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Abstract

The sequential information bottleneck (sIB) algorithm clusters text docu-
ments or other data interpretable as co-occurring pairs of variables (analogous
to documents vs. words). We introduce a variant of the algorithm that takes
sparsity of data into account by postulating multinomial sources for the data.
The new objective function, a Bayes factor, is asymptotically equivalent to
mutual information, the original cost function of the sequential information
bottleneck. Parameters of the multinomials need not be estimated, for they
can be analytically marginalized away. Experiments imply performance equal
to the original sIB for larger data sets and improved performance for clusters
with small numbers of documents.

1 Introduction

In a common current approach to text document analysis, syntax is ignored and
documents are treated as 'bags of words’. Under this model, the sufficient statistics
for a document are the word counts n, telling how many times each word y appears
in the document.

At the level of a whole document collection, counts over documents z and all words
y that appear within them form a matrix or, in statistical terms, a two-dimensional
contingency table. Words of the document collection (columns) and the documents
(rows) form the margins of this table. Formally, we consider a set of co-occurrences
of two categorical variables X and Y. (Values of the random variables are denoted
by lowercase letters.) The co-occurrences can be enumerated one by one, but given
exchangeability, a sufficient statistic for the set of co-occurrences are the counts n,,
of various combinations (X,Y"). These form a two-dimensional contingency table.

Clustering the document collection is equivalent to collecting together rows of
the corresponding contingency table. More generally, any data expressible as co-
occurrences between two discrete variables is statistically equivalent to the docu-
ment collection under the bags of words model. Similar statistical methods then
apply, including those presented in this paper.

Methods for clustering contingency table margins have been proposed earlier both
in statistics [4, 6] and in machine learning [1, 2, 7, 8 11, 14]. We focus on the
sequential IB algorithm (sIB; [12]), an application of the information bottleneck
principle [14]. IB and sIB try to preserve the structure of the contingency table in
the sense of making the clusters maximally predictive or dependent about the other
margin of the table. Dependency is measured by mutual information.



IB and sIB are based on known probability distributions instead of counts. Theoret-
ically this implies that they are asymptotic algorithms, and that their accuracy for
finite, especially sparse data sets, is uncertain. We propose a theoretically justified
cost function defined for counts, and an algorithm very similar to sIB. For large
data sets the new cost function approaches mutual information, and the algorithm
approaches sIB. Empirical performance is comparable to sIB and better for very
sparse data.

The current work derives from our previous work on clustering algorithms for con-
tinuous data [10]; In the present paper the cost function is presented as a Bayes
factor, which is its most general interpretation and directly applicable to the case
of two adjustable margins. In the present one-margin case, a likelihood interpreta-
tion is also available. The likelihood is a marginalized version of the crisp-cluster
likelihood interpretation of IB ([13], but see also the ACM model in [8]).

1.1 Information bottleneck

The information bottleneck (IB) principle for clustering rows of contingency tables
is based on the Shannon’s information theory and is therefore asymptotic: Instead
of counts ny,, it deals with the joint distribution p(z,y) of X and Y. Of course, the
joint distribution is interpretable as the expected relative counts nay/ 3,/ nary
when the total number of co-occurrences Zw Ngy is large. The IB principle and
algorithms that follow are therefore usable for the analysis of real data sets as well,
although straightforward applications of the principle may suffer from the excess
noise in finite counts computed from sparse data.

In information-theoretic terms, IB finds a representation T for X. Technically, T is a
discrete random variable. The representation can be identified with the conditional
distribution p(t|x) of clusters ¢ given the value z of the margin variable X.

From the viewpoint of clustering, ¢t can be interpreted as clusters. Cluster assign-
ments are then not deterministic but the indeterminacy, the probabilities p(t|x)
can be interpreted as degrees of cluster memberships.

Objective function. IB minimizes the cost I[(X,T) — B8I(T,Y), which is a com-
promise between two mutual informations. The dependency term I(T,Y’), mutual
information between Y and T, tries to preserve the structure of the joint distribu-
tion p(X,Y), while the complexity term I(X,T) tries to keep the representation T
non-informative of X, or simple. The representation 7' can be seen as a bottleneck
squeezing out essential parts of the dependency between X and Y.

A compromise that depends on 3 is made, and one of the original motivations behind
the IB setup is to study the properties of the continuum spanned by 8. Variational
optimization of the cost with respect to p(¢|z) leads to a solution characterized by
the three equations

pltlz) = AL exp(—BD s (p(y o), plylt)
p(ylt) = 5y 22, ply|2)p(tlz)p(z) | (1)
p(t) = >, p(tlz)p(z)

Of these equations only the first is of particular interest, for it characterizes the
shape of the optimal clusters spanned over the document space X. Before normal-
ization by Z(8,z) = > p(t) exp(-), the clusters are exponentially decaying functions



of the Kullback-Leibler divergence from a document ’prototype’ p(y|t). (Note that
it suffices to characterize the documents by their word distributions p(y|z).)

The equations (1) propose an alternating, iterative optimization algorithm for find-
ing clusters p(t|z), given p(z,y) and 8. The algorithm resembles the Blahut-Arimoto
algorithm of rate distortion theory [3].

