, ds, p, u1, wa, &, uz) = (f1, fo, f3, fa)(dr, ds, p, w1, wa, &, u3)
with

aju (wg +
Ji(dy, d3, p, vy, wa, &, uz) = diAuy +uy (1 —uy) — au(wz +§)

up +wy + &
fa(di, ds, p, u1, wa, &, uz) = Aws +p{”m —bi(wa +£) - m}’
f3(dy, ds, p, uy, wo, £, ug) = /Q {m —bi(we +§) — m} dz,
fa(dy, ds, p, ur, wa, €, ug) = dsAug + m -

Then
F:RTxRT xR x W22(Q) x (L3(Q) NW23(Q)) x RT x W22(Q) — L*(Q) x LA(Q) x R x L*(),

is a well-defined mapping. It is clear that the solutions of (4.9) satisfy F'(di, ds, p, u1, wa, &, us) =
0. Moreover, (4.9) has a unique solution (u1, we, &, us) = (41, 0, 42, t3) when p =0 and (d, d3) =
(dy, d3) from the proof of (i) of Lemma 4.3. Obviously, F is a differentiable mapping, and its partial

derivative with respect to the last four arguments is

U = Dy wn ¢, u) Fd1, ds, 0, 0, 0, @2, i),
U W22(Q) x (L3(Q) NW22(Q)) x R x W22(Q) — L2(Q) x LE(Q) x R x L?(Q)

with _
di1Avy + ajvy + ara(ve + 7)

U (v, v, T,v3) = Avy ,
Jola21v1 + age(v2 4 7) + agzvs} da

d3Avs + aga(va + 7) + azsvs
where a;; are given in §3.

We claim that ¥ is an isomorphism operator. Assume that ¥(vi,ve,7,v3) = (0,0,0,0), then
v9g = 0. Note that a; < 1 implies ay;7 < 0. Then from the equation of vq, it follows that v; =
—a197/ay1. Similarly, vs = —asa7/ags since azz < 0 and 7 € R. We substitute these results into

the integral equations satisfied by (v1,v2, 7, v3) and obtain that

. 423032

12021
(——— +ax

)T =0.
a1 a33
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This is equivalent to det{Gy(a)}7T = 0, where
mlmgﬂ%ﬂ%ﬂg
iy + 1p)? (T2 + U3)?

det{Gy(0)} = —(ai12a21a33 + a11a23a32 — ar1a22a33) = 1 <0

by some basic computations. Therefore 7 = 0, which implies that (v, ve,T,v3) = (0,0,0,0) and ¥

is injective. On the other hand, for a given hy € LE(Q2), the following problem
—Auy =hy in Q, wueL3Q)NW2%(Q)

has a unique solution. By use of det{Gy(01)} < 0 again, one can also check that ¥ is also surjective.
Consequently V¥ is an isomorphism.

By the Implicit Function Theorem, there exist positive constants py and dg such that, for
each p € [0, po] and (dy,ds) € (dy — do,dy + 8o) x (d3 — 8o, ds + 0o), (@1, 0, Gz, G3) is the unique
solution of F'(dy, ds, p, ui, we, &, us) = 0in By, (U1, 0, U, U3), where Bs, (1, 0, 42, @3) is the ball
in W22(Q) x (L3(Q) N W22(Q)) x R x W22(Q) centered at (g, 0, g, ©3) with radius §y. Taking
smaller pp and dy if necessary, we can conclude (i) by use of (i) of Lemma 4.3.

In a similar manner (ii) can be proved. In fact, we write u; = w; + & with [qw; = 0 and

& eRT, (=1, 3), and construct analogous operator

F(d27 P1, P3, Wi, ‘517 u2, ws, ‘53) = (fla f27 f37 f47 f5>(d27 P1, P3, Wi, 517 Uz, w3, ‘53)

with
f1(da, p1, p3, w1, &1, ug, w3, &3) = Awy + p1 {(w1 + &)1 —wr — &) — M} ;
fa(dz, p1, p3, w1, &1, u2, w3, §3) = /Q {(wl +&)1—w — &) — CM} dz,
f3(d2, p1, p3, w1, &1, uz, w3, §3) = deAug + m — brug — m,
fa(da, p1, p3, w1, &1, uz, ws, &3) = Aws + p3 {ﬂm — ba(ws +§3)} ;
fs(d2, p1, p3, w1, &1, ug, w3, §3) = /Q {nm = ba(ws +§3)} dz,

where p; = d; ' (i=1,3). For fixed dy > 0, we can verify that

D 1, us,ws,65) F(d2, 0, 0, 0, @, g, 0, 13) :
(L2(Q) N W22(Q)) x R x W22(Q) x (L(Q) N W22(Q)) x R — L3(Q) x R x L%(Q) x L3(Q) x R

is an isomorphism. As in the discussion of (i), by the Implicit Function Theorem, (ii) of Lemma

