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Abstract

The most common objective function of task scheduling
problems is makespan. However, on a computational grid,
the 2nd optimal makespan may be much longer than the op-
timal makespan because the speed of each processor of a
grid varies over time. So, if the performance measure is
makespan, there is no approximation algorithm in general
for scheduling onto a grid. In contrast, recently the au-
thors proposed the computing power consumed by a sched-
ule as a criterion of the schedule. For the criterion, this
paper gives a (1 + L
p(n)�m(loge(m�1)+1)n )-approximation
algorithm for scheduling precedence constrained coarse-
grained tasks with the same length onto a grid where n is
the number of tasks, m is the number of processors, andL
p(n) is the length of the critical path of the task graph.
The proposed algorithm does not use any prediction infor-
mation on the performance of underlying resources. L
p(n)
is usually a sublinear function of n. So, the above perfor-
mance guarantee converges to one as n grows. This result
implies a non-trivial result that the computing power con-
sumed by an application on a grid can be limited within(1+ L
p(n)�m(loge(m�1)+1)n ) times that required by an opti-
mal schedule in such a case.

1 Introduction

Public-resource computing [3], such that the project

SETI@home [3] has been carrying out, is the computing
which is performed with donated computer cycles from
computers in homes and offices in order to perform large
scale computation faster. Public-resource computing is one
form of grid computing. In public-resource computing, the
original users also use their computers for their own pur-
pose. So, their use may dramatically impact the perfor-
mance of each grid resource. In the following, this paper
refers to a set of computers distributed on the Internet and
participated in public-resource computing as acomputa-
tional grid (or simply agrid). In this paper, a grid is mod-
eled as a heterogeneous parallel processors such that the
speed of each processor varies over time.

This paper addresses task scheduling of a single appli-
cation onto a computational grid. In a grid, communication
delay is large. So, for achieving high performance, it is
necessary that the granularity of an application on a grid is
coarse-grained1. Hence, we assume that an application con-
sists of coarse-grained tasks. For example, in the project
SETI@home, each task takes 3.9 trillion floating-point op-
erations, or about 10 hours on a 500MHz Pentium II, yet in-
volves only a 350KB download and 1KB upload [3]. There-
fore, for the purpose of scheduling a single application,
a computational grid can be modeled as a heterogeneous
parallel machine such that processor speed unpredictably
varies over time and communication delays are negligible.

1In this paper,coarse-grain means that the execution time of every task
is much longer than the communication delay required by the task. So, in
a coarse-grained task graph, communication delay is negligible in spite of
large communication delay on the Internet.



The most common objective function of task schedul-
ing problems (both for a grid and for a non-grid parallel
machine) is makespan. However, on a grid, makespan of
a non-optimal schedule may be much longer than the opti-
mal makespan because the computing power of a grid varies
over time. For example, consider an optimal schedule with
makespanOPT . If a grid is suddenly slowed down at timeOPT and the slow speed situation continues for a long
period, then the makespan of the second optimal sched-
ule is far fromOPT . So, if the criterion of a schedule is
makespan, there is no approximation algorithm in general
for scheduling onto a grid.

In contrast, recently the authors proposed the computing
power consumed by a schedule as a criterion of the schedule
and, for the criterion, gave an approximation algorithm for
scheduling independent coarse-grained tasks with the same
length onto a grid [7]. The proposed criterion is called to-
tal processor cycle consumption (TPCC, for short), which
is the total number of instructions the grid could compute
from the starting time of executing the schedule to the com-
pletion time. TPCC represents the total computing power
consumed by an application.

For the criterion, this paper gives a(1 +L
p(n)�m(loge(m�1)+1)n )-approximation algorithm, called
LR (Level-wise scheduling with Replication), for schedul-
ing precedence constrained coarse-grained tasks with the
same length onto a grid wheren is the number of tasks,m is the number of processors, andL
p(n) is the length
of the critical path of the task graph. LR does not use
any prediction information on the performance of under-
lying resources. L
p(n) is usually a sublinear function
of n. So, the above performance guarantee converges
to one asn grows. The purpose of grid computing is
to accomplish very large scale scientific computation.
So, typically n is very large. This result implies that,
regardless how the speed of each processor varies over
time, the consumed computing power can be limited within(1 + L
p(n)�m(loge(m�1)+1)n ) times the optimal one. This is
not trivial because makespan cannot be limited even in the
case.

