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tThe sequential information bottlene
k (sIB) algorithm 
lusters text do
u-ments or other data interpretable as 
o-o

urring pairs of variables (analogousto do
uments vs. words). We introdu
e a variant of the algorithm that takessparsity of data into a

ount by postulating multinomial sour
es for the data.The new obje
tive fun
tion, a Bayes fa
tor, is asymptoti
ally equivalent tomutual information, the original 
ost fun
tion of the sequential informationbottlene
k. Parameters of the multinomials need not be estimated, for they
an be analyti
ally marginalized away. Experiments imply performan
e equalto the original sIB for larger data sets and improved performan
e for 
lusterswith small numbers of do
uments.1 Introdu
tionIn a 
ommon 
urrent approa
h to text do
ument analysis, syntax is ignored anddo
uments are treated as 'bags of words'. Under this model, the suÆ
ient statisti
sfor a do
ument are the word 
ounts ny telling how many times ea
h word y appearsin the do
ument.At the level of a whole do
ument 
olle
tion, 
ounts over do
uments x and all wordsy that appear within them form a matrix or, in statisti
al terms, a two-dimensional
ontingen
y table. Words of the do
ument 
olle
tion (
olumns) and the do
uments(rows) form the margins of this table. Formally, we 
onsider a set of 
o-o

urren
esof two 
ategori
al variables X and Y . (Values of the random variables are denotedby lower
ase letters.) The 
o-o

urren
es 
an be enumerated one by one, but givenex
hangeability, a suÆ
ient statisti
 for the set of 
o-o

urren
es are the 
ounts nxyof various 
ombinations (X;Y ). These form a two-dimensional 
ontingen
y table.Clustering the do
ument 
olle
tion is equivalent to 
olle
ting together rows ofthe 
orresponding 
ontingen
y table. More generally, any data expressible as 
o-o

urren
es between two dis
rete variables is statisti
ally equivalent to the do
u-ment 
olle
tion under the bags of words model. Similar statisti
al methods thenapply, in
luding those presented in this paper.Methods for 
lustering 
ontingen
y table margins have been proposed earlier bothin statisti
s [4, 6℄ and in ma
hine learning [1, 2, 7, 8, 11, 14℄. We fo
us on thesequential IB algorithm (sIB; [12℄), an appli
ation of the information bottlene
kprin
iple [14℄. IB and sIB try to preserve the stru
ture of the 
ontingen
y table inthe sense of making the 
lusters maximally predi
tive or dependent about the othermargin of the table. Dependen
y is measured by mutual information.1



IB and sIB are based on known probability distributions instead of 
ounts. Theoret-i
ally this implies that they are asymptoti
 algorithms, and that their a

ura
y for�nite, espe
ially sparse data sets, is un
ertain. We propose a theoreti
ally justi�ed
ost fun
tion de�ned for 
ounts, and an algorithm very similar to sIB. For largedata sets the new 
ost fun
tion approa
hes mutual information, and the algorithmapproa
hes sIB. Empiri
al performan
e is 
omparable to sIB and better for verysparse data.The 
urrent work derives from our previous work on 
lustering algorithms for 
on-tinuous data [10℄; In the present paper the 
ost fun
tion is presented as a Bayesfa
tor, whi
h is its most general interpretation and dire
tly appli
able to the 
aseof two adjustable margins. In the present one-margin 
ase, a likelihood interpreta-tion is also available. The likelihood is a marginalized version of the 
risp-
lusterlikelihood interpretation of IB ([13℄, but see also the ACM model in [8℄).1.1 Information bottlene
kThe information bottlene
k (IB) prin
iple for 
lustering rows of 
ontingen
y tablesis based on the Shannon's information theory and is therefore asymptoti
: Insteadof 
ounts nxy, it deals with the joint distribution p(x; y) of X and Y . Of 
ourse, thejoint distribution is interpretable as the expe
ted relative 
ounts nxy=Px0y0 nx0y0when the total number of 
o-o

urren
es Pxy nxy is large. The IB prin
iple andalgorithms that follow are therefore usable for the analysis of real data sets as well,although straightforward appli
ations of the prin
iple may su�er from the ex
essnoise in �nite 
ounts 
omputed from sparse data.In information-theoreti
 terms, IB �nds a representation T forX . Te
hni
ally, T is adis
rete random variable. The representation 
an be identi�ed with the 
onditionaldistribution p(tjx) of 
lusters t given the value x of the margin variable X .From the viewpoint of 
lustering, t 
an be interpreted as 
lusters. Cluster assign-ments are then not deterministi
 but the indetermina
y, the probabilities p(tjx),
an be interpreted as degrees of 
luster memberships.Obje
tive fun
tion. IB minimizes the 
ost I(X;T )� �I(T; Y ), whi
h is a 
om-promise between two mutual informations. The dependen
y term I(T; Y ), mutualinformation between Y and T , tries to preserve the stru
ture of the joint distribu-tion p(X;Y ), while the 
omplexity term I(X;T ) tries to keep the representation Tnon-informative of X , or simple. The representation T 
an be seen as a bottlene
ksqueezing out essential parts of the dependen
y between X and Y .A 
ompromise that depends on � is made, and one of the original motivations behindthe IB setup is to study the properties of the 
ontinuum spanned by �. Variationaloptimization of the 
ost with respe
t to p(tjx) leads to a solution 
hara
terized bythe three equations8><>: p(tjx) = p(t)Z(�;x) exp(��DKL(p(yjx); p(yjt))) ;p(yjt) = 1p(t)Px p(yjx)p(tjx)p(x) ;p(t) =Px p(tjx)p(x) : (1)Of these equations only the �rst is of parti
ular interest, for it 
hara
terizes theshape of the optimal 
lusters spanned over the do
ument spa
e X . Before normal-ization by Z(�; x) =P p(t) exp(�), the 
lusters are exponentially de
aying fun
tions2