Crisp clusters. From (1) it is clear that as § — oo, optimal clusters p(t|z) tend to
become crisp or sharp, in the sense that p(¢|z) — 0 or p(¢|z) — 1 almost everywhere.
It is even more clear from the cost function I(X,T) — BI(T,Y) that for § — oo it
essentially becomes I(T,Y’), a measure of dependency between T' and Y. In other
words, when the dependency BI(T,Y) x I(T,Y) is variationally maximized with
respect to the cluster shapes p(t|z), we find that the optimal clusters are necessarily

of the form p(t|z) € {0, 1}.

If the main motivation of a data analysis setup is to group the data, it is tempting
to at least finally set 8 — oo. This is the cluster shape of the sequential information
bottleneck (sIB) algorithm, and also the case on which we concentrate in this paper.

In the case of crisp clusters, representation 7' becomes a deterministic function
t(z) : X — T of the original data =. Just as the co-occurrences of X and Y form
a contingency table, the co-occurrences of T and Y then form another, smaller co-
occurrence table. The (T,Y) table is obtained from the (X,Y") table by collating
rows together according to t(x). Below we will denote the (T,Y") table by N and
its entries by ns,. Margins of the table are denoted by n; = ZU Ny, Ty = Y Ny,
and the total number of co-occurrences in the table by N = Zm Niy.

Note that for soft clusters, the contingency table between 7" and Y does not exist,
because assignments at the 7-margin would not be well defined.

Although the setting is more general, for convenience z, y, and ¢ are below called
documents, words, and clusters, respectively.

1.2 Sequential information bottleneck (sIB)

The sequential information bottleneck method (here sIB for brevity; [12]) produces
crisp clusters, p(t|z) € {0,1}, with each document belonging to one cluster only.
This corresponds to the maximizing the dependency of the clusters T' and the words
Y, measured by the mutual information I(7T,Y). It may therefore be seen as a
margin-collating contingency table algorithm in the sense explained above.

Given an initial assignment of documents x to clusters ¢, the sIB algorithm sequen-
tially draws a random document = from the solution, and finds a new cluster assign-
ment for it by minimizing a merging criterion. In the sIB algorithm the merging
criterion is (weighted) Jensen-Shannon divergence between the word distributions
of the relocated document and the candidate cluster, i.e.,

(p(z) +p(t)) - Dys(p(Y|z), p(Y[t)|m1, 72)
= (p(z) +p(t) - [m Dk (p(Y]2),p(Y)) + m2 D n.(p(Y]2), (V)] (2)

where Dgy, is the Kullback-Leibler divergence, m = p(z)/(p(z) + p(t)), m =
p(t)/(p(x) + p(t)) and p(y) = mp(y|z) + m2p(y[t)-



In experiments sIB outperformed agglomerative 1B, iterative double clustering, K-
means and a number of heuristic alternatives for sequential clustering [12]. The
sequential approach may also perform better than alternating optimization by equa-
tions (1) [12].

2 Sequential information bottleneck (sIB) for fi-
nite data

Mutual information is an asymptotic quantity, defined for document and word prob-
abilities p(z) and p(y|z). The implicit solution (1) of the IB optimization problem
therefore also refers to probability distributions. In straightforward data analy-
sis tasks the probabilities are unknown; for IB they need to be estimated from
a data set. In [12] the estimate was p(y|z) « ng,, where ng, is the number of
co-occurrences of word y in document x; this is a maximum likelihood estimate.

With sparse data, however, the estimates are inaccurate and point estimates, in-
cluding ML, can lead to overfitting. Word counts of short documents are noisy
descriptors of the topical content of the documents, but the noise is not visible in
the ML (point) estimates.

A solution is to replace the point estimates by the posterior distributions of doc-
ument content, given the counts and the bag-of-words model. Uncertainty is inte-
grated out only at the final stage of evaluating the evidence for the model. Then
uncertainty induced by finite word counts gets propagated to a higher level of the
analysis, and uncertain data are correctly given less weight. Assuming the bag-of-
words model is sound, such an analysis should better match the underlying topical
categories, and improve generalization to new data.

In this section we present a finite-data variant of the Sequential Information Bot-
tleneck method, called finite sequential information bottleneck (fsIB), that takes
the finite length of documents into account in a probabilistic manner. The novelty
in the variant is contained in the new objective function; otherwise the resulting
algorithm is identical to sequential IB with a similar time complexity and similar
convergence proofs.

We will first derive the objective by considering generative models and their Bayes
factors; we then show that at the limit of large co-occurrence counts the objective
is equivalent to mutual information.

2.1 Objective function

We aim to measure the dependency between the rows and the columns of the table.
A Bayesian measure is the Bayes factor between two model families [5]. The first
family H; models the entire contingency table by a single multinomial distribution
with a Dirichlet prior. The second family Hs models the marginals (clusters and
words) by independent multinomial distributions with Dirichlet priors. That is,
the first family assumes the clusters may depend on the words and the second
assumes them independent. Both families are generative for the words but not for
the documents.

The objective function Cprp of the fsIB method is (up to a constant factor) the



Bayes factor comparing the two model families. It can be shown (Appendix A) that
this is given by
p(N|H,) ~ Ht,y L(ney + ouy)
p(NIHz) — I, T(ne + )

where the ay, are parameters of the Dirichlet prior for the co-occurrence counts
and the a; are parameters of the Dirichlet prior for the sizes of the clusters. The
Dirichlet parameters a4, and a; can take any positive values note that in general
they do not sum up to unity.