The remainder of this paper is organized as follows.
First, Section 2 defines the grid scheduling model used in
this paper. Next, Section 3 describes the contrast between
the proposed algorithm and the algorithms in related works.
Then, Section 4 shows the proposed algorithm LR. Last,
Section 5 proves the performance guarantee of LR.

2 A Grid Scheduling Model

2.1 A Performance Model

The length of a task is the number of instructions in the
task. Thespeed of a processor is the number of instructions

computed per unit time. A grid is heterogeneous, so pro-
cessors in a grid have various speed by nature. In addition,
the speed of each processor varies over time due to the load
by the original users in public-resource computing. That is,
the speed of each processor is the excess computing power
of the processor which is not used by the original users and
is dedicated to a grid. Letsp;t be the speed of processorp
during time interval[t; t+1) wheret is a non-negative inte-
ger. Without loss of generality, we assume that the speed of
each processor does not vary during time interval[t; t+ 1)
for everyt by adopting enough short time as the unit time.
We also assume that we cannot know the value of anysp;t in
advance.sp;t may be zero if the load by the original users is
very heavy or the processor is powered off. For simplicity,
processor addition, processor deletion, and any failure are
not considered in this paper. Fig. 1(b) shows an example
of processor speed distribution. Note that processorP3 has
speed zero during time interval[1; 3).
2.2 A Schedule

A task graph is represented by a directed acyclic graphG = (V;E) with every node weightL, whereV is a set
of nodes,E is a set of directed edges, andL is a positive
integer. We write a directed edge from nodeu to nodev as(u; v). Fig. 1(a) shows an example of a task graph. The
numerical value close to nodev in Fig. 1(a) denotes the
weight ofv. This paper assumes that every node weight is
the same asL. An application program on a grid is modeled
as a task graph. A node in a task graph represents a task in
the application. An edge(u; v) means that the computation
of v needs the result of the computation ofu. If (u; v) 2 E,
tasku is called animmediate predecessor of taskv. A task
that has no immediate predecessor is called anentry task.
The length of a path in a task graph is the number of tasks
on the path. Thelevel level(v) of taskv is the length of the
longest path fromv to an entry task. The longest path in a
task graph is called thecritical path in the task graph.

Letm be a number of processors in a computational grid.
Let G = (V;E) be a task graph with every task lengthL.
We define a schedule ofG as follows. A schedule S ofG onto a grid withm processors is a finite set of tripleshv; p; ti which satisfies the following rules R1, R2, and R3,
wherev 2 V , p (1 � p � m) is the index of a processor,
andt is thestarting time of taskv. A triple hv; p; ti 2 S
means that the processorp computes the taskv between
time t and timet+ d whered is defined so that the number
of instructions computed by the processorp during the time
interval[t; t+d) is exactlyL. We callt+d thecompletion
time of the taskv. Note that starting time and completion
time of a task are not necessarily integral.

R1 For eachv 2 V , there is at least one triplehv; p; ti 2 S.
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Figure 1. The proposed grid scheduling model

R2 There are no two tripleshv; p; ti; hv0; p; t0i 2 S witht � t0 < t+ d wheret+ d is the completion time ofv.

R3 If (u; v) 2 E and hv; p; ti 2 S, then there exists a
triple hu; p0; t0i 2 S with t0 + d0 � t wheret0 + d0 is
the completion time ofu.