of the Kullba
k-Leibler divergen
e from a do
ument 'prototype' p(yjt). (Note thatit suÆ
es to 
hara
terize the do
uments by their word distributions p(yjx).)The equations (1) propose an alternating, iterative optimization algorithm for �nd-ing 
lusters p(tjx), given p(x; y) and �. The algorithm resembles the Blahut-Arimotoalgorithm of rate distortion theory [3℄.Crisp 
lusters. From (1) it is 
lear that as � !1, optimal 
lusters p(tjx) tend tobe
ome 
risp or sharp, in the sense that p(tjx)! 0 or p(tjx)! 1 almost everywhere.It is even more 
lear from the 
ost fun
tion I(X;T )� �I(T; Y ) that for � ! 1 itessentially be
omes I(T; Y ), a measure of dependen
y between T and Y . In otherwords, when the dependen
y �I(T; Y ) / I(T; Y ) is variationally maximized withrespe
t to the 
luster shapes p(tjx), we �nd that the optimal 
lusters are ne
essarilyof the form p(tjx) 2 f0; 1g.If the main motivation of a data analysis setup is to group the data, it is temptingto at least �nally set � !1. This is the 
luster shape of the sequential informationbottlene
k (sIB) algorithm, and also the 
ase on whi
h we 
on
entrate in this paper.In the 
ase of 
risp 
lusters, representation T be
omes a deterministi
 fun
tiont(x) : X ! T of the original data x. Just as the 
o-o

urren
es of X and Y forma 
ontingen
y table, the 
o-o

urren
es of T and Y then form another, smaller 
o-o

urren
e table. The (T; Y ) table is obtained from the (X;Y ) table by 
ollatingrows together a

ording to t(x). Below we will denote the (T; Y ) table by N andits entries by nty. Margins of the table are denoted by nt =Py nty, ny =Pt nty,and the total number of 
o-o

urren
es in the table by N =Pt;y nty.Note that for soft 
lusters, the 
ontingen
y table between T and Y does not exist,be
ause assignments at the T -margin would not be well de�ned.Although the setting is more general, for 
onvenien
e x, y, and t are below 
alleddo
uments, words, and 
lusters, respe
tively.1.2 Sequential information bottlene
k (sIB)The sequential information bottlene
k method (here sIB for brevity; [12℄) produ
es
risp 
lusters, p(tjx) 2 f0; 1g, with ea
h do
ument belonging to one 
luster only.This 
orresponds to the maximizing the dependen
y of the 
lusters T and the wordsY , measured by the mutual information I(T; Y ). It may therefore be seen as amargin-
ollating 
ontingen
y table algorithm in the sense explained above.Given an initial assignment of do
uments x to 
lusters t, the sIB algorithm sequen-tially draws a random do
ument x from the solution, and �nds a new 
luster assign-ment for it by minimizing a merging 
riterion. In the sIB algorithm the merging
riterion is (weighted) Jensen-Shannon divergen
e between the word distributionsof the relo
ated do
ument and the 
andidate 
luster, i.e.,(p(x) + p(t)) �DJS(p(Y jx); p(Y jt)j�1; �2)= (p(x) + p(t)) � [�1DKL(p(Y jx); �p(Y )) + �2DKL(p(Y jt); �p(Y ))℄ (2)where DKL is the Kullba
k-Leibler divergen
e, �1 = p(x)=(p(x) + p(t)), �2 =p(t)=(p(x) + p(t)) and �p(y) = �1p(yjx) + �2p(yjt).3



In experiments sIB outperformed agglomerative IB, iterative double 
lustering, K-means and a number of heuristi
 alternatives for sequential 
lustering [12℄. Thesequential approa
h may also perform better than alternating optimization by equa-tions (1) [12℄.2 Sequential information bottlene
k (sIB) for �-nite dataMutual information is an asymptoti
 quantity, de�ned for do
ument and word prob-abilities p(x) and p(yjx). The impli
it solution (1) of the IB optimization problemtherefore also refers to probability distributions. In straightforward data analy-sis tasks the probabilities are unknown; for IB they need to be estimated froma data set. In [12℄ the estimate was p(yjx) / nxy, where nxy is the number of
o-o

urren
es of word y in do
ument x; this is a maximum likelihood estimate.With sparse data, however, the estimates are ina

urate and point estimates, in-
luding ML, 
an lead to over�tting. Word 
ounts of short do
uments are noisydes
riptors of the topi
al 
ontent of the do
uments, but the noise is not visible inthe ML (point) estimates.A solution is to repla
e the point estimates by the posterior distributions of do
-ument 
ontent, given the 
ounts and the bag-of-words model. Un
ertainty is inte-grated out only at the �nal stage of evaluating the eviden
e for the model. Thenun
ertainty indu
ed by �nite word 
ounts gets propagated to a higher level of theanalysis, and un
ertain data are 
orre
tly given less weight. Assuming the bag-of-words model is sound, su
h an analysis should better mat
h the underlying topi
al
ategories, and improve generalization to new data.In this se
tion we present a �nite-data variant of the Sequential Information Bot-tlene
k method, 
alled �nite sequential information bottlene
k (fsIB), that takesthe �nite length of do
uments into a

ount in a probabilisti
 manner. The noveltyin the variant is 
ontained in the new obje
tive fun
tion; otherwise the resultingalgorithm is identi
al to sequential IB with a similar time 
omplexity and similar
onvergen
e proofs.We will �rst derive the obje
tive by 
onsidering generative models and their Bayesfa
tors; we then show that at the limit of large 
o-o

urren
e 
ounts the obje
tiveis equivalent to mutual information.2.1 Obje
tive fun
tionWe aim to measure the dependen
y between the rows and the 
olumns of the table.A Bayesian measure is the Bayes fa
tor between two model families [5℄. The �rstfamily H1 models the entire 
ontingen
y table by a single multinomial distributionwith a Diri
hlet prior. The se
ond family H2 models the marginals (
lusters andwords) by independent multinomial distributions with Diri
hlet priors. That is,the �rst family assumes the 
lusters may depend on the words and the se
ondassumes them independent. Both families are generative for the words but not forthe do
uments.The obje
tive fun
tion CfsIB of the fsIB method is (up to a 
onstant fa
tor) the4