= Cpin (3)

The Bayes factor compares the likelihood of the data given the two families, H;
in the numerator and H, in the denominator. For both families, the Bayes factor
accounts for the uncertainty about a document’s generating word distribution by in-
tegration over its parameters. This integration is done collectively for all documents
in each cluster, since they are assumed to be generated by the same distribution.

A simple interpretation. A special interpretation of the Bayes factor is possi-
ble if “consistent priors” are used for the model families, that is, if oy = Zu Oigy.
In this special case the Bayes factor is inverse to the evidence term in the poste-
rior probability of independent margins (Appendix B). That is, p(H2|Hi,N) «
p(H2|H1)/Cysrp. The posterior is computed given the data N and the (larger)
model family H;. Maximizing the Bayes factor minimizes the evidence that the
margins are independent.

Interpretation as marginalized likelihood. When consistent priors are used,
it turns out the objective function (3) can also be interpreted as the marginal
likelihood p(N|H3) under a family Hs that models each cluster with a separate
multinomial distribution, with a Dirichlet prior a4, for each cluster ¢ [10]. The
likelihood is marginalized over the individual models (parameter values) in Hj.
(Compared to [10], the novelty here is the application to discrete data.)

3

Connection to the hypergeometric formula. Also note that if oz = ¢ =1,
the gamma functions in (3) turn to factorials, and the cost function becomes a
simple counting argument resembling those behind the concept of physical entropy.

2.2 Connection to sequential IB

On document priors. The equations (1) are defined for any distributions p(x)
and p(y|z). In [12], the sequential IB was tested using a uniform prior over doc-
uments, p(z) = 1/|X|, where | X| is the number of documents in the dataset. On
the other hand, emphasizing long documents as more informative may be desirable.
Then the non-uniform document prior proportional to the number of words in the
documents, p(z) = n, /N, is an obvious candidate (n,4 is the number of word oc-
currences in the document and N is the total number of word occurrences in the
dataset, and hence in the contingency table).

Asymptotically equivalent objectives. It turns out that in the limit of large
co-occurrence counts, i.e. N — oo, the fsIB objective function Cfsp is equivalent
(Appendix C) to the sequential IB objective I(T,Y), when I(T,Y) is computed
based on the non-uniform document prior.



For a uniform document prior such a connection is not known, however (outside
the trivial case of equal-length documents). Both priors are possible choices for
sequential IB. The existence of the Bayes factor connection argues in favor of the
nonuniform prior, but it is an empirical issue which prior is better in practice. In
Section 3 we test the sequential IB method with both priors.

Other connections. In addition to the information bottleneck method, the pro-
posed model can also be related to the asymmetric clustering model (ACM; [8]).
The difference is that we integrate over the word distribution parameters, instead
of using a maximum likelihood point estimate.

2.3 Optimization

In [12] a ’template algorithm’ for sequential clustering algorithm was introduced.
It applies to optimizing so-called decomposable objective functions, i.e., sums over
functions that depend only on an individual cluster. Applying this template for
mutual information yielded the sequential Information Bottleneck algorithm, and
various heuristic choices were also tested.

The same template algorithm can be applied to optimizing the fsIB objective func-
tion (3), since its logarithm is decomposable. The resulting algorithm resembles the
sequential Information Bottleneck; the only changes are that the objective function
and similarity measure are replaced by their fsIB equivalents.

Cluster merging criterion. For sequential IB, the new cluster for an extracted
document, was chosen by minimizing a weighted Jensen-Shannon divergence. For
fsIB, the criterion is to maximize the Bayes factor (3).

If a document d is extracted from some cluster ¢, and merged to cluster ¢, the Bayes
factor is changed by a factor of

dps(d. 1) = (H T(nyy + dy + my)>  I(n+ay) "

F(nty + aty) F(Tlt + |d| + at)

times a constant. Here ns, and n; are the co-occurrence counts after the document
has been extracted from %o, d, is the co-occurrence count of word y in the document
and |d| = Zy d,. Note that this quantity depends only on the co-occurrences in the
document and the cluster ¢, not on the rest of the contingency table. The choice ¢
that yields the largest value of the criterion is chosen.

Interpretation of the criterion. It can be shown (see Appendix D) that the
cluster merging criterion (4) is asymptotically equal to the weighted Jensen-Shannon
divergence (2) used in sequential IB.

Notice that when n;,, and n:, have been updated after extracting the document,
the criterion (4) does not depend further on the original cluster #y. In fact, adding a
completely new document to the contingency table yields the same criterion. This
yields probabilistic interpretations for the criterion.

In general, if new data N, is added to the contingency table, the change in the



Bayes factor is given by

p(N,No|Hy) p(N|H;) _ p(N2|Hy, N) (5)
p(N,Ny|Hy) p(N|Hy)  p(N2[Hy,N)

i.e. it is simply a Bayes factor comparing H; and Hs with data Ny after witness-
ing N. For the fsIB algorithm the 'new data’ is simply the previously extracted
document, i.e., Ny = d.