4.3 and (ii) of Theorem 4.2, our result is obtained. The proof is complete. O

5 Existence of non-constant positive solutions of (2.5)

This section is devoted to the existence of non-constant positive solutions of (2.5) for certain values

of diffusion coeflicients d; and ds, respectively, while the other parameters are fixed. Our results
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will show that, if the parameters are properly chosen, both the general stationary pattern and more
interesting Turing pattern can arise as a result of diffusion.
For our purposes, we start with some preliminary results. First of all, we study the linearization
of (2.5) at . We denote
X ={uc[C*Q)|du=0 ondQ},

and

Xt={ueX|u;>0 on Q, i=1,2, 3},
B(C)={ueX|Cl<u<C on Q, i=1,2,3}, C>0.
With the diffusion matrix D =diag(di, dz2,ds), (2.5) can be written as

{ ~DAu=G(u) in Q, (5.1)

o,u=0 on 0f),
and u is a positive solution to (5.1) if and only if
Fu=u—(I-A)""D 'G(u)+u} =0 for uec X",

where (I — A)~! is the inverse of I — A in X. As F(-) is a compact perturbation of the identity
operator, for any B = B(C), the Leray-Schauder degree deg(F(-), 0, B) is well-defined if F(u) # 0
on 0B.

We also note that
DyF (1) =T — (I-A) "D 'Gy(1) + I},

and recall that if D,F(u) is invertible, the index of F at u is defined as index(F(-), u)

I

|
—
~—
Y

where ~ is the multiplicity of negative eigenvalues of D,F(u) [25, Theorem 2.8.1].

For the sake of convenience, we denote

H(dy,dy,ds; p) = det{pI — D 1G4 (1)}

1 -
= o 4D — Gu(@), (5.2)

By similar arguments as in [28], it can be shown that:

Proposition 5.1 Suppose that, for all n > 0, the matriz pu, I — D~1Gy(Q) is nonsingular. Then

index(F(-), u) = (—1)7, where = Z dim E(up).
n207H(d1,d2,d3;un)<0

To compute index(F(-), ), we have to consider the sign of H(d,ds,ds; u). Direct calculation

gives

det{/ﬂ) — Gu(ﬁ)} = Ag(dl, d3)ﬂ3 + Ag(dl, dg),uZ + Al(dl, dg)u — det{Gu(ﬁ)} = .A(dl, ds; ,u), (53)
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with
{ As(dy,d3) = didads,  Az(dy,d3) = —{assdidz + (a11dz + agdy)ds},
A1(dy,d3) = arnaszda + (ag2ass — azzazz)di + (a11a22 — a12a21)ds,
where a;; are defined in §3.
We first consider the dependence of A on dy. Let fi;(dy; d2,ds3), i = 1,2,3, be the three roots
of A(d1,ds; ) = 0 satisfying Re{fi1(d1; da,ds)} < Re{fiz(d1; d2,d3)} < Re{fiz(di; d2,d3)}. Since
det{Gy(0)} < 0 and As(dy,ds) > 0, one of fi;(dy; do,ds) is real and negative, and the product of

the other two is positive.

In addition, we have
dlimoo A(dy,ds; p)/dy = pldadsp® — (assda + ageds )y + assass — aszass).
1H

Note that ageass — agzass > 0. If age > 0, or the reverse inequality of (3.5) holds:

i < (b4 @ ™212) /by + g (MY, (5.4

2 ma

and the parameters do and ds satisfy
a33d2 + a22d3 > 0, Al = (a33d2 + a22d3)2 — 4d2d3(a22a33 — a23a32) > 0, (5.5)
we can establish the following

Proposition 5.2 Assume that (5.4) holds, and dy and d3 satisfy (5.5). Then there exists a positive
constant D} such that when di > D7, the three roots [i;(di; do,ds), i = 1,2,3, of A(d1,ds; n) =0

are all real and satisfy

lim fi1(dy; do,ds) =0,

d1—o0
1

}linoo fi2(dy; do, d3) = Sdyds {033612 + agads — VA1} = pa(da, ds) > 0, (5.6)
1

}1_%0 fs(dy; do,ds) = Sdyds {a33d2 + agds + VA } 3(d2, d3) >

Moreover, when dq > D7,

—00 < fi1(dy; da,d3) < 0 < fiz(dy; da,d3) < fi3(dy; da,d3),
A(dy,ds; ) <0 if pe (—oo, fi1(dr; d2,d3)) U (fie(di; do,ds), fiz(di; do,ds)), (5.7)
A(dy,ds; ) >0 if p € (fin(dy; da,ds), fiz(di; da,d3)) U (fiz(dy; da,ds3), 00).