Bayes fa
tor 
omparing the two model families. It 
an be shown (Appendix A) thatthis is given by p(NjH1)p(NjH2) / Qt;y �(nty + �ty)Qt �(nt + �t) = CfsIB (3)where the �ty are parameters of the Diri
hlet prior for the 
o-o

urren
e 
ountsand the �t are parameters of the Diri
hlet prior for the sizes of the 
lusters. TheDiri
hlet parameters �ty and �t 
an take any positive values|note that in generalthey do not sum up to unity.The Bayes fa
tor 
ompares the likelihood of the data given the two families, H1in the numerator and H2 in the denominator. For both families, the Bayes fa
tora

ounts for the un
ertainty about a do
ument's generating word distribution by in-tegration over its parameters. This integration is done 
olle
tively for all do
umentsin ea
h 
luster, sin
e they are assumed to be generated by the same distribution.A simple interpretation. A spe
ial interpretation of the Bayes fa
tor is possi-ble if \
onsistent priors" are used for the model families, that is, if �t = Py �ty.In this spe
ial 
ase the Bayes fa
tor is inverse to the eviden
e term in the poste-rior probability of independent margins (Appendix B). That is, p(H2jH1;N) /p(H2jH1)=CfsIB . The posterior is 
omputed given the data N and the (larger)model family H1. Maximizing the Bayes fa
tor minimizes the eviden
e that themargins are independent.Interpretation as marginalized likelihood. When 
onsistent priors are used,it turns out the obje
tive fun
tion (3) 
an also be interpreted as the marginallikelihood p(NjH3) under a family H3 that models ea
h 
luster with a separatemultinomial distribution, with a Diri
hlet prior �ty for ea
h 
luster t [10℄. Thelikelihood is marginalized over the individual models (parameter values) in H3.(Compared to [10℄, the novelty here is the appli
ation to dis
rete data.)Conne
tion to the hypergeometri
 formula. Also note that if �ty = �t = 1,the gamma fun
tions in (3) turn to fa
torials, and the 
ost fun
tion be
omes asimple 
ounting argument resembling those behind the 
on
ept of physi
al entropy.2.2 Conne
tion to sequential IBOn do
ument priors. The equations (1) are de�ned for any distributions p(x)and p(yjx). In [12℄, the sequential IB was tested using a uniform prior over do
-uments, p(x) = 1=jX j, where jX j is the number of do
uments in the dataset. Onthe other hand, emphasizing long do
uments as more informative may be desirable.Then the non-uniform do
ument prior proportional to the number of words in thedo
uments, p(x) = nx=N , is an obvious 
andidate (nd is the number of word o
-
urren
es in the do
ument and N is the total number of word o

urren
es in thedataset, and hen
e in the 
ontingen
y table).Asymptoti
ally equivalent obje
tives. It turns out that in the limit of large
o-o

urren
e 
ounts, i.e. N ! 1, the fsIB obje
tive fun
tion CfsIB is equivalent(Appendix C) to the sequential IB obje
tive I(T; Y ), when I(T; Y ) is 
omputedbased on the non-uniform do
ument prior.5



For a uniform do
ument prior su
h a 
onne
tion is not known, however (outsidethe trivial 
ase of equal-length do
uments). Both priors are possible 
hoi
es forsequential IB. The existen
e of the Bayes fa
tor 
onne
tion argues in favor of thenonuniform prior, but it is an empiri
al issue whi
h prior is better in pra
ti
e. InSe
tion 3 we test the sequential IB method with both priors.Other 
onne
tions. In addition to the information bottlene
k method, the pro-posed model 
an also be related to the asymmetri
 
lustering model (ACM; [8℄).The di�eren
e is that we integrate over the word distribution parameters, insteadof using a maximum likelihood point estimate.2.3 OptimizationIn [12℄ a 'template algorithm' for sequential 
lustering algorithm was introdu
ed.It applies to optimizing so-
alled de
omposable obje
tive fun
tions, i.e., sums overfun
tions that depend only on an individual 
luster. Applying this template formutual information yielded the sequential Information Bottlene
k algorithm, andvarious heuristi
 
hoi
es were also tested.The same template algorithm 
an be applied to optimizing the fsIB obje
tive fun
-tion (3), sin
e its logarithm is de
omposable. The resulting algorithm resembles thesequential Information Bottlene
k; the only 
hanges are that the obje
tive fun
tionand similarity measure are repla
ed by their fsIB equivalents.Cluster merging 
riterion. For sequential IB, the new 
luster for an extra
teddo
ument was 
hosen by minimizing a weighted Jensen-Shannon divergen
e. ForfsIB, the 
riterion is to maximize the Bayes fa
tor (3).If a do
ument d is extra
ted from some 
luster t0 and merged to 
luster t, the Bayesfa
tor is 
hanged by a fa
tor ofdfsIB(d; t) =  Yy �(nty + dy + �ty)�(nty + �ty) ! � �(nt + �t)�(nt + jdj+ �t) (4)times a 
onstant. Here nty and nt are the 
o-o

urren
e 
ounts after the do
umenthas been extra
ted from t0, dy is the 
o-o

urren
e 
ount of word y in the do
umentand jdj =Py dy. Note that this quantity depends only on the 
o-o

urren
es in thedo
ument and the 
luster t, not on the rest of the 
ontingen
y table. The 
hoi
e tthat yields the largest value of the 
riterion is 
hosen.Interpretation of the 
riterion. It 
an be shown (see Appendix D) that the
luster merging 
riterion (4) is asymptoti
ally equal to the weighted Jensen-Shannondivergen
e (2) used in sequential IB.Noti
e that when nt0y and nt0 have been updated after extra
ting the do
ument,the 
riterion (4) does not depend further on the original 
luster t0. In fa
t, adding a
ompletely new do
ument to the 
ontingen
y table yields the same 
riterion. Thisyields probabilisti
 interpretations for the 
riterion.In general, if new data N2 is added to the 
ontingen
y table, the 
hange in the6



Bayes fa
tor is given byp(N;N2jH1)p(N;N2jH2) � p(NjH2)p(NjH1) = p(N2jH1;N)p(N2jH2;N) (5)i.e. it is simply a Bayes fa
tor 
omparing H1 and H2 with data N2 after witness-ing N. For the fsIB algorithm the 'new data' is simply the previously extra
teddo
ument, i.e., N2 = d.Furthermore, if 
onsistent priors are used, the 
riterion (4) is inverse to the new evi-den
e term for updating the Bayesian posterior probability of independent margins.That is, we havep(H2jH1;N;N2) = p(N2jH1; H2;N)p(N2jH1;N) � p(H2jH1;N) (6)where the �rst term on the right is (inverse to) the 
luster merging 
riterion whenH2 � H1, and the se
ond term is independent of N2. Noti
e that again the �rstterm 
ontains all the fa
tors that depend on the new data; therefore it 
an be 
alledthe new eviden
e term. Minimizing it keeps the eviden
e of independent marginsminimal.In the 
ase of 
onsistent priors, there is a third probabilisti
 interpretation: it turnsout that (4) is equal (up to a 
onstant fa
tor) to p(djnt), the probability that the(unknown) multinomial distribution that generated the words nt in 
luster t alsogenerated the words in d, when a Diri
hlet prior with parameters �ty is used forthe multinomial distribution.The algorithm. For 
ompleteness, we present pseudo-
ode for the fsIB opti-mization algorithm in Fig. 1. The algorithm takes n di�erent restarts from random
lusterings into K 
lusters. For ea
h restart, the algorithm 
ontinues until it hasperformed maxL iterations over the data set, or until the number of 
luster 
hangesper iteration is at most a fra
tion � of the number of obje
ts.Convergen
e and 
omplexity. The 
onvergen
e result for the sequential IB al-gorithm also holds for the fsIB algorithm; sin
e 
luster 
hanges are dire
tly 
hosento maximize the obje
tive fun
tion, it never de
reases during the iteration. 'Loops'over equally good 
lusterings are not possible sin
e for ea
h do
ument, the high-est 
luster index with the largest obje
tive fun
tion value is 
hosen, and thereforethey 
annot move ba
k to a previous 
luster with equal obje
tive fun
tion value.Moreover, the fsIB obje
tive is upper bounded for any dataset as long as �ty and�t are positive, sin
e the gamma fun
tions are then bounded above and below. Theempiri
al priors used in Se
tion 3 satisfy this requirement.Sin
e sequential IB and fsIB use essentially the same optimization method withdi�erent 
ost fun
tions (whi
h are equally 
omplex to evaluate), both methodshave the same time 
omplexity O(KjY j) per iteration. The total time 
omplexityis bounded by O(nLKjX jjY j) for both methods, where n is the number of restarts,L is the number of 
y
les over X and K is the number of 
lusters. In pra
ti
e thefsIB algorithm seems to 
onverge with less iterations than sequential IB.
7



