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Abstract

We present tableau calculi for some logics of nonmonotonic reason-
ing, as defined by Kraus, Lehmann and Magidor. We give a tableau proof
procedure for all KLM logics, namely preferential, loop-cumulative, cumu-
lative and rational logics. Our calculi are obtained by introducing suitable
modalities to interpret conditional assertions. We provide a decision pro-
cedure for the logics considered, and we study their complexity.

1 Introduction

In the early 90s [26] Kraus, Lehmann and Magidor (from now on KLM) pro-
posed a formalization of nonmonotonic reasoning that was early recognized as a
landmark. Their work stemmed from two sources: the theory of nonmonotonic
consequence relations initiated by Gabbay [16] and the preferential semantics
proposed by Shoham [33] as a generalization of Circumscription. Their work
led to a classification of nonmonotonic consequence relations, determining a hi-
erarchy of stronger and stronger systems. The so called KLM properties have
been widely accepted as the “conservative core” of default reasoning. The role
of KLM logics is similar to the role of AGM postulates in Belief Revision [17]:
they give a set of postulates for default reasoning that any concrete reasoning
mechanism should satisfy.

According to the KLM framework, defeasible knowledge is represented by a
(finite) set of nonmonotonic conditionals or assertions of the form

An~ B

*Dipartimento di Informatica - Universita del Piemonte Orientale “A. Avogadro”
TUniversita degli Studi di Torino

fLSIS - UMR CNRS 6168 Université Paul Cézanne (Aix-Marseille 3)

§Universita degli Studi di Torino



whose reading is normally (or typically) the A’s are B’s. The operator “n” is
nonmonotonic, in the sense that A |~ B does not imply AAC |~ B. For instance,

a knowledge base K may contain the following set of conditionals:
adult ~ worker, adult ~ taxpayer, student ~ adult, student ~ —worker,

student ~ —taxpayer, retired \~ adult, retired ~ —worker

whose meaning is that adults typically work, adults typically pay taxes, students
are typically adults, but they typically do not work, nor do they pay taxes,
and so on. Observe that if ~ were interpreted as classical (or intuitionistic)
implication, we simply would get student |~ L, retired i~ L, i.e. typically there
are not students, nor retired people, thereby obtaining a trivial knowledge base.
One can derive new conditional assertions from the knowledge base by means
of a set of inference rules.

In KLM framework, the set of adopted inference rules defines some funda-
mental types of inference systems, namely, from the weakest to the strongest:
Cumulative (C), Loop-Cumulative (CL), Preferential (P) and Rational (R)
logic. All these systems allow one to infer new assertions from a given knowl-
edge base K without incurring in the trivializing conclusions of classical logic:
regarding our example, in none of them, one can infer student |~ worker
or retired ~ worker. In cumulative logics (both C and CL) one can infer
adult N\ student |~ —worker (giving preference to more specific information),
in Preferential logic P one can also infer that adult ~ —retired (i.e. typi-
cal adults are not retired). In the rational case R, if one further knows that
—(adult ~ —married) (i.e. it is not the case that adults are typically unmarried),
one can also infer that adult A married |~ worker.

From a semantic point of view, to each logic (C, CL, P, R) corresponds one
kind of models, namely possible-world structures equipped with a preference
relation among worlds or states. More precisely, for P we have models with a
preference relation (an irreflexive and transitive relation) on worlds. For the
stronger R the preference relation is further assumed to be modular. For the
weaker logic CL, the transitive and irreflexive preference relation is defined on
states, where a state can be identified, intuitively, with a set of worlds. In the
weakest case of C, the preference relation is on states, as for CL, but it is
no longer assumed to be transitive. In all cases, the meaning of a conditional
assertion A ~ B is that B holds in the most preferred worlds/states where A
holds.

In KLM framework the operator “~” is considered as a meta-language oper-
ator, rather than as a connective in the object language. However, it has been
readily observed that KLM systems P and R coincide to a large extent with the
flat (i.e. unnested) fragments of well-known conditional logics, once we interpret
the operator “~” as a binary connective [9, 8, 25].

A recent result by Halpern and Friedman [14] has shown that preferential
and rational logic are natural and general systems: surprisingly enough, the
axiom system of preferential (likewise of rational logic) is complete with respect
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to a wide spectrum of semantics, from ranked models, to parametrized proba-
bilistic structures, e-semantics and possibilistic structures. The reason is that
all these structures are examples of plausibility structures and the truth in them
is captured by the axioms of preferential (or rational) logic. These results, and
their extensions to the first order setting [15] are the source of a renewed inter-
est in KLM framework. A considerable amount of research in the area has then
concentrated in developing concrete mechanisms for plausible reasoning in ac-
cordance with KLM systems (P and R mostly). These mechanisms are defined
by exploiting a variety of models of reasoning under uncertainty (ranked models,
belief functions, possibilistic logic, ete. [6, 7, 34, 31, 29, 28]) that provide, as we
remarked, alternative semantics to KLM systems. These mechanisms are based
on the restriction of the semantics to preferred classes of models of KLM logics;
this is also the case of Lehmann’s notion of rational closure introduced in [27]
(not to be confused with the logic R). More recent research has also explored
the integration of KLM framework with paraconsistent logics [1]. Finally, there
has been some recent investigation on the relation between KLM systems and
decision-theory [12, 11].

Even if KLM was born as an inferential approach to nonmonotonic rea-
soning, curiously enough, there has not been much investigation on deductive
mechanisms for these logics. In short, the state of the art is as follows:

e Lehmann and Magidor [27] have proved that validity in P is coNP-
complete. Their decision procedure for P is more a theoretical tool than
a practical algorithm, as it requires to guess sets of indexes and proposi-
tional evaluations. They have also provided another procedure for P that
exploits its reduction to R. However, the reduction of P to R breaks down
if boolean combinations of conditionals are allowed, indeed it is exactly
when such combinations are allowed that the difference between P and R
arises.

e A tableau proof procedure for C has been given in [2]. Their tableau
procedure is fairly complicated; it uses labels and a complex unification
mechanism. Moreover, the authors show how to extend the system to
Loop-Cumulative logic CL and discuss some ways to extend it to the
other logics.

e In [20] and [21] some labelled tableaux calculi have been defined for the
conditional logic CE and its main extensions, including CV. The flat
fragment (i.e. without nested conditionals) of CE and of CV corresponds
respectively to P and to R. These calculi however need a fairly complicated
loop-checking mechanism to ensure termination. It is not clear if they
match complexity bounds and if they can be adapted in a simple way to
CL and to C.

e Finally, decidability of P and R has also been obtained by interpreting
them into standard modal logics, as it is done by Boutilier [8]. However,
his mapping is not very direct and natural, as we discuss below.



e To the best of our knowledge, for CL no decision procedure and complexity
bound was known before the present work.

In this work we introduce tableau procedures for all KLM logics, starting
with the preferential logic P. Our approach is based on a novel interpretation
of P into modal logics. As a difference with previous approaches (e.g. Crocco
and Lamarre [9] and Boutillier [8]), that take S4 as the modal counterpart of P,
we consider here Godel-Lob modal logic of provability G (see for instance [24]).
Our tableau method provides a sort of run-time translation of P into modal
logic G.

The idea is simply to interpret the preference relation as an accessibility re-
lation: a conditional A ~ B holds in a model if B is true in all minimal A-worlds
w (i.e. worlds in which A holds and that are minimal). An A-world w is a min-
imal A-world if all smaller worlds are not A-worlds. The relation with modal
logic G is motivated by the fact that we assume, following KLM, the so-called
smoothness condition, which is related to the well-known limit assumption. This
condition ensures that minimal A-worlds exist whenever there are A-worlds, by
preventing infinitely descending chains of worlds. This condition therefore cor-
responds to the finite-chain condition on the accessibility relation (as in modal
logic G). Therefore, our interpretation of conditionals is different from the one
proposed by Boutilier, who rejects the smoothness condition and then gives a
less natural (and more complicated) interpretation of P into modal logic S4.

As a further difference with previous approaches, we do not give a formal
translation of P into G. Rather, we directly provide a tableau calculus for P.
One can notice some similarities between some of the rules for P and some of
the rules for G. This is due to the correspondence between the semantics of the
two logics. For deductive purposes, we believe that our approach is more direct,
intuitive, and efficient than translating P into G and then using a calculus for
G.

We are able to extend our approach to the cases of CL and C by using a
second modality which takes care of states. Regarding CL, we show that we can
map CL-models into P-models with an additional modality. The very fact that
one can interpret CL into P by means of an additional modality does not seem
to be previously known and might be of independent interest. In both cases, P
and CL, we can define a decision procedure and obtain also a complexity bound
for these logics, namely that they are both coNP-complete. In case of CL this
bound is new, to the best of our knowledge.

We treat C in a similar way: we can establish a mapping between Cumu-
lative models and a kind of bi-modal models. However, because of the lack
of transitivity, the target modal logic is no longer G. The reason is that the
smoothness condition (for any formula A, if a state satisfies A, then either it
is minimal or it admits a smaller minimal state satisfying A) can no longer be
identified with the finite-chain condition of G. As a matter of fact, the smooth-
ness condition for C cannot be identified with any property of the accessibility
relation, as it involves unavoidably the evaluation of formulas in worlds. We
can still derive a tableau calculus based on our semantic mapping. But we pay



a price: as a difference with P and CL the calculus for C requires a sort of
(analytic) cut rule to account for the smoothness condition. This calculus gives
nonetheless a decision procedure for C.

Finally, we consider the case of the strongest logic R; as for the other weaker
systems, our approach is based on an interpretation of R into an extension of
modal logic G, including modularity of the preference relation (previous ap-
proaches [9, 8] take S4.3 as the modal counterpart of R). As a difference with
the tableau calculi introduced for P, CL, and C, here we develop a labelled
tableau system, which seems to be the most natural approach in order to cap-
ture the modularity of the preference relation. The calculus defines a systematic
procedure which allows the satisfiability problem for R to be decided in nonde-
terministic polynomial time, in accordance with the known complexity results
for this logic.

All the calculi presented in this paper have been implemented in SICStus
Prolog. To the best of our knowledge, our theorem prover, called KLMLean, is
the first one for KLM logics'.

The plan of the paper is as follows: in section 2, we recall KLM logics
(from the strongest to the weakest): R, P, CL, and C, and we show how their
semantics can be represented by standard Kripke models. In section 3 we give
a tableau calculus for P. We then elaborate this calculus in order to obtain a
terminating procedure. We propose a further refinement that gives a coNP
decision procedure. The latter is based on a tighter semantics of P in terms of
multi-linear models. In section 4 we propose similar calculi for CL. In section
5, we give a tableau calculus for C. As mentioned above, the calculus requires
a form of cut-rule. We prove however that we can restrict its application in an
analytic way (namely, it is needed only for formulas A that are antecedents of
conditionals A |~ B contained in the initial set of formulas). In section 6 we
describe a labelled tableau calculus for R, then we refine it in order to obtain a
terminating procedure and to describe a coNP decision procedure.

2 KLM Logics

We briefly recall the axiomatizations and semantics of the KLM systems. For
the sake of exposition, we present the systems in the order from the strongest
to the weakest: R, P, CL, and C. For a complete picture of KLM systems,
see [26, 27]. The language of KLM logics consists just of conditional asser-
tions A ~ B. We consider a richer language allowing boolean combinations of
assertions and propositional formulas. Our language L is defined from a set
of propositional variables ATM, the boolean connectives and the conditional
operator |~. We use A, B,C, ... to denote propositional formulas (that do not
contain conditional formulas), whereas F,G,... are used to denote all formu-
las (including conditionals); I'; A, ... represent sets of formulas, whereas X, Y ...

IThe theorem prover KLMLean is not presented here. A descrip-
tion can be found in [30] and in [32]. KLMLean can be downloaded at
http://www.di.unito.it/~pozzato/klmlean2.0.



denote sets of sets of formulas. The formulas of £ are defined as follows: if
A is a propositional formula, A € L; if A and B are propositional formulas,
A~ B € L; if F is a boolean combination of formulas of £, F' € L.

2.1 Rational Logic R

The axiomatization of R consists of all axioms and rules of propositional calculus
together with the following axioms and rules. We use p¢ to denote provability
in the propositional calculus, whereas I is used to denote provability in R:

e REF. A ~ A (reflexivity)
e LLE. If Fpc A «» B, then+ (A ~ C) — (B |~ C) (left logical equivalence)
e RW. If Fpc A — B, then - (C ~ A) — (C i B) (right weakening)

CM. (Ar B)A (AR C)) = (AN B |~ C) (cautious monotonicity)

AND. (AR B)A(ARC)) - (A~BAC)
e OR. (A C)AN(BRC)) = (AVBRrC(C)
e RM. (Ar B)A=(A | —C)) = ((AAC)  B) (rational monotonicity)

REF states that A is always a default conclusion of A. LLE states that the
syntactic form of the antecedent of a conditional formula is irrelevant. RW
describes a similar property of the consequent. This allows to combine default
and logical reasoning [14]. CM states that if B and C' are two default conclusions
of A, then adding one of the two conclusions to A will not cause the retraction
of the other conclusion. AND states that it is possible to combine two default
conclusions. OR states that it is allowed to reason by cases: if C' is the default
conclusion of two premises A and B, then it is also the default conclusion of
their disjunction. RM is the rule of rational monotonicity, which characterizes
the logic R?: if A v B and =(A p =C) hold, then one can infer AAC |~ B. This
rule allows a conditional to be inferred from a set of conditionals in absence of
other information. More precisely, “it says that an agent should not have to
retract any previous defeasible conclusion when learning about a new fact the
negation of which was not previously derivable” [27].

The semantics of R is defined by considering possible world structures with
a preference relation (a strict partial order, i.e. an irreflexive and transitive
relation) w < w’, whose meaning is that w is preferred to w’. The preference
relation is also supposed to be modular: for all w,w; and ws, if w; < wy then
either w1 < w or w < wy. We have that A ~ B holds in a model M if B holds
in all minimal worlds (with respect to the relation <) where A holds. This
definition makes sense provided minimal worlds for A exist whenever there are
A-worlds. This is ensured by the smoothness condition in the next definition.

2As we will see in section 2.2, the axiom system of the weaker logic P can be obtained
from the axioms of R without RM.



Definition 2.1 (Semantics of R, Definition 14 in [27]) A rational model
s a triple

M=W,<, V)
where:

e W is a non-empty set of items called worlds,
e < is an irreflerive, transitive and modular relation on W;

o V is a function V : W —— pow(ATM), which assigns to every world w
the set of atoms holding in that world.

We define the truth conditions for a formula F as follows:

e If F is a boolean combination of formulas, M,w = F is defined as for
propositional logic;

e Let A be a propositional formula; we define Min<(A) ={w eW | M,w |
A and V', w' < w implies M,w' = A};

e M,wkE A B if for all w', if w' € Min.(A) then M,w' = B.

(Smoothness Condition). The relation < satisfies the following condition, called
smoothness: if M,w | A, then w € Min.(A) or 3w’ € Min(A) such that
w < w.

We say that a formula F is valid in a model M, denoted with M = F, if
M,w = F for every w € W. A formula is valid if it is valid in every model
M. A formula F is satisfiable if there exists a model M such that M |= F.

Observe that the above definition of rational model extends the one given by
KLM to boolean combinations of formulas.

Notice also that the truth conditions for conditional formulas are given with
respect to single possible worlds for uniformity sake. Since the truth value of
a conditional only depends on global properties of M, we have that: M,w |=
ApBif M= A B.

By the transitivity of <, the smoothness condition is equivalent to the fol-
lowing Strong Smoothness Condition, namely that for all A and w, if there is a
world w’ preferred to w that satisfies A (i.e. if Jw’ : v’ < w and M, w’ | A),
then there is also a minimal such world (i.e. Jw” : w” € Min<(A) and v’ < w).
This follows immediately: by the smoothness condition, since M, w’ |= A, either
w' € Min.(A) (and the property immediately follows) or Jw” s.t. w” < w’ and
w'” € Min.(A); in turn, by transitivity w” < w. Observe that this holds for all
A, whether M, w = A or not. In turn, this entails that < does not have infinite
descending chains. Observe also that by the modularity of < it follows that
possible worlds of W are clustered into equivalence classes, each class consisting



of worlds that are incomparable to one another; the classes are totally ordered?.
In other words the property of modularity determines a ranking of worlds so
that the semantics of R can be specified equivalently in terms of ranked models
[27]. By means of the modularity condition on the preference relation, we can
also prove the following theorem. We write A ~ B €, T (resp. A~ Be_T)
if A v B occurs positively (resp. negatively) in I', where positive and negative
occurrences are defined in the standard way.

Theorem 2.2 (Small Model Theorem) For any I' C L, if T is satisfiable
in a rational model, then it is satisfiable in a rational model containing at most
n worlds, where n is the size of I, i.e. the length of the string representing I'.

Proof. Let T be satisfiable in a rational model M = W, <, V), i.e. M,z =T
for some zg € W. We build the model M’ = (W', <’, V’) as follows:

e We build the set of worlds YW by means of the following procedure:
1. W— {x0};
2. for each A; ~ B; €_T" do
— choose z; € W s.t. z; € Min<(A4;) and M, x; [~ By;
- W — WuU{z}
3. for each A; ~ B; €, I' do
if Min.(A;) # 0, and there is no z; s.t. ; € Min.(A4;) and
x; is already in W then
— choose any z; € Min.(A;);
- W — WUz}
e For all z;,z; € W, we let z; <" z; if 2; < z;;

e For all z; e W', we let V'(z;) = V(z;).

In order to show that W’ is a rational model satisfying I", we can show the
following Facts:

Fact 2.3 |W'| < n.

Proof of Fact 2.3. The proof immediately follows by construction of W'.

O Fact 2.8

Fact 2.4 M’ is a rational model, since <’ is irreflexive, transitive, modular
and satisfies the Smoothness Condition.

3Notice that the worlds themselves may be incomparable since the relation < is not assumed
to be (weakly) connected.



Proof of Fact 2.4. Irreflexivity, transitivity and modularity of <’ obviously
follow from the definition of <’. The Smoothness Condition is ensured by the
fact that <’ does not have infinite descending chains, since < does not have.

O Fact 2.4

Fact 2.5 For all x; € W', for all propositional formulas A, M,z; = A iff
M/, Ty ': A.

Proof of Fact 2.5. By induction on the complexity of A.
O Fact 2.5

Fact 2.6 For all x; € M', for all formulas A s.t. A is the antecedent of some
conditional occurring in T', we have that x; € Min.,(A) iff x; € Min.(A).

Proof of Fact 2.6. First, we prove that if z; € Min..(A), then x; € Min(A).
Let x; € Min</(A). Suppose that z; € Min(A). Since A is the antecedent of
a conditional in I', by construction of W', W’ contains z;, z; # x;, s.t. x; €
Minc(A) in M. Since M,z; = A and z; € Min<(A), we have that z; < z;.
By Fact 2.5, M’, z; = A, and by the definition of <’, z; <’ x;, which contradicts
the assumption that z; € Min’ (A). We conclude that z; € Min.(A) in M.

Now we prove that if ; € Min<(A), then z; € Min. (A). Let z; €
Min.(A)in M. Suppose that z; ¢ Min</(A). Then thereisz;s.t. M’ z; E A
and z; <’ ;. By Fact 2.5 (since A is a propositional formula), also M, z; = A,
and by definition of <’, z; < z;, which contradicts the assumption that z; €
Min<(A). Hence, z; € Min</ (A).

O Fact 2.6

Fact 2.7 For all conditional formulas (—)A |~ B occurring in T, if M,xq =
(M)A ~ B, then M,z = (m)A ~ B.

Proof of Fact 2.7. We distinguish the two cases:

e M,zg E —(A |~ B): by construction of W', there is z; € W’ s.t. x; €
Min<(A) and M,x; = B. By Facts 2.5 and 2.6, x; € Min</(A) and
M’ z; = B, hence M’ z¢ = —(A |~ B).

e M,zy |E A B: consider any z; € Min./(A), by Fact 2.6 z; € Min.(A),
hence M,z; = B, and, by Fact 2.5, M’ 2, = B. We conclude that
MI,.Z‘O ): A ~ B.

O Fact 2.7



By the Facts above, we have shown that I' is satisfiable in a rational model
containing at most n worlds, hence the Theorem follows.

In the calculus for R, that we will introduce in section 6, we need a slightly
extended language Lr. Lr extends £ by formulas of the form (A, where A is
propositional, whose intuitive meaning is that (1A holds in a world w if A holds
in all the worlds preferred to w (i.e. in all w’ such that v’ < w). We extend the
notion of rational model to provide an evaluation of boxed formulas as follows:

Definition 2.8 (Truth condition of modality [J) We define the truth con-
dition of a boxed formula as follows:

M,w = OA if, for every w' € W, if w’ < w then M,w' = A

From definition of Min.(A) in Definition 2.1 above, and Definition 2.8, it follows
that for any formula A, w € Min.(A) iff M,w = AADO-A.

Notice that by the Strong Smoothness Condition, it holds that if M,w [
O-A4, then Juw’ < w: M,w' E AADO-A. If we regard the relation < as
the inverse of the accessibility relation R (thus zRy if y < x), it immediately
follows that the Strong Smoothness Condition is an instance of the property G
(restricted to A propositional). Hence it turns out that the modality O has the
properties of modal system G, in which the accessibility relation is transitive
and does not have infinite ascending chains.

Since we have introduced boxed formulas for capturing a notion of minimality
among worlds, in the rest of the paper we will only use this modality in front of
negated formulas. Hence, to be precise, the language L of our tableau extends
L with modal formulas of the form O-A.

2.2 Preferential Logic P

The axiomatization of P can be obtained from the axiomatization of R by
removing the axiom RM. As for R, the semantics of P is defined by considering
possible world structures with a preference relation (an irreflexive and transitive
relation), which is no longer assumed to be modular.