Similarly, we consider ds as the parameter, and d; and ds satisfy
ards + asedi >0, Ay = (a11ds + azdy)? — 4dida(ariaze — arzas) > 0, (5.8)

then we have
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Proposition 5.3 Assume that (5.4) holds, and dy and dy satisfy (5.8). Then there exists a positive

constant D% such that when dz > D3, the three roots fii(ds; di,d2), i =1,2,3, of A(di,ds; ) =0

are all real and satisfy:

lim fi1(ds; di,d2) <

dz—00
lim ,ug(dg, dq, dz) odid {a11d2 + aged; — \/XZ} = N;(dlv d2) >0
d3—o0 162

lim fis(ds; di,da) =

1
S0y {alldQ + agd) + VA } = p3(dy,da) > 0.
dz—00

Moreover, when d3 > D3,

—00 < ﬂl(dg; dl,dQ) <0< ﬂg(dg; dl,dg) < ﬂ3<d3; dl,dg),
A(dy,ds; p) <0 if p € (—oo, fi1(ds; di,d2)) U (fia(ds; di,d2), fiz(ds; di,d2)),
A(dy,d3; p) >0 if p e (fin(ds; di,dz), fi2(ds; di,d2)) U (fi3(ds; di,dz), o0).

Remark 5.1 Simple computations show that p3(dy,d2) = 0 if and only if a11a20 — ajea < 0.

In virtue of Theorem 4.3, Theorem 4.2, Proposition 5.1 and Proposition 5.2, the first result of

existence of non-constant positive solutions of (2.5) can be stated as follows.

Theorem 5.1 Assume that a1 < 1, (5.4), (5.5) and assumptions in Theorem 4.3 hold. If
p3(dz, d3) € (pi, piv1) and p3(da,ds) € (pj, pja) for some j > 1 >0, where p5(dz, ds), p3(dz, ds)
are defined in Proposition 5.2, and the sum ZiL:iH dim E(uy,) is odd, then there exists a positive

constant Dy such that, if di > [)1, (2.5) admits at least one non-constant positive solution.

Proof. By Proposition 5.2 and our assumptions, there exists a positive constant Dy, such that
when d; > Dy, (5.7) holds and

pi < fio(dy; do,d3) < piv1, py < f3(dy; do,d3) < pjqr. (5.9)

According to Theorem 4.2, for dl and cZ3 satisfying ,ulcil > 1, ,uchg > mo — by, there exists large
dg such that (2.5) has no constant positive solutions when d; > dl, pide > dg and dg > (fg. In
addition, since det{Gy (1)} < 0 and lim,_.o pn = 00, from (5.3), we can further choose dy, da and
ds to be so large that

H(dy, dy, ds; 1n) >0 for all n > 0. (5.10)

Now we show that for any dy > Dl, (2.5) has at least one non-constant positive solution. The
proof, which is accomplished by contradiction argument, is based on the homotopy invariance of the

topological degree. Suppose on the contrary that the assertion is not true for some d; = Jl > ﬁl.
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We fix dy = d;. Let d;(t) = td; + (1 —t)d;, i = 1,2,3 and define D(t) = diag(dy (t), da(t), ds(t)).
Now we consider the problem
—D(t)Au = G(u in €,
(0 (w) 5
o,u=0 on 0Of2.

Then u is a positive non-constant solution of (2.5) if and only if it is a positive solution of (5.11)
for t = 1. It is obvious that @ is the unique constant positive solution of (5.11) for any 0 < ¢ < 1.

For any 0 <t < 1, u is a positive solution of (5.11) if and only if
F(t; u) =u— (1-A) "D ($)G(u) +uf =0 for ueX"

Clearly, F(1; u) = F(u). Theorem 4.2 shows that the only positive solution of F(0; u) = 0 is u.