Furthermore, if consistent priors are used, the criterion (4) is inverse to the new evi-
dence term for updating the Bayesian posterior probability of independent margins.
That is, we have

p(N2|Hy, Hy, N)

H>|H{,N,Ny) =
p( 2‘ 1, ) 2) p(NQ‘H]‘N)

-p(H2|H1, N) (6)

where the first term on the right is (inverse to) the cluster merging criterion when
H, C H,, and the second term is independent of N». Notice that again the first
term contains all the factors that depend on the new data; therefore it can be called
the new evidence term. Minimizing it keeps the evidence of independent margins
minimal.

In the case of consistent priors, there is a third probabilistic interpretation: it turns
out that (4) is equal (up to a constant factor) to p(d|n;), the probability that the
(unknown) multinomial distribution that generated the words n; in cluster ¢ also
generated the words in d, when a Dirichlet prior with parameters a4, is used for
the multinomial distribution.

The algorithm. For completeness, we present pseudo-code for the fsIB opti-
mization algorithm in Fig. 1. The algorithm takes n different restarts from random
clusterings into K clusters. For each restart, the algorithm continues until it has
performed maxz L iterations over the data set, or until the number of cluster changes
per iteration is at most a fraction € of the number of objects.

Convergence and complexity. The convergence result for the sequential IB al-
gorithm also holds for the fsIB algorithm; since cluster changes are directly chosen
to maximize the objective function, it never decreases during the iteration. 'Loops’
over equally good clusterings are not possible since for each document, the high-
est cluster index with the largest objective function value is chosen, and therefore
they cannot move back to a previous cluster with equal objective function value.
Moreover, the fsIB objective is upper bounded for any dataset as long as a;, and
«y are positive, since the gamma functions are then bounded above and below. The
empirical priors used in Section 3 satisfy this requirement.

Since sequential IB and fsIB use essentially the same optimization method with
different cost functions (which are equally complex to evaluate), both methods
have the same time complexity O(K|Y'|) per iteration. The total time complexity
is bounded by O(nLK|X||Y]) for both methods, where n is the number of restarts,
L is the number of cycles over X and K is the number of clusters. In practice the

fsIB algorithm seems to converge with less iterations than sequential IB.



Input:
| X | objects to be clustered
Parameters: K, n, mazlL, €

Output:
A partition T of X into K clusters

Main Loop:
Fori=1,...,n
T; + random partition of X.
c<« 0,C <« 0,done=FALSE
While not done
Forj=1,...,|X|
Draw z; out of ¢(x;)
" (z;) = argming dpp({2;}, 1)
If t"¢%(z;) # t(x;) then ¢ ¢~ c+ 1
Merge z; into t""(x;)
C+C+1
If C > maxzL or ¢ < e-|X]| then
done <~ TRUE
T < argmaxr, Crs15(T;)

Figure 1: Pseudo-code for the fsIB optimization algorithm. In the context of clus-
tering text documents, the z; are documents with word co-occurrences {z;}, and
t(z;) and t""(z;) are the old and new clusters of extracted document x;. The
overall criterion Cfsrp is computed by (3) and the cluster merging criterion dyrp by

(4).
3 Empirical tests

In this section we carry out a set of experiments to verify that the fsIB yields
improved unsupervised clustering results. Since the sequential IB (sIB) algorithm
has already been compared to several alternatives in [12], and outperformed them,
we will compare fsIB only to sIB.

3.1 The data sets

We compared fsIB and sequential IB on the same two datasets used in [12]. The
Twenty Newsgroups (20NG; [9]) and Reuters-21578 (Reuters; available from http://
www.daviddlewis.com/resources/testcollections/reuters21578/) datasets are stan-
dard test corpuses of text documents. The 20NG set consists of articles from 20
Usenet newsgroups, and the Reuters set consists of short news articles from the
Reuters stream.

In both datasets, a categorization of the documents is known; for the 20NG set the
newsgroups are the categories. For the Reuters set news articles belong in one or
more topic categories. For both datasets, the number of clusters sought equaled
the number of categories. The categories themselves were not used in training, but
were only used to evaluate the clustering results.



In [12] the methods were also compared on a selection of subproblems from the two
corpuses; here we only tested the full problems.

Preprocessing. In most details we replicated the preprocessing made in [12]. For
the 20NG set the preprocessing included removing stopwords, setting characters
to lowercase, replacing digits with zeroes, ignoring non-alphanumeric characters
and pruning words that only occurred once. For the Reuters set a similar but
slightly more complicated preprocessing was performed, including more advanced
word splitting, and replacement of numeric expressions with indicator tags.

After the initial preprocessing the 2000 most informative words were selected, i.e.
the words with the largest terms in the equation of mutual information between
documents and words [12], that is, the words y with largest values of

p(,y)
28 ) g

Note that the ’informativeness’ is based on a joint distribution estimate p(z,y)
which could be computed with either a uniform or non-uniform document prior,as
described in Section 2.2. Here we used the non-uniform prior. Lastly, documents
that had less than 10 words were discarded. This yielded 18656 documents for the
20NG set and 8452 for the Reuters set.

3.2 Test setup

Comparison methods. The fsIB algorithm is compared against the sIB algo-
rithm, with two variants for both methods. For sequential IB, both uniform (sIB
1) and nonuniform (sIB 2) document priors are used.

For fsIB, two kinds of priors are used for the generative model parameters. Both
are empirical priors with az, = nu% where |Y'| is the number of possible values of
Y (size of the dictionary) and N is the total number of co-occurrences. The priors
differ for a;: we set either a; = 1 or a; = |Y|. The first choice (fsIB 1) leaves the

priors ay, and oy inconsistent, and the second (fsIB 2) makes them consistent.