Definition 2.9 (Semantics of P, Definition 16 in [26]) A preferential model
s a triple

M=W,<, V)

where W and V' are defined as for rational models in Definition 2.1, and < is an
irreflexive and transitive relation on W. The truth conditions for a formula F,
the smoothness condition, and the notions of validity of a formula are defined
as for rational models in Definition 2.1.
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As for rational models, we have extended the definition of preferential models
given by KLM in order to deal with boolean combinations of formulas.

Even in this case, we define the satisfiability of conditional formulas with
respect to worlds rather than with respect to models for uniformity sake. As
for R, by the transitivity of <, the smoothness condition is equivalent to the
Strong Smoothness Condition. In turn, this entails that < does not have infinite
descending chains.

Here again, we consider the language £p of the calculus introduced in section
3; Lp corresponds to the language Lg, i.e. it extends £ by boxed formulas of
the form [0—A. It follows that, even in P, we can prove that, for any formula
A, we Minc(A) iff M,wE ANDO-A.

2.2.1 Multi-linear models for P

In the following of the paper we will need a special kind of preferential models,
that we call multi-linear. As we will see, these models will be useful in order
to provide an optimal calculus for P. Indeed, as we will see in section 3.1, our
calculus for P based on multi-linear models will allow us to define proof search
procedures for testing the satisfiability of a set of formulas in P in nondeter-
ministic polynomial time. This result matches the known complexity results for
P, according to which the problem of validity for P is in coNP.

Definition 2.10 A finite preferential model M = (W, <, V) is multi-linear if
the set of worlds W can be partitioned into a set of components W; for i =
1,...,n, thatts W=WjU...UW, and

1. the relation < is a total order on each W;;

2. the elements in two different components W; and W; are incomparable
with respect to <.

The following theorem shows that we could restrict our consideration to multi-
linear models and generalizes Lemma 8 in [27].

Theorem 2.11 Let I' be any set of formulas, if I' is satisfiable then it has a
multi-linear model.

Proof. Let us make explicit the negated conditionals in I' by rewriting it as
I'= F/, ﬁ(Cl I~ l)1>7 ey ﬁ(Ck I~ Dk).

Assume T is satisfiable, then there is a model M = (W, <, V) and x € W, such
that M,z = T'. We have that there are yi,...,yr € W, such that for each
j=1,...,k

y; € Min.(C;) and M, y, = D,

We define for x and each y;:

We={zeW|z<z}U{z}
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Wy, ={zeW|z<y;}U{y,}

Moreover, we consider for each j = 1,..., k a renaming function (i.e. a bijection)
fj whose domain is W, ; that makes a copy W, (,,) of W, which is (i) disjoint
from W,, (ii) disjoint from any W,,, and (iii) disjoint from any other W, ,,) with
I # j. Observe that we make k disjoint sets Wy, (, ) even if some y;’s coincide
among themselves or coincide with . We define a model M’ = (W', </, V') as
follows:

W =Wa UWr 1) - W)

The relation <’ is defined as follows:

uw<"viff (i) u,v € W, and u < v,
or (i) u,v € Wy, (y,) so that u = f;(z) and v = f;(w)

where z,w € W,, and z < w. Observe that elements in different components
(i.e. W, or W, ) are incomparable w.r.t. <.

Finally, we let V'(2) = V(2) for z € W, and for u € Wy, (,,) with u = f;(w),
we let V'(u) = V(w).

We prove that M’z = T. The claim is obvious for propositional formulas
and for (negated) boxed formulas by definition of W,,.

For any negated conditional =(C; r Dj;), we have that y; € Min(C};) and
M.y, = D;. By definition of M’ we get that M, f;(y;) = C; and M, f;(y;) ¥~
Dj; we have to show that there is no u € Wy, (,,) such that u <" f;(y;) and
M’ u |= C;. But if there were a such u, we would get that u = f;(z) for some
z € Wy, with z <y; and M, z = C; against the minimality of y;.

For any positive conditional in I', say E  F, let u € Min(E): if u € W,
it must be u € Min.(E) thus M',u = F. If u € Wy (), then u = f;(z) for
some z € W, ; it must be z € Min(F), for otherwise if it were 2’ < z with
M, | E, since 2’ € W, we would have f;(2') < uand M, f;(2') = E against
the minimality of u. Thus z € Min.(E) and then M, z = F, and this implies
M u=F.

We now define a multi-linear model M; = (W', <1, V') as follows: we let <4
be any total order on W, and on each Wy, (,.) which respects <’; the elements
in different components remain incomparable. More precisely <; satisfies:

o if u <’ vthenu<jv

e for each u,v € W, (u,v € Wy () With u v, u <qvorv<ju
e for each u € Wy, v € Wy, (), u £1vand v £1 u

e for each u € Wy, (y,),v € Wy, (y;), With i # j u £1 v and v £1 u

In Figure 2 we show an example of multi-linear model, obtained by applying
the above construction to the model represented in Figure 1.
We show that M1,z = T. For propositional formulas the claim is obvious. For
positive boxed-formulas we have: if (0-A € I, and z <1 x, then z € W,, thus
z <’ x, and the result follows by M’ ,x = T'. For negated boxed formulas, we

12



Figure 1: A preferential model satisfying a set of formulas I'. Edges represent
the preference relation < (u < x,v < u, and so on).

X

AN

b

—

b

ty — T — D —
:_!ﬁ\.‘__

Figure 2: A multi-linear model obtained by means of the construction described
in the proof of Theorem 2.11. Edges represent the preference relation <;. The
empty edge has been added to let <; be a total order. In order to have that
elements in different components are incomparable w.r.t. <i, in the rightmost
component the world z has been renamed in y”.
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similarly have: =[0-A € T, then M’z | -[0-A, thus there exists z <’ = such
that M’z = A, but z <’ z implies z <1 = and we can conclude.

For negated conditionals, let =(C; ~ D;), we know that M,z = —(C;
D;), witnessed by the C;-minimal element f;(y;). Since the propositional eval-
uation is the same, we only have to check that f;(y;) is also minimal w.r.t.
<1. Suppose it is not, then there is z € Wy (, .y with z <; f;(y;) such that
My, z = Cj, but we would get z <’ f;(y;) against the minimality of f;(y;).

For positive conditionals in ', say E |~ F, let u € Min., (F). It must be
also u € Min., (F), for otherwise, if there were v <’ u, such that M',v | E
then we would get also v <; w and Mj,v |= E, against the minimality of « in

M;.
]

2.3 Loop Cumulative Logic CL

The next KLM logic we consider is CL, weaker than P. The axiomatization of
CL can be obtained from the axiomatization of P by removing the axiom OR
and by adding the following infinite set of LOOP axioms:

LOOP. (AO I~ Al) A\ (Al [ AQ)...(ATL,1 [ An) A\ (An I~ A()) — (Ao f~ An)
and the following axiom CUT:
CUT. (A~B)A(AANBRC))— (AR C)

Notice that these axioms are derivable in P (and therefore in R).
The following Definition is essentially the same as Definition 13 in [26], but
it is extended to boolean combinations of conditionals.

Definition 2.12 (Semantics of CL) A loop-cumulative model is a tuple
M= {(SW, I, <, V)
where:

e S is a set, whose elements are called states;

e W is a set of possible worlds;

1:S — pow(W) is a function that labels every state with a nonempty set
of worlds;

< is an irreflexive and transitive relation on S;

V' is a valuation function V : W +—— pow(ATM), which assigns to every
world w the atoms holding in that world.

14



For s € S and A propositional, we let M,s = A if Vw € I(s), M,w = A,
where M,w = A is defined as for propositional logic. Let Min.(A) be the set
of minimal states s such that M,s |= A. We define M,s |= A |~ B if Vs’ €
Min.(A), M,s' |= B. The relation |= can be extended to boolean combinations
of conditionals in the standard way. We assume that < satisfies the smoothness
condition.

The above notion of cumulative model extends the one given by KLM to boolean
combinations of conditionals. A further extension to arbitrary boolean combi-
nations will be provided by the notion of CL-preferential model below.

Here again, we define satisfiability of conditionals with respect to states
rather than with respect to models for uniformity reasons. Indeed, a conditional
is satisfied by a state of a model only if and only if it is satisfied by all the states
of that model, hence by the whole model.

As for P and R, by the transitivity of <, the smoothness condition is equiv-
alent to the Strong Smoothness Condition. In turn, this entails that < does not
have infinite descending chains.

We show that we can map loop-cumulative models into preferential models
extended with an additional accessibility relation R. We call these preferential
models CL-preferential models. The idea is to represent states as sets of pos-
sible worlds related by R in such a way that a formula is satisfied in a state
s just in case it is satisfied in all possible worlds w’ accessible from a world w
corresponding to s. The syntactic counterpart of the extra accessibility relation
R is a modality L. Given a loop-cumulative model M and the corresponding
CL-preferential model M’; M, s |= A iff for a world w € M’ corresponding to
s, we have that M',w = LA. As we will see, this mapping enables us to use
a variant of the tableau calculus for P to deal with system CL. As for P, the
tableau calculus for CL will use boxed formulas. In addition, it will also use L-
formulas. Thus, the formulas that appear in the tableaux for CL belong to the
language Ly, obtained from L as follows: (i) if A is propositional, then A € Ly;
LA € Lr;0-LA € Ly; (ii) if A, B are propositional, then A ~ B € Lr; (ii4) if
F is a boolean combination of formulas of Ly, then F' € L. Observe that the
only allowed combination of (1 and L is in formulas of the form (O-LA where A
is propositional.

We can map loop-cumulative models into preferential models with an addi-
tional accessibility relation as defined below:

Definition 2.13 (CL-preferential models) A CL-preferential model has the
form

M=(W R, <, V)
where:

e W and V are defined as for preferential models in Definition 2.9;

o < is an irreflexive and transitive relation on W;

15



o R is a serial accessibility relation;

We add to the truth conditions for preferential models in Definition 2.9 the
following clause:

M, w = LA if, for all w', wRw' implies M,w' E A

The relation < satisfies the following Smoothness Condition: if M,w = LA,
then w € Min<(LA) or Jw' € Min.(LA) such that w' < w.

Moreover, we need to change the truth condition for conditional formulas as
follows: M w = A ~ B if for all w' € Min.(LA) we have M,w' = LB.

We can prove that, given a loop-cumulative model M = (S, W, [, <, V) sat-
isfying a boolean combination of conditional formulas, one can build a CL-
preferential model M’ = (W', R, <’ V') satisfying the same combination of
conditionals. We build a CL-preferential model M’ = (W' R, <’ V') as fol-

lows:
e W ={(s,w):s€ S and w e l(s)};
o (s,w)R(s,w’) for all (s,w), (s,w') € W,
o (s,w) < (s,w)if s <
o Vi(s,w) = V(w).

Viceversa, given a CL-preferential model M = (W, R, <, V') satisfying a boolean
combination of conditional formulas, one can build a loop-cumulative model
M = (5, W,1, <, V') satisfying the same combination of conditional formulas.
The model M’ is defined as follows (we define Rw = {w’ € W | (w,w’) € R}):

o S={(w,Rw) | weW}
e [((w, Rw)) = Rw;
o (w,Rw) < (v, Rw') if w < w';
o V'(w) = V(w).
This is stated in a rigorous manner by the following proposition:

Proposition 2.14 A boolean combination of conditional formulas is satisfiable
in a loop-cumulative model M = (S, W, 1, <, V) iff it is satisfiable in a CL-
preferential model M = (W' R, <', V).

Proof. The Proposition immediately follows from the following Lemma:

Lemma 2.15 A set of conditional formulas {(—)A1  B1,...,(7)An I~ B} is
satisfiable in a loop-cumulative model M = (S, W, 1, <, V) iff it is satisfiable in
a CL-preferential model M’ = (W' R, <", V).
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First, we prove the only if direction. Let M = (S,W,l,<,V) be a loop-
cumulative model, and s € S s.t. (M, s) |= {(-)A; ~ B;}.
We build a CL-preferential model M’ = (W', R, <’ V') as follows:

e W ={(s,w):s€S and w € (s)};

o (s,w)R(s,w’) for all (s,w), (s,w") € W';
o (s,w) < (W) if s < ¢

o V'(s,w) = V(w).

Observe that for each s € S there is at least one corresponding (s, w) € W',
since I(s) # 0. From the fact that < in M is irreflexive and transitive it imme-
diately follows by construction that also <’ in M’ satisfies the same properties.
We show in Fact 2.20 below that <’ satisfies the smoothness condition on L-
formulas.

The relation R is serial, since it is reflexive.

Fact 2.16 For every propositional formula A we have that (M,s) |= A iff
(M, (s,w)) = LA,

Proof of Fact 2.16. (=) Let (M,s) = A. By definition, for all w € I(s),
(M,w) E A. By induction on the complexity of A, we can easily show that
(M, (s,w)) E A. Since R(s,w) = {(s,w’) | w' € I(s)}, it follows that
(M, (s,w)) = LA.

(<) Let (M, (s,w)) E LA. Then, for all (s,w') € R(s,w), (M’, (s,w)) E A.
By definition of M’ it follows that for all w’ € I(s), (M,w’) E A. Hence,
(M, s) = A.

O Fact 2.16

Fact 2.17 s € Min<(A) in M iff (s,w) € Min</(LA) in M.

Proof of Fact 2.17. (=) Let s € Min.(A) in M. Consider (s,w) in M’. By
Fact 2.16, (M, (s,w)) &= LA. By absurd, suppose there exists a (s’,w’) s.t.
(M, (s',w")) E LA, and (s',w') < (s,w). By Fact 2.16, (M,s') |= A, and
s’ < s by construction, which contradicts the fact that s € Min.(A) in M.
Hence (s,w) € Min</(LA) in M.

(<) Let (s,w) € Min< (LA) in M’. Consider s in M. By Fact 2.16, (M, s) |=
A. Furthermore there is no s’ < s s.t. (M,s’) |= A. By absurd suppose there
was such a s’. By construction of M’, and by Fact 2.16, (M, (s',w’)) = LA,
and (s',w’) < (s,w), which is a contradiction. Hence s € Min.(A).

O Fact 2.17
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Fact 2.18 For every conditional formula A ~ B we have that
M,s) [EAp Biff (M, (s,w)) A~ B

Proof of Fact 2.18. (=) Let (M,s) |= A |~ B. Then for all s’ € Min.(A),
(M, s") |= B. By Facts 2.16 and 2.17, it follows that for all (s’,w’) € Min<.(LA),
(M, (s',w")) E LB, hence (M, (s,w)) E A |~ B.

(<) Let (M, (s,w)) = A v B. Then, for all (s',w") € Min”_(LA), (M, (s',v")) =
LB. By Facts 2.16 and 2.17 it follows that for all &' € Min.(A) in M,
(M, s") = B. Hence, (M,s) = A~ B.

O Fact 2.18

Fact 2.19 For every negated conditional formula —=(A ~ B) we have that (M, s) |
=—(Ar B) iff ( M, (s,w)) E—(A~ B).

Proof of Fact 2.19. (=) Let (M,s) |= =(A ~ B). Then there is an ' €
Min<(A) st. M,s" [£ B. Consider (s/,w’) in M’. By Facts 2.16 and 2.17
(s',w") € Min</(LA) and (M, (s',w")) = LB. Hence, (M, (s,w)) = =(A ~
B).

(<) Let (M',(s,w)) = =(A ~ B). Then, there is a (s',w’) € Min’_(LA) s.t.
(M, (s',w")) £ LB. Consider s’ in M. From Facts 2.16 and 2.17 we conclude
that s’ € Min<(A), and (M, ') £ B. Hence (M, s) |= =(A ~ B).

U Fact 2.19

From Facts 2.18 and 2.19 we conclude that (M, (s,w)) E {(=)A; ~ B;}.
Furthermore, we show that <’ satisfies the smoothness condition on L-formulas.

Fact 2.20 <’ satisfies the smoothness condition on L-formulas.

Proof of Fact 2.20. Let (M’, (s,w)) = LA, and (s,w) ¢ Min</(LA). By Fact
2.16 (M, s) |= A, and by Fact 2.17, s € Min.(A) in M. By the smoothness
condition in M there is s’ such that s’ € Min.(A) and s’ < s. Consider any
(s,w') € M’'. By Fact 2.17 (s',w’) € Min./(LA), and by definition of <’,
(8", w') < (s,w).

O Fact 2.20

Let us now consider the if direction. Let the set of conditionals {(—)A4; ~ B;} be
satisfied in a possible world w in the CL-preferential model M = (W, R, <, V).
We build a Loop-Cumulative model M’ = (S, W,1, </, V') as follows (Rw is
defined as Rw = {w’ e W | (w,w’) € R}):

o §={(w, Rw) [we W}
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e [((w, Rw)) = Rw;
e (w, Rw) <’ (v, Rw') if w < w';
o V'(w) =V (w).

From the fact that < in M is transitive and irreflexive, it follows by construction
that <’ in M’ is transitive and irreflexive. As far as the smoothness condition,
see Fact 2.24 below. Furthermore, for all (w, Rw) € S, l(w, Rw) # (), since R is
serial.

We now show that (M, (w, Rw)) |= {(=)A; ~ B;}.

Fact 2.21 For A propositional, (M,w) = LA iff (M', (w, Rw)) |= A.

Proof of Fact 2.21. (=) Let (M, w) = LA. Then for all w’ € Rw, M,w' = A.
By definition of M’, it follows that for all w’ € I(w, Rw), M’,w’ = A. Hence
(M, (w, Rw)) |= A.

(<) Let (M, (w, Rw)) = A. Then, for all v’ € I(w, Rw), (M’,w') = A. By
induction on A, we show that for all w’ € Rw, (M,w’) = A, hence (M, w) |=
LA.

O Fact 2.21

Fact 2.22 w € Min<(LA) in M iff (w, Rw) € Min/ (A) in M'.

Proof of Fact 2.22. (=) Let w € Min<(LA) in M. Consider (w, Rw). By Fact
2.21 (M, (w, Rw)) |= A. Furthermore, suppose by absurd there was (w’, Rw’)
s.t. (M, (w', Rw")) |= A, and (w', Rw') <’ (w, Rw). Then in M, M,w' = LA
and w’ < w, which contradicts the fact that w € Min.(LA). It follows that in
M, (w, Rw) € Min< (A).

(<) Let (w,Rw) € Min</(A) in M’. Consider w in M. By Fact 2.21,
(M,w) E LA. By absurd, suppose there was a w’ s.t. M,w E LA and
w’ < w. By Fact 2.21, (M, (v, Rw'")) |= A, and (v', Rw') <’ (w, Rw), which
contradicts the fact that (w, Rw) € Min (A). It follows that w € Min(LA)
in M.

O Fact 2.22

We can reason similarly to what done in Facts 2.18 and 2.19 above to prove the
following Fact:

Fact 2.23 For every conditional formula (—)A ~ B we have that (M,w) =
(—)A ~ B iff ( M, (w, Rw)) |= (—)A ~ B.

We conclude that (M, (w, Rw)) |= {(—)A4; ~ B;}.
Furthermore, we show that <’ satisfies the smoothness condition:
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Fact 2.24 <’ satisfies the smoothness condition on L-formulas.

Proof of Fact 2.24. Let (M’, (w, Rw)) |= A and (w, Rw) & Min</(A) in M.
By Facts 2.21 and 2.22, (M,w) = LA and w ¢ Min.(LA) in M. By the
smoothness condition on L-formulas in M, it follows that in M there is v’ < w
st. M,w') = LA and w’' € Min<(LA). Consider (v, Rw’) in M’. By Facts
2.21 and 2.22 (M, (', Rw')) |= A and (w', Rw') € Min./(A) in M’.

O Fact 2.24

Similarly to what done for P, we define multi-linear CL-preferential models
as follows:

Definition 2.25 A finite CL-preferential model M = (W, R,<,V) is multi-
linear if the set of worlds W can be partitioned into a set of components W; for
i=1,...,n (that s W=WyU...UW,), and in each W;:

1. we can distinguish a chain of worlds wy,ws, ..., wy totally ordered w.r.t.
< (ie. wy < wy < ... < wp) such that all other worlds w € W; are
R-accessible from some w; in the chain, i.e. Yw € W; such that w #
wy, Wa, . .., W, we have that wyRw V weRw V ...V w, Rw;

2. for all wy, w;, wy, if wy < w; and w; Rwy, then w; < wy.
Moreover, the elements of different W; are incomparable w.r.t. <.
We can easily prove the following Theorem:

Theorem 2.26 Let T be any set of formulas, if T is satisfiable in a CL-preferential
model, then it has a multi-linear model.

2.4 Cumulative Logic C

The weakest logical system considered by KLM [26] is Cumulative Logic C.
System C is weaker than CL considered above since it does not have the set of
(LOOP) axioms. At a semantic level, the difference between CL models and C
models is that in CL models the relation < is transitive, whereas in C it is not.
Thus, cumulative C models are defined as follows :

Definition 2.27 (Semantics of C, Definitions 5, 6, 7 in [26]) A cumula-
tive model is a tuple

M= {(SW, I, <, V)
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where S, W, I, and V are defined as for loop-cumulative models in Definition
2.12, whereas < is an irreflexive relation on S. The truth definitions of formulas
are as for loop-cumulative models in Definition 2.12. We assume that < satisfies
the smoothness condition.

Since < is no longer transitive, the smoothness condition is no longer equivalent
to the Strong Smoothness Condition; hence, in this case, we cannot show that
< does not have infinite descending chains. Indeed, the relation < might have
cycles (leading to infinite descending chains): it can be easily seen that in C we
may have sequences of worlds such as: a minimal A-world followed by a minimal
B-world followed by a minimal A-world and so on. This sequence respects the
smoothness condition. However, one can legitimately wonder what minimal
means in this case, the notion having lost its intuitive meaning.

In order to be convinced that (1) the Strong Smoothness Condition and (2)
the smoothness condition are not equivalent, consider the following set of for-
mulas: {=(C' r B),C ~ A, A~ B, B |~ C}. This set of formulas is unsatisfiable
in a model satisfying (1) whereas it is satisfiable in a model only satisfying (2),
hence it is satisfiable in C.