Informally, the above rules can be stated as follows. The
ruleR1 enforces each taskv to be executed at least once.
The ruleR2 says that a processor can execute at most one
task at any given time. The ruleR3 states that any task
must receive the required data (if it exists) before its start-
ing time. A triplehv; p; ti 2 S is called thetask instance
of v. Note thatR1 permits a task to be assigned onto
more than one processor. Such a task has more than one
task instances. To assign a task onto more than one pro-
cessor is calledtask replication. The makespan of S is
the maximum completion time of all the task instances in

S. For example, Fig. 1(c) shows a schedule ofG, i.e.,fhv1; P2; 0i; hv2; P1; 7=2i; hv3; P2; 7=2i;hv4; P3; 7=2i; hv5; P3; 27=4ig. The makespan of the sched-
ule is48=5.

2.3 A Criterion of a Schedule

LetG = (V;E) be a task graph with every task lengthL.
LetS be a schedule ofG onto a grid withm processors. LetM be the makespan ofS. Let sp;t be the speed of processorp during the time interval[t; t+1). Then, thetotal proces-
sor cycle consumption (TPCC, for short) ofS is defined asPmp=1PbM
�1t=0 sp;t+Pmp=1(M�bM
)sp;bM
. For exam-
ple, TPCC of the schedule in Fig. 1(c) is32 + 55 + 48 +7� 35 + 6� 35 + 5� 35 = 145:8.

The criterion means the total computing power dedicated



to the application. The longer makespan is, the larger TPCC
is. Conversely, the larger TPCC is, the longer makespan
is. That is, every schedule with good TPCC is a schedule
also with good makespan. The goodness of the makespan
seems to be reasonable for the dedicated computing power,
i.e., the corresponding TPCC . In this sense, the criterion is
meaningful.

2.4 A Grid Scheduling Problem

This paper addresses the following grid scheduling prob-
lem:� Instance: A task graphG of n tasks with the same

lengthL, a numberm of processors, unpredictable
speedsp;t of processorp during the time interval[t; t+ 1) for eachp andt� Solution: A scheduleS of G onto a grid withm pro-
cessors� Measure: The TPCC

Pmp=1PbM
�1t=0 sp;t +Pmp=1(M � bM
)sp;bM
 of S where M is the
makespan ofS

A makespan optimal schedule is a schedule with the
smallest makespan among all the schedules. Anoptimal
schedule is a schedule with the smallest TPCC among all
the schedules. Note that the set of makespan optimal sched-
ules is the same as the set of optimal schedules.

3 Related Works

This section summarizes known results on complexity,
heuristic algorithms, optimal algorithms, and approxima-
tion algorithms for scheduling onto a homogeneous parallel
machine, a heterogeneous parallel machine, or a grid. First,
Section 3.1 introduces a brief notation to describe various
scheduling problems. Next, Section 3.2 summarizes known
results in the case of invariable processor speed. In this case,
all the known results are for some simple task graphs (i.e.,
a set of independent tasks, tree, or chains). No results are
known for a general task graph. Then, Section 3.3 summa-
rizes several known results in the case of variable processor
speed. In this case, all the known results are heuristic algo-
rithms, i.e., algorithms without performance guarantee.

Thus, for grid scheduling (i.e., scheduling forQ; sjk),
all the known algorithms are heuristic algorithms, i.e., al-
gorithms without performance guarantee. In contrast to
this, the proposed algorithm is an approximation algorithm,
i.e., an algorithm with performance guarantee. Even in
the case of invariable processor speed (i.e., scheduling forQ), neither optimal algorithm nor approximation algorithm

is known for a general task graph (i.e., prec). The pro-
posed algorithm is the first approximation algorithm for grid
scheduling.

3.1 Problem Description

For describing problems, the shorthand notation slightly
extended from one in the literature [10] is used. Problems
are described by three fields (e.g.,P jpj = 1jCmax wherej is a delimiter): the left field represents the machine en-
vironment, the middle field describes constraints, and the
right field describes the objective function criterion.

Possible machine environments in the left field include
’P ’, ’ Pm’, ’Q’, ’Qm’, and ’Q; sjk ’. Notation ’P ’ indicates
thatm identical parallel processors are available, wherem
is part of the problem instance. Notation ’Pm’ indicates thatm identical parallel processors are available. Notation ’Q’
indicatesm parallel processors with speed ratios, wherem
is part of the problem instance. Notation ’Qm’ indicatesm parallel processors with speed ratios. Notation ’Q; sjk ’
indicatesQ such that processor speed unpredictably varies
over time.