For all variants we set the parameters of the optimization algorithm to mazL = 30,
e =0 and n = 15.

Data subdivision The fsIB algorithm is expected to be especially effective for
sparse data; for non-sparse data it approaches sequential IB with a nonuniform
document, prior. To test the effect of sparseness, both datasets were divided into
an increasing number of subsets (from 1 to 160) by stratified sampling; with a fixed
number of clusters, this leaves progressively less samples per cluster.

For each subdivision of a dataset (20NG or Reuters), all subsets were first clustered
by all methods. The performances of the methods were then compared across the
subsets by paired t-test. Note that too low numbers of subsets will yield large
p-values; on the other hand, too small subsets may cause noise in the results.

Goodness measure The goodness of the results is evaluated by their micro-
averaged precision with respect to human-given categories: the newsgroup of each



doc./
Dataset subsets clusters cluster sIB1 sIB2 fsIB1 fsIB 2

20NG 1 20 9328 56.6 50.6 524 51.9
20NG 10 20 93.3 441  47.5 48.9 48.4
20NG 20 20 46.6 40.1  44.0 451  45.4
20NG 40 20 23.3 383 409 435  44.7
20NG 80 20 117 366 381 388  42.1
20NG 160 20 5.8 38.9 389 376  43.9
Reuters 1 10 8452 852 885 89.3 884
Reuters 10 10 845 849 835 825  85.5
Reuters 20 10 423 84.4 833 827 840
Reuters 40 10 21.1 823 822 798  83.4
Reuters 80 10 106 81.3 79.9 773  82.6
Reuters 160 10 5.3 81.2 79.9 72.0 83.4

Table 1: Class discovery accuracy of the different methods, measured as micro-
averaged precision (8). sIB 1: sIB with uniform document prior, sIB 2: sIB with
normalized document length as document prior, fsIB 1: fsIB with empirical word
prior, total weight over words = number of dimensions, inconsistent cluster prior
with total weight = number of clusters, fsIB 2: fsIB, empirical word prior whose
total weight = number of dimensions, consistent cluster prior. Numbers are average
micro-averaged precisions over the subsets, in percentages. The best results are in
boldface. If a number is underlined, p < 0.05 for a two-tailed paired t-test between
it and the next best method, and if the number is doubly underlined, p < 0.01.

post for the 20 Newsgroups set and the topic categories of the news article for the
Reuters set. In the Reuters set each document may belong to several categories.

Assume first that for a clustering T', each cluster is given the class label of the
dominant class in the cluster, i.e., by majority vote of documents in the cluster.
The clustering classifies each document to the label of its cluster. Given this clas-
sification, the micro-averaged precision of the clustering T is defined by

_ Zcfl(C=T) _i c
PO = e+ fen — ) 2 NED ®)

where f1(¢,T) is the number of documents correctly classified to class ¢ (their true
classes include ¢), fa(c,T) is the number of documents incorrectly classified to ¢
and | X]| is the total number of documents.

In [12] a thresholding strategy was introduced to increase precision at the expense

of recall. Here we only compare precision, but the same thresholding strategy can
be used for fsIB as well.

3.3 Results

Table 1 presents the micro-averaged precision results, averaged over subsets. Figure
2 presents the average results over the 20NG and Reuters sets as curves.

Note that the results for sequential IB on the whole data are very close to those in
[12]; the differences in preprocessing are then likely to be minor.

As expected, performance decreases for all methods as the data becomes sparse

10
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Figure 2: Micro-averaged precision results, averaged over subsets. Left: Twenty
Newsgroups data, right: Reuters data.

(documents/cluster becomes small). However, the fsIB algorithm with consistent
priors (fsIB 2) yields the best results on the sparse data. As the amount of data
increases the fsIB results converge to sIB with the nonuniform prior (sIB 2), as
expected based on the asymptotical equivalence of their objective functions.

For fsIB, the consistent priors yield clearly better results for on the small data sets;
the non-consistent priors seem slightly better on the largest sets but the differences
are not significant.

For sequential IB, neither of the document priors is clearly better: a uniform prior
is better on the small Reuters subsets, but worse on the whole set. The non-uniform
prior is better on the small 20NG subsets, but worse on the whole set. The last
difference is large enough that the fsIB variants, asymptotically equivalent to the
non-uniform prior, also perform poorly.

It is surprising that the choice of document prior seems to depend on the size of
the dataset; the significance of the whole-set results is not known, though, and
the algorithms may e.g. be caught in local minima. Still, the result merits more
investigation.

Why are sIB 1 and the fsIB versions bad on the 20NG set in the large data limit? All
three algorithms (asymptotically) weigh documents by their length. We tested the
effect of removing the longest and shortest five percent of documents, but this did
not improve sIB 1 performance on the whole set. However, the 20NG set contains
some leftover words from the subject lines; such words do not follow the bag of
words model (a longer article would not have more subject lines), so it is tentatively
possible they worsen performance of weighting based on the bag of words. More
investigation would be needed to verify the hypothesis.