Similarly to what done for loop-cumulative models, we can establish a corre-
spondence between cumulative models and preferential models augmented with
an accessibility relation in which the preference relation < is an irreflexive re-
lation satisfying the smoothness condition. We call these models C-preferential
models.

Definition 2.28 (C-preferential models) A C-preferential model has the form
M = W,R,<,V) where: W is a non-empty set of items called worlds; R is
a serial accessibility relation; < is an irreflexive relation on W satisfying the
smoothness condition for L-formulas; V is a function V. : W —— pow(ATM),
which assigns to every world w the atomic formulas holding in that world. The
truth conditions for the boolean cases are defined in the obvious way. Truth con-
ditions for modal and conditional formulas are the same as in CL-preferential
models in Definition 2.13, thus:

o M,wkE LA if for all w', wRw' implies M,w' = A
e M,wkE A B if for all w' € Min.(LA), we have M,w' = LB.

The correspondence between cumulative and preferential models is established
by the following proposition. Its proof is the same as the proof of Proposition
2.14 (except for transitivity) and is therefore omitted.

Proposition 2.29 A boolean combination of conditional formulas is satisfiable
in a cumulative model M = (S, W, 1, <, V) iff it is satisfiable in a C-preferential
model M' = (W', R, <, V).

In the following sections we present the tableaux calculi for the logics intro-
duced. We start by presenting the calculus for P, which is the simpler and more
general one. The calculi for CL, C, and R will become more understandable
once the calculus for P is known.
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3 The Tableau Calculus for Preferential Logic P

In this section we present a tableau calculus for P called 7P, then we analyze
it in order to obtain a decision procedure for this logic. We also give an explicit
complexity bound for P.

As already mentioned in section 2.2, we consider the language Lp, which
extends £ by boxed formulas of the form [0—-A.

Definition 3.1 (The calculus 7P) The rules of the calculus manipulate sets
of formulas T'. We write T, F' as a shorthand for T'U{F}. Moreover, given T
we define the following sets:

o TH ={0-A|0-A4€T}

o TP ={-A|O-AeT}

M ={AnB|ArBeT}
e T ={~(ArB)|-~(ArB)eT}
o I+ —Th" yTh~

The tableau rules are given in Figure 3. A tableau is a tree whose nodes are
sets of formulas T'. Therefore, a branch is a sequence of sets of formulas
'y, Ts,..., T, ... Each node I'; is obtained by its immediate predecessor I';_1 by
applying a rule of TP, having T';_1 as the premise and T'; as one of its conclu-
sions. A branch is closed if one of its nodes is an instance of (AX), otherwise
it is open. We say that a tableau is closed if all its branches are closed.

The rues for the boolean propositions are the usual ones. According to the
rule (~7), if a negated conditional —(A  B) holds in a world, then there is a
minimal A-world (i.e. in which A and O0-A hold) which falsifies B. According
to the rule (~T), if a positive conditional A ~ B holds in a world, then either
the world falsifies A or it is not minimal for A (i.e. —0O-A holds) or it is a
B-world. According to the rule (O7), if a world satisfies =[1-A, by the strong
smoothness condition there must be a preferred minimal A-world, i.e. a world
in which A and (O0—A hold. In our calculus 7 P, axioms are restricted to atomic
formulas only. It is easy to extend axioms to a generic formula F', as stated by
the following Proposition:

Proposition 3.2 Given a formula F and a set of formulas T', then T, F,—F
has a closed tableau.

Proof. By an easy inductive argument on the structure of the formula F'.

Definition 3.3 Given a set of formulas ', T' is consistent if no tableau for I'
is closed.
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Figure 3: Tableau system 7P.

As an example, we show that adult ~ —retired can be inferred from a knowledge
base containing the following assertions: adult ~ worker, retired ~ adult, retired |~
—worker. Figure 4 shows a derivation for the initial set of formulas adult |~
worker, retired ~ adult, retired ~ ~worker, —(adult r —retired).

Our tableau calculus 7P is based on a runtime translation of conditional as-
sertions into modal logic G. As we have seen in section 2.2, this allows a char-
acterization of the minimal worlds satisfying a formula A (i.e., the worlds in
Min.(A)) as the worlds w satisfying the formula A A O-A. Tt is tempting
to provide a full translation of the conditionals in the logic G, and then to
use the standard tableau calculus for G. To this purpose, we can exploit the
transitivity properties of G frames in order to capture the fact that condition-
als are global to all worlds by the formula O0(A A 0-A — B). Hence, the
overall translation of a conditional formula A |~ B could be the following one:
(AANO-A — B) N\O(AAO-A — B). However, there are significant differences
between the calculus resulting from the translation and our calculus.

Using the standard tableau rules for G on the translation, we get the rule
(k1) as a derived rule. Instead, the rule for dealing with negated conditionals
(which would be translated in G as a disjunction of two formulas, namely (A A
O-AA-B)V O(AAO-AA-B)), is rather different.

Let us first observe that the rule () we have introduced precisely captures
the intuition that conditionals are global, hence (1) all conditionals are kept in

23



R T VR B o R 1V e T B

(=)
@ e W, T ey P e i 0y O, -
=)
ape 0,7 pooayr o, G O-a,r ()
M@ a b, W, ke o - e, Od-a,r vz, O-a
® —_— ) B4
ey T B fe 0, W T e @y e vttt O, 8, O-a, e Leny N AN
4 {a=} W
PR R TT R S i S T i b e T T :
x (=7
ey L ---:"L'_‘T.L;"T sumy TR
" 3 *

Figure 4: A derivation of adult ~ worker,retired i~ adult, retired ~ —worker,
—(adult  —retired). For readability, we use a to denote adult, r for retired,
and w for worker.

the conclusion of the rule and (2) when moving to a new minimal world, all
the boxed formulas (positive and negated) are removed. Conversely, when the
tableau rules for G are applied to the translation of the negated conditionals,
we get two branches (due to the disjunction). None of the branches can be
eliminated. In both branches all the boxed formulas are kept, while negated
conditionals are erased. This is quite different from our rule (~7), and it is
not that obvious that the calculus obtained by the translation of P conditionals
in G is equivalent to 7P. Roughly speaking, point (2) can be explained as
follows: when a negated conditional —(A |~ B) is evaluated in a world w, this
corresponds to finding a minimal A-world w’ satisfying =B (a world satisfying
A,0-A,-B). w' does not depend from w (since conditionals are global), hence
boxed formulas, keeping information about w, can be removed.

Also observe that, from the semantic point of view, the model extracted from
an open tableau has the structure of a forest, while the model constructed by
applying the tableau for G to the translation of conditionals has the structure
of a tree. This difference is due to the fact that the above translation of P in G
uses the same modality O both for capturing the minimality condition and for
modelling the fact that conditionals are global. For this reason, a translation to
G as the one proposed above for P, would not be applicable to the cumulative
logic C, as the relation < is not transitive in C. Moreover, the treatment of both
the logics C and CL would anyhow require the addition to the language of a
new modality to deal with states. The advantage of the runtime translation we
have adopted is that of providing a uniform approach to deal with the different
logics.

The system 7P is sound and complete with respect to the semantics.

Theorem 3.4 (Soundness of 7P) The system TP is sound with respect to
preferential models, i.e. if there is a closed tableau for a set T', then I' is unsat-
isfiable.

Proof. As usual, we proceed by induction on the structure of the closed tableau
having the set I' as a root. The base case is when the tableau consists of a

24



single node; in this case, both P and —P occur in T', therefore I is obviously
unsatisfiable. For the inductive step, we have to show that, for each rule r, if
all the conclusions of r are unsatisfiable, then the premise is unsatisfiable too.
We show the contrapositive, i.e. we prove that if the premise of r is satisfiable,
then at least one of the conclusions is satisfiable. Boolean cases are easy and
left to the reader. We present the cases for conditional and box rules:

o (1) if T, A |~ B is satisfiable, then there exists a model M = (W, <, V)
with some world w € W such that M,w =T, A |~ B. We distinguish the
two following cases:

— M,w }£ A, thus M, w = —A: in this case, the left conclusion of the
(1) rule is satisfied (M, w =T, A p B, —A);

— M,w = A: we consider two subcases:

x w € Min<(A): by the definition of M,w = A ~ B, we have
that for all w’ € Min<(A), M,w’" |= B. Therefore, we have that
M, w = B and the right conclusion of (~T) is satisfiable;

* w ¢ Min<(A): by the smoothness condition, there exists a world
w’ < w such that w' € Min.(A); therefore, M, w = -0-A4 by
the definition of 0. The central conclusion of the () rule is
then satisfiable.

e (7 ): if I',—(A  B) is satisfiable, then M, w =T and (x)M,w = A ~ B
for some world w. By (x), there is a world w’ in the model M such
that w’ € Min<(4) (ie. (I)M,w’ E A and (2)M,w’ = O-A) and
(3)M,w' £ B. By (1),(2) and (3), we have that M,w’ = A,0-A, ~B*.
We conclude M,w’ = A,0-A,~B,T'™* since conditionals are “global”
in a model.

e (O07): if ', m00—A is satisfiable, then there is a model M and some world w
such that M,w =T, -0-A, then M, w £ O-A. By the truth definition
of O, there exists a world w’ such that w' < w and M,w’ = A. By
the Strong Smoothness Condition, we can assume that w’ is a minimal
A-world. Therefore, M, w’ = 0-A by the truth definition of 0. It is easy
to conclude that M,w’ | A,0O-A4, T~ T8 T since 1. conditionals
are global in a model, then M, w’ | '+ 2. formulas in Y are true in
w’ since w’ < w and 3. the < relation is transitive, thus boxed formulas
holding in w (i.e. TP) also hold in w’.

To prove the completeness of 7P we have to show that if F' is unsatisfiable, then
there is a closed tableau starting with F'. We prove the contrapositive, that is:
if there is no closed tableau for F', then there is a model satisfying F'. This proof

4We use M,w’ |= Fi,Fa,...,F, to denote that M,w’ = Fi, M,w' = Fa, ..., and
M,w' = F,.
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is inspired by [22]. First of all, we distinguish between static and dynamic rules.
The rules () and (O7) are called dynamic, since their conclusion represents
another world with respect to the premise; the other rules are called static, since
the world represented by premise and conclusion(s) is the same. Moreover, we
have to introduce the saturation of a set of formulas I'. Given a set of formulas
I', we say that it is saturated if all the rules have been applied.

Definition 3.5 (Saturated sets) A set of formulas T is saturated with respect
to the static rules if the following conditions hold:

e f FANGeT then Fel and G T,

o if "(FAG) €T then -F €T or -G € T;

e if FVGeTl then Fel orGely

o if °(FVG)eT then -F €T and -G €T}

o if F>GeT then-F el orGeT;

o if °(F—G)eT then FeT and -G €T

o if -—F €l then F el

e if AnBE€ET then A€l or-O-Ae€l or BeT.

It is easy to observe that the following Lemma holds:

Lemma 3.6 Given a consistent finite set of formulas I, there is a consistent,
finite, and saturated set TV D T.

Proof. Consider the set I'* of complex formulas in I' such that there is a
static rule that has not yet been applied to that formula in I". For instance,
if ' ={P r Q,~(R — S),R,~S,RV T,-0-Q}, then I'* = {P |~ Q}, since
neither =P nor —O-P nor @, resulting from an application of the static rule
(r1) to P Q, belong to T.

If T* is empty, we are done. Otherwise, we construct the saturated set
I as follows: 1. initialize I” with I'; 2. choose a complex formula F in T'*
and apply the static rule corresponding to its principal operator; 3. add to T
the formula(s) of (one of) the consistent conclusions obtained by applying the
static rule; 4. update I'*® and repeat from 2. until I'* is empty. This procedure
terminates, since in all static rules the conclusions have a lower complexity than
the premise; a brief discussion on the (~") rule: from the premise A |~ B
we have the following possible conclusions: —A, -[0-A and B. If -[0-A4 is
introduced, then no other static rule will be applied to it. Since A and B are
boolean combinations of formulas, then the other applications of static rules to
them will decrease the complexity.

5The complex formula analyzed at the current step must be removed from I'* and formulas
obtained by the application of the static rules that fulfill the definition of I'* must be added.
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Furthermore, each step of the procedure preserves the consistency of I'. In-
deed, each conclusion of the rule applied to I' corresponds to a branch of a
tableau for I'. If all the branches were inconsistent, I' would have a closed
tableau, hence would be inconsistent, against the hypothesis.

By Lemma 3.6, we can think of having a function which, given a consistent set
I, returns one fixed consistent saturated set, denoted by SAT(I'). Moreover,
we denote by APPLY(T', ) the result of applying to I' the rule for the princi-
pal connective in F. In case the rule for F' has several conclusions (the case
of a branching), we suppose that the function APPLY chooses one consistent
conclusion in an arbitrary but fixed manner.

Theorem 3.7 (Completeness of TP) TP is complete w.r.t. preferential mod-
els, i.e. if a set of formulas I' is unsatisfiable, then it has a closed tableau in
TP.

Proof. We assume that no tableau for I'y is closed, then we construct a model
for I'y. We build X, the set of worlds of the model, as follows:

1. initialize X = {SAT(I'0)}; mark SAT(I'g) as unresolved,;
while X contains unresolved nodes do
2. choose an unresolved I' from X;
3. for each formula =(A |~ B) € T
3a. let T app) =SAT(APPLY(T, —(A p B)));
3b. if Fﬁ(A‘NB> ¢ X then X = X U {Fﬁ(A‘NB)};
4. for each formula -0-A € T, let I'_q_ 4 =SAT(APPLY(T", -0—A));
4a. add the relation I'_g_ 4 < T}
4b. if I'_g_4 ¢ X then X = X U{T'_g_}-
5. mark I' as resolved;
endWhile;

This procedure terminates, since the number of possible sets of formulas that
can be obtained by applying 7 P’s rules to an initial finite set I' is finite. We
construct the model M = (X, <x,V) for T as follows:

e <x is the transitive closure of the relation <;
e V({I)={P|PeTNATM}

In order to show that M is a preferential model for I', we prove the following
facts:

Fact 3.8 The relation <x is acyclic.

Proof of Fact 3.8. If there were a loop, there would be I'; and I's in X, s.t.
I's <x T'1, and T’y is obtained again from I's by applying step 4 (i.e. 'y <x T's).
However, this situation, presented in Figure 5, will never happen. Indeed, since
I's <x I'1, T's has been generated by a sequence of applications of ((07), starting
from an initial application of (07) to some formula =0-A in I';. By the (07)
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Figure 5:

rule, 0-A € I's. If I'; were to be generated again from I's by an application of
(O7), then 0—-A € I'y, which contradicts the fact that I'; is consistent. We can
reason in the same way for loops of any length.

O Fact 3.8

Fact 3.9 The relation <x is irreflexive, transitive, and satisfies the smoothness
condition.

Proof of Fact 3.9. Transitivity follows by construction. Irreflexivity follows the
acyclicity. As there are finitely many worlds, and the relation <y is acyclic,
it follows that there cannot be infinitely descending chains. This fact, together
with the transitivity of <x, entails that <x satisfies the smoothness condition.

O Fact 3.9

The only rules introducing a new world in X in the procedure above are (~7)
and (7). Since these two rules keep positive conditionals in their conclusions,
it follows that any positive conditional A ~ B belonging to SAT(I'y), where
I’y is the initial set of formulas, also belongs to each world introduced in X.
Furthermore, it can be easily shown that only the conditionals in SAT(I'y) belong
to possible worlds in X. Indeed, all worlds in X are generated by the application
of a dynamic rule, followed by the application of static rules for saturation.
It can be shown that this combination of rules does never introduce a new
conditional. This gives the following Fact:

Fact 3.10 Given a world A € X and any positive conditional A ~ B, we have
that A B e A iff A~ B € SAT(T'y).

We conclude by proving the following Fact:
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Fact 3.11 For all formulas F and for all sets I' € X we have that:
(i) if F € T then M,T' = F; (i) if -F € T then M,T }£ F.

Proof of Fact 3.11. By induction on the structure of F. If F' is an atom P,
then P € T implies M,T’ = P by definition of V. Moreover, =P € T" implies
that P ¢ T" as ' is consistent; thus, M, T’ = P (by definition of V'). For the
inductive step we only consider the case of (=) |~ and (—)O:

e [0-A €T. Then, for all T'; <x I" we have =A € T'; by definition of (O07),
since T'; has been generated by a sequence of applications of ((07). By
inductive hypothesis M,T; = A for all T'; <x I', whence M, T E O-A.

e —[0-A € I'. By construction there is a I'" s.t. IV <x I' and A € TV. By
inductive hypothesis M, I = A. Thus, M, T j£ O-A.

e Ap BeT. Let A € Minc,(A); one can observe that (1)-A4 € A
or (2)-0-A € A or (3)B € A, since A ~ B € A by Fact 3.10, and
since A is saturated. (1) cannot be the case, since otherwise by inductive
hypothesis M, A & A, which contradicts the definition of Min., (A). If
(2), by construction of M there exists a set A" <x A such that A € A’
By inductive hypothesis M, A’ = A, which contradicts A € Min<, (A).
Thus it must be that (3)B € A, and by inductive hypothesis M, A = B.
Hence, we can conclude M,T' = A |~ B.

e 7(A ~ B) € I by construction of X, there exists I € X such that
A,0-A,-B € T'. By inductive hypothesis we have that M,T” = A and
M, TV = O-A. It follows that IV € Min<, (A). Furthermore, always by
induction, M,T" |£ B. Hence, M, }£ A ~ B.

O Fact 3.11

By the above Facts the proof of the completeness of 7P is over, since M is a
model for the initial set I'g.

By Theorem 3.4 above and by the construction of the model done in the proof
of Theorem 3.7 just above, we can show the following Corollary.

Corollary 3.12 (Finite model property) P has the finite model property.

Proof. By Theorem 3.4, if T" is satisfiable, then there is no closed tableau for T'.
By the construction in the proof of Theorem 3.7, if there is no closed tableau
for ', then I is satisfiable in a finite model.

A relevant property of the calculus that will be useful to estimate the complexity
of logic P is the so-called disjunction property of conditional formulas:
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Proposition 3.13 (Disjunction property) If there is a closed tableau for
I',-(A |~ B),~(C |~ D), then there is a closed tableau either for T',—(A ~ B)
or for T',=(C ~ D).

Proof. Consider a closed tableau for T',=(A  B),—(C |~ D). If the tableau
does not contain any application of (|~ ), then the property immediately follows.
The same holds if either —=(A ~ B) or =(C |~ D) are not used in the tableau.
Consider the case in which there is an application of (~7) first to =(C' D),
and then to —(A ~ B). We show that in this case there is also a closed tableau
for I, ~(A ~ B). We can build a tableau of the form:

I,-(Ar B),~(C ~ D)
15
I",-(A~ B),~(C ~ D)
'~ (4 ~ B),C,0-C,~D
11,
I, (A~ B)
"M A,0-A,-B

()

()

Since C' and D are propositional formulas, C,[0=C, =D and, eventually, their
subformulas introduced by the application of some boolean rules in I, will be
removed by the application of (~7) on —(A |~ B). Therefore, one can obtain a
closed tableau of I, =(A |~ B) as follows:

I,-(A~ B)
I
I',~(A ~ B)
1,
I*, (A~ B)
M A,0-A,-B

)

I1] is obtained by removing =(C D) from all the nodes of II;;II} is obtained
by removing from Il the application of rules on C, =D and their subformulas.
The symmetric case, corresponding to the case in which (~7) is applied first on
—(A ~ B) and then on =(C' |~ D), can be proved in the same manner, thus we
can conclude that I', =(C' |~ D) has a closed tableau.

|
The reason why this property holds is that the (~7) rule discards all the other
formulas that could have been introduced by its previous application.
3.1 Decidability and Complexity of P
3.1.1 Terminating procedure for P

In general, non-termination in tableau calculi can be caused by two different
reasons: 1. some rules copy their principal formula in the conclusion, and can
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thus be reapplied over the same formula without any control; 2. dynamic rules
may generate infinitely-many worlds, creating infinite branches.

Concerning the second source of non-termination (point 2.), notice that
infinitely-many worlds cannot be generated on a branch by (~7) rule, since
this rule can be applied only once to a given negated conditional on a branch.
Another possible source of infinite branches could be determined by the inter-
play between rules (~7) and (7). We show that this cannot occur, once we
introduce the following standard restriction on the order of application of the
rules.

Definition 3.14 (Restriction on the calculus) Building a tableau for a set
of formulas T, the application of the (O7) rule must be postponed to the appli-
cation of the propositional rules and to the verification that T' is an instance of
(AX).

It is easy to observe that, without the restriction above, point 2. could occur; for
instance, consider the following trivial example, showing a branch of a tableau
starting with P ~ @, with P,Q € ATM:

PrQ
()
-O0-P,PrQ ... o)
P,O-P,P~Q ()
|~
P,O-P,-0-P,Pr~Q ... )
(*)_‘P,P,D_'P,P\NQ ( +)
f~
-P,P,0-P,-0-P,P~Q ... )
-P,P,0-P, P~ Q
()

~P,P,0-P,-0-P,P ~ Q

In the above example, the ((O7) rule is applied systematically before the other
rules, thus generating an infinite branch. However, if the restriction in Definition
3.14 is adopted, as it is easy to observe, the procedure terminates at the step
marked as (). Indeed, the test that =P, P,[0-P, P |~ Q is an instance of the
axiom (AX) succeeds before applying ((07) again, and the branch is considered
to be closed.
As already mentioned, with the above restriction at hand, we can show (Lemma
3.20 and Theorem 3.21) that the interplay between (~") and (7)) does not
generate branches containing infinitely-many worlds. Intuitively, the application
of (O7) to a formula —[J=A (introduced by (~*)) adds the formula (1=A to the
conclusion, so that (+) can no longer consistently introduce —=[J—A. This is
due to the properties of [1 in G, and would not hold if [ had weaker properties
(e.g. K4 properties).