Possible constraints in the middle field include ones
on the topology of the task graph, task processing times,
and communication delays. Notation ’prec’ denotes that
a precedence relation is imposed on the tasks. Notation
’chains’ and so on denotes the precedence relation im-
posed on the tasks. If any topology is not specified, then it
means that a set of independent tasks is specified. Notation
’pj = 1’ indicates all the tasks have unit processing times.
Notation ’unpredictablepj ’ indicates every task processing
time cannot be known in advance. Notation ’
jk = 1’ indi-
cates all the communication delays are unit times.

Possible criteria in the right field includeCmax andP sjk . Notation ’Cmax’ indicates that the criterion is
makespan of a schedule. Notation ’

P sjk ’ indicates that
the criterion is TPCC of a schedule.

Using this notation, the problem tackled in this paper is
represented asQ; sjkjprec; pj = LjP sjk (whereL is a
given constant).

3.2 The Case of Invariable Processor Speed

Let n be the number of tasks. Letm be the number of
processors. Let PTAS be the class of problems that admit
a polynomial-time approximation scheme [24]. Let FPTAS
be the class of problems that admit a fully polynomial-time
approximation scheme [24]. Then, the following results are
known:� P jjCmax is stronglyNP-hard [9].� P2jjCmax isNP-hard [18].



� P jprec; pj = 1jCmax isNP-hard [23].� Qjchains; pj = 1jCmax isNP-hard [14].� Qjchains; pj = 1jCmax is stronglyNP-hard [16].� Qjchains; pj = 1; 
jk = 1jCmax is stronglyNP-
hard [16].� Q2jchains; pj = 1jCmax can be solved in polynomial
time [5].� Q2jtree; pj = 1jCmax can be solved in polynomial
time if one processor isa times faster than the other,
wherea is an integer [15].� Q2jtree; pj = 1jCmax can be solved in polynomial
time if one processor is(1 + 1=k) times faster than
the other, wherek is an integer [8].� Qjpj = 1jCmax can be solved inO(n2) time [10].� Qjpj = 1jCmax can be solved inO(n logm)
time [17].� Q2jjCmax is approximable within a factor of(1 + �)
in O(n2=�) time for any� > 0 [13]. (Q2jjCmax is in
FPTAS.)� QjjCmax is approximable within a factor of(1 + �) inO((logm+log(3=�))(n+8=�2)m �n3+40=�2) time for
any0 < � � 1 [12]. (QjjCmax is in PTAS.)� Q2jcomplete intree; pj = 1; 
jk = 1jCmax can be
solved inO(n) time [4].� Q2jchains; pj = 1; 
jk = 1jCmax can be solved inO(n) time [16]

3.3 The Case of Variable Processor Speed� For Q; sjkjjCmax, some heuristic algorithms without
task replication are known [1, 6, 11, 20, 25].� ForQ; sjkjjCmax, some heuristic algorithms with task
replication are known [3, 19].� For Q; sjkjjCmax, the authors gave a(1 + m(loge(m�1)+1)n )-approximation algorithm [7].� For Q; sjkjprecjCmax, some heuristic algorithms
without task replication are known [2, 21, 22].

Algorithm LR
Input: A task graphG with the same length tasks,
a numberm of processors
Output: A dynamic schedule ofG ontom processors
begin

Compute the level of every task inG.
LetL
p(n) be the maximum level of the levels of
all the tasks inG.
for i:=1 to L
p(n) do begin

Let V be the set of the tasks with leveli in G.
/* Note that every task inV is independent of */
/* the other tasks inV . */
/* Hence,V can be scheduled by RR. */
ScheduleV onto them processors
using sub-algorithm RR.

end
end

Figure 2. A Pseudo Code of LR

4 The Proposed Algorithm LR

For minimum TPCC scheduling of independent coarse-
grained tasks with the same length, recently the authors
presented(1 + m(loge(m�1)+1)n )-approximation algorithm
RR (list scheduling with Round-robin order Replication)
wheren is the number of tasks andm is the number of pro-
cessors in a grid [7]. RR does not use any prediction infor-
mation on the underlying resources. RR achieves the above
approximation ratio regardless how the speed of each pro-
cessor unpredictably varies over time. RR uses task repli-
cation.