Input:jX j obje
ts to be 
lusteredParameters: K, n, maxL, �Output:A partition T of X into K 
lustersMain Loop:For i = 1; : : : ; nTi  random partition of X .
 0, C  0, done = FALSEWhile not doneFor j = 1; : : : ; jX jDraw xj out of t(xj)tnew(xj) = argmint0 dfsIB(fxjg; t0)If tnew(xj) 6= t(xj) then 
 
+ 1Merge xj into tnew(xj)C  C + 1If C � maxL or 
 � � � jX j thendone TRUET  argmaxTi CfsIB(Ti)Figure 1: Pseudo-
ode for the fsIB optimization algorithm. In the 
ontext of 
lus-tering text do
uments, the xj are do
uments with word 
o-o

urren
es fxjg, andt(xj) and tnew(xj) are the old and new 
lusters of extra
ted do
ument xj . Theoverall 
riterion CfsIB is 
omputed by (3) and the 
luster merging 
riterion dfsIB by(4).3 Empiri
al testsIn this se
tion we 
arry out a set of experiments to verify that the fsIB yieldsimproved unsupervised 
lustering results. Sin
e the sequential IB (sIB) algorithmhas already been 
ompared to several alternatives in [12℄, and outperformed them,we will 
ompare fsIB only to sIB.3.1 The data setsWe 
ompared fsIB and sequential IB on the same two datasets used in [12℄. TheTwenty Newsgroups (20NG; [9℄) and Reuters-21578 (Reuters; available from http://www.daviddlewis.
om/resour
es/test
olle
tions/reuters21578/) datasets are stan-dard test 
orpuses of text do
uments. The 20NG set 
onsists of arti
les from 20Usenet newsgroups, and the Reuters set 
onsists of short news arti
les from theReuters stream.In both datasets, a 
ategorization of the do
uments is known; for the 20NG set thenewsgroups are the 
ategories. For the Reuters set news arti
les belong in one ormore topi
 
ategories. For both datasets, the number of 
lusters sought equaledthe number of 
ategories. The 
ategories themselves were not used in training, butwere only used to evaluate the 
lustering results.8



In [12℄ the methods were also 
ompared on a sele
tion of subproblems from the two
orpuses; here we only tested the full problems.Prepro
essing. In most details we repli
ated the prepro
essing made in [12℄. Forthe 20NG set the prepro
essing in
luded removing stopwords, setting 
hara
tersto lower
ase, repla
ing digits with zeroes, ignoring non-alphanumeri
 
hara
tersand pruning words that only o

urred on
e. For the Reuters set a similar butslightly more 
ompli
ated prepro
essing was performed, in
luding more advan
edword splitting, and repla
ement of numeri
 expressions with indi
ator tags.After the initial prepro
essing the 2000 most informative words were sele
ted, i.e.the words with the largest terms in the equation of mutual information betweendo
uments and words [12℄, that is, the words y with largest values ofXx p(x; y) log p(x; y)p(x)p(y) : (7)Note that the 'informativeness' is based on a joint distribution estimate p(x; y)whi
h 
ould be 
omputed with either a uniform or non-uniform do
ument prior,asdes
ribed in Se
tion 2.2. Here we used the non-uniform prior. Lastly, do
umentsthat had less than 10 words were dis
arded. This yielded 18656 do
uments for the20NG set and 8452 for the Reuters set.3.2 Test setupComparison methods. The fsIB algorithm is 
ompared against the sIB algo-rithm, with two variants for both methods. For sequential IB, both uniform (sIB1) and nonuniform (sIB 2) do
ument priors are used.For fsIB, two kinds of priors are used for the generative model parameters. Bothare empiri
al priors with �ty = ny jY jN , where jY j is the number of possible values ofY (size of the di
tionary) and N is the total number of 
o-o

urren
es. The priorsdi�er for �t: we set either �t = 1 or �t = jY j. The �rst 
hoi
e (fsIB 1) leaves thepriors �ty and �t in
onsistent, and the se
ond (fsIB 2) makes them 
onsistent.For all variants we set the parameters of the optimization algorithm to maxL = 30,� = 0 and n = 15.Data subdivision The fsIB algorithm is expe
ted to be espe
ially e�e
tive forsparse data; for non-sparse data it approa
hes sequential IB with a nonuniformdo
ument prior. To test the e�e
t of sparseness, both datasets were divided intoan in
reasing number of subsets (from 1 to 160) by strati�ed sampling; with a �xednumber of 
lusters, this leaves progressively less samples per 
luster.For ea
h subdivision of a dataset (20NG or Reuters), all subsets were �rst 
lusteredby all methods. The performan
es of the methods were then 
ompared a
ross thesubsets by paired t-test. Note that too low numbers of subsets will yield largep-values; on the other hand, too small subsets may 
ause noise in the results.Goodness measure The goodness of the results is evaluated by their mi
ro-averaged pre
ision with respe
t to human-given 
ategories: the newsgroup of ea
h9