Concerning point 1. the above calculus 7P does not ensure a terminating
proof search due to (~T), which can be applied without any control. We ensure
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(~1)

I,-A;S, A~ B I, -0-A;S, A~ B IB;Y, A~ B
I,=(A ~ B);% r,-0-4;%
(~7) " @) SR=TR
¥, A,0-4,-B,0*. 0 », 9, P rhE A O-A400

Figure 6: The calculus 7PT. Propositional rules are as in Figure 3 adding 3.

the termination by putting some constraints on 7 P. The intuition is as follows:
one does not need to apply (") on the same conditional formula A ~ B more
than once in the same world, therefore we keep track of positive conditionals
already used by moving them in an additional set ¥ in the conclusions of (~"
), and restrict the application of this rule to unused conditionals only. The
dynamic rules re-introduce formulas from ¥ in order to allow further applications
of (1) in the other worlds. This machinery is standard.

Theorem 3.21 below shows that no additional machinery is needed to ensure
termination. Notice that this would not work in other systems (for instance, in
K4 one needs a more sophisticated loop-checking as described in [23]).

The terminating calculus 7P7T is presented in Figure 6. Observe that the
tableau nodes are now pairs I'; £. The calculus 7P7T is sound and complete
with respect to the semantics:

Theorem 3.15 (Soundness and completeness of 7PT) Given a set of for-
mulas T, it is unsatisfiable iff it has a closed tableau in TPT.

Proof. The soundness is immediate and left to the reader. The completeness
easily follows from the fact that two applications of () to the same conditional
in the same world are useless. Indeed, given a proof in 7P, if (™) is applied
twice to I'; A |~ B in the same world, then we can assume, without loss of
generality, that the two applications are consecutive. Therefore, the second
application of (~1) is useless, since each of the conclusions has already been
obtained after the first application, and can be removed.

Let us introduce a property of the tableau which will be crucial in many of
the following proofs. Let us first define the notion of regular node.

Definition 3.16 A node I'; X is called regular if the following condition holds:
if "O0-A €T, then thereis A BeT'UX

It is easy to see that all nodes in a tableau starting from a pair I'g; () are regular,
when T’y is a set of formulas of £. This is stated by the following Proposition:
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Proposition 3.17 Given a pair To; 0, where Tg is a set of formulas of L, all
the tableaux obtained by applying TP ’s rules only contain regular nodes.

Proof. Given a regular node I'; ¥ and any rule of 7PT, we have to show that
each conclusion of the rule is still a regular node. The proof is immediate for all
the propositional rules, for (07) and for (), since no negated box formula not
belonging to their premise is introduced in their conclusion(s). Consider now
an application of (1) to a regular node I, A v B; X: one of the conclusions is
IV,-0-A; %, A ~ B, and it is a regular node since there is A |~ B in the auxiliary
set of used conditional in correspondence of the negated boxed formula —[J-A.

From now on, we can assume without loss of generality that only regular nodes
may occur in a tableau.

In order to prove that 7PT ensures a terminating proof search, we define a
complexity measure on a set of formulas I" and the corresponding set of positive
conditionals already used ¥, denoted by m(T'; ¥), which consists of four measures
c1,Ca,c3 and ¢4 in a lexicographic order. We denote by ¢p(F') the complexity of
a formula F', defined as follows:

Definition 3.18 (Complexity of a formula)
e cp(P) =1, where P € ATM
o cp(—F) =1+ cp(F)

(
(
e cp(FQRG) =1+ cp(F)+ cp(G), where Q) is any binary boolean operator
o cp(0-A) =1+ cp(—A)

(

o cp(Ar B) =3+ cp(A) + cp(B).

Definition 3.19 We define m(I';X) = {(c1, 2, c3, c4) where:
ec;=|{ArBe_T}|
e oo =|{ArBe,TUX|O-AgT}|

[{ArBey T}

® 4= ZFGI‘ ep(F)

We consider the lexicographic order given by m(T;X), that is to say: given
m(T; %) = (1, ca,c3,c4) and m(I';5") = (¢}, ch, ¢k, c)), we say that m(T;X) <
m(T;X') iff there exists i, i = 1,2,3,4, such that the following conditions hold:

.Cg

o ¢, <c

e forallj, 0 <j <i, we have that c; = ¢}
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Intuitively, ¢; is the number of negated conditionals to which the (~7) rule can
still be applied. An application of (~7) reduces ¢;. c2 represents the number of
positive conditionals which can still create a new world. The application of (J7)
reduces cp: indeed, if (~7) is applied to A |~ B, this application introduces a
branch containing —[J—A; when a new world is generated by an application of
(07) on —~[J=A, it contains A and (0-A. If (~T) is applied to A |~ B once again,
then the conclusion where -[J-A is introduced leads to a closed branch, by the
presence of (J-A in that branch. c3 is the number of positive conditionals not
yet considered in that branch. ¢4 is the sum of the complexities of the formulas
in I'; an application of a boolean rule reduces c4.

To prove that 7PT ensures a terminating proof search, we show that the
tableau cannot contain an open branch of infinite length. To this purpose we
need the following Lemma:

Lemma 3.20 Let I';Y be obtained by an application of a rule of TPT to a
premise I'; X, Then, we have that either m(I'"; %) < m(I';2) or TPT leads to
the construction of a closed tableau for I"; X',

Proof. We consider each rule of the calculus 7P7T:

e (~7): one can easily observe that the conditional formula —~(A ~ B) to
which this rule is applied does not belong to the only conclusion. Hence
the measure ¢; in m(I”; '), say ¢/, is smaller than ¢; in m(T, A), say ¢q;

e (O7): no negated conditional is added nor deleted in the conclusions, thus
c1 = ¢}. Suppose we are considering an application of (07) on a formula
—[0-A. We can observe the following facts:

— the formula —[J-A has been introduced by an application of (r*
), being this one the only rule introducing a boxed formula in the
conclusion; more precisely, it derives from an application of (~T) on
a conditional formula A ~ B;

— A |~ B belongs to both I'; ¥ and I'’; ¥, since no rule of 7PT removes
positive conditionals (at most, the (~T) rule moves conditionals from

T to X);
— A ~ B does not “contribute” to co, since the application of (O07)
introduces J-A in the conclusion I" (remember that co =| {A ~

Be, TVu¥ |O-A¢T'}).
We distinguish two cases:
1. O-A does not belong to the premise of ((07): in this case, by the

above facts, we can easily conclude that cor < ¢g, since 0= A belongs
only to the conclusion;

2. O0-A belongs to the premise of ((J7): we are considering a derivation
of the following type:
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T, 0-A,-0-A
rh= 10 159 -4, 4, 0-4

07)

In this case, coy = co; however, we can conclude that the tableau
built for F'Ni,FD,FDL,ﬂA, A,O0-A is closed, since:
— A is a propositional formula

— the restriction in Definition 3.14 leads to a proof in which the
propositional rules and (AX) are applied to A and —A before
(O7) is further applied. The resulting tableau is closed;

e (~1): we have that ¢; = ¢}, since we have the same negated conditionals
in the premise as in all the conclusions. The same for ¢, since the formula
A |~ B to which the rule is applied is also maintained in the conclusions
(it moves from unused to already used conditionals). We conclude that
m(I";X") < m(T; ), since ¢z < c3. Indeed, the (~T) rule moves A ~ B
from I" to the set ¥ of already considered conditionals;

e rules for the boolean connectives: it is easy to observe that ci,cs and
c3 are the same in the premise and in any conclusion, since conditional
formulas are side formulas in the application of these rules. We conclude
that m(I";X") < m(T;X) since ¢y < ¢4. Indeed, the complexity of the
formula to which the rule is applied is greater than (the sum of) the
complexity of its subformula(s) introduced in the conclusion(s).

Now we have all the elements to prove that 7PT ensures termination in a proof
search:

Theorem 3.21 (Termination of 7PT) TPT ensures a terminating proof search.

Proof. By Lemma 3.20 we know that, starting from Tg; (), the value of m(T'; %)
decreases each time a tableau rule is applied or leads to a closed tableau. There-
fore, a finite number of applications of the rules leads either to build a closed
tableau or to nodes I'; ¥ such that m(T';X) is minimal. In particular, we ob-
serve that, when the branch does not close, m(T';X) = (0,0,0, ¢4 and the
following facts hold:

min > J

e 1o negated conditional belongs to I, since ¢; = 0;
e for each A ~ B € I'UX, we have that (0-A € T', since ¢y = 0;
e all positive conditionals A |~ B have been moved in X since c3 = 0;

e [ is saturated with respect to the propositional rules, since ¢4 assumes its
minimal value ¢4

min *
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By the above facts it is easy to see that, in this case, either I'; Y is closed or
no rule, with the exception of (O7), is applicable to I'; ¥. Indeed, (~7) rule is
not applicable, since no negated conditional belongs to I'. If (07) is applicable,
then there is =(0-=A € I', to which the rule is applied. However, since cs = 0, we
have also that 0—-A € I". Therefore, the conclusion of an application of (J7)
contains both A and = A and, by the restriction in Definition 3.14 and since A is
propositional, the procedure terminates building a closed tableau. (~T) is not
applicable, since no positive conditionals belong to I' (all positive conditionals
A |~ B have been moved in ¥). Last, no rule for the boolean connectives is
applicable. For a contradiction, suppose one boolean rule is still applicable:
by Lemma 3.20, the sum of the complexity of the formulas in the conclusion(s)
decreases, i.e. ¢4 in the conclusion(s) is smaller than in the premise I'; ¥, against
the minimality of this measure in I'; 3.

3.1.2 Optimal Proof Search Procedure for P

We conclude this section with a complexity analysis of 7PT, in order to prove
that validity in P is coNP-complete. Intuitively, we can obtain a coNP decision
procedure, by taking advantage of the following facts:

1. Negated conditionals do not interact with the current world, nor they
interact among themselves (by the disjunction property). Thus they can
be handled separately and eliminated always as a first step.

2. We can replace the (O7) which is responsible of backtracking in the
tableau construction by a stronger rule that does not need backtracking.

Regarding (1), by the disjunction property we can reformulate the (~7) rule as
follows:

Fa ﬂ(14 ‘N B)7 b
Y, A,0-A,-B, T~ ()

()

This rule reduces the length of a branch at the price of making the proof search
more non-deterministic.
Regarding (2), we can adopt the following strengthened version of (7). We

use T, to denote {-0-A4; vV A; | -O0-A; € T A j #i}:

0,04, <A, ..., <-4, %
», 0+ 1Y 19 4, 0-4,, T, ;0| ... | X, 0 19,19 4, 0-4,,T2 ;0

05)

The advantage of this rule over the original ((J7) rule is that no backtracking on
the choice of the formula —[0-A; is needed. The reason is that all alternatives
are kept in the conclusion. As we will see below, by using this rule we can
provide a tableau construction algorithm with no backtracking.

36



We call LTPT the calculus obtained by replacing in 7P7T the initial rules
(~~) and (O7) with the ones reformulated above. We can prove that L7PT
is sound and complete w.r.t. the preferential models. To prove soundness, we
consider the multi-linear models introduced in section 2.2.1.

Theorem 3.22 The rule (07 ) is sound.

S

Proof. Let I' = I'V,=0-A1,-00-A4,,...,-[0-A4,,. We omit ¥ for readability
reasons. We prove that if I is satisfiable then also one conclusion of the rule

F‘Niv FDa FDl ’ Ai7 D_'Ai7 FE’;

is satisfiable. By Theorem 2.11, we can assume that I" is satisfiable in a multi-
linear model M = (W, <, V), let M,z |=T". Then there are z; < z,...,z, < z,
such that z; € Min<(A;); thus M, z; = A; A O-A;; we easily have also that
M,z | T TP 10° ) Being M a multi-linear model, the z;, i = 1,2,...,n,
whenever distinct, are totally ordered: we have that z; < z, so that they must
belong to the same component. Let z; be the maximum of z;, for a certain
1 < k < n. We have that for each z; (i # k) either (i) z; = zi, so that
M,z E A, or (ii) z; < zg, so that M, zx = -O0-A;. We have shown that for
each i # k, M,z = A; V -0-A;. We can conclude that M, z &= F';,;. Thus

M, z, =T 10 19 4, O-A,, T2,
which is one of the conclusions of the rule.
[ |

We can prove that the calculus obtained by replacing the (O7) rule with its
stronger version ([J7) is complete w.r.t. the semantics:

Theorem 3.23 The calculus LTPT is complete.

Proof. We repeat the same construction as in the proof of Theorem 3.7, in
order to build a preferential model, more precisely a multi-linear model, of
a set of formulas I'g for which there is no closed tableau. We denote by
APPLY(T', RuleName) the result of applying the rule corresponding to RuleName
to I'. As a difference with the construction in Theorem 3.7, we replace point
4. by the points 4strong; 4Gstrongs 4bstrong, and 4cgtrong, obtaining the following
procedure (X is the set of worlds of the model):

1. initialize X = {SAT(I'0)}; mark SAT(I'g) as unresolved;
while X contains unresolved nodes do
2. choose an unresolved I' from X;
3. for each formula =(A ~ B) € T
3a. let Fﬁ(A|NB) :SAT(APPLY(F7 —\(A I~ B))),
3b. if Fﬁ(A‘NB) Z X then X = X U {Fﬁ(A‘NB)};
4strong. if there is -0-A € T" then
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4astrong. let TV =SAT(APPLY (T, 07 ));
Abstrong. add the relation IV < T
ACstrong. if I' ¢ X then X = X U{T"};
5. mark I as resolved;
endWhile;

Facts 3.8 and 3.9 can be proved as in Theorem 3.7. This holds also for Fact
3.11 with one difference, for what concerns the case in which -(0-A € I". In
this case, by construction there is a IV such that IV <x I". We can prove by
induction on the length n of the chain <x starting from I' that if -(0-A € T,
then M, T £ O-A. If n = 1, it must be the case that A € T"; hence, by inductive
hypothesis on the structure of the formula, M, T = A, thus M,T" [£ O-A. If
n > 1, by the (O;) rule, either A € TV and we conclude as in the previous case,
or =[J-A € IV and the Fact holds by inductive hypothesis on the length.

We give a non-deterministic algorithm for testing satisfiability in P that: (7)
takes a set of formulas I" as input; (i¢) returns SAT iff " is satisfiable. By using
the new version of (~7) rule, we can consider a negated conditional at a time.
Indeed, for I', =(A |~ B),—~(C D) to be satisfiable, it is sufficient that both
I',—(A ~ B) and T, =(C |~ D), separately considered, are satisfiable. For each
negated conditional, the algorithm GENERAL-CHECK applies the rule (~7) to it,
and calls the algorithm CHECK on the resulting set of formulas. CHECK is a non-
deterministic algorithm that tests satisfiability in P of a set of formulas not
containing negated conditionals.

Let EXPAND(I') be a procedure that returns one saturated expansion of T
w.r.t. all static rules. In case of a branching rule, EXPAND nondeterministically
selects (guesses) one conclusion of the rule. The algorithm below allows the
satisfiability of a set of formulas (not containing negated conditionals) to be
decided. In brackets we give the complexity of each operation, considering that
n=|T|

CHECK(T")

1. I' «— EXPAND(I'); (O(n))

2. if T contains an axiom then return UNSAT; (O(n?))
3. if {-0-A| -0-A4 € '} = ) then return SAT;

4. else return CHECK (APPLY(I',J;));

Notice that the execution of APPLY(I',[J7 ) chooses the branch generated by the
application of ((J;) to T'.

To see that CHECK is a nondeterministic polynomial procedure to decide the
satisfiability of a set of formulas (not containing negated conditionals), observe
that: (1) the complexity of each call to the procedure EXPAND is polynomial.
Indeed, as the number of different subformulas is at most O(n), EXPAND makes
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at most O(n) applications of the static rules. (2) The test that a set T' (of size
O(n)) of formulas contains an axiom has at most complexity O(n?). (3) The
number of recursive calls to the procedure CHECK is at most O(n), since in a
branch the rule (O;) can be applied only once for each formula —-O0-4;, and
the number of different negated box formulas is at most O(n).

Let us now define a procedure to decide whether an arbitrary set of formulas

I (possibly containing negated conditionals) is satisfiable:

GENERAL-CHECK(I")
1. I' « EXPAND(T"); (O(n))
2. let (A1 |~ B1),...,(Ak  Bi) be all negated conditionals in T
2.1. for all i =1, ...,k result[i] «— CHECK(APPLY(T', —(A; i B;))) ;
3. if for all i = 1,...,k result[i]==SAT then return SAT;
else return UNSAT;

By the subformula property, the number of negated conditionals which can
occur in T' is at most O(n). Hence, the procedure GENERAL-CHECK calls to the
algorithm CHECK at most O(n) times.

Theorem 3.24 (Complexity of P) The problem of deciding validity for pref-
erential logic P is coNP-complete.

Proof. The procedure GENERAL-CHECK allows the satisfiability of a set of formu-
las of logic P to be decided in nondeterministic polynomial time. The validity
problem for P is therefore in coNP. As coNP-hardness is immediate (this logic
includes classical propositional logic), we conclude that the validity problem for
logic P is coNP-complete.

This result matches the known complexity results for logic P [27]. Due to
the coNP lower bound, the above method provides a computationally optimal
reasoning procedure for logic P.

4 The Tableau Calculus for Loop Cumulative
Logic CL

In this section we develop a tableau calculus 7 CL for CL, and we show that it
can be turned into a terminating calculus. This provides a decision procedure
for CL and a coNP-membership upper bound for validity in CL.

The calculus 7CL can be obtained from the calculus 7P for preferential
logics, by adding a suitable rule (L ™) for dealing with the modality L introduced
in section 2.3. As already mentioned in section 2.3, the formulas that appear
in the tableaux for CL belong to the language £ obtained from L as follows:
(7) if A is propositional, then A € L; LA € L1; O-LA € Ly; (it) if A, B are
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T'A~B
(~)

I,~LA, A~ B I, -0-LA, A~ B I,LB,A~ B
I, —(A ~ B) I, —-0-LA
(") - O ———
LA,0-LA,-LB,T"™ r Y et A, O-nA
I,-LA T
(L7) T H - if I' does not contain negated L-formulas
rt’,-a rt

Figure 7: Tableau system 7 CL. If there are no negated L-formulas =LA in the
premise of (L), then the rule allows to step from I" to L' To save space, the
boolean rules are omitted.

propositional, then A ~ B € Lr; (i4i) if F is a boolean combination of formulas
of L, then F € L. Observe that the only allowed combination of [J and L is
in formulas of the form 0-LA where A is propositional.

We define:

It = {A|LAeT}

Our tableau system 7 CL is shown in Figure 7. Observe that rules (~*) and
(;7) have been changed as they introduce the modality L in front of the propo-
sitional formulas A and B in their conclusions. This straightforwardly corre-
sponds to the semantics of conditionals in CL preferential models (see Definition
2.13). The new rule (L™) is a dynamic rule.

Theorem 4.1 (Soundness of 7CL) The system T CL is sound with respect
to CL-preferential models, i.e. if there is a closed tableau for a set of formulas
[, then I is unsatisfiable.

Proof. We show that for all the rules in 7 CL, if the premise is satisfiable by
a CL-preferential model then also one of the conclusions is. As far as the rules
already present in 7P are concerned, the proof is very similar, with the only
exception that we have to substitute A in the proof by LA.

We consider now the new rule (L7). Let M,w = I',-LA where M =
(W, R,<,V) is a CL-preferential model. Then there is w’ : wRw' and M, w’ |
—A. Furthermore, M,w" |E I'L'. Tt follows that the conclusion of the rule is
satisfiable. If I' does not contain negated L-formulas, since R is serial, we still
have that Jw’ : wRw', and M, w' |E I‘Ll, hence the conclusion is still satisfiable.

Soundness with respect to loop-cumulative models in Definition 2.12 follows
from the correspondence established by Proposition 2.14.
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The proof of the completeness of the calculus can be done as for the preferen-
tial case, provided we suitably modify the procedure for constructing a model for
a finite consistent set of formulas I' of L. First of all, we modify the definition
of saturated sets as follows:

e if AnBeT then -LA€T or -0-LAeT or LBeT

For this notion of saturated set of formulas we can still prove Lemma 3.6 for
language L.

Theorem 4.2 (Completeness of 7CL) 7 CL is complete with respect to CL-
preferential models, i.e. if a set of formulas T is unsatisfiable, then it has a closed
tableau in T CL.

Proof. We define a procedure for constructing a model satisfying a consistent
set of formulas I'g € £ by modifying the procedure for the preferential logic
P. We add to the procedure used in the proof of Theorem 3.7 the new steps 4’
and 4”7 between step 4 and step 5, obtaining the following procedure:

1. initialize X = {SAT(I'g)}; mark SAT(I'o) as unresolved;
while X contains unresolved nodes do
2. choose an unresolved I' from X;
3. for each formula =(A |~ B) € T
3a. let Fﬁ(A|NB) ZSA':['(APPLY(F7 —\(A I~ B))),
3b. if Fﬂ(A‘NB) ¢ X then X = X U {F_‘(A‘NB)};
4. for each formula -O0-~LA € T, let I'_gn_ 4 =SAT(APPLY(I", -O0—LA));
4a. add the relation I'.q_ 4 < T}
4b. if P_g_pa ¢ X then X = X U{T'_g_pa}.
4. if {ﬁLA ‘ -LA € F} # 0 then
for each -LA €T, let I'-p 4 =SAT(APPLY(I", =L A));
4’ a. add the relation I' R ' 1 4;
4b X=XU {FﬁLA};
47 else if ™" # () then let I =SAT(APPLY(T, L™));
4” a. add the relation I' R T'';
4 b. X =XU{l"}k
5. mark I' as resolved;
endWhile;

This procedure terminates. Observe that, although an application of (L~) may
introduce in X several copies of the same world (set) of propositional formulas,
each of these worlds cannot lead to generate any further world by means of a
dynamic rule.

We construct the model M = (X, Rx,<x,V) by defining X and V as in
the case of P. We then define Rx as the relation obtained from R augmented
with the following conditions:

(i) all the pairs (I',I') such that I" € X and I" has no R-successor.
(i) all the pairs (I',I”) such that (I'",T) € R and (I'"',I") € R for some I'";
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Last, we define <x as follows:
(ili) if I < T, then IV <x T
(iv) if IV < T, and TRxT", then I" <x I'";
(v) f IV <x Tand T <x F”, then I'V <x F”, i.e. <x is transitive.