Why is fsIB 1 bad on the Reuters set in the small data limit? The inconsistent prior
in fsIB 1 effectively pays more attention to cluster sizes and requires more uniform
cluster sizes. If the underlying topics (categories) have very non-uniform prior
probabilities, requiring uniform cluster sizes prevents the algorithm from finding
the categories. The effect is strongest on small datasets where the influence of the
prior is largest. From the results we found that on the whole dataset fsIB 1 and
fsIB 2 had found clusters of very similar sizes, while on the smallest subsets the
fsIB 1 clusters were much more uniform-sized than the fsIB 2 clusters. Because the
actual class sizes of the Reuters dataset are highly non-uniform this clearly yields

11



doc./
Dataset subsets clusters cluster sIB1 sIB2 fsIB1 fsIB 2

20NG 1 20 932.8 30.0 28.0 27.0 28.7
20NG 10 20 93.3 23.2 18.4 19.0 17.7
20NG 20 20 46.6 19.0 16.0 15.7 14.5
20NG 40 20 23.3 14.4 13.0 13.8 11.5
20NG 80 20 11.7 10.9 10.2 114 9.0
20NG 160 20 5.8 8.1 7.9 8.1 6.7
Reuters 1 10 845.2 18.9 18 17.9 17.2
Reuters 10 10 84.5 11.8 10.4 11.5 10.0
Reuters 20 10 42.3 9.5 9.2 9.8 8.6
Reuters 40 10 21.1 8.2 7.6 9.2 6.9
Reuters 80 10 10.6 6.7 6.4 8.2 5.6
Reuters 160 10 5.3 5.4 5.1 6.1 4.6

Table 2: Convergence speed measured by number of iterations over the data, aver-
aged over restarts and subsets. sIB 1: sIB with uniform document prior, sIB 2: sIB
with normalized document length as document prior, fsIB 1: fsIB with empirical
word prior, total weight over words = number of dimensions, inconsistent cluster
prior with total weight = number of clusters, fsIB 2: fsIB, empirical word prior
whose total weight = number of dimensions, consistent cluster prior.

suboptimal results.

We additionally made initial tests on INSPEC data (divided to 70 subsets). The
INSPEC data are abstracts of scientific documents with classes given by informati-
cians. However, in the initial tests all four methods performed about equally poorly:
the micro-averaged precision was about 24.2 percent for all methods, differences be-
ing below 0.1 percent.

3.4 Convergence speed

Table 2 presents results of the convergence speed of the algorithms, in average num-
bers of iterations over the respective datasets. For all algorithms, the convergence
takes longer for the larger sets.

Of the two IB versions, the version with uniform document prior takes on average
slightly longer to converge. The fsIB algorithm with consistent priors (fsIB 2) on
average converges in the smallest number of iterations, except on the whole 20NG
set. However, since the (log) Gamma function in fsIB is slower to compute than
the logarithm in sIB, fsIB still takes more actual time to run than sIB. It may
be worthwhile to consider faster approximations to the Gamma function to gain a
speed advantage.

4 Conclusions and discussion

The finite sequential information bottleneck (fsIB) algorithm gives a probabilistic
Bayes Factor interpretation to distributional crisp clustering by the sequential In-
formation Bottleneck method. Asymptotically, the Bayes factor objective function
becomes equivalent to mutual information. Moreover, a second interpretation as
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an evidence term exists when consistent priors are used. In addition, fsIB inherits
desirable properties such as convergence, computational complexity and a thresh-
olding strategy from sequential IB.

In empirical tests, fsIB yields improved clustering performance on small (sparse)
data sets, and on large sets it performs equally to sequential IB with a nonuniform
document prior; which prior is better for large data sets remains an open question.

Consistent priors were essential to the fsIB performance. In this paper the prior
strength was fixed, but a prior specific to the dataset (chosen e.g. with cross-
validation) could further improve performance.

In this paper we consider only one-sided clustering, but the Bayes factor objective
function has been used for two-sided clustering as well.
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A Derivation of the fsIB objective function

The integral of a probability distribution is 1. Therefore, if the distribution is of the
form L - f(8), the integral of f(#) is C. In particular, for a Dirichlet distribution

&)
al ; ; H F(al)
p(0]a) HF ||9 =>/||9 9 = oy (9)

Model family 1: single multinomial. The model family H; models the con-
tingency table N by a single multinomial distribution with parameters 6py that
have a Dirichlet prior. Therefore

p(N[H;) :/ p(N|Hy, 07y )p(Ory |Hi)dOry
JOry

n Ztu O/fy o
_ ty 9 YN dfry
/HTY <Ht y f?J' g ) < O/fy ],:_[

N! e’ grvta
_ ' ny fy / fu+ fude v
Ht,y Ngy: ny (ary) Jory t
N! (ny Quy) th L(ney + agy)

B Ht,y Ny! . th [(azy) ' F(N+zty ty) (10)

where the last line follows because the integral on the previous line is the integral of
a Dirichlet distribution with parameters ny, + a;,, without the normalizing factor.

Model family 2: independent margins. The model family Hs models the
contingency table by the product #76y of independent multinomial distributions
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with parameters 87 and fy. Both 67 and Ay have Dirichlet priors. Therefore

p(N|Hy) = / / D(N|Hy, 01, 0y )p(B0| Ho)p(By | Ha)dBy dr
JOr JOy

N! . (Y, a W) (T, ) X
o (o) (e 1) (15 1) o

t,y t

= N . F(zt th) F(Zy Oéy) . ng+oy 3 Ny +Qy

= Ht,y 'n/f,y! Ht F(at) Hu r ay) /HT Uat dfr /oy 1:[931 dfy
)
t)

T
_ N IEe) DO, e) L L0mtar) 1, Ty +0y)
T,y TLT(ee) TI,T(ay) D(N+Y,00) T(N+Y, )

where the last line follows because the integrals on the previous line are of Dirichlet
distributions without their normalizing factors.