do
./Dataset subsets 
lusters 
luster sIB 1 sIB 2 fsIB 1 fsIB 220NG 1 20 932.8 56.6 50.6 52.4 51.920NG 10 20 93.3 44.1 47.5 48.9 48.420NG 20 20 46.6 40.1 44.0 45.1 45.420NG 40 20 23.3 38.3 40.9 43.5 44.720NG 80 20 11.7 36.6 38.1 38.8 42.120NG 160 20 5.8 38.9 38.9 37.6 43.9Reuters 1 10 845.2 85.2 88.5 89.3 88.4Reuters 10 10 84.5 84.9 83.5 82.5 85.5Reuters 20 10 42.3 84.4 83.3 82.7 84.0Reuters 40 10 21.1 82.3 82.2 79.8 83.4Reuters 80 10 10.6 81.3 79.9 77.3 82.6Reuters 160 10 5.3 81.2 79.9 72.0 83.4Table 1: Class dis
overy a

ura
y of the di�erent methods, measured as mi
ro-averaged pre
ision (8). sIB 1: sIB with uniform do
ument prior, sIB 2: sIB withnormalized do
ument length as do
ument prior, fsIB 1: fsIB with empiri
al wordprior, total weight over words = number of dimensions, in
onsistent 
luster priorwith total weight = number of 
lusters, fsIB 2: fsIB, empiri
al word prior whosetotal weight = number of dimensions, 
onsistent 
luster prior. Numbers are averagemi
ro-averaged pre
isions over the subsets, in per
entages. The best results are inboldfa
e. If a number is underlined, p < 0:05 for a two-tailed paired t-test betweenit and the next best method, and if the number is doubly underlined, p < 0:01.post for the 20 Newsgroups set and the topi
 
ategories of the news arti
le for theReuters set. In the Reuters set ea
h do
ument may belong to several 
ategories.Assume �rst that for a 
lustering T , ea
h 
luster is given the 
lass label of thedominant 
lass in the 
luster, i.e., by majority vote of do
uments in the 
luster.The 
lustering 
lassi�es ea
h do
ument to the label of its 
luster. Given this 
las-si�
ation, the mi
ro-averaged pre
ision of the 
lustering T is de�ned byP (T ) = P
 f1(
; T )P
 f1(
; T ) + f2(
; T ) = 1jX jX
 f1(
; T ) (8)where f1(
; T ) is the number of do
uments 
orre
tly 
lassi�ed to 
lass 
 (their true
lasses in
lude 
), f2(
; T ) is the number of do
uments in
orre
tly 
lassi�ed to 
and jX j is the total number of do
uments.In [12℄ a thresholding strategy was introdu
ed to in
rease pre
ision at the expenseof re
all. Here we only 
ompare pre
ision, but the same thresholding strategy 
anbe used for fsIB as well.3.3 ResultsTable 1 presents the mi
ro-averaged pre
ision results, averaged over subsets. Figure2 presents the average results over the 20NG and Reuters sets as 
urves.Note that the results for sequential IB on the whole data are very 
lose to those in[12℄; the di�eren
es in prepro
essing are then likely to be minor.As expe
ted, performan
e de
reases for all methods as the data be
omes sparse10
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ro-averaged pre
ision results, averaged over subsets. Left: TwentyNewsgroups data, right: Reuters data.(do
uments/
luster be
omes small). However, the fsIB algorithm with 
onsistentpriors (fsIB 2) yields the best results on the sparse data. As the amount of datain
reases the fsIB results 
onverge to sIB with the nonuniform prior (sIB 2), asexpe
ted based on the asymptoti
al equivalen
e of their obje
tive fun
tions.For fsIB, the 
onsistent priors yield 
learly better results for on the small data sets;the non-
onsistent priors seem slightly better on the largest sets but the di�eren
esare not signi�
ant.For sequential IB, neither of the do
ument priors is 
learly better: a uniform prioris better on the small Reuters subsets, but worse on the whole set. The non-uniformprior is better on the small 20NG subsets, but worse on the whole set. The lastdi�eren
e is large enough that the fsIB variants, asymptoti
ally equivalent to thenon-uniform prior, also perform poorly.It is surprising that the 
hoi
e of do
ument prior seems to depend on the size ofthe dataset; the signi�
an
e of the whole-set results is not known, though, andthe algorithms may e.g. be 
aught in lo
al minima. Still, the result merits moreinvestigation.Why are sIB 1 and the fsIB versions bad on the 20NG set in the large data limit? Allthree algorithms (asymptoti
ally) weigh do
uments by their length. We tested thee�e
t of removing the longest and shortest �ve per
ent of do
uments, but this didnot improve sIB 1 performan
e on the whole set. However, the 20NG set 
ontainssome leftover words from the subje
t lines; su
h words do not follow the bag ofwords model (a longer arti
le would not have more subje
t lines), so it is tentativelypossible they worsen performan
e of weighting based on the bag of words. Moreinvestigation would be needed to verify the hypothesis.Why is fsIB 1 bad on the Reuters set in the small data limit? The in
onsistent priorin fsIB 1 e�e
tively pays more attention to 
luster sizes and requires more uniform
luster sizes. If the underlying topi
s (
ategories) have very non-uniform priorprobabilities, requiring uniform 
luster sizes prevents the algorithm from �ndingthe 
ategories. The e�e
t is strongest on small datasets where the in
uen
e of theprior is largest. From the results we found that on the whole dataset fsIB 1 andfsIB 2 had found 
lusters of very similar sizes, while on the smallest subsets thefsIB 1 
lusters were mu
h more uniform-sized than the fsIB 2 
lusters. Be
ause thea
tual 
lass sizes of the Reuters dataset are highly non-uniform this 
learly yields11