Notice that the above conditions on Rx and <y are needed since the procedure
builds two different kinds of worlds:

e bad worlds, obtained by an application of (L™);
e good worlds: the other ones.

Bad worlds are those obtained by an application of (L ™). These worlds “forget”
the positive conditionals in the initial set of formulas; for instance, if I' =
{—=C,D} is a bad world obtained from IV = {A ~ B,-~LC,LD}, then it is
“incomplete” by the absence of A |~ B. The above supplementary conditions on
Rx and <y are needed in order to prove that, even in presence of bad worlds,
we can build a CL-preferential model satisfying the initial set of formulas, as
shown below by Fact 4.3.
It is easy to show that the following properties hold for M:

Fact 4.3 For allT,T" € X, if (F,F') € Rx and LA€T then AT .

Proof of Fact 4.3. In case " # I", then (I',I”) € R and it has been added to R by
step 4’ or step 4” of the procedure above. Indeed, for all (I, T”) that have been
introduced because (I'',T') € R and (I'",I") € R, both T and I’ derive from
the application of (L™) to 1"”, hence they only contain propositional formulas
and do not contain any LA.

Hence, we have two different cases:

e the relation (T, F,) has been added to R by step 4’: in this case, we have
that =LB € I"'.  We can conclude that A € IV by construction, since
for each LA € T' we have that A € T as a result of the application of
SAT(APPLY (I, ~LB));

e the relation (T, I‘/) has been added to R by step 4”: similarly to previous
case, for each LA € T', we have that A is added to I' by construction.

In the case T' = I", then it must be that (I',T") has been added to Rx, as T’
has no R-successors. This means that I" does not contain formulas of the form
LA, =LA, otherwise it would have an R-successor.

O Fact 4.3

Fact 4.4 For all formulas F and for all sets I' € X we have that:
(i) if F €T then M,T" = F; (ii) if -F € T then M,T [& F.
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Proof of Fact 4.4. The proof is similar to the one for the preferential case. If F
is an atom or a boolean combination of formulas, the proof is the same as the
proof for Fact 3.11 of the preferential case. We consider the following cases:

LA €T: we have to show that M,T" |= LA, that is, we must show that,
for all A € X, if (T,A) € Rx then M,A = A. Let A be such that
(T, A) € Rx. Then, by Fact 4.3, as LA € ', we can conclude A € A. By
inductive hypothesis, then M, A = A.

—~LA €T we have to show that M,I" = LA, that is, we must show that
there exists A € X such that (I', A) € Rx and M,A = A. As LA €T,
by construction (step 4’ in the procedure) there must be a A € X such
that —=A € A. By inductive hypothesis, M, A £ A, which concludes the
proof that M, T |~ LA.

O-LA € T. Then, for all T'; <x T" we have ~LA € T'; by the definition
of (O7), since I'; has been generated by a sequence of applications of
(O7) (notice that point (iv) in the definition of <x above does not play
any role here, since this point only concerns sets of formulas I' that are

propositional and do not contain boxed or negated box formulas). By
inductive hypothesis M, T; £ LA for all T'; <x T', whence M, T" = O-LA.

—[-LA € T. By construction there is a I'" s.t. I' <x I'and LA € T".
By inductive hypothesis M,I" = LA. Thus, M,T" £ O-LA.

Apr BeT. Let A € Minc, (LA). We distinguish two cases:

— A~ B € A, one can observe that (1)7LA € A or (2)-0-LA € A
or (3)LB € A, since A is saturated. (1) cannot be the case, since by
inductive hypothesis M, A £ LA, which contradicts the definition of
Min (LA). If (2), by construction of M there exists a set A" <x A
such that LA € A'". By inductive hypothesis M, A’ = LA, which
contradicts A € Min., (LA). Therefore, it must be that (3)LB € A,
and by inductive hypothesis M, A | LB.

— A B ¢ A. Since all the rules apart from (L~) preserve the condi-
tionals, A must have been generated by applying (L7) to A’, i.e. A
is a bad world. Hence, A’RxA. In turn, it can be easily shown that
A itself cannot have been generated by (L), hence A ~ B € A/,
and, since A’ is saturated, either (1)-LA € A’ or (2)-0-LA € A/
or (3)LB € A’. (1) is not possible, since by inductive hypothe-
sis, it would entail that M, A’ j& LA, ie. there is A" such that
A'RxA" and M,A"” £ A. By point (ii) in the definition of Rx
above, also ARxA", hence also M,A - LA, which contradicts
A € Min., (LA). If (2), by construction of M there exists a set
A" <x A’ such that LA € A”. By point (iv) in the definition of
<x above, A" <x A, which contradicts A € Min. (LA), since by
inductive hypothesis M, A" = LA. Tt follows that LB € A’. By
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inductive hypothesis M, A’ = LB, hence also M, A = LB (indeed,
since A does not contain any L-formula, by construction of the model
and by point (ii) in the definition of Rx above, ARxA" just in case
A’Rx A", from which the result follows).

Hence, we can conclude M, T' = A |~ B.

e =(A ~ B) € T: by construction of X, there exists I’ € X such that
LA,0-LA,~LB eI". By inductive hypothesis we have that M,T" = LA
and M,T" = O-LA. Tt follows that T" € Min.,(LA). Furthermore,
always by induction, M, I ¥ LB. Hence, M,T' - A B.

O Fact 4.4

Similarly to the case of P, it is easy to prove the following Fact:

Fact 4.5 The relation <x is irreflezive, transitive, and satisfies the smoothness
condition.

Moreover:
Fact 4.6 The relation Rx is serial.

From the above Facts, we can conclude that M = (X, Rx,<x,V) is a CL-
preferential model satisfying I'g, which concludes the proof of completeness.

From the above Theorem 4.2, together with Proposition 2.14, it follows that
for any boolean combination of conditionals I'y, if it does not have any closed
tableau, then it is satisfiable in a loop-cumulative model.

Similarly to what done for P, we can prove the following Corollary.

Corollary 4.7 (Finite model property) CL has the finite model property.

4.1 Decision Procedure for CL

Let us now analyze the calculus 7CL in order to obtain a decision procedure
for CL logic. First of all, we reformulate the calculus as we have done for
P, obtaining a system called 7CLT: we reformulate the () rule so that it
applies only once to each conditional in each world, by adding an extra set
3. We reformulate the other rules accordingly. Moreover, we adopt the same
restriction on the order of application of the rules in Definition 3.14.

Notice that the rule (L~) can only be applied a finite number of times.
Indeed, if it is applied to a premise I', =LA, then the conclusion only contains
propositional formulas I , A, and the rule (L) is no further applicable. The
same in the case (L7) is applied to a premise I'y LA. Notice that (L) can
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', -LA; % INDY
(L7)

_ if I' does not contain negated L-formulas
FLL7ﬂA;® FLL;(Z)

Figure 8: The rule (L) reformulated in 7 CLT.

also be applied to a set of formulas not containing any formula LA or -LA: in
this case, the conclusion of the rule corresponds to an empty set of formulas.
Therefore, we reformulate (L™) only by adding the extra set X of conditionals;
the reformulated rule is shown in Figure 8.

Exactly as we made for P, we consider a lexicographic order given by m(I'; X) =
{1, ca,c3,c4), and easily prove that each application of the rules of 7CLT
reduces this measure, as stated by the following Lemma:

Lemma 4.8 Consider an application of any rule of TCLT to a premise I'; 2
and be T'; ¥ any conclusion obtained; we have that either m(I";X") < m(T; X)
or TCLT leads to the construction of a closed tableau for T';%.

Proof. Identical to the proof of Lemma 3.20. Just observe that if (L) is
applied, then ¢, ¢, and c¢3 become 0, since conditional formulas are not kept
in the conclusion. If the premise contains only L-formulas, then c¢1, ¢ and c3
are already equal to 0 in both the premise and the conclusion, but ¢4 decreases,
since (at least) one formula (=)LA in the premise is removed, and a formula
with a lower complexity (—A or A) is introduced in the conclusion.

Thus, 7CLT ensures termination. Furthermore, the decision algorithm for P
described in section 3.1.2 can be adapted to CL. To this aim, we observe that
the disjunction property holds for CL, and this allows us to change the rule
for negated conditionals in order to treat them independently as we have done
for P. Moreover, we can replace the () rule by a stronger rule that does not
require backtracking in the tableau construction. The rule is the following (I'Z;
is used to denote {—-0O-LA; vV LA; | -O-LA; e T Aj #i}):

T, ~O-LA;, ~O-LA,, ..., ~O~LA,: %
=, 0 1019 £4,,0-04,,T9, ;0 | ... | £,0F 19,17 L4, 0-L4,,1C,

—n>

@5)

By reasoning similarly to what done for P, we can show that the calculus in
which (O7) is replaced by (O ) is sound and complete w.r.t. multi-linear CL-
preferential models introduced in Definition 2.25. We get a decision procedure
as for P, structured in a top-level GENERAL-CHECK procedure, taking care of
multiple negated conditionals, and in a CHECK procedure of tableau expansion.
The procedure CHECK has to be modified by introducing steps 2’ and 2” between
steps 2 and 3 in the procedure for P as follows:
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CHECK(T)

1. I' «— EXPAND(T); (O(n))

2. if T contains an axiom then return UNSAT; (O(n?))

2. if {~LA| LA € T’} # 0 then
2’a. for all —LA; € " do result[i] <« CHECK(APPLY(I',—LA;));
2’b. if for some i result[i]==UNSAT then return UNSAT;

2”. else if {LA| LA €T} # () then
2”a. if CHECK(APPLY( I', L™ ))==UNSAT then return UNSAT;

3. if {-0-LA | -0-LA € T} = () then return SAT;

4. else return CHECK(APPLY(I',[J;));

The top-level procedure GENERAL-CHECK is the same as the one in section 3.1.2.
For a better readability, we rewrite this procedure here below:

GENERAL-CHECK(T")
1. T «— EXPAND(T); (O(n))
2. let =(A1 ~ B1),...,~(Ak  Bk) be all negated conditionals in T
2.1. for all i = 1,...,k result[i] «— CHECK(APPLY(T', =(A; ~ By))) ;
3. if for all ¢ = 1,..., k result[i]==SAT then return SAT;
else return UNSAT;

Observe that the two recursive calls of CHECK in 2’a and 2”a do not generate
further recursive calls. By this reason, we can argue similarly to what done for
P, then we obtain the following result:

Theorem 4.9 (Complexity of CL) The problem of deciding validity for CL
is coNP-complete.

5 The Tableau Calculus for Cumulative Logic C

In order to provide a calculus for the weaker logic C, we have to replace the
rule (07) with the weaker (0C7):

| I
o rh A

Observe that, if we ignore conditionals, this rule is nothing else than the
standard rule of modal logic K. This rule is weaker than the corresponding rule
of the two other systems in two respects: (i) transitivity is not assumed thus
we no longer have I'™ in the conclusion; (ii) the smoothness condition does
no longer ensure that if =(0-LA is true in one world, then there is a smaller
minimal world satisfying LA, this only happens if the world satisfies LA; thus
O-LA is dropped from the conclusion as well.

@
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Figure 9: A derivation of (A ~ C),A ~ B,B ~ A,B |~ C in TC. To save
space, we use A to denote the set of positive conditionals A ~ B, B ~ A, B |~ C.

Moreover, we add the following form of cut:

r
r,-LA TFrET9 LA O-LA T,0-LA

(Weak-Cut)

Intuitively, this rule takes care of enforcing the smoothness condition, and it
can be applied to all L-formulas.
The (Weak-Cut) rule is not completely eliminable, as shown by the following
example. Let ' = {=(Ar C),A ~ B,B ~ A, B |~ C}: the set I is unsatisfiable
in C. T has a closed tableau only if we use (Weak-Cut) in the calculus, as shown
by the derivation in Figure 9. Without (Weak-Cut), the above set of formulas
does not have any closed tableau.
The (Weak-Cut) rule makes the resulting calculus not analytic. However, the
rule can be restricted so that it only applies to formulas LA such that A is the
antecedent of a positive conditional formula in I', thus making the resulting cal-
culus analytic. In order to prove this, we simplify the calculus by incorporating
the application of (J°7) and the restricted form of (Weak-Cut) in the ()
rule. The resulting calculus, called 7C and given in Figure 10, is equivalent
to the calculus that would be obtained from the calculus 7CL by replacing
(O07) with (O°7) and by introducing (Weak-Cut) restricted to antecedents of
positive conditionals. The advantage of the adopted formulation is that, being
more compact, it allows a simpler proof of the admissibility of the non-restricted
(Weak-Cut) (see Theorem 5.8 below).
Observe that the calculus does not contain any rule for negated box formulas, as
the modified (~*) rule does no longer introduce formulas of the form —=J—=LA.
The resulting language L1+ of the formulas appearing in a tableau for C extends
L by formulas LA and (0-LA where A is propositional, whereas negated box
formulas of the form —[J=LA are not allowed. Therefore, £ is a restriction of
L1, used in 7CL.

Notice also that, as a difference with 7 CL, the (~™) rule is neither a static
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I'A~B

(~") <
I~ 1
I'SA~ B,~LA r! ,FD ,A~ B, LA,L0-LA I'yAi~ B,LA,00-LA,LB
T, - (A |~ B) I',-LA r
(~7) (L) T ; T if I does not contain negated L-formulas
LA,0-LA,-LB,T™* rt", -a rt

Figure 10: Tableau system 7 C. The boolean rules are omitted.

nor a dynamic rule. Indeed, the leftmost and rightmost conclusions of the rule
represent the same world as the world represented by the premise, whereas the
inner conclusion represents a world which is different from the one represented
by the premise.

We prove that 7 C is sound and complete w.r.t. the semantics.

Theorem 5.1 (Soundness of 7C) The system TC is sound with respect to
C-preferential models, i.e. if there is a closed tableau for a set of formulas T,
then T is unsatisfiable.

Proof. Given a set of formulas T', if there is a closed tableau for I', then T is
unsatisfiable in C-preferential models. For the rules already present in 7 CL,
the proof is the same as the proof for Theorem 4.1 (notice that in the proof the
transitivity of < does not play any role). We only consider here the rule ().
We show that if the premise is satisfiable by a C-preferential model, then also
one of the conclusions is.

Let M,w =T, A |~ B. We distinguish the two following cases:

o M,w £ LA, thus M,w = —~LA: in this case, the left conclusion of the
(1) rule is satisfied (M, w =T, A ~ B,~LA);

e M,w | LA: we consider two subcases:

— w € Min.(LA), hence M,w | LA,00-LA . By the definition of
M,w E A r B, we have that M,w = LB. Therefore, the right
conclusion of (1) is satisfiable;

— w & Min.(LA): by the smoothness condition, there exists a world
w < w such that w € Minc(LA). It follows that (M,w') &
LA,0-LA. Furthermore, by the semantics of |, (M,w’) E Tr+

and since w' < w, (M,w') TP
]

Soundness with respect to cumulative models follows from the correspondence
established by Proposition 2.29.
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We can prove that the (Weak-Cut) rule is admissible in 7 C; this is stated
by the following Theorem 5.8 below. In order to prove it, we need to prove some
Lemmas.

First of all, we prove that weakening is height-preserving admissible in our
tableau calculi, i.e. if there is a closed tableau for a set of formulas I', then
there is also a closed tableau for I', F' (for any formula F of the language) of
height no greater than the height of a tableau for I'. Moreover, weakening is
cut-preserving admissible, in the sense that the closed tableau for I', F' does not
add any application of (Weak-Cut) to the closed tableau for I'. Furthermore, we
prove that the rules for the boolean connectives are height-preserving and cut-
preserving invertible, i.e. if there is a closed tableau for I', then there is a closed
tableau for any set of formulas that can be obtained from I' as a conclusion of
an application of a boolean rule.

Lemma 5.2 (Height-preserving and cut-preserving admissibility of weakening)
Given a formula F, if there is a closed tableau of height h for T, then there is

also a closed tableau for I') F' of no greater height than h, i.e. weakening is
height-preserving admissible. Moreover, the closed tableau for T', F' does not add

any application of (Weak-Cut) to the closed tableau for ', i.e. weakening is
cut-preserving admaissible.

Proof. By induction on the height h of the closed tableau for I.

Lemma 5.3 (Height-preserving and cut-preserving invertibility of boolean rules)
The rules for the boolean connectives are height-preserving invertible, i.e. given

a set of formulas T' and given any conclusion I, obtained by applying a boolean

rule to I, if there is a closed tableau of height h for T, then there is a closed

tableau for T of height no greater than h. Moreover, the closed tableau for T’

does not add any application of (Weak-Cut) to the closed tableau for T, i.e. the

boolean rules are cut-preserving invertible.

Proof. For each boolean rule (R), we proceed by induction on the height of
the closed tableau for the premise. As an example, consider the (V1) rule. We
show that, if ', F'V G has a closed tableau, also I', F' and I', G have. If I', FV G
is an instance of the axiom (AX), then there is an atom P such that P € T’
and -P € T, since axioms are restricted to atomic formulas only. Therefore,
I' has a closed tableau (it is an instance of (AX) too), and we conclude that
both I', F and I', G have a closed tableau, since weakening is height-preserving
admissible (Lemma 5.2 above). For the inductive step, we consider the first rule
in the tableau for ') F vV G. If (V') is applied to F' V G, then we are done,
since we have closed tableaux for both I', FF and T, G of a lower height than
the premise’s. If (~7) is applied, then F'V G is removed from the conclusion,
then I' has a closed tableau; we conclude since weakening is height-preserving
admissible (Lemma 5.2). If a boolean rule is applied, then F' V G is copied into
the conclusion(s); in these cases, we can apply the inductive hypothesis and
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then conclude by re-applying the same rule. As an example, consider the case
in which (—7) is applied to IV, =(H — I), F V G as follows:

', ~(H —I),FVG
()", H,~I,FVG

—

By the inductive hypothesis, there is a closed tableau (of no greater height than
the height of (x)) for (xx)I", H,—I, F' and for (x % *)I", H,—I,G. We conclude

as follows:
I, ~(H — I),F

N (N
(x:)T', H,~I, F
I, —~(H—1I),G

_
(xx ), H,~I,G

If the first rule of the closed tableau for ', FV G is (~T) applied to A ~ B € T,
then we have the following situation:

IFVG@
(W,FVG,~LA  (2TF 19 LA,O-LA  (3)T,FVG,LA O-LA,LB

(~1)

By the inductive hypothesis on (1), we have closed tableaux for (1')T", F,—~LA
and for (1”)I',G,—LA. By the inductive hypothesis on (3), we have closed
tableaux for (3")I', F, LA,0-LA, LB and for (3")T',G, LA,0-LA, LB. We con-
clude as follows:

I,F
I T : (~1)
(1, F,-LA  (2rh Y . pA,0-LA (3D, F,LA,0-LA,LB
I,G
()

(1\I,G,-LA (20,19, LA, 0-LA  (3')T,G,LA,0-LA,LB
If F (resp. G) were a conditional formula (even negated), we conclude as above,
replacing the inner conclusion with " , ot ,F, LA, (0-LA (resp. r~* , e’ ,G,LA,O0-LA),

for which there is a closed tableau since weakening is height-preserving admis-
sible (Lemma 5.2).

Now we prove that we can assume, without loss of generality, that the conclu-
sions of (Weak-Cut) are never derived by an application of (~7), as stated by
the following Lemma:

Lemma 5.4 If T’ has a closed tableau, then there is a closed tableau for I' in
which all the conclusions of each application of (Weak-Cut) are derived by a
rule different from (7).
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Proof. Consider an application of (Weak-Cut) in " in which one of its conclu-
sions is obtained by an application of (~7). The application of (Weak-Cut) is
useless, since the premise of the cut can be obtained by applying directly (~7)
without (Weak-Cut). For instance, consider the following derivation, in which
the inner conclusion of (Weak-Cut) is obtained by an application of (~7):

F/7 _‘(C [ D)

I',~(C ~ D),~LA  T/™* 10" (0 D), LA,O-LA  T’,~(C ~ D),0-LA

()T’ LC,O0-LC, ~LD

We can remove the application of (Weak-Cut), obtaining the following closed
tableau:

F/, —\(C I~ D)
(x)I'~* LC,0-LC,-~LD

(~7)

Obviously, the proof can be concluded in the same way in the case the leftmost
(resp. the rightmost) conclusion of (Weak-Cut) has a derivation starting with

()
]

Now we prove that cut is admissible on propositional formulas and on formulas
of the form LA. By cut we mean the following rule:

r
T, F T,-F

(Cut)

and we show that it can be derived if F' is a propositional formula or a formula
of kind LA.

Lemma 5.5 Given a set of propositional formulas I' and a propositional for-
mula A, if there is a closed tableau for both (1)T',—A and (2)T', A without (Weak-
Cut), then there is also a closed tableau for T' without (Weak-Cut).

Proof. Since T is propositional, the only applicable rules are the propositional
rules. The result follows by admissibility of cut in tableaux systems for propo-
sitional logic.

Lemma 5.6 If there is a closed tableau without (Weak-Cut) for (1)T',—LA and
for (2)T, LA, then there is also a closed tableau without (Weak-Cut) for T.

Proof. Let hl be the height of the tableau for (1), and h2 the height of the
tableau for (2). We proceed by induction on hl + h2.