LR uses RR as a sub-algorithm. Notice that, in a task
graph, the tasks with the same level are independent each
other. LR schedules precedence constrained tasks level by
level using RR. First, LR schedules the tasks with level1
(i.e., the entry tasks) using RR. After completion of all the
tasks with level1, LR schedules the tasks with level2 us-
ing RR. After completion of all the tasks with level2, LR
schedules the tasks with level3 using RR. LR repeats this
process until all the tasks are scheduled. Fig. 2 shows a
pseudo code of LR.

5 The Performance Guarantee of the Pro-
posed Algorithm LR

On the properties of RR, the authors proved the follow-
ing lemmata in [7]:

Lemma 1 From the starting time of a schedule to the com-
pletion time, RR never makes processors idle.



Lemma 2 The total number of replicas in a schedule gen-
erated by RR is at most m loge(m� 1) +m.

These lemmata can be used to prove the approximation
ratio of LR as follows.

Theorem 1 The TPCC of a schedule generated by LR is
at most (1 + (L
p(n) �m(loge(m � 1) + 1))=n) times the
optimal TPCC .

Proof: Consider scheduling precedence constrainedn
tasks such that every task hasL instructions. LetOPT be
the optimal makespan. LetL
p(n) be the length of the criti-
cal path of the task graph. Letnl be the number of the tasks
with level l (1 � l � L
p(n)). From Lemma 1 and Lemma
2, LR computes thenl tasks for at most(nl +m(loge(m�1) + 1))L TPCC using RR as a subroutine. So, the total

TPCC required by LR is
PL
p(n)l=1 (nl +m(loge(m � 1) +1))L = (PL
p(n)l=1 nl)L+(L
p(n)�m(loge(m�1)+1))L =nL+(L
p(n)�m(loge(m�1)+1))L. On the other hand, the

optimal TPCC is at leastnL because the grid must performnL instructions until timeOPT . So, the theorem follows.
Theorem 1 implies the following things:� L
p(n) is usually a sublinear function ofn. So, ifm

is fixed, then the approximation ratio of LR decreases
with an increase inn. Thus, the approximation ratio
of LR converges to one asn grows. The convergence
speed depends on how smallL
p(n) is relative ton.� If n is fixed, then the approximation ratio of LR in-
creases gradually with an increase inm.

Therefore, it turns out that LR generates almost optimal
schedules if the number of tasks is enough larger than the
number of processors. Table 1 through Table 3 show some
values of approximation ratios of the proposed algorithm
LR in the case thatL
p(n) = log2 n, L
p(n) = 3pn, andL
p(n) = pn. As shown also in Table 1 through Table 3,
smallL
p(n) is desirable. SmallL
p(n) means high paral-
lelism of the corresponding task graph. In conclusion, it can
be stated that the proposed algorithm achieves good approx-
imation ratios if the given task graph has high parallelism,a
large number of tasks relative to the number of processors,
and coarse granularity.

6 Conclusion

This paper has shown that minimum processor cy-
cle scheduling is approximable within a factor of(1 +L
p(n)�m(loge(m�1)+1n ) without using any kind of prediction
information in the case of precedence constrained coarse-
grained tasks with the same length. This result implies a

non-trivial result that, in such a case, wasteful use of ded-
icated computing power can be limited without any pre-
diction information on the performance of underlying re-
sources, regardless how the speed of each processor varies
over time.
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Table 2. Approximation ratios of the proposed algorithm LR in case that L
p(n) = 3png
# of processors