do
./Dataset subsets 
lusters 
luster sIB 1 sIB 2 fsIB 1 fsIB 220NG 1 20 932.8 30.0 28.0 27.0 28.720NG 10 20 93.3 23.2 18.4 19.0 17.720NG 20 20 46.6 19.0 16.0 15.7 14.520NG 40 20 23.3 14.4 13.0 13.8 11.520NG 80 20 11.7 10.9 10.2 11.4 9.020NG 160 20 5.8 8.1 7.9 8.1 6.7Reuters 1 10 845.2 18.9 18 17.9 17.2Reuters 10 10 84.5 11.8 10.4 11.5 10.0Reuters 20 10 42.3 9.5 9.2 9.8 8.6Reuters 40 10 21.1 8.2 7.6 9.2 6.9Reuters 80 10 10.6 6.7 6.4 8.2 5.6Reuters 160 10 5.3 5.4 5.1 6.1 4.6Table 2: Convergen
e speed measured by number of iterations over the data, aver-aged over restarts and subsets. sIB 1: sIB with uniform do
ument prior, sIB 2: sIBwith normalized do
ument length as do
ument prior, fsIB 1: fsIB with empiri
alword prior, total weight over words = number of dimensions, in
onsistent 
lusterprior with total weight = number of 
lusters, fsIB 2: fsIB, empiri
al word priorwhose total weight = number of dimensions, 
onsistent 
luster prior.suboptimal results.We additionally made initial tests on INSPEC data (divided to 70 subsets). TheINSPEC data are abstra
ts of s
ienti�
 do
uments with 
lasses given by informati-
ians. However, in the initial tests all four methods performed about equally poorly:the mi
ro-averaged pre
ision was about 24.2 per
ent for all methods, di�eren
es be-ing below 0.1 per
ent.3.4 Convergen
e speedTable 2 presents results of the 
onvergen
e speed of the algorithms, in average num-bers of iterations over the respe
tive datasets. For all algorithms, the 
onvergen
etakes longer for the larger sets.Of the two IB versions, the version with uniform do
ument prior takes on averageslightly longer to 
onverge. The fsIB algorithm with 
onsistent priors (fsIB 2) onaverage 
onverges in the smallest number of iterations, ex
ept on the whole 20NGset. However, sin
e the (log) Gamma fun
tion in fsIB is slower to 
ompute thanthe logarithm in sIB, fsIB still takes more a
tual time to run than sIB. It maybe worthwhile to 
onsider faster approximations to the Gamma fun
tion to gain aspeed advantage.4 Con
lusions and dis
ussionThe �nite sequential information bottlene
k (fsIB) algorithm gives a probabilisti
Bayes Fa
tor interpretation to distributional 
risp 
lustering by the sequential In-formation Bottlene
k method. Asymptoti
ally, the Bayes fa
tor obje
tive fun
tionbe
omes equivalent to mutual information. Moreover, a se
ond interpretation as12



an eviden
e term exists when 
onsistent priors are used. In addition, fsIB inheritsdesirable properties su
h as 
onvergen
e, 
omputational 
omplexity and a thresh-olding strategy from sequential IB.In empiri
al tests, fsIB yields improved 
lustering performan
e on small (sparse)data sets, and on large sets it performs equally to sequential IB with a nonuniformdo
ument prior; whi
h prior is better for large data sets remains an open question.Consistent priors were essential to the fsIB performan
e. In this paper the priorstrength was �xed, but a prior spe
i�
 to the dataset (
hosen e.g. with 
ross-validation) 
ould further improve performan
e.In this paper we 
onsider only one-sided 
lustering, but the Bayes fa
tor obje
tivefun
tion has been used for two-sided 
lustering as well.Referen
es[1℄ D. Blei, A. Y. Ng, and M. I. Jordan. Latent Diri
hlet allo
ation. Journal ofMa
hine Learning Resear
h, 3:993{1022, 2003.[2℄ W. Buntine. Variational extensions to EM and multinomial PCA. In T. Elo-maa, H. Mannila, and H. Toivonen, editors, Pro
eedings of the ECML'02, 13thEuropean Conferen
e on Ma
hine Learning, Le
ture Notes in Arti�
ial Intelli-gen
e 2430, pages 23{34. Springer, Berlin, 2002.[3℄ Thomas M. Cover and Joy A. Thomas. Elements of Information Theory. Wiley,New York, 1991.[4℄ Zvi Gilula. Grouping and asso
iation in 
ontingen
y tables: An exploratory
anoni
al 
orrelation approa
h. Journal of the Ameri
an Statisti
al Asso
ia-tion, 81:773{779, 1986.[5℄ I. J. Good. On the appli
ation of symmetri
 Diri
hlet distributions and theirmixtures to 
ontingen
y tables. Annals of Statisti
s, 4(6):1159{1189, 1976.[6℄ L. A. Goodman. Criteria for determining whether 
ertain 
ategories in a 
ross-
lassi�
ation table should be 
ombined with spe
ial referen
e to o

upational
ategories in an o

upational mobility table. Ameri
an Journal of So
iology,87:612{650, 1981.[7℄ Thomas Hofmann. Probabilisti
 latent semanti
 analysis. In Pro
eedings of theFifteenth Conferen
e on Un
ertainty in Arti
ial Intelligen
e, pages 289{296.Morgan Kaufmann Publishers, San Fran
is
o, CA, 1999.[8℄ Thomas Hofmann and Jan Puzi
ha. Statisti
al models for 
o-o

urren
e data.A.I. Memo 1625, MIT, 1998.[9℄ Ken Lang. NewsWeeder: Learning to �lter netnews. In Pro
eedings of the12th International Conferen
e on Ma
hine Learning, pages 331{339. MorganKaufmann Publishers, San Mateo, CA, 1995.[10℄ Janne Sinkkonen, Samuel Kaski, and Janne Nikkil�a. Dis
riminative 
lustering:Optimal 
ontingen
y tables by learning metri
s. In T. Elomaa, H. Mannila, andH. Toivonen, editors, Pro
eedings of the ECML'02, 13th European Conferen
eon Ma
hine Learning, pages 418{430. Springer, Berlin, 2002.13



[11℄ Noam Slonim. The information bottlene
k: theory and appli
ations. PhD thesis,Hebrew University, Jerusalem, 2002.[12℄ Noam Slonim, Nir Friedman, and Naftali Tishby. Unsupervised do
ument 
las-si�
ation using sequential information maximization. In Pro
eedings of the 25thannual international ACM SIGIR 
onferen
e on Resear
h and development ininformation retrieval, pages 129{136. ACM Press, 2002.[13℄ Noam Slonim and Yair Weiss. Maximum likelihood and the information bot-tlene
k. In Advan
es in Neural Information Pro
essing Systems 14. MIT Press,Cambridge, MA, 2002.[14℄ Naftali Tishby, Fernando C. Pereira, and William Bialek. The informationbottlene
k method. In 37th Annual Allerton Conferen
e on Communi
ation,Control, and Computing, pages 368{377. Urbana, Illinois, 1999.A Derivation of the fsIB obje
tive fun
tionThe integral of a probability distribution is 1. Therefore, if the distribution is of theform 1C � f(�), the integral of f(�) is C. In parti
ular, for a Diri
hlet distributionp(�j�) = �(Pi �i)Qi �(�i) Yi ��ii ) Z�Yi ��ii d� = Qi �(�i)�(Pi �i) : (9)Model family 1: single multinomial. The model family H1 models the 
on-tingen
y table N by a single multinomial distribution with parameters �TY thathave a Diri
hlet prior. Thereforep(NjH1) = Z�TY p(NjH1; �TY )p(�TY jH1)d�TY= Z�TY  N !Qt;y nty!Yt;y �ntyty ! �(Pty �ty)Qty �(�ty) Yty ��tyty ! d�TY= N !Qt;y nty! � �(Pty �ty)Qty �(�ty) � Z�TY Yty �nty+�tyty d�TY= N !Qt;y nty! � �(Pty �ty)Qty �(�ty) � Qty �(nty + �ty)�(N +Pty �ty) (10)where the last line follows be
ause the integral on the previous line is the integral ofa Diri
hlet distribution with parameters nty + �ty, without the normalizing fa
tor.Model family 2: independent margins. The model family H2 models the
ontingen
y table by the produ
t �T �Y of independent multinomial distributions
14