From direct calculation,
DyF(t;0) =1— (I A" YD (1)Gy(a) + 1.
In particular,

DuF(O; ) = I- (I - A)_l{’f)_lGu(ﬁ) + 1}7
DyF(1;a) = I—(I-A)" YD 'Gyu(d) +1I} = DyF(u),

o

where D = diag(dy, da, d3). From (5.2) and (5.3) we see that

H(dy,dg,ds; 1)

1
= dy,ds; ). 12
T Al ds ) (512)

In view of (5.7) and (5.9), it follows from (5.12) that
H(dl,dg,dg; ,LL()) = H(O) > 0,
H(d17d27d3;:un)<07 Z+1§n§]7
H(dy,da,ds; pun) >0, 1<n<i and n>j+1.
Therefore, zero is not an eigenvalue of the matrix y;I — D~ Gy(1) for all n > 0, and
J
Z dim E(u,) = Z dim E(uy) = an odd number.
n>0,H (d1,d2,d3; pin ) <0 n=i+1

Then Proposition 5.1 shows that
index(F(1; -), ) = (—-1)" = —1. (5.13)
On the other hand, by (5.10) and Proposition 5.1 again, we obtain that
index(F(0; -), ) = (—1)" = 1. (5.14)

In view of d; > Dy, by Theorem 4.3, there exists a positive constant C' = C([?l, ds, ds, dl, dg, 623, A)
such that, for all 0 <t < 1, the positive solutions of (5.11) satisfy 1/C' < w1, ug, us < C. Therefore,
F(t; u) # 0 on 0B(C) for all 0 <t < 1. By the homotopy invariance of the topological degree,

deg (F(1; ), 0, B(C)) = deg (F(0; -), 0, B(C)). (5.15)
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Moreover, under our assumptions, the only positive solution of both equations F(1; u) = 0 and
F(0; u) =0 in B(C) is a, and hence, by (5.13) and (5.14),

deg (F(0; -), 0, B(C)) = index(F(0; -),u) =1
and
deg (F(1; -), 0, B(C)) = index(F(1; ), u) = —1.

This contradicts (5.15) and the proof is complete. O

Remark 5.2 When ds is fixed, we note that limg, .o u5(da,ds) = (agas3 — aszasz)/(ads),

limg, o p3(de,d3) = oo and (5.5) is automatically fulfilled for small dy. Therefore, if for all
i=0,1,2,- -, p; are simple and (ageass — aszasz)/(azeds) # pi, by Theorem 5.1, when a; < 1
and the assertion of Theorem 4.3 hold, there exist two sequences of intervals {(6,62)}%2; and
{(©;},02)}>°, satisfying 62, < 0}, ©2 < O}, and 6}, 02 — 0 while O}, ©2 — co as n —
such that (2.5) admits at least one non-constant positive solution for all d; € (©},02) and
de € (01,6%2), n =1,2,3,---. Recall that Theorem 4.3 holds when conditions (i) or (ii) in Lemma

4.1 holds. When (i) (same as (3.8)) holds, (5.4) is not satisfied. But when (ii) in Lemma 4.1 holds,

conditions in Theorem 5.1 can be satisfied.
Similarly, let us consider the case of large d3. By Proposition 5.3 and Remark 5.1, we have

Theorem 5.2 Assume that a1 < 1, (5.4), (5.8) and Theorem 4.3 hold.

(i) If annazz — arzaz > 0, p3(di, da) € (i, pit1), w3(di, d2) € (b, pj+1) for some j > i >0,
and Y21 dim E(uy,) is odd,

(ii) If arnae — a12a21 <0, p3(di, d2) € (@, pj+1) for some j > 0, and Zf@:l dim E(uy,) is odd,
where ps(dy, ds), u5(di,ds) are defined in Proposition 5.3, then there exists a positive constant Ds

such that, if d3 > D3, (2.5) admits at least one non-constant positive solution.

Remark 5.3 By Proposition 5.3, regardless of the sign of ajjase — ajea21, we have the similar
conclusion as in Remark 5.2. In addition, we mention that the sign of ai1a99 — a12a91 is indefinite
when a; < 1, age > 0, U exists, and the assertion of Theorem 4.3 holds (note that, if \/as + mg <
vV/mi — by + /b, then Theorem 4.3 is true by Lemma 4.1). The detailed analysis on this claim is
left to the appendix.