32 64 128 256 512 1024

# of tasks

100000 1.051325301 1.123716658 1.289084476 1.660998835 2.487189169 4.304295129
200000 1.032291326 1.077853436 1.181945459 1.416070474 1.936205072 3.080244698
300000 1.024627458 1.059382419 1.138788627 1.317397709 1.714211207 2.587029865
400000 1.020321467 1.049003004 1.114535282 1.261941625 1.589439539 2.309806644
500000 1.017507568 1.042219625 1.098683746 1.225694914 1.507884526 2.128599007
600000 1.015500464 1.037380855 1.087375907 1.199837128 1.449703068 1.999322568
700000 1.013984233 1.033725311 1.07883288 1.180301169 1.40574519 1.901648682
800000 1.012791325 1.030849165 1.072111119 1.164929709 1.371157292 1.824793782
900000 1.011823922 1.028516641 1.066659715 1.152463108 1.343105345 1.762461198

1000000 1.011020759 1.026580062 1.062133595 1.142112347 1.319814123 1.710706664
1100000 1.010341343 1.024941822 1.058304675 1.133355896 1.300110211 1.666923002
1200000 1.009757749 1.023534601 1.055015647 1.125834052 1.283184281 1.62931197
1300000 1.009250041 1.02231034 1.052154204 1.119290006 1.268458511 1.596589699
1400000 1.008803574 1.021233733 1.049637838 1.11353509 1.255508396 1.567812963
1500000 1.008407326 1.020278209 1.047404458 1.10842732 1.244014459 1.542271902
1600000 1.008052832 1.019423359 1.045406365 1.103857619 1.233731268 1.519421175
1700000 1.00773347 1.01865322 1.043606256 1.099740686 1.224466892 1.498834312
1800000 1.007443984 1.017955116 1.041974506 1.096008773 1.21606889 1.480172591
1900000 1.007180138 1.01731884 1.04048726 1.09260733 1.208414516 1.46316327
2000000 1.006938484 1.016736072 1.039125077 1.089491899 1.201403733 1.447584064

Table 3. Approximation ratios of the proposed algorithm LR in case that L
p(n) = png
# of processors

32 64 128 256 512 1024

# of tasks

100000 1.347815073 1.839151513 2.962069069 5.488451563 11.1023397 23.45237634
200000 1.245876122 1.593237177 2.387127247 4.173284344 8.142372524 16.87410679
300000 1.20073304 1.484328181 2.132488764 3.590784035 6.831339181 13.96038679
400000 1.173827536 1.419415756 1.980714535 3.243585781 6.049889852 12.22362817
500000 1.155468521 1.375121749 1.87714753 3.006663695 5.516637929 11.03847648
600000 1.141917603 1.342427558 1.800702119 2.831784228 5.123026016 10.16367046
700000 1.131386506 1.317018991 1.741291464 2.695873355 4.817121753 9.483793093
800000 1.122898061 1.296538588 1.693403624 2.586322172 4.570546262 8.935773396
900000 1.115867246 1.279574949 1.653738579 2.495581632 4.36630879 8.481849892

1000000 1.109919591 1.265224622 1.620183947 2.418819468 4.19353323 8.09785064
1100000 1.104802798 1.252878916 1.591316512 2.352779924 4.044891744 7.767489613
1200000 1.100339854 1.242110757 1.566137715 2.295178684 3.915242924 7.479340063
1300000 1.096402408 1.232610481 1.543923502 2.244359388 3.800858722 7.225116409
1400000 1.092894822 1.224147343 1.52413435 2.199087807 3.698961192 6.998644659
1500000 1.089744175 1.216545408 1.506358894 2.158422888 3.607432251 6.795217354
1600000 1.086893768 1.209667878 1.490277267 2.121632891 3.524624926 6.611174086
1700000 1.084298758 1.203406561 1.475636497 2.088139102 3.449236669 6.443619918
1800000 1.081923152 1.197674615 1.462233527 2.057477004 3.380221953 6.290231153
1900000 1.079737679 1.192401418 1.449903232 2.029268842 3.316730542 6.149118126
2000000 1.07771826 1.187528874 1.438509765 2.003203847 3.258062964 6.018726242