with parameters �T and �Y . Both �T and �Y have Diri
hlet priors. Thereforep(NjH2) = Z�T Z�Y p(NjH2; �T ; �Y )p(�T jH2)p(�Y jH2)d�Y d�T= Z�T ;�Y  N !Qt;y nty!Yt;y (�t�y)nty! �(Pt �t)Qt �(�t) Yt ��tt ! �(Py �y)Qy �(�y) Yt ��yy ! d�T d�Y= N !Qt;y nty! � �(Pt �t)Qt �(�t) � �(Py �y)Qy �(�y) � Z�T Yt �nt+�tt d�T � Z�Y Yt �ny+�yy d�Y= N !Qt;y nty! � �(Pt �t)Qt �(�t) � �(Py �y)Qy �(�y) � Qt �(nt + �t)�(N +Pt �t) � Qy �(ny + �y)�(N +Py �y) (11)where the last line follows be
ause the integrals on the previous line are of Diri
hletdistributions without their normalizing fa
tors.Bayes fa
tor between the families. The Bayes fa
tor is the ratio of the marginallikelihoods, that is,p(NjH1)p(NjH2) = N !Qt;y nty! � �(Pty �ty)Qty �(�ty) � Qty �(nty + �ty)�(N +Pty �ty)� N !Qt;y nty! � �(Pt �t)Qt �(�t) � �(Py �y)Qy �(�y) � Qt �(nt + �t)�(N +Pt �t) � Qy �(ny + �y)�(N +Py �y)!�1= Qty �(nty + �ty)Qt �(nt + �t)� �(Pty �ty)Qty �(�ty) � �(N +Pt �t)�(N +Pty �ty) � Qt �(�t)�(Pt �t) � Qy �(�y)�(Py �y) � �(N +Py �y)Qy �(ny + �y)! (12)where the terms on the last line are 
onstant with respe
t to T . Dropping the
onstants yields (3).B Interpretation of the Bayes fa
torWe start by 
omputing a simple result for any two model families, and show thatit 
an be applied to the Bayes fa
tor in the fsIB 
ost fun
tion under a 
ondition forthe marginal priors.A general result. LetH1 andH2 be any two families for generating a 
ontingen
ytable N. Simple probability arithmeti
 yields the posterior probability of H2 givenH1 and N asp(H2jH1;N) = p(H2; H1;N)p(H1;N) = p(NjH1; H2)p(NjH1) � p(H2jH1) (13)where the �rst term on the right is (inverse to) the Bayes fa
tor between H1 andH1 \ H2, and the se
ond term is the prior probability of the family H2 given H1,whi
h is independent of N. Noti
e that the �rst term 
ontains all the fa
tors thatdepend on N; it 
an therefore be 
alled an eviden
e term.15



Conne
tion to fsIB. We wish to apply the above result to the Bayes fa
tor in thefsIB 
ost fun
tion. The fsIB 
ost, however, 
ompares families H1 and H2 dire
tly,while the Bayes fa
tor above 
ompares H1 and H1 \H2. A 
onne
tion exists whenH2 � H1, as analyzed below.In the family H2 the 
ontingen
y table is generated from the produ
t of someindependent multinomial distributions �T and �Y for the marginals, whereas in H1it is generated from a multinomial joint distribution �TY . Sin
e the produ
t �T �Yis also multinomial, it remains to ensure that p(�T �Y jH2) = p(�T �Y jH1; H2).We havep(�T �Y jH1; H2) = p(H2j�T �Y ; H1)p(H2jH1) p(�T �Y jH1) = 1p(H2jH1)p(�T �Y jH1) (14)where the se
ond equality follows sin
e �T �Y 2 H2. When the prior p(�TY jH1) isDiri
hlet with parameters �ty, this be
omesp(�T �Y jH1; H2) /Yt;y (�t�y)�ty =Yt �Py �tyt Yy �Pt �tyy (15)whi
h 
orresponds to separate Diri
hlet priors for the marginals, with parameters�t = Py �ty and �y = Pt �ty . This yields the 
onsisten
y 
ondition in Se
tion2.1 for the marginal priors; note that the 
lustering does not a�e
t the marginalof the words so only the 
ondition for �t matters. Given this 
ondition, the result(13) states that the fsIB obje
tive fun
tion is inverse to the eviden
e term in theposterior probability of independent margins.A slight te
hni
al problem is that p(H2jH1) is zero, but this 
an be 
orre
ted byintrodu
ing a suitable limit pro
ess.C Conne
tion between fsIB and mutual informa-tionThe obje
tive fun
tion of fsIB is given in (3). We may equally optimize its logarithm.We may also add a 
onstant term Py ny logny and divide by the total number of
o-o

urren
es N ; both are 
onstant with respe
t to the 
lustering. This yields1N logCfsIB + 1N Xy ny logny= 1N Xt;y log �(nty + �ty)� 1N Xt log �(nt + �t) + 1N Xy ny logny : (16)By Stirling's approximation log �(x + 1) = x log(x) � x + O(log(x)), so the above
an be rewritten as1N Xt;y �(nty + �0ty) log(nty + �0ty)� (nty + �0ty) +O(log(nty + �0ty))�� 1N Xt [(nt + �0t) log(nt + �0t)� (nt + �0t) +O(log(nt + �0t))℄� 1N Xy ny logny (17)16