Remark 5.4 Fix d; and da, by Remark 3.1, if m; = (b1 + az(me —bz)/mg)Q/(bl + az(mg —
b2)?/m3) — o(b1), and by — 0, ag, by, my are properly chosen and either a; — 1/2 or a; — 1,
and ds is sufficiently large, Turing instability actually happens. Furthermore, combined with the
analysis of our appendix, (i) of Proposition 7.2 also holds for such chosen parameters. With proper
choices of d; and do, we can find certain parameter ranges guaranteeing the existence of both Turing
instability and the non-constant positive solution to (2.5) by (i) of Theorem 5.2. As a consequence,

Turing patterns exist for these parameter ranges.
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6 Conclusions

In this paper, we analyze a reaction-diffusion food chain model with ratio-dependent functional
response. We are mainly concerned with the coexistence of the three species, and we focus on the
case of weak predation rate for the pest species (i.e., a; < 1). In particular, the existence and
non-existence of non-constant positive steady states have been established. The existence results

provide a theoretical support for pattern formation caused by diffusion.

We summarize our investigation here, and we hope to reveal some interesting phenomena of
pattern formation in population ecology. We always assume the existence of a constant co-existence.
The main results of §3 and §4 show that this constant coexistence steady state u is the only steady
state, if, (a) both of the predation rates a; and ag are small; (b) a; is small while ay is suitably
chosen, and either the pest or the other two species diffuse fast (Theorem 4.4). In the former case,
we are also able to find a more restrictive parameter range so that u is globally asymptotically stable
(Theorem 3.3). This can also be seen from a bifurcation point of view. Here if we assume that a;
is small, then stronger stability results of  can be proved when as is smaller. When ay is close to
zero, then 1 is globally asymptotically stable; when ag increases, u is still locally asymptotically
stable but may not be globally asymptotically stable, and it is still the only steady state; and when
as further increases, 1 becomes unstable for both the ODE and the reaction-diffusion system, and
non-constant patterns exist in this case. In the latter case, the diffusion of the first or third species
must be large enough (see Theorem 5.1 and Theorem 5.2). Thus for small a; and suitable as,
the quick migration of the plant or top predator enhances the formation of spatial pattern for the
system. In contrast, the quick migration of the pest or both the plant and top predators tends
to prevent the system from generating pattern. It is well-known that fast diffusion of all species
in a biological system will not lead to spacial inhomogeneous patterns, see [6]. Our result shows
the importance of the diffusion rate of the middle species in a food chain. The large diffusion rate
of the pest (middle species) alone can lead to the nonexistence of spatial patterns, but if the pest
diffusion rate is not large, then all other diffusion rates must be large to prevent the occurrence
of patterns. On the other hand, large diffusion rate of top species or bottom species will help
the generation of patterns. This demonstrates that, in an ecological model, different diffusions
may play essentially different roles in developing spatial patterns. In addition, taking into account
the close relationship between the time-dependent solutions to a reaction-diffusion system and the
corresponding steady state solutions, to a great extent, the dynamical behaviors of (2.4) will be

determined by the diffusions of the three species.

These conclusions can also be compared with those in [28] and [36]. In the absence of ug, (2.4)
becomes the prey-predator model studied by Pang and Wang in [28]. The results of existence
and non-existence of non-constant positive solutions there indicate that large ds contributes to the
evolution of heterogeneousness for the dynamics, while large d; tends to increase the possibility of
spatial uniform distribution. Therefore, combined with the our conclusions for (2.5), this suggests

that the structure of solutions to the model in [28] will be significantly different due to the emergence
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of the top predator, which in turn leads to the qualitative change of the biological mechanism of
the system. Such phenomenon was also discussed in Lou, Martinez and Ni for the classical Lotka-
Volterra competition model in [20].

In [36], Wang investigated a three-species prey-predator model. In that model, the interaction
between the lower and middle species is described by Holling-II type functional response (prey-
dependent) while the functional response between the middle and top species is of ratio-dependence
(predator-dependent). It was proved that Turing pattern may appear if both d; and ds are large,
but will not if dy is large. Therefore the results of the present paper and [36] show that the formation
of Turing pattern in the biological models with the same degree of complexity depending on the
choices of functional responses. In other words, the feeding strategy of predators may be one of the
determining factors in producing Turing pattern. In a very recent work [2], Alonso et. al. performed
some numerical calculations indicating that predator-dependent models are sometimes capable of
generating Turing pattern while similar prey-dependent models are not. Hence our theoretical
analysis for the food chain model rigorously confirms the outcome of computer simulation in [2].

Finally we point out that some of our mathematical techniques in §4 and §5 can be applied
to deal with the prey-predator model proposed by Pang and Wang in [28] and derive some new
a priori estimates for positive steady state solutions and non-existence results for non-constant

positive steady state solutions.