(11)

Bayes factor between the families. The Bayes factor is the ratio of the marginal
likelihoods, that is,

p(N‘H1) N! ) F(Zty Ozf,y) - thr(nfy + aty)

p(NIH) ~ [, ,ney! Tl Tlay) TN+, 00)
N (o) F(zu ay) [ D + o) Hu L(ny + ay) o
. (Htu ney! [1, T(o) : [T, T'(ay) 'F(N+Zt a;) T(N + > ozy))
. thr(nty + Oéf,y)
B Htr(”ft+at)
_(r(Zwaw)_ (N +Y,00) I, T(y) TI,T(e) F(N+Zyay)> 12
[, T(ey) TN +2,,00) (T, ) T(Z, ) I1,T(ny +ay)

where the terms on the last line are constant with respect to 7. Dropping the
constants yields (3).

B Interpretation of the Bayes factor

We start by computing a simple result for any two model families, and show that
it can be applied to the Bayes factor in the fsIB cost function under a condition for
the marginal priors.

A general result. Let H; and H; be any two families for generating a contingency
table N. Simple probability arithmetic yields the posterior probability of Hy given
H; and N as

_ p(Hs, Hi,N) _ p(N|Hy, H,)
PULIGN) = = Ny p(NIHD)

- p(Ha|Hy) (13)

where the first term on the right is (inverse to) the Bayes factor between H; and
H, N H,, and the second term is the prior probability of the family Hs given Hy,
which is independent of N. Notice that the first term contains all the factors that
depend on N; it can therefore be called an evidence term.
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Connection to fsIB. We wish to apply the above result to the Bayes factor in the
fsIB cost function. The fsIB cost, however, compares families H; and Hs directly,
while the Bayes factor above compares Hy and H; N Hy. A connection exists when
H, C H,, as analyzed below.

In the family H- the contingency table is generated from the product of some
independent multinomial distributions 67 and fy for the marginals, whereas in H
it is generated from a multinomial joint distribution 87y . Since the product 676y
is also multinomial, it remains to ensure that p(616y|Hs2) = p(070y |Hy, Ho).

We have

p(Ha|070y, Hy)

018y |H,, Hy) =
p( T Y‘ b 2) p(H2|H1)

p(Orfy |Hi) = p(Orfy|Hy)  (14)

1
p(Ha|Hy)

where the second equality follows since 670y € Hy. When the prior p(8ry |Hy) is
Dirichlet with parameters a;,, this becomes

p(Brby| Hy, Ha) o [[(6:6,)* = Hez Lo (15)

t,y y

which corresponds to separate Dirichlet priors for the marginals, with parameters
ar = ), ayy and a, = >, ay,. This yields the consistency condition in Section
2.1 for the marginal priors; note that the clustering does not affect the marginal
of the words so only the condition for a; matters. Given this condition, the result
(13) states that the fsIB objective function is inverse to the evidence term in the
posterior probability of independent margins.

A slight technical problem is that p(Hs|H;) is zero, but this can be corrected by
introducing a suitable limit process.

C Connection between fsIB and mutual informa-
tion

The objective function of fsIB is given in (3). We may equally optimize its logarithm.
We may also add a constant term Zy nylogn, and divide by the total number of
co-occurrences N; both are constant with respect to the clustering. This yields

1 1
N log Csip + N Z n, logn,

:—Zlogl" Nty + Qgy) ——Zlogl" ng + o) —|——Znulogny. (16)

t,y

By Stirling’s approximation log'(z + 1) = zlog(z) — = + O(log(z)), so the above
can be rewritten as

T Z nty + aty log(nty + atu) (nty + a;y) + O(log(nty + a;ﬁy))]
- Z [(n: + a}) log(n: + ap) — (ne + a) + O(log(n: + )]
t

1
-~ Z ny logn, (17)
y
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[ [
where a;, = ary — 1 and a; = a; — 1.

The terms nyy, /N and ny /N cancel each other. Applying the equality (x + €) log(x +
€) = zlog(z) + zlog(l + €/x) + elog(z + €), and noting that n; = 3 nyy and
ny = Y., Ny, the above can be further rewritten as

Z n¢ n¢

Y IOg Y
N gy
t,y

ty log(ny, + O‘ty)

oy 1
S+ Ol oglne + 1, )|

I

YL
Z: [— log(ns + o) — ]\; + ()(% log(n; + a;))}

!

= [% log(1 + %) - % log(1 + ﬂ)} . (18)

Nty ng

—log N = I(T Y)—-logN , (19)

that is, mutual information based on maximum likelihood probability estimates
p(t,y) = ney /N, p(t) = ny/N and p(y) = n,/N, plus a constant term.

As N grows, f(T, Y') approaches the true mutual information I(7',Y"). By contrast,
the terms on lines 2 4 of (18) go to zero. The terms on lines 2 3 go to zero because
the denominator N grows faster than the logarithms and ¢, and a; are constant.
The terms on line 4 go to zero because ng, /N and n;/N are bounded and the terms
inside the logarithms approach 1. Note that if ny, or n; were zero, the corresponding
term on line 4 would be zero by definition.