where �0ty = �ty � 1 and �0t = �t � 1.The terms nty=N and nt=N 
an
el ea
h other. Applying the equality (x+�) log(x+�) = x log(x) + x log(1 + �=x) + � log(x + �), and noting that nt = Py nty andny =Pt nty, the above 
an be further rewritten asXt;y ntyN log ntyntny+Xt;y ��0tyN log(nty + �0ty)� �0tyN +O( 1N log(nty + �0ty))��Xt ��0tN log(nt + �0t)� �0tN +O( 1N log(nt + �0t))��Xt;y �ntyN log(1 + �0tynty )� ntyN log(1 + �0tnt )� : (18)The �rst line is simplyXt;y p̂(t; y) log p̂(t; y)p̂(t)p̂(y) � logN = Î(T; Y )� logN ; (19)that is, mutual information based on maximum likelihood probability estimatesp̂(t; y) = nty=N , p̂(t) = nt=N and p̂(y) = ny=N , plus a 
onstant term.As N grows, Î(T; Y ) approa
hes the true mutual information I(T; Y ). By 
ontrast,the terms on lines 2{4 of (18) go to zero. The terms on lines 2{3 go to zero be
ausethe denominator N grows faster than the logarithms and �ty and �t are 
onstant.The terms on line 4 go to zero be
ause nty=N and nt=N are bounded and the termsinside the logarithms approa
h 1. Note that if nty or nt were zero, the 
orrespondingterm on line 4 would be zero by de�nition.Note on Stirling's approximation. The approximation used above applies forarguments above zero. Here we may have nty + �0ty � 0 if nty = 0 for some y.However, then the 
orresponding term in (17) goes to zero as N grows and we mayrepla
e it by 1N nty lognty = 0. This also leads to Î(T; Y ).D Conne
tion between fsIB and Jensen-Shannondivergen
eWhen a do
ument d with word 
o-o

urren
e 
ounts dy is added to 
luster t, theratio of the new and old fsIB obje
tive fun
tion is given by (4). The 
luster is
hosen to maximize the ratio, or equivalently its logarithm, given byXy [log �(mty+�0ty+1)� log�(nty+�0ty+1)℄� log�(mt+�0t+1)+log�(nt+�0t+1)(20)where �0ty = �ty � 1, �0t = �t, mty = nty + dy and mt = nt + jdj. We will nowshow that this equation is asymptoti
ally equivalent to the 
luster merging 
rite-rion (2) of the sequential IB algorithm, i.e., weighted Jensen-Shannon divergen
ebetween the word distributions in 
luster and the do
ument, weighted by their priorprobabilities. 17



Assume initially that nty+�0ty > 0. Applying Stirling's approximation log �(x+1) =x log(x)� x+O(log(x)), 
an
eling the terms of type x and 
ombining the terms oftype O(log(x)), the log ratio be
omesXy [(mty + �0ty) log(mty + �0ty)� (nty + �0ty) log(n0ty + �0ty)℄� (mt + �0t) log(mt + �0t) + (nt + �0t) log(nt + �0t)+Xy O(log(mty + �0ty)) +O(log(mt + �0t)) : (21)Applying the equality (x + �) log(x + �) = x log(x) + x log(1 + �=x) + � log(x + �),the above further be
omes=Xy [mty logmty � nty lognty℄�mt logmt + nt lognt+Xy [mty log(1 + �0tymty )� nty log(1 + �0tynty )℄�mt log(1 + �0tmt ) + nt log(1 + �0tnt )+ �0tyXy [log(mty + �0ty)� log(nty + �0ty)℄ + �0t[log(nt + �0t)� log(mt + �0t)℄+Xy O(log(mty + �0ty)) +O(log(mt + �0t)) : (22)Let us add a term �Py dy log dyjdj , and divide by the total number of 
o-o

urren
esN ; both are 
onstant with respe
t to the 
luster 
hoi
e t. The above then be
omes=Xy �mtyN log mtymt � ntyN log ntynt � dyN log dyjdj�+Xy [mtyN log(1 + �0tymty )� ntyN log(1 + �0tynty )℄� mtN log(1 + �0tmt ) + ntN log(1 + �0tnt )+ �0tyN Xy [log(mty + �0ty)� log(nty + �0ty)℄ + �0tN [log(nt + �0t)� log(mt + �0t)℄+Xy O( 1N log(mty + �0ty)) +O( 1N log(mt + �0t)) : (23)Let us �rst examine the �rst line 
loser. Sin
e mty = nty + dy , the �rst line 
an berewritten as�Xy �ntyN log nty=ntmty=mt + dyN log dy=jdjmty=mt�= �p̂(t)Xy p̂(yjt) log p̂(yjt)�p(y) � p̂(d)Xy p̂(yjd) log p̂(yjd)�p(y)= �(p̂(t) + p̂(d))DJS(p̂(Y jt); p̂(Y jd)jwt; wd) (24)18



where we denoted 8>>>>>>>><>>>>>>>>:
p̂(yjt) = nty=ntp̂(yjd) = dy=jdjp̂(t) = nt=Np̂(d) = jdj=Nwt = p̂(t)=(p̂(t) + p̂(d))wd = p̂(d)=(p̂(t) + p̂(d))�p(y) = mty=mt = wtp̂(yjt) + wdp̂(yjd) : (25)Therefore, the �rst line of (23) is simply (opposite to) Jensen-Shannon divergen
e.The other terms arise due to the �nite amount of data in the do
ument and the
luster.Let us examine what happens in the limit N ! 1. The terms on the se
ond lineof (23) go to zero be
ause �0tymty and �0tmty go to zero and the multipliers before thelogarithms are bounded above by 1. Note that if e.g. mty is zero, the 
orrespondingterm on the se
ond line is zero by de�nition. The terms on the third and fourthlines also go to zero, sin
e the denominator N grows faster than the logarithms.Note that the terms on lines 2{4 go to zero regardless of nt and jdj, i.e., evenif the 
luster and do
ument grow along with N . Therefore, maximizing the fsIB
luster merging 
riterion (4) is asymptoti
ally equivalent to minimizing the weightedJensen-Shannon divergen
e (2).Note on Stirling's approximation. In the above proof we applied Stirling'sapproximation to move from log-Gamma fun
tions toward logarithms. Stirling'sapproximation for log �(x + 1) applies when x is positive. We may assume thatmty+�0ty, mt+�0t and nt+�0t are positive when N is large, but if nty = 0 for somey we may have �1 < nty + �0ty � 0.However, if nty = 0, the term 1N log �(nty + �0ty + 1) goes to zero as N grows. Tostudy the asymptoti
 behavior we may then simply repla
e it with 1N nty lognty = 0.This also leads to Jensen-Shannon divergen
e; the only di�eren
e is that the termswith nty are removed from lines 2{4 of (22) and (23) for that value of y.
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