Base Case: hl + h2 = 0. In this case, hl = 0 and h2 = 0. In this case, (1) and
(2) contain an axiom, and since axioms are restricted to atomic formulas, it can
only be that P,—~P € I', where P € ATM. Therefore, we conclude that there is
a closed tableau for I without (Weak-Cut).
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For the inductive step, we show that if the property holds in case hl + h2 =
n — 1, then it also holds in case hl + h2 = n. We reason by cases according to
which is the first rule applied to (1) or to (2). If the first rule applied to (1) is (v~
), applied to a conditional ~(C' |~ D) € T, let I'_ ¢ py be the set of formulas so
obtained. It can be easily verified that the same set can be obtained by applying
the same rule to the same conditional in I', hence I' has a closed tableau without
(Weak-Cut). If the first rule applied to (1) is (), applied to a conditional (C'
D) € T, then we have that (1a)I', ~LC,—~LA, (1), T2, LC,0-LC, and
(1e)T, LC,O0-LC, LD, —~LA have a closed tableau with height smaller than h1.
We can then apply weakening and the inductive hypothesis first over (2) and (1a)
and then over (2) and (1¢), to obtain that ()T, -LC, and (ii) T, LC,O-LC, LD
respectively have a closed tableau without (Weak-Cut). Since (i),(1b),(ii) are
obtained from T' by applying (~*) on C | D, we conclude that also T' has a
closed tableau without (Weak-Cut). The case in which the first rule applied is
a propositional rule immediately follows from the height-preserving invertibility
of the boolean rules (see Lemma 5.3 above). For instance, suppose (1)IV, F' A
G, LA is derived by an application of (AT), i.e. (1')IV, F,G,—~LA has a closed
tableau of height smaller than hl. Since (2)IV, F' A G, LA has a closed tableau,
and (A1) is height-preserving invertible, then also (2)IV, F, G, LA has a closed
tableau of height no greater than h2, and we can conclude as follows:

I'FAG
—(/\+)
I''F.G

I ! / ! (CUt)
(II',F,G,-LA  (2)I',F,G,LA

If the first rule applied to (2) is either a propositional rule, or (j~7), or (™),
we can reason as for (1). We are left with the case in which the first rule applied
both to (1) and to (2) is (L7).

If the first rule applied to (1) is (L ™), applied to =LB €T, let ' 5 be the
set obtained. The same set can be obtained by applying (L~) to =LB in T,
hence I' has a closed tableau without (Weak-Cut). If (L™) is applied to =LA
itself, then (*)I‘Ll,ﬂA has a closed tableau. In this case, we have to consider
the tableau for (2). We distinguish two cases: in the first case (L) in (2)
has been applied to some —-LB € I', in the second case I' does not contain
any negated L formula, hence (L7) has not been applied to any specific =L B.
First case: (**)I‘Ll,ﬁB, A has a closed tableau. By weakening from (%), also
(+)['L' —B, - A has a closed tableau. By Lemma 5.5 applied to () and (sx),
also T'L* ,—B has a closed tableau, and since this set can be obtained from I" by
applying (L7) to —LB, it follows that T" has a closed tableau, without (Weak-
Cut). Second case: (* >|<)FLl , A has a closed tableau. By Lemma 5.5 applied
to (x) and (* * %), also I'“" has a closed tableau, and since this set can be
obtained by applying (L~) to T, it follows that T" has a closed tableau, without
(Weak-Cut).
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Lemma 5.7 Let LA and LB be such that there is a closed tableau without
(Weak-Cut) for {LA,-~LB}. Then for all sets of formulas T, if T',O0-LA,0-LB
has a closed tableau without (Weak-Cut), also T',0-LB has.

Proof. By induction on the height h of the tableau for I',(0-LA,0-LB. If
h = 0, then I',O-LA,0-LB contains an axiom, hence (since axioms only
concern atoms), also I" does, and there is a tableau for I, J-LB without (Weak-
Cut). We prove that if the property holds for all tableaux of height h — 1, then
it also holds for tableaux of height h. We proceed by considering all possible
cases corresponding to the first rule applied to I',[J-LA,[J-LB.

The case in which the first rule is boolean is easy and left to the reader.

If the first rule is (L7), it can be easily verified that the same set of formulas
can be obtained by applying (L~) to I',d-LB that hence has a closed tableau
without (Weak-Cut).

If the first rule is (~7), again it can be easily verified that the same set of
formulas can be obtained by applying (~7) to I', - LB, that hence has a closed
tableau without (Weak-Cut).

If the first rule is (1) applied to a conditional C' ~ D € T', then (1)I', J~LA,(O0~LB,~LC;
(2)F|Ni I8 ~LA,~LB,0~LC, LC; (3)r,0-LA,O0-LB,0-LC,LC, LD have
a closed tableau with height smaller than h. By the inductive hypothesis from
(1) and (3), we infer that (1')I’,d0-LB,-LC and (3')I',0-LB,0-LC,LC,LD
have a closed tableau without (Weak-Cut). Furthermore, since by hypothe-
sis {LA,~LB} has a closed tableau without (Weak-Cut), from (2), weakening
(Lemma 5.2), and Lemma 5.6, we infer that also (2)T*,T0", LC,0~LC, ~LB
has a closed tableau without (Weak-Cut). Since (1’), (2'), (3") can be obtained
from I',0-LB by applying ~* to C |~ D in I', we conclude that I', (0-LB has
a closed tableau without (Weak-Cut).

There are no other cases, hence the result follows.

Now we are able to prove that the (Weak-Cut) is admissible in 7C, as stated
by Theorem 5.8:

Theorem 5.8 Given a set of formulas T and a propositional formula A, if there
1s a closed tableau for each of the following sets of formulas:

(1) T,-LA

(2) Tr, 1%, LA, O0-LA

(3) I,O-LA
then there is also a closed tableau for T, i.e. the (Weak-Cut) rule is admissible.
Proof. We prove that for all sets of formulas I', if there is a closed tableau

without (Weak-Cut) for each of the following sets of formulas:
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(1) T',-LA
(2) T~ .19, LA,O0-LA
(3) T,0-LA

then there is also a closed tableau without (Weak-Cut) for I'. By this prop-
erty, given a closed tableau for a starting set of formulas I'y, a closed tableau
without (Weak-Cut) for Ty can be obtained by eliminating all applications of
(Weak-Cut), starting from the leafs towards the root of the tableau.

First of all, notice that in general there can be several closed tableaux for I'y.
We only consider closed tableaux for I'y that are minimal (in the number of
nodes). Moreover, by Lemma 5.4 we can restrict our concern to applications of
(Weak-Cut) whose conclusions are not obtained by applications of (~7).

Let hl1,h2,h3 be the heights of the tableaux for (1), (2), and (3) respectively.
We proceed by induction on hl + h2 4+ h3. The reader might be surprised by
the fact that the proof is carried on by single induction on the heights of the
premises of (Weak-Cut). Indeed, the proof relies on the proof of admissibility
of ordinary cut at the propositional level (Lemma 5.5), that is proved as usual
by double induction on the complexity of the cut formula and on the heights of
the derivation of the two conclusions.

For the base case, notice that always h2 > 0, since axioms are restricted
to atomic formulas, and F‘Ni,FDL by definition does not contain any atomic
formula. Our base case will hence be the case in which A1 = 0 or h3 = 0, i.e.
(1) or (3) are axioms, and h2 is minimal.

Base Case: hl = 0, h3 = 0, and h2 is minimal. If hl = 0, then (1) is an
axiom. In this case, since axioms restricted to atomic formulas, it must be that
P,-P €T with P € ATM. Therefore we can conclude that there is a closed
tableau for I" without (Weak-Cut).

For the inductive step, we distinguish the two following cases:

1. one of the conclusions of (Weak-Cut) is obtained by an application of a
rule for the boolean connectives;

2. all the conclusions of (Weak-Cut) are obtained by (~") or by (L7).

The list is exhaustive; indeed, by Lemma 5.4, we can consider, without loss of
generality, a closed tableau in which all the conclusions of each application of
(Weak-Cut) are obtained by a rule different from (~7).

We consider the two cases above:

1. rules for the boolean connectives: first, notice that a boolean rule cannot
be applied to the inner conclusion of (Weak-Cut), since it only contains
conditional formulas (even negated), L- formulas (even negated), and a
positive box formula. In these cases, we conclude by permuting the (Weak-
Cut) rule over the boolean rule, i.e. we first cut the conclusion(s) of the
boolean rule with the other conclusions of (Weak-Cut), then we conclude
by applying the boolean rule on the sets of formulas obtained. As an
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example, consider the following closed tableau, where the rightmost con-
clusion of (Weak-Cut) is obtained by an application of (V*), and where
F and @ are conditional formulas:

I'FVvG
T oot (Weak-Cut)
I, FVG,-LA  (UFE 10" 1A O-LA (3, FVvG,0O-LA
(V)
(3a), F,0-LA (3, G, O0-LA

Since (V1) is height-preserving and cut-preserving invertible (see Theorem
5.3), there is a closed tableau of no greater height than (1), having no appli-
cations of (Weak-Cut) (since the closed tableau starting with (1) does not
contain any application of it), of (1), F, =LA and (1")IV,G,—~LA. By
the height-preserving admissibility of weakening (see Lemma 5.2), we have
also a closed tableau, of no greater height than (2), for (2/)T~*, e JF,LA,O0-LA
and for (2”)I"P“i,I"DL,G, LA,0-LA. We can apply the inductive hy-
pothesis to (1’), (2), and (3a) to obtain a closed tableau, without applica-
tions of (Weak-Cut), of (x)I', F'. Notice that we can apply the inductive
hypothesis since the tableaux for (1’) and (2') do not contain applications
of (Weak-Cut) and have no greater height than (1) and (2), respectively;
however, the closed tableau for (3a), not containing any application of
(Weak-Cut), has obviously a smaller height than the one for (3). In the
same way, we can apply the inductive hypothesis to (1”), (2”), and (3b) to
obtain a closed tableau for (x*)IV, G. We can conclude by applying (V)
to (%) and (**) to obtain a proof without (Weak-Cut) for IV, F vV G.

. () or (L7): let us denote with a triple < Ry, Re, R3 > the rules applied,
respectively, to the three conclusions (1), (2), and (3) of (Weak-Cut),
where R; € {(L™), (1), (ANY)}. We use (ANY) to represent either (L™)
and (~T). As an example, < (L7),(~"),(ANY) > is used to represent
the case in which the leftmost conclusion of (Weak-Cut) (1) is obtained by
an application of (L™), whereas the inner conclusion (2) is obtained by an
application of (~1); the rightmost conclusion (3) can be either obtained
by an application of (L™) or by an application of (k™).

We distinguish the following cases: (f) < (ANY)(ANY)(L™) >, (1) <
(ANY), (L7), (rT) >, and (111) < (ANY),(~1),(~1) >. The list is
exhaustive.

e (1) < (ANY)(ANY)(L™) >: the tableau for (3) is started with an
application of (L7) to a formula -LB € T’ (I' =I",~LB):

(3)I,~LB,0~LA
r't -B

We can conclude since T'L", ~B can be obtained by applying (L) to
I' = I".=LB (the formula O0-LA is removed from the conclusion in
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an application of (L7)). In case the tableau for (3) is started with an
application of (L7) on a formula LB € I, and there is no ~LB; € T,
we can obviously conclude in the same manner;

o (1) < (ANY),(L7),(r*) >: the proof of (3) is started with an
application of (~) on a formula C |~ D € T'; we have that the
following sets of formulas have three closed tableaux without (Weak-
Cut):

~ (3a) I,O~LA, ~LC
— (3b) TF, 10", LA, O-LC, LC
— (3¢) I,O~LA,0-LC, LC, LD

Moreover, since the first rule applied to (2) is (L7), we have that
{LA,T7"} has a closed tableau without (Weak-Cut).
We want to show that also the three following sets of formulas:

— () T,-LC
— (T, Y, 0-Le, Le
— (III) T,O0-LC, LC, LD

have a closed tableau without (Weak-Cut), from which we conclude
by an application of (~1). We thus want to show that:

(I). By (3a) we know that I', = LC, 0—-LA has a closed tableau without
(Weak-Cut); by weakening from (1) we also know that I, -LC,-LA
has a closed tableau without (Weak-Cut); last, by (2) we know
that TH* , et ,0-LA, LA has a closed tableau without (Weak-Cut).
Since the sum of the heights of (1), (2) and (3a) is smaller than hl
+ h2 + h3 (because the height of (3a) is smaller than h3), we can
apply the inductive hypothesis and conclude that (I) T',~LC has a
closed tableau without (Weak-Cut).

(IT) Since {LA,I‘DL} has a closed tableau without (Weak-Cut), by
weakening, also = , o ,LA,J-LC, LC has a closed tableau with-
out (Weak-Cut), and from (3b) and Lemma 5.6, also (II) r~ 19, 0-LC, LC
has.
(IIT). By weakening from (1), we know that I, LC,0-~LC, LD, =LA
has a closed tableau without (Weak-Cut); by (3¢) we know that
I, LC,0-LC, LD,0-LA has a closed tableau without (Weak-Cut),
and by weakening from (2) we know that r~* , FDL, -LC,0-LA, LA
has a closed tableau without (Weak-Cut). Furthermore, the sum
of the heights of the tableaux for (1), (2) and (3c) is smaller than
h1+h2+h3. We can then apply the inductive hypothesis to conclude
that (III): T',0-LC,LC, LD has a closed tableau without (Weak-
Cut).

e (fT1) < (ANY),(r™),(r™) >: as in the previous case, the proof of
(3) is started with an application of (~7) on a formula C i D € T
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we have that the following sets of formulas have three closed tableaux
without (Weak-Cut):

— (3a) I',O-LA,-LC

— (3b) T 10" ~LA,O0-LC, LC

— (3¢) I'0-LA,0-LC, LC,LD
Moreover, we have that the first rule applied in (2) is (~) applied
to some conditional C7 ~ D; € . We show that there is a
conditional C; ~ D; € I" such that:

— (i) T,~LC;

— (#) TH, 19", O-LCy, LC;

— (i4) T,0-LC;, LC;, LD;
have a closed tableau without (Weak-Cut), hence also I has, since (%),
(i1), and (#43¢) can be obtained from I' by applying (1) to C; v D;.
The tableau for (2) can contain a sequence s of applications of ().

By considering only the leftmost branch introduced by the applica-

tions of (~T) in s, consider the last application of (~T) to a condi-

tional C;  D;. We will have that (2a) T, T2, LA, O-LA, ~LCy, . ..,~LC;
has a closed tableau; (2b) I‘P‘i, -LA,0-LC;, LC; has a closed tableau;

(2¢) T 10" LA, 0-LA,~LCy,...,~LC;_1,0~LC;, LC;, LD; has

a closed tableau. The situation can be represented as follows:

il
T

(Weak-Cut)

(r,-LA  @rr" 19 LA, 0-LA  (3),0-LA .
(~")

r* 0t LA, O-LA, -LCy

(20)T~" T0Y LA, O-LA,~LCy,...,~LC; ... (2b)...(2¢)...

Furthermore, since by hypothesis the tableau for (2) does not contain
any application of (Weak-Cut), also the tableaux for (2a), (2b), and
(2¢) do not contain any application of (Weak-Cut).

Observe that (2a) I“Ni,FDl,LA, O-LA,-LCy,...,~LC; cannot be
an instance of (AX), since axioms are restricted to atomic formulas
only, and (2a) only contains conditionals, L-formulas, and boxed for-
mulas. Therefore, we can observe that the rule applied to (2a) is
(L7): indeed, if the rule was (~~) applied to some —(Cy |~ C;) €
'+, then we could find a shorter derivation, obtained by apply-
ing (~7) to (Z)F%i,FDL,LA, O-LA, against the minimality of the
closed tableau we are considering. This situation would be as follows:
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T

(Weak-Cut)
(~*)

(T, -LA (U~ 19 LA, 0-14 (3)T,0-LA

r~* 10t LA, O-LA, ~LC,

10 LA, O-LA,~LCy,...,~LC;

(T — {~(Cx I~ C))}), LCk, O~LCy, —LC;

(Ur,-LA  (2rh, 19 LA, 0-LA4 (3),0-LA

(% —{=(Ck ~ C)}), LCk, O-LCy, ~LC;

More precisely, we can observe that the rule applied to (2a) is (L™)
applied to —=LC;: indeed, if (L~) was applied to a previously gener-
ated negated formula, there would be a shorter tableau obtained by
immediately applying (L7~) to that formula, as represented by the
following derivations:

r* 10 LA, O-LA,~LCy,. .., ~LCy,

" 00 LA, O-LA,-LCy,...,~LCp, ~LChi1

rh* r0Y LA, O-LA,-LCy,...,~LCY,, ..., —LC;

A, ~Cy,

rh* 10 LA, O-LA,~LCy,. .., —~LC),

(L)
A, -Cy,

Hence, A, —C; has a closed tableau without (Weak-Cut), and hence
also (x) LA, ~LC; has a closed tableau without (Weak-Cut). From (x)
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and (1), with opportune weakenings, by Lemma 5.6 we derive that
(1) : T, ~LC; has a closed tableau without (Weak-Cut). By weaken-
ing from (2b), we have that r~* , FDl, -LA,0-LC;, LC; has a closed
tableau without (Weak-Cut). From this set of formulas, (2), weaken-
ing, and Lemma 5.6, we also know that: " , ot ,O-LA,0O-LC;, LC;
has a closed tableau without (Weak-Cut). From this set of formulas,
(*) and Lemma 5.7, we conclude that also (iz’)F‘Ni ;I O0-LC;, LC;
has a closed tableau without (Weak-Cut).

Consider now (#ii): we can show that I',00-LC;, LC;, LD; has a
closed tableau without (Weak-Cut). Indeed, we can repeat the same
proofs of case (1) in order to show that (I) '=LC and (III) T', O-LC, LC, LD
have a closed tableau without (Weak-Cut) (in (f1) there was no as-
sumption on the first rule applied to (2) to show that (I) and (III)
have a closed tableau). In order to show that (ii¢) has a closed
tableau without (Weak-Cut), we observe that: by weakening from (I),
(HT',O0-LC;, LC;, LD;,~LC has a closed tableau without (Weak-
Cut); by weakening from (I1I), (II1")I", O-LC;, LC;, LD,;,0-LC, LC, LD
has a closed tableau without (Weak-Cut); since (3b) and (*) have
closed tableaux without (Weak-Cut), by Lemma 5.6 we have that
(I)Tr", 19", ~LC;, O-LC, LC has a closed tableau without (Weak-
Cut). We conclude that (i5i)I", LC;, O-LC;, LD, has a closed tableau
without (Weak-Cut), obtained by applying (~1) to (I), (II’), and
(IID).

We have hence proven that (i), (i7), and (i#i) have a closed tableau
without (Weak-Cut), then we can conclude by applying (~") to them
to obtain a closed tableau for I'.

We prove the completeness of our calculus by modifying the procedure de-
scribed in the proof of Theorem 3.7 above. The completeness is a consequence
of the admissibility of the (Weak-Cut) rule. Hence, in the following complete-
ness proof, we will make use of the (Weak-Cut) rule. We prove that given any
finite I'g C L}/, if it does not have any closed tableau, then it is satisfiable in a
C-preferential model.

In order to build a finite model for I'y, we consider a restricted version of
Ly, only containing the formulas in £;, made out of propositional formulas
appearing in I'y. We call this restricted language Lr,.

Theorem 5.9 (Completeness of 7C) 7 C is complete with respect to C-preferential
models, i.e. if a set of formulas T is unsatisfiable, then it has a closed tableau
in7TC.

Proof. We assume that no tableau for I'y is closed, and we construct a model
for T'y.
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Notice that the language L£r, may contain infinitely many propositional for-
mulas (obtained by boolean combinations of the atomic propositions in T'y).
In order to keep the construction of the model finite, we define a notion of
equivalence between formulas w.r.t. their propositional part (or p-equivalence)
so to identify those formulas having the same structure and containing equiva-
lent propositional components. Let =p¢c be logical equivalence in the classical
Propositional Calculus. We define the notion of p-equivalence between two for-
mulas F and G (written F' =, G) as an equivalence relation satisfying the
following conditions:

e if F' and G are propositional formulas, then F' =, G iff F =p¢ G;
o LA=, LB iff A=pc B;

e ~LA=,-LBiff A=pc B,

e U-LA=,0-LBiff A=pc B.

For instance, LA =, L(AA A), O-LA =, O-L(A A A).

We say that two sets of formulas T' and IV are p-equivalent if for every
formula in T" there is a p-equivalent formula in I, and viceversa.

Observe that this notion of p-equivalence is very weak and, for instance, we
do not recognize that the set {LA, LB} is equivalent to the set {L(A A B)}.
The notion of p-equivalence has been introduced with the purpose of limiting
the application of the rule (Weak-Cut) so that it does not generate infinitely
many equivalent formulas. Moreover, as we will see in the construction of the
model below, this notion of equivalence will be used to control the addition of
a new set of formulas to the current set of worlds.

In our construction of the model below we will identify those p-equivalent
sets of formulas I'. Before adding a new set of formulas I' to the current set
of worlds X, we check that X does not already contain a set I which is p-
equivalent to I'; for short, we will write I' €p X in the case X does not already
contain such a I".

We define the procedure SAT’ that for any I' C L1, extends I' by applying the
transformations described below and, at the same time, builds a set of formulas
IS initially set to . The transformations below are performed in sequence:

e applies to I' the propositional rules, once to each formula, as far as possible.
In case of branching, makes the choice that leads to an open tableau (this
step saturates I' with respect to the static rules in C);

e for each A ~ B € T, applies (~T) to it. If the leftmost branch is open,
then adds =LA to I'; otherwise, if the rightmost branch is open, then
adds O-LA, LA, LB to T'; if the only open branch is the inner one, then
adds the set {I‘P‘i,I‘E’l ,LA,00-LA} to a support set 'Y associated with
I, that is initially set to (;

e for all LA € Lr,, if there isno A ~ B € T', and there is no A’ proposition-
ally equivalent to A on which (Weak-Cut) has been previously applied (in
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T'), applies (Weak-Cut) to it. If the leftmost branch is open, then adds
- LA to I'; otherwise, if the rightmost branch is open, adds (0-LA to T'; if
the only open branch is the inner one, then adds {F‘Ni,FDl ,LA,O-LA}
to the support set I'°.

Observe that SAT’ terminates, extends I to a finite set of formulas, and produces
a set 'Y which a finite set of finite sets of formulas, since: (a) there are only a
finite number of conditionals that can lead to create sets of formulas in T'°; (b)
there are only a finite number of p-equivalent formulas that can lead to create
a set in I'S by the third transformation above.