Acknowledgment: The authors wish to thank the referees for their constructive comments,

which led to a significant improvement of the original manuscript.

APPENDIX: Analysis on some conditions of the existence of non-constant positive
solutions to (2.5)

In §6, to prove the existence of non-constant positive solutions to (2.5), we have made some
hypotheses, namely, a1 < 1, age > 0, G exists, and Theorem 4.3 holds (in particular, v/ag + ma <
vmi — by + /by means that Theorem 4.3 is true). We list these conditions as follows:

a1<1, m2>bg, A>1<:>a2(m2—b2)/m2+b1<m1,

\/a2+m2<\/ml—b1+\/£<:>(\/a2+m2—\/@)2+b1<m1, (G.l)

ag >0 m; < (b1 + ag(mg — bg)/Mg)Q/(bl + CLQ(mQ — bg)z/mg)

In the following, we will verify the claim made in Remark 5.3, which says that ai1a20 — aj2a91
is indefinite when (G.1) hold. First of all, by the definitions of a1, as2, ai2, as1, the direct compu-

tations yield that
Proposition 7.1 Define
Q = —(1—ay)agba(ma —bo) A% + (1 — ay)mim3 A% +[(2a1 — 1)mym3 — ajasb(ma — by)]A — aymyms3,

then aji1age — aioa > 0 <= Q > 0. Moreover, we note that

(i) As ayp — 0, Q — (mlm%(A - 1) - agbg(mg — bz)A2)A;
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(ii) As ayp — 1/2, Q — —%GQbQ(mQ — bz)AS — %CLQbQ(mQ - bQ)A + %mlm%(A + 1)(A — 1);
(iii) As al — 1, Q — 'mlm%(A — 1) — Gsz(mg — bg)A.

Proposition 7.2 The following results hold:

(i) If we take m1 = (by + ag(ma — ba)/ma)? /(b1 + ag(ma — ba)2/m3) — o(b1), then (G.1) can be
satisfied and @ > 0 if by — 0, ag, by, ma are properly chosen and either a; — 1/2 or a1 — 1;

(i) If we take my = by + 1, then (G.1) can be satisfied and Q < 0 if by — oo, ag > 1, by, mo

are properly chosen, and either a; — 0 or a; — 1/2 or a; — 1.

Proof. (i) As by — 0, m; — a2 and A — mgo/(mg — be), it is clear that @@ > 0 provided that
by — 0 and either a; — 1/2 or a; — 1 by Proposition 7.1. On the other hand, it is clear that there
are ag, ba, mo such that (i) holds.

Now, we verify (ii). If a — 1, Q — mym3(A — 1) — agba(mg — by)A. Choose m1 = by + 1 and

let by — oo , we note that A — 1 and m1(A — 1) — 1 — ag(mg — be)/my. Therefore,
Q < 0<=1—az(mg —ba)/ma < agba(1 — by/m2)/mo. (G.2)
By the above choice, (G.1) becomes equivalent to
as(mg —ba)/ma < 1, 1+ az(mg— bg)Q/m% < 2as(ma — ba)/ma, Vag +ma <1+ Vbo. (G.3)

Claim: There exist ag, be, mo and by < mg such that (G.2) and (G.3) are true. In fact, let

by = amg, where « € (0, 1) will be determined later. If ag > 1, solving (G.3), we have

(a2 —1)/as < a < /(a2 —1)/az and a><\/1+a2/m2—\/1/m2)2.

It is evident that if

0oz = 1)/az > (1 +az/my — \/1/m ), (G.4)

there is a such that (G.3) holds. We verify that there exist as and mg such that (G.4) is valid. Let

ay = Bmgy, where 8 € (0,00) will be determined later, and denote

F8) = {1 = 1/az + \/B/as — VIFB.

So, for some 3 > 0, f(3) > 0 <= (G.4) holds for some as and mgy. Simple analysis shows that
f(B) attains its maximal value at § = 1/(ag — 1) and f(1/(az — 1)) > 0. Take 8 = 1/(ag — 1).
According to our notations, (G.2) becomes equivalent to as(1 —a?) —1 > 0. If a = \/(az — 1)/az,
az(1 — a?) — 1 = 0. Hence, we can find o which is close to but less than y/(az — 1)/az such that
(G.2) is valid. Consequently, our claim holds.

For a; — 0 or ay — 1/2, as above, similar analysis can be done. Therefore, from these

arguments, it can follow that (ii) is also true under our requirements. O
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