Note on Stirling’s approximation. The approxima‘rion used above applies for
arguments above zero. Here we may have nyy, + aty < 0 if ngy = 0 for some y.
However, ‘rhen the corresponding term in (17) goes to zero as N grows and we may
replace it by Nnty logns, = 0. This also leads to I(T, Y).

D Connection between fsIB and Jensen-Shannon
divergence

When a document d with word co-occurrence counts d,, is added to cluster ¢, the
ratio of the new and old fsIB objective function is given by (4). The cluster is
chosen to maximize the ratio, or equivalently its logarithm, given by

Z[log L(myy +aj, +1)=logT(ngy + oy, +1)] —log T(my +ap+1) +log T'(ng + o +1)
y

(20)
where a’ty =y — 1, &) = a, myy = nyy +dy and my; = ny + |d|. We will now
show that this equation is asymptotically equivalent to the cluster merging crite-
rion (2) of the sequential IB algorithm, i.e., weighted Jensen-Shannon divergence
between the word distributions in cluster and the document, weighted by their prior
probabilities.
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Assume initially that n4,+a;, > 0. Applying Stirling’s approximation log I'(z+1) =
zlog(z) — = + O(log(x)), cancehng the terms of type z and combining the terms of
type O(log(x)), the log ratio becomes

Z[(mfy + O/;y) log(mty + O/;y) - ("ty + O/;y) lOg(’ﬂ;y + O/;y)]
Y

— (m + o) log(my + ai) + (n: + o) log(ny + o)
+ ) O(log(mey + ay,)) + O(log(me + o)) . (21)

Y

Applying the equality (z + €)log(z + €¢) = zlog(z) + xzlog(1l + ¢/x) + elog(z + ¢€),
the above further becomes

= Z[mtu log myy, — nyy log ng,| — mye log my + ng log ny
y
! ! ! !

at Oy a a
iy log(1 + —2) — nyy log(1 + —£)] — mylog(1 4+ —L) + ny log(1 + =
+§U:[mty 0g(L+ ) — ney log(1+ 7] — melog(1+ ZF) 4 log(1+ 71

+ a;y Z[log(mw + a;y) — log(nyy, + a,'fy)] + ajflog(ns + o)) — log(my + a})]
y

+ " Ollog(ms, + a},)) + Olog(m, +a})) .
(22)

Let us add a term — ZU dy log %, and divide by the total number of co-occurrences
N; both are constant with respect to the cluster choice t. The above then becomes

N (Mg My Ty Ty Oy dy
_zy:< N log - N log 0 log d)

! ! ! !

Myy Oty Nty Aty my Oy ny ay
W og(1+ ) — g1 + —2)] — —Llog(l + —L) + —Llog(l + -
+ D[ Tog( )~y o1 ] = T log(1+ ) 4 Frlog (147

al o
+ 20 S log(mey + o) — log(y + afy)] + 2 llog(ns + ) — log(m, + )]
y

1 1
+ D 055 log(may +ajy)) + O(5; log(my +a)))
Y

(23)

Let us first examine the first line closer. Since my, = nyy, + d,;, the first line can be
rewritten as

B Z <nt1/ log ntu/nt d_u log dy/|d| )
mtu/mt N My /Mt

p(ylt)

=50 X o010 o T (@) 3 o) log )

= =) +p(d)Dys (Y [t), p(Y|d)wi, wa)  (24)
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where we denoted

[ D(ylt) = ney/ne
p(yld) = d,/|d|
p(t) =ny/N
p(d) = [d|/N : (25)

wy = p(t)/(p(t) + p(d))
wa = p(d)/(p(t) + p(d))
[ P(y) = muy/mi = wep(y[t) + wap(y|d)

Therefore, the first line of (23) is simply (opposite to) Jensen-Shannon divergence.
The other terms arise due to the finite amount of data in the document and the
cluster.

Let us examine what happens in the limit N — oo. The terms on the second line

!
Qy

of (23) go to zero because :1':’ and go to zero and the multipliers before the

m
logarithms are bounded aboveyby 1. N(t)l‘;.e that if e.g. my, is zero, the corresponding
term on the second line is zero by definition. The terms on the third and fourth
lines also go to zero, since the denominator N grows faster than the logarithms.
Note that the terms on lines 2-4 go to zero regardless of n; and |d|, i.e., even
if the cluster and document grow along with N. Therefore, maximizing the fsIB
cluster merging criterion (4) is asymptotically equivalent to minimizing the weighted

Jensen-Shannon divergence (2).

Note on Stirling’s approximation. In the above proof we applied Stirling’s
approximation to move from log-Gamma functions toward logarithms. Stirling’s
approximation for log'(x + 1) applies when z is positive. We may assume that
My + oy, Mt + o and ny + o are positive when N is large, but if nyy, = 0 for some
y we may have —1 < ngy, + oy, < 0.

However, if ny, = 0, the term + logT'(nyy, + oy, + 1) goes to zero as N grows. To
study the asymptotic behavior we may then simply replace it with %nty log ng, = 0.
This also leads to Jensen-Shannon divergence; the only difference is that the terms
with ny, are removed from lines 2 4 of (22) and (23) for that value of y.
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