We build X, the set of worlds of the model, and <, as follows:

1. initialize X = {To}; mark I'g as unresolved,;
2. while X contains unresolved nodes do
3. choose an unresolved I' from X;
4. for each {F‘Ni,FDl,LA, O-LA} € T, associated to I,
let T4 = SAT’ ({TFE, 19" LA, O-LAY});
4a. for all ' € X p-equivalent to I'r 4
add the relation I < T';
4b. if T4 Qp X then let X = X U {FLA}
5. for each formula —~LA € T, let I'- 1 4 =SAT’ (APPLY(I", =L A));
5a. for all IV € X equivalent to 'z, 4
add the relation I''RT;
5b. if I'za €p X thenlet X = X U{T'-ra}
6. for each formula =(A |~ B) € T
6a. let T_(ajp) =SAT’ (APPLY(T, ~(4 ~ B)));
6b. if Fﬁ(A‘NB) Zp X then X = X U {Fﬁ(A|NB>};
7. mark I' as resolved;
endWhile;

If Ty is finite, the procedure terminates. Indeed, it can be easily seen that SAT’
terminates, as there is only a finite number of propositional evaluations. Fur-
thermore, the whole procedure terminates, since the number of possible different
sets of formulas that can be added to X starting from a finite set I'y is finite.
Indeed, the number of non-p-equivalent sets of formulas that can be introduced
in X is finite, as the number of p-equivalent classes is finite.

We construct the model M = (X, Rx,<x,V) as follows.

e X,V and Rx are defined as in the completeness proof for 7CL (Theorem
4.2);

e < is defined as follows:

(i) if IV < T, then TV <x T
(i) if I¥ < T, and TRxT", then IV <x I'"’;

As a difference from < x used in the completeness proof for 7 CL (Theorem
4.2), <x is not transitive.
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In order to show that M is a C-preferential model for I, we prove the following:
Fact 5.10 The relation <x is irreflezive.

Proof of Fact 5.10. By the procedure above, I' <x T only in two cases 1)
I" = I'p4. In this case, it can be easily seen that I' # I, 2) IV < T, ie.
I’ = FZA, and I"RxT. Also in this case, it can be easily seen that I" # I,
since I' does not contain L-formulas, whereas I'V does.

O Fact 5.10

By reasoning analogously to what done for Facts 3.11 and 4.4 above, we show
that:

Fact 5.11 For all formulas F and for all sets I' € X we have that:
(i) if F €T then M,T = F; (ii) if -F € T then M,T £ F.

Proof of Fact 5.11. The proof is very similar to the one of Facts 3.11 and 4.4
above. Obviously, the case of negated boxed formulas disappears. Here we only
consider the case of positive conditional formulas since the rule (1) in 7C is
slightly different than before. Let A € Min., (LA). We distinguish two cases:

e A~ B € A. By definition of SAT’ and construction of the model above,
either (1)-LA € A or (2) there is Aps € X such that LA € Aps and
Apa < A, hence Apa <x A or (3)LB € A. Similarly to what done in
the proof for Fact 4.4, (1) and (2) cannot be the case, since they both
contradict the fact that A € Min. (LA). Thus it must be that (3)LB €
A, and by inductive hypothesis M, A = LB.

e A B¢ A. We can reason in the same way than in the analogous case
in the proof of Fact 4.4 above: A must have been generated by applying
(L) to A" with A ~ B € A’ , hence A'RxA. By definition of SAT’
above, either (1)-LA € A’ or (2) there is A}, € X such that LA €
A, and A7, < A’ or (3) LB € A’. (1) is not p(l),ssible: by inductiv,elz
hypothesis, it would be M, A" [~ LA, i.e. there is A" such that ARxA
and M, A" = A. By definition of Rx (see point (ii) in the definition of
Rx, proof of Theorem 4.2), also ARxA", hence also M, A b LA, which
contradicts A € Min<, (LA). If (2), by definition of <x, A7, <x A,
which contradicts A € Minc, (LA). It follows that LB € A’, hence by
inductive hypothesis M, A’ = LB, and also M, A |= LB (indeed, since
A does not contain any L— formula, by construction of the model and by
definition of Rx - see point (ii) in the definition of Rx, proof of Theorem
4.2 - ARXAN just in case A’RXA”, from which the result follows).

O Fact 5.11

Furthermore, we prove that:
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Fact 5.12 The relation < satisfies the smoothness condition on L-formulas.

Proof of Fact 5.12. Let M,T' | LA. Then by Fact 5.11 above, -LA ¢ T'. By
definition of SAT’ and point 4 in the procedure above, either 0-LA € T or
there is IV € X s.t. IV =T'p4, and IV <x T'. In the first case, by Fact 5.11,
M,T' E O-LA, and it is minimal w.r.t. the set of LA-worlds. In the second
case M, T" E O-LA, it is minimal w.r.t. the set of LA-worlds, and I <xTI.

O Fact 5.12

From the above Theorem 5.9, together with Proposition 2.29, it follows that
for any boolean combination of conditionals Iy, if it does not have any closed
tableau, then it is satisfiable in a cumulative model.

Similarly to what done for P and CL, we can show the following Corollary.

Corollary 5.13 (Finite model property) C has the finite model property.

As a difference from P and CL we cannot prove that < does not have infinite
descending chains. This is due to the fact that in the construction above we
cannot prove that < is acyclic.

In the case of logic C, non-termination can be caused by the generation of
infinitely many worlds, producing infinite branches. By Theorem 5.8, only the
formulas occurring in the initial set I'g of formulas can occur on a branch. Hence,
the number of possibly different sets of formulas I" on the branch is finite (and
they are exponentially many in the size of I'g). A loop checking procedure can
be used in order to avoid that a given set of formulas is expanded again on a
branch, so to ensure the termination of the procedure.

The satisfiability problem for a set of formulas I'g can be solved by showing
that all the tableaux for Iy have an open branch. As there are exponentially
many tableaux that have to be taken in consideration, each one of exponential
size with respect to the size of the initial set of formulas, our tableau method
provides an hyper exponential procedure to check the satisfiability.

In further investigations it might be considered if this bound can be im-
proved. For this, a more accurate analysis of derivation structures (and, in
particular, an analysis of permutability of the rules) might be required.

6 The Tableau Calculus for Rational Logic R

In this section we present 7R, a tableau calculus for rational logic R. We
have already mentioned that, as a difference with the calculi presented for the
other weaker logics, here we adopt a labelled tableau calculus, which seems
to be a more natural approach. Indeed, in order to capture the modularity
condition, intuitively we must keep all worlds generated by (O~) and we need
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to propagate formulas among them according to all possible modular orderings.
In an unlabelled calculus, this might be achieved, for instance, by introducing ad
hoc modal operators (that act as a marker) or by adding additional structures to
tableau nodes similarly to hypersequents calculi (see for instance [3]). However,
the resulting calculus would be unavoidably rather cumbersome. In contrast, by
using world labels, we can easily keep track of multiple worlds and their relations.
This provides a much simpler, intuitive and natural tableau calculus. On the
other hand, even if we use labels, we do not run into problems with complexity
and termination, and we are able to define an optimal decision procedure for
R.

The calculus makes use of labels to represent possible worlds. We consider
a language L and a denumerable alphabet of labels A, whose elements are
denoted by z, ¥y, 2, .... Lgr extends £ by formulas of the form [0-A as for the
other logics.

Our tableau calculus includes two kinds of labelled formulas:

e world formulas x : F, whose meaning is that F' holds in the possible world
represented by x;

o relation formulas of the form x < y, where z,y € A, used to represent the
relation <.

We denote by «, 3... a world or a relation formula.
We define:

™  ={y:-Ay:0-A|z:0-AcT}

r—Y

The calculus 7R is presented in Figure 11. As for P, the rules (~7) and (O7)
that introduce new labels in their conclusion are called dynamic rules; all the
other rules are called static rules.

Definition 6.1 (Truth conditions of formulas of 7R) Given a model M =
W, <, V) and a labelled alphabet A, we consider a mapping I : A—W. Given
a formula o of the calculus TR, we define M =1 « as follows:

e MEjz:Fiff MI(z) EF
o Mirz <y iff I(z) <I(y).

We say that a set of formulas T is satisfiable if, for all formulas o € T, we have
that M =1 «, for some model M and some mapping I.

In order to verify that a set of formulas I' is unsatisfiable, we label all the
formulas in I" with a new label xg, and verify that the resulting set of labelled
formulas has a closed tableau. For instance, in order to verify that the set
{adult ~ worker, =(adult ~ ~married), —(adult A married ~ worker)} is un-
satisfiable (and thus adult A married |~ worker is entailed by {adult |~ worker,
—(adult v ~married)}), we can build the closed tableau in Figure 12.
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(AX) 'z : P,z : P with P € ATM (AX) Tz <y,y<m

z: FAG T,z:~(FAG)
(") —— (A7)
e:Fx:G 'z :-F I'z: -G
'z :—-=F
() ———
Dz F
T'yu: A~ B
(r")
Ne:—-Au: AR~ B Tyz:-0-Au:A~B I'z:B,u: A~ B
Iu:—(A R B) T new Lz -0-A Yy new
(~7) label (O) ” label
T,z:Axz:0-A,z:-B F7y<$7rzﬂy7y¢A:y:DﬁA
Ta<wy z occurs in T' and

(<) {r<z,z<ylnI=0
M F,x<y.,a:<z,FM

y—z z—T

Ne<y,z<y,

Figure 11: The calculus 7R. To save space, rules for — and V are omitted.

6.1 Soundness, Termination, and Completeness of TR

In this section we prove that the calculus 7R is sound and complete w.r.t.
the semantics. Moreover, we prove that, with a restriction on (~*) based on
the same idea of the one adopted for the other calculi, the calculus guarantees
termination.

First of all, we reformulate the calculus, obtaining a terminating calculus
TRT. We will show in Theorem 6.12 below that, as for the calculi for P, CL,
and C, non-termination of the procedure due to the generation of infinitely-
many worlds (thus creating infinite branches) cannot occur. As a consequence,
we will observe that only a finite number of labels are introduced in a tableau
(Corollary 6.13).

Similarly to the other cases, 7R does not ensure a terminating proof search
due to (~T), which can be applied without any control. We ensure the termi-
nation by putting on () in 7R the same constraint used in the other calculi.
More precisely, it is easy to observe that it is useless to apply the rule on the
same conditional formula more than once by using the same label z. By the
invertibility of the rules (Theorem 6.4) we can assume, without loss of gener-
ality, that two applications of () on x are consecutive. We observe that the
second application is useless, since each of the conclusions has already been ob-
tained after the first application, and can be removed. We prevent redundant
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Tiabw,x: a s mlrioleAomw)

{(~")

T e w, s,y O=a,y cme (e Am b w) -

ziabwy e,y O-ay:——m, r: =(ahmpw)

(")

foabuwyoay O=a,ymzanm,z: O=(asm),z:-w

Yooy, Foapow,ywy ey Onayyomzcapm,z:O-fanm)z:—~w .. p:-0O-a,y: O-a (=)
+ *
* wrapw,yw,yay:O=ay mzia zmz O-(oAm)z:-~w (A7) )
Zima,zia,. .. Foapew,y o w, g,y Oa,yom, 2 =0=a,2 0a, R RN T
x zimyz:O-la Am),z:—w @) *
Tiakw,r<zra,r O=a,r:=leaim), r:O=(anm),
grw,pia,y:O-ayimzia, 2 m oz O-(a Am),z: —~w
(<]
T < 2y <z ol Am), v €zr <y, ioa,rO-ara
O-leAm),... uia,ym *
y: O Joeoow =
PSRt 1 I WO, L
x ®

Figure 12: A derivation in 7R of {adult ~ worker, =(adult ~ —married),
—(adult N married ~ worker)}. To save space, we use a for adult, m for
married, and w for worker.

applications of (~T) by keeping track of labels (worlds) in which a conditional
u : A |~ B has already been applied in the current branch. To this purpose,
we add to each positive conditional a list of used labels; we then restrict the
application of (1) only to labels not occurring in the corresponding list.

Notice that also the rule (<) copies its principal formula z < y in the con-
clusion; however, this rule will be applied only a finite number of times. This
is a consequence of the side condition of the rule application and the fact that
the number of labels in a tableau is finite.

The terminating calculus 7RT is obtained by replacing the (~F) rule in
Figure 11 with the one presented in Figure 13.

Iu:Ap B
(1)

I'z:—Au: A~ BB® Iz:-0-A4,u: A~ BH® I'z:B,u:Apn BL®
with o € L

Figure 13: The rule (~") in the tableau system 7RT.

It is easy to prove the following structural properties of TR™:

Lemma 6.2 For any set of formulas I' and any world formula x : F, there is
a closed tableau for T,z : F,x : —F.

Proof. By induction on the complexity of the formula F'.
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Lemma 6.3 (Height-preserving admissibility of weakening) Given any
set of formulas I' and any formula o, if I has a closed tableau of height h then
I',a has a closed tableau whose height is no greater than h.

Proof. By induction on the height of the closed tableau for I'.

Moreover, one can easily prove that all the rules of 7TRT are height-preserving
invertible, that is to say:

Theorem 6.4 (Height-preserving invertibility of the rules of TRT) Given
any rule (R) of TR, whose premise is I' and whose conclusions are I';, with

1 < 3, we have that if I has a closed tableau of height h, then there is a closed
tableau, of height no greater than h, for each T, i.e. the rules of TRT are
height-preserving invertible.

Proof. We consider each rule of the calculus, then we proceed by induction on
the height of the closed tableau for the premise.

e (1): given a closed tableau for I',u : A |~ B, then we can immediately
conclude that there is also a closed tableau for I'yu : A |~ B,z : —A, for
INu: A~ B,x: -[0-A, and for I',u : A ~ B,z : B, since weakening is
height-preserving admissible (see Lemma 6.3);

e (<): as in the previous case, a closed tableau for the two conclusions of
the rule can be obtained by weakening from the premise;

e (O7): given a closed tableau for (1)I',z : =0-A and a label y not oc-
curring in I', we have to show that there is a closed tableau for I';y <
x,Fi\ﬂy,y : Ay : O-A. By induction on the height of the proof of (1),
we distinguish the following cases:

— the first rule applied is (O7) on « : “0-A: in this case, we are done,
since we have a closed tableau for I',y < z, ngy, y: Ay 0O-A4;

— otherwise, i.e. another rule (R) of 7R is applied to I', z : =[1-A,
we can apply the inductive hypothesis on the conclusion(s) of (R),
since no rule removes side formulas in a rule application. In detail,
we have that x : -[(0-A belongs to all the conclusions, then we can
apply the inductive hypothesis and then conclude by re-applying (R).
As an example, suppose the derivation starts with an application of
(~7) as follows:

(OWIM,u:C ~ D,z : —0-A
), v:C,v:0-C,v: =D,z :-[0-A

(~7)

We can apply the inductive hypothesis on the closed tableau for (2),
concluding that there is a closed tableau for (2')I",v : C,v : O-C, v :
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-Dy <z, Fi/[_,y, y: A,y :O-A, from which we can conclude obtain-
ing the following closed tableau:

I'u:C D,y<m,ny_>y,y:A,y:D—\A
2T v : Cyv:0-C,v: =D,y < x,FQ/Lwy Ay O-A

)

Notice that the proof has (at most) the same height of the closed tableau
for (1).

e other rules: the proof is similar to the one for (7) and then left to the
reader.

Since all the rules are invertible, we have that in 7RT the order of application
of the rules is not relevant. Hence, no backtracking is required in the calculus,
and we can assume without loss of generality that a given set of formulas I' has
a unique tableau.

Let us now prove that 7RT is sound.

Theorem 6.5 (Soundness) 7RT is sound w.r.t. rational models, i.e. if there
18 a closed tableau for a set of formulas T', then T' is unsatisfiable.

Proof. By induction on the height of the closed tableau for I'. If I is an axiom,
then we distinguish two different cases. First case: x: P € ' and z : =P € T,
therefore there is no I such that I(z) € W and M, I(z) = P and M, I(z) £ P,
and I' is unsatisfiable. Second case: * < y € I' and y < = € I, therefore
there is a cycle in the preference relation, and the smoothness condition cannot
be satisfied. Indeed, since in any rational model < is irreflexive an transitive,
it can be easily shown that there cannot be an I such that I(z) < I(y) and
I(y) < I(x), which makes I" unsatisfiable.

For the inductive step, we have to show that, for each rule r, if all the
conclusions of r are unsatisfiable, then the premise is unsatisfiable too. As usual,
we prove the contrapositive, i.e. we prove for each rule that, if the premise is
satisfiable, so is (at least) one of the conclusions. In order to save space, we only
present the most interesting case of (J7). Since the premise is satisfiable, then
there is a model M and a mapping I such that M =; ',z : -0-A. Let w € W
such that I(z) = wj; this means that M, w = O0-A, hence there exists a world
w’ < w such that M, w’ = A. By the strong smoothness condition, we have that
there exists a minimal such world, so we can assume that w’ € Min.(A), thus
M, w' = 0-A. In order to prove that the conclusion of the rule is satisfiable,
we construct a mapping I’ as follows: let y be a new label, not occurring in
the current branch; we define (1) I'(u) = I(u) for all u # y and (2) I'(y) = w'.
Since y does not occur in I', it follows that M = I'. By Definition 6.1, we
have that M =1 y < x since w’ < w. Moreover, since I’(y) = w’, we have that
MEpy:Aand M |£p y : O-A. Finally, M |=p TM follows from the fact
that I'(y) < I'(z) and from the transitivity of <. The only conclusion of the
rule is then satisfiable in M via I'.
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In order to prove the completeness of the calculus, we introduce the notion of
saturated branch and we show that 7RT ensures a terminating proof search.
As a consequence, we will observe that the calculus introduces a finite number
of labels in a tableau, and this result will be used to prove the completeness of
the calculus.

Definition 6.6 (Saturated branch) We say that a branchB =T'1,T9, ..., T, ...

of a tableau is saturated if the following conditions hold:

1. for the boolean connectives, the condition of saturation is defined in the
usual way. For instance, if x : ANB € I'; in B, then there exists I'; in B
such that x: Acl'j andx: Bely;

2. ifx: A B €Iy, then for any label y in B, there exists I'; in B such
that either y: ~Ael'j ory:-0-A el ory: Bel;.

3. if x . =(A ~ B) € Iy, then there is a I'; in B such that, for some y,
y:Aely, y:0-Aely, andy: -Bel;.

4. if v+ "0-A € Iy, then there exists I'; in B such that, for somey, y <
zelj,y:Aely andy:0-A el

&

if © <y €11y, then for all labels z in B, there exists I'; in B such that
either z <y el orx <zeljy.

We say that a branch B =T1'1,T'3,...,T',,... is open if there is no I'; in B such
that x : F € T'; and = : =F € I';. We can easily show the following Lemma:

Lemma 6.7 Given a tableau starting with xo : F, for any open, saturated
branch B =T11,T9,..., 'y, ..., we have that:

1. ifz<yel; inB andy <z €I in B, then there exists I'y, in B such
that z < x € T'g;

2. ifx:0-A€el; inB andy <z € I'; in B, then there exists I'y, in B such
that y : mA € T and y : O-A € T';

3. fornol; inB, x <z elj.
Proof. First, we prove the following Fact:

Fact 6.8 Given a saturated branch B =11,Ts,..., 'y, ..., if there are T'; and
I'; in B such that x <y €T’y andy < x € I';, then B is closed.

Proof of Fact 6.8. We distinguish two cases:
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e both the two labels are different from the initial label xq: by this fact,
both x and y have been introduced in the tableau by an application of
(O7) or (~7), the only two rules introducing a new label, say u, in their
conclusions. In both the cases of (O7) and (~7), the rule introducing
x also introduces = : A,x : 0-A for some A. The same for y: the rule
introducing it also introduces y : B,y : J-B. Suppose that y < z is
introduced in the tableau before x < y: y < x can only be introduced by
(O7) or by (<), and in both cases T'}”,  is added to the current branch;
therefore, by the presence of x : 0-A, we have that y : A,y : O-A
are introduced in the tableau. When z < y is introduced in the tableau
by (O7) or (<), since positive box formulas are never removed from the
tableau, we have that also x : = A is introduced by Fy_m and the tableau
is closed by the presence of z : A. The case when y < z is introduced after
x < y is symmetric, and the tableau is closed by the presence of y : B and
y: B

e x =g (resp. y = zp): in this case, the tableau is closed since x < y,y < x
is an instance of (AX).

O Fact 6.8

Let us consider an open, saturated branch B =11,T'y,...,T,,.... We consider
separately the three claims in the definition of the Lemma:

1. We are considering the case when z <y €I'; in Band y < z € I'; in B.
Since B is saturated, then there exists I'y, in B such that either z < x € T’y
orz <y€Tly. Ifx <y €Ty, then the branch is closed (I'y is an instance
of (AX)). Thus, we conclude that z < x € T'y.

2. A relation formula y < z can only be introduced by an application of
either (07) or (<); in both cases, I} is added to the current branch of
the tableau. Consider any x : 0-A € T';; if j > 4, i.e. y < x is introduced
in the branch after x : O0—-A, then we are done, since y : =A € ch\ﬂy
and y : O0-A € Fi‘ﬂy. Otherwise, if y < « is introduced in the branch
before x : (J-A, then we are considering the case such that = : (0—A is
introduced by an application of (<), i.e. z: 0—=A € 'Y (by the presence

of some k : O0-A in the branch) for some k and z < k is also introduced

in the branch. Since the branch is saturated, then either (1) x < y or

(2) y < k are introduced in the branch: (1) cannot be, otherwise the

branch would be closed. If (2) is introduced after k : 0O—-A, then we

are done since y : A € FkM_W and y : O0-A € I‘Q/[_)y; otherwise, (2)

has also been introduced by an application of (<), and we can reason

in the same way described here above. This process terminates: indeed,

we can easily observe the following facts: - a boxed formula u : [0-A

is initially introduced in the tableau by an application of either () or

(™), whereas (<) and (O7) only “propagate” it to other worlds; - in
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both cases (™) and (~7), u is a new label not occurring in the branch,
therefore all the relation formulas v < u will be introduced later in the
branch, i.e. when u : (0-A already belongs to the branch. In conclusion
of our proof, a relation formula y < w will be introduced in the branch
not before of w : (0—A: by this fact and by the saturation of the branch,
we conclude that also y < u and, then, y : =A and y : 0-A belong to the
branch.

3. A relation z < x cannot be introduced by rule ((O07), since this rule es-
tablishes a relation between z in B and a label distinct from x. On the
other hand, it cannot be introduced by modularity. Indeed, for rule (<)
to introduce a relation x < x, there must be in B some relation y < =
(resp. = < y) for some y. But in this case the side condition of the rule
would not be fulfilled, and the rule could not be applied.

Also in TRT we introduce the restriction on the order of application of the
rules adopted for the other systems (see Definition 3.14), that is to say: the
application of the (O7) rule is postponed to the application of all propositional
rules and to the test of whether I' is an instance of (AX) or not.

Let us now show that 7RT ensures a terminating proof search. In order to
prove this result in a rigorous manner, we proceed as follows: first, we introduce
the complexity measure on a set of formulas I" of Definition 6.10, denoted by
m(I"), which consists of five measures ¢, ¢, c3, ¢4 and ¢5 in a lexicographic order,
and the auxiliary Definition 6.9; then, we prove that each application of 7TRT’s
rules reduces this measure, until the rules are no longer applicable, or leads to
a closed tableau.

The complexity of a formula ¢p(F') is defined in Definition 3.18; moreover,
we use square brackets [...] to denote multisets.

Definition 6.9 Given an initial set of formulas Iy, we define:

o the set EEO+ of boxed formulas O—-A that can be generated in a tableau for
To, ie. LI ={0-A|ArBerTo}U{d-~A| A Be_To}. Welet
no :| ‘CEO-%— |;

e the multiset EE"_ of negated boxed formulas that can be generated in a
tableau for Iy, i.e. EEO_ =[-0-A| Apr B ey Ty]. We let ko =| EEO_ |;

Given a label x and a set of formulas I' in the tableau for the initial set 'y, we

define:

o the number n, of positive boxed formulas (0—A not labelled by x, i.e. ng, =
no— | {0~A e Ll |v:0-A€T}|;
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e the number k, of negated bozed formulas —[J—=A not yet exrpanded in a
world z, i.e. ky = ko— | [70-A € ,CEO_ |y:O0-Ae€Tl andy <z e€T]|[°.

Definition 6.10 (Lexicographic order) We define m(T') = {(c1, ca, ¢3, ¢4, C5)
where:

eci=|{u:ArBe_T}|

e ¢y is the multiset given by [c5',c52,...,c5"], where x1,%2,..., T, are the
labels occurring in T and, given a label x, ¢& is a pair (ng, kz) in a lexico-
graphic order (n, and k, are defined as in Definition 6.9). We consider
the integer multiset ordering given by co

e c3=|{(z,ArB)|u:ArB*eT andx ¢ L} |

o cy =) ci, where z occurs in I and cf =| {r <y eT | {z <zz2<
y}nT =0}

® C5 = Zx:FeF ep(F)

We consider the lexicographic order given by m(T).

Roughly speaking, c¢; is the number of negated conditionals that can still be
expanded in the tableau. The application of (~7) reduces c;. co keeps track of
positive conditionals which can still create a new world. The application of (J7)
reduces co. c3 represents the number of positive conditionals not yet expanded
in a world x: the application of () reduces this measure, since the rule is
applied to u : A ~ B¥ by using = only if x does not belong to L, i.e. u: A~ B
has not yet been expanded in x. c4 represents the number of relations z < y
not yet added to the current branch: the application of (<) reduces ¢y, since it
applies the modularity of < in case z < y and, given z, neither z < y nor x < z
belong to the current set of formulas. c¢5 is the sum of the complexities of the
world formulas in I': an application of the rules for boolean connectives reduces
Cs.

First of all, we prove that the application of any rule of 7R reduces m(T)
or leads to a closed tableau, as stated by the following Lemma:

Lemma 6.11 Let IV be a set of formulas obtained as a conclusion of an appli-
cation of a rule of TRT to a set of formulas T'. We have that either the tableau
for T is closed or m(I") < m(I").

Proof. We consider each rule of the calculus:

SNotice that, in case there are two positive conditionals A ~ B and A ~ C with the same
o
O—
(O7) is applied to = : =[0-=A (for instance, generated by an application of (j~T) in = on
A |~ B), then k; decreases only by 1 unit, whereas the second instance of —=[J-A, i.e. the one
“associated” with A |~ C| is still considered to be not expanded in x, thus it still “contributes”

to ky.

antecedent, then the multiset £ contains two instances of —=[J—A. Therefore, if the rule
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e (~7): an application of this rule reduces ¢, since it is applied to a negated
conditional u : =(A |~ B) belonging to its premise which is removed from
the conclusion;

e (O7): first of all, observe that c¢; is not augmented in the conclusion,
since no negated conditional is added by the rule. The application of
(O7) reduces ¢y or leads to a closed tableau. We are considering the
following rule application:

Tz:-0-A (
Fy< xvri\/i»yvy : Aay :0-A

0-)

where y is a new label. ¢y in the premise, say cy, is a multiset [. .. NEREE Js
whereas in the conclusion we have to consider a measure, called ¢y, , of
the form [...,c§ ,cj ,...]. By the standard definition of integer multiset
ordering, we prove that either cp, < ¢z, (by showing that c¢§ < ¢z, and
cy < ¢z, l.e. we replace an integer ¢; with two smaller integers, see [10]
for details on integer multiset orderings) or that the procedure leads to a
closed tableau. We conclude the proof as follows:

— let us consider ¢j and c¢§ . By definition, cj is a pair (ny,, ky,)
and ¢ is a pair (ng,, ks, ). We distinguish two cases: if z : [J-A ¢
I', then we easily prove that n,, < n,,, since y : 0=A belongs to
the conclusion: therefore, the number of boxed formulas [J-A not
occurring with label y is smaller than the number of boxed formulas
not occurring with label z, and we are done (remember that all the
positive boxed formulas labelled by x are also labelled by y in the
conclusion, by the presence of Fi”iy); if z : O-A € T, then the
application of (7) leads to a node containing both y : A and y : = A
and, by the restriction on the order of application of the rules (see
Definition 3.14), the procedure terminates building a closed tableau;

— let us consider ¢ and c3 . It is easy to observe that n;, = ng,,
since no formula z : 0-A is added nor removed in the conclusion
(the positive boxed formulas labelled by x are the same in both the
premise and the conclusion). We conclude since k., < k,, since
x : =[0-A4 has been expanded in x, so it “contributes” to k., whereas
it does not to k..

e (~T): first of all, notice that ¢; and ¢y cannot be higher in the conclusions
than in the premise. Notice that the addiction of x : =[0=A in the inner
conclusion does not increase cg, since —[J-A is a negated boxed formula
still to be considered in both the premise and the conclusions. The appli-
cation of (~*) reduces c3. Suppose that this rule is applied to u : A ~ B
by using label z in the conclusions; by the restriction in Figure 13, this
means that © & L, so (z, A ~ B) belongs to the set whose cardinality de-
termines c3 in the premise. Obviously, since z is added to L for u: A ~ B
in the three conclusions of the rule, we can easily observe that (z, A ~ B)
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does no longer belong to the set in the definition of c3 in the conclusions:
c3 is then smaller in the conclusions than in the premise, and we are done;

e (<): the application of (<) reduces ¢4, whereas c1, ¢z, and ¢z cannot be
augmented (at most formulas z : 0-A are added in the conclusions by
™ and Fé”_,z, reducing ¢3). To conclude the proof, just observe that,
given a label z and a formula z < y, (<) is applied if {z < 2,2z < y}NT = 0,
i.e. z < y belongs to the set used to define ¢} in the premise, say i, When
the rule is applied, in the left premise z < y is added, and = < y does
no longer belong to the set used to define cj in the conclusion, say cj .

Therefore, cj < cjp. The same for the right premise, and we are done;

e rules for the boolean connectives: these rules do not increase values of ¢y,
c2, c3, and ¢4. Their application reduces cs, since the (sum of) complexity
of the subformula(s) introduced in the conclusion(s) is lower then the
complexity of the principal formula to which the rule is applied.

|
Now we can prove that 7R7T ensures a terminating proof search:

Theorem 6.12 (Termination of TRT) LetT be a finite set of formulas, then
any tableau generated by TRT s finite.

Proof. Let I’ be obtained by an application of a rule of TRT to a premise
I'. By Lemma 6.11 we have that either the procedure leads to a closed tableau
(and in this case we are done) or we have that m(I") < m(T"). This means
that, similarly to the case of P, a finite number of applications of the rules
leads either to close the branch or to a node whose measure is as follows:
(0,1(0,0),(0,0),...,(0,0)],0,0,cs5,,, ), where cs, . is the minimal value that c;
can assume for I'. This means that no rule of 7RT is further applicable. This
is a consequence of the following facts:

e (~7) is no longer applicable, since ¢; = 0;

e since ¢3 = [(0,0),(0,0),...,(0,0)], given any label z, we have that ¢} =
(0,0).  Therefore, the (O7) rule is no longer applicable, since we can
observe that there is no x : -(0-A € T' (by the fact that k, = 0);

e the rule (1) is not further applicable since ¢z = 0; indeed, c3 = 0 means
that all formulas A |~ B have already been expanded in each world x;

e ¢4 =0, i.e. for all formulas x < y, given any label z, we have that either
z<yelorz<zel, thus the (<) rule is not further applicable;

e since cs assumes its minimal value cs,,, , no rule for a boolean connective
is further applicable. If a boolean rule is applicable, then its application
reduces the value of ¢5 in its conclusion(s) by Lemma 6.11, against the
minimality of ¢5,, in the premise.
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As a consequence of Theorem 6.12, we can observe that the tableau for a given
set of formulas I'y contains a finite number of labels, since all the branches in a
tableau generated by 7RT are finite.

Corollary 6.13 Given a set of formulas T, the tableau generated by TRT for
I' only contains a finite number of labels.

Let us now show that 7RT is complete with respect to the semantics:

Theorem 6.14 (Completeness) TRT is complete w.r.t. rational models, i.e.
if a set of formulas T is unsatisfiable, then it has a closed tableau in TRT.

Proof. We show the contrapositive, i.e. if there is no closed tableau for I'; then "
is satisfiable. Consider the tableau starting with the set of formulas {z : F' such
that F' € I'} and any open, saturated branch B =T'1,T',...,T", in it. Starting
from B, we build a canonical model M = (Wpg, <, V) satisfying T', where:

e Wopg is the set of labels that appear in the branch B;
o for each z,y € Wp, z < y iff there exists I'; in B such that z <y € T'y;

e for each x € Wg, V(z) = {P € ATM | there is I'; in B such that « : P €
;).

We can easily prove that:

(7) by Corollary 6.13, we have that Wg is finite;

(#4) < is an irreflexive, transitive and modular relation on Wg satisfying the
smoothness condition. Irreflexivity, transitivity and modularity are obvious,
given Definition 6.6 and Lemma 6.7 above. Since < is irreflexive and transitive,
it can be easily shown that it is also acyclic. This property together with the
finiteness of Wp entails that < cannot have infinite descending chains. In turn
this last property together with the transitivity of < entails the smoothness
condition.

(#it) We show that, for all formulas F and for all T'; in B, (i) if z : F € T;
then M,z = F and (ii) if « : =F € T; then M,z & F. The proof is by
induction on the complexity of the formulas. If FF € ATM this immediately
follows from definition of V. For the inductive step, we only present the case
of F = A ~ B. The other cases are similar and then left to the reader. Let
z : A~ B €Ty. By Definition 6.6, we have that, for all y, there is I'; in B
such that either y : " A € I'jory : B € I'; or y : -0-A € I';. We show
that for all y € Min.(A), M,y = B. Let y € Min<(A). This entails that
M,y |= A, hence y : -A ¢ T';. Similarly, we can show that y : -0-A ¢ T';.
It follows that y : B € I';, and by inductive hypothesis M,y = B. (ii) If
z: (A B) €Ty, since B is saturated, there is a label y in some I'; such that
y:Aely, y:0-A €Ty, and y : -B € I';. By inductive hypothesis we can
easily show that M,y E A, M,y = 0-A, hence y € Min(A), and M,y (£ B,
hence M,z = A~ B.
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Since TRT makes use of the restriction in Figure 13, we have to show that
this restriction preserves the completeness. We have only to show that if (™)
is applied twice on the same conditional A |~ B, in the same branch, by using
the same label x, then the second application is useless. Since all the rules are
invertible (Theorem 6.4), we can assume, without loss of generality, that the two
applications of (~T) are consecutive. We conclude that the second application
is useless, since each of the conclusions has already been obtained after the first
application, and can be removed.

By Theorem 6.5 above and by the construction of the model done in the proof
of Theorem 6.14 just above, we can show the following Corollary.

Corollary 6.15 (Finite model property) R has the finite model property.

6.2 Decision Procedure and Optimal Proof Search for R

In this section we define a systematic procedure which allows the satisfiabil-
ity problem for R to be decided in nondeterministically polynomial time, in
accordance with the known complexity results for this logic.

Let n be the size of the starting set I' of which we want to verify the satis-

fiability. The number of applications of the rules is proportional to the number
of labels introduced in the tableau. In turn, this is O(2") due to the interplay
between the rules (~*) and (7). Hence, the complexity of the calculus 7RT
is exponential in n.
In order to obtain a better complexity bound for validity in R we provide the
following procedure. Intuitively, we do not apply (O7) to all negated boxed
formulas, but only to formulas y : =[0-A not already expanded, i.e. such that
z: A,z : 0-A do not belong to the current branch. As a result, we build a small
model for the initial set of formulas in accordance with Theorem 2.2. This is
made possible by the modularity of < in R.

Let us define a nondeterministic procedure CHECK(I') to decide whether a
given set of formulas I is satisfiable. Let EXPAND(I") be a procedure that returns
one saturated expansion of I' w.r.t. all static rules. In case of a branching rule,
EXPAND nondeterministically selects (guesses) one conclusion of the rule.

CHECK(I")
1. I «— EXPAND(I);
2. if I" contains an axiom then return UNSAT;
3. I' «— result of applying (|~ ) to each negated conditional in I';
4. T «— EXPAND(T);
5. if I" contains an axiom then return UNSAT;
while I' contains a y : =[J-A not marked as CONSIDERED do
6. select y : =[0=A € T" not already marked as CONSIDERED;
6a. if there is z in ' such that z: A€ T and z : 0-A €T
then 6a’. add z < y and 1"11;”_,2 to I';

else 6a”. T' «— result of applying (07) to y : =[0-A4;
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6b. mark y : =[J=A as CONSIDERED;
7. T «— EXPAND(T);
8. if I" contains an axiom then return UNSAT;
endWhile
9. return SAT;

Observe that the addition of the set of formulas z < y, Fy_,z in step 6a’ could
be omitted and it has been added mostly to enhance the understanding of the
procedure. Indeed, the rule (<), which is applied at each iteration to assure
modularity, already takes care of adding such formulas. The procedure CHECK

nondeterministically builds an open branch for I'.

Theorem 6.16 (Soundness and completeness of the procedure) The above
procedure is sound and complete w.r.t. the semantics.

Proof. (Soundness). We prove that if the initial set of formulas I" is satisfiable,
then the above procedure returns SAT. More precisely, we prove that each step
of the procedure preserves the satisfiability of I'. As far as EXPAND is concerned,
notice that it only applies the static rules of TRT and the soundness follows
from the fact that these rules preserve satisfiability (see Theorem 6.5). Consider
now step 6. Let y : =0-A the formula selected in this step. If (07) is applied
to y : ~0-A (step 6a”) we are done, since (07) preserves satisfiability (see
Theorem 6.5). If I' already contains z : A, z : 0-A, then step 6a’ is executed,
and the relation z < y is added. In this case we reason as follows. Since I'
is satisfiable, we have that there is a model M and a mapping I such that
(1) M,I(y) = -0-A4 and (2) M,I(z2) E A and M,I(z) E O-A. We can
observe that I(z) < I(y) in M. Indeed, by the truth condition of -(0-A and by
the strong smoothness condition, we have that there exists w such that w < I(y)
and M,w = A,0-A. By modularity of <, either 1. w < I(2) or 2. I(z) < I(y).
1 is impossible, since otherwise we would have M, w = —A, which contradicts
M, w = A. Hence, 2 holds. Therefore, we can conclude that step 6a’ preserves
satisfiability.

(Completeness). It can be easily shown that in case the procedure above returns
SAT, then the branch built is saturated (see Definition 6.6). Therefore, we can
build a canonical model for the initial ', as done in the proof of Theorem 6.14.

Theorem 6.17 (Complexity of the CHECK procedure) By means of the pro-
cedure CHECK the satisfiability of a set of formulas of logic R can be decided in
nondeterministic polynomial time.

Proof. Observe that the procedure generates at most O(n) labels by applying
the rule (~7) (step 3) and that the while loop generates at most one new label
for each -0-A formula. Indeed, the rule (O7) is applied to a labelled formula
y : —[0-A to generate a new world only if there is not a label z such that
z:AeTl and z: O0-A €T are already on the branch. In essence, the procedure
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does not add a new minimal A-world on the branch if there is already one. As
the number of different -0-A formulas is at most O(n), then the while loop
can add at most O(n) new labels on the branch. Moreover, for each different
label z, the expansion step can add at most O(n) formulas z : =(0-A on the
branch, one for each positive conditional A ~ B occurring in the set I". We can
therefore conclude that the while loop can be executed at most O(n?) times.

As the number of generated labels is at most O(n), by the subformula prop-
erty, the number of labelled formulas on the branch is at most O(n?). Hence,
the execution of step 6a has complexity O(n?). The execution of the nonde-
terministic procedure EXPAND has complexity O(n?), including a guess of size
O(n?), whereas to verify if I' contains an axiom has complexity O(n?) (since
it requires to check whether, for each labelled formula x : P € I', the formula
x: =P is also in T', and T' contains at most O(n?) labelled formulas). We can
therefore conclude that the execution of the CHECK procedure requires at most
O(n") steps.

By Theorem 6.17, the validity problem for R is in coNP. coNP-hardness is
immediate, since R includes classical propositional logic. Thus, we can conclude
that:

Theorem 6.18 (Complexity of R) The problem of deciding the validity for
rational logic R is coNP-complete.

7 Conclusions

In this paper, we have presented tableau calculi for all of the KLM logical
systems for default reasoning. Some preliminary results have been presented in
[18] and [19]. We have given a tableau calculus for rational logic R, preferential
logic P, loop-cumulative logic CL, and cumulative logic C. The calculi presented
give a decision procedure for the respective logics. Moreover, for R, P and CL
we have shown that we can obtain coNP decision procedures by refining the
rules of the respective calculi. In case of C, we obtain a decision procedure
by adding a suitable loop-checking mechanism. Our procedure gives an hyper
exponential upper bound. Further investigation is needed to get a more efficient
procedure. On the other hand, we are not aware of any tighter complexity bound
for this logic.

All the calculi presented in this paper have been implemented by a theorem
prover called KLMLean. KLMLean (not presented here) is a SICStus Prolog
implementation of the tableau calculi introduced in this paper, and it is inspired
to the “lean” methodology [4, 13, 5], whose basic idea is to write short programs
and exploit the power of Prolog’s engine as much as possible. To the best of
our knowledge, KLMLean is the first theorem prover for KLM logics.

Artosi, Governatori, and Rotolo [2] develop a labelled tableau calculus for
C. Their calculus is based on the interpretation of C as a conditional logic
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with a selection function semantics. As a major difference from our approach,
their calculus makes use of labelled formulas, where the labels represent possible
worlds or sets of possible worlds. World labels in turn are annotated by formulas
to express minimality assumptions, e.g. they represent by a label w4 the fact
that w is a minimal A-world, or in terms of the selection function, belongs to
f(A,u). They use then a sophisticated unification mechanism on the labels
to match two annotated worlds, e.g. w?,w?; observe that by CSO (which is
equivalent to CUT+CM), the equivalence of A and B might also be enforced
by the conditionals contained in a tableau branch. Even if they do not discuss
decidability and complexity issues, their tableau calculus should give a decision
procedure for C.

In [20] and [21] it is defined a labelled tableau calculus for the logic CE and
some of its extensions. The flat fragment of CE corresponds to the system P.
The similarity between the two calculi lies in the fact that both approaches use
a modal interpretation of conditionals. The major difference is that the calculus
presented here does not use labels, whereas the one proposed in [20] does. A
further difference is that in [20] the termination is obtained by means of a loop-
checking machinery, and it is not clear if it matches complexity bounds and if
it can be adapted in a simpler way to CL and to C.

Lehmann and Magidor [27] propose a non-deterministic algorithm that,
given a finite set K of conditional assertions C; ~ D; and a conditional as-
sertion A ~ B, checks if A ~ B is not entailed by K in the logic P. This is
an abstract algorithm useful for theoretical analysis, but practically unfeasible,
as it requires to guess sets of indexes and propositional evaluations. They con-
clude that entailment in P is coNP, thus obtaining a complexity result similar
to ours. However, it is not easy to compare their algorithm with our calculus,
since the two approaches are radically different. As far as the complexity re-
sult is concerned, notice that our result is more general than theirs, since our
language is richer: we consider boolean combinations of conditional assertions
(and also combinations with propositional formulas), whereas they do not. As
remarked by Boutilier [8], this more general result is not an obvious consequence
of the more restricted one. Moreover, we prove the coNP result also for the
system CL. At the best of our knowledge, this result was unknown up to now.

We plan to extend our calculi to first order case. The starting point will be
the analysis of first order preferential and rational logics by Friedman, Halpern
and Koller in [15].
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