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Differentiation of
Discrete Multi-Dimensional Signals

Hany Farid Eero P. Simoncelli,Member, IEEE

Abstract

We describe the design of finite-size linear-phase separable kernels for differentiation of discrete multi-dimensional
signals. The problem is formulated as an optimization of therotation-invariance of the gradient operator, which
results in a simultaneous constraint on a set of one-dimensional lowpass prefilter and differentiator filters up to the
desired order. We also develop extensions of this formulation to both higher dimensions and higher-order directional
derivatives. We develop a numerical procedure for optimizing the constraint, and demonstrate its use in constructing
a set of example filters. The resulting filters are significantly more accurate than those commonly used in the image
and multi-dimensional signal processing literature.
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I. I NTRODUCTION

One of the most common operations performed on signals is that of differentiation. This is especially true for
multi-dimensional signals, where gradient computations form the basis for most problems in numerical analysis and
simulation of physical systems. In image processing and computer vision, gradient operators are widely used as a
substrate for the detection of edges and estimation of theirlocal orientation. In processing of video sequences, they
may be used for local motion estimation. In medical imaging,they are commonly used to estimate the direction of
surface normals when processing volumetric data.

Newton’s calculus provides a definition for differentiation of continuous signals. Application to discretized signals
requires a new definition, or at the very least a consistent extension of the continuous definition. Given the ubiquity of
differential algorithms and the ever-increasing prevalence of digital signals, it seems surprising that this problemhas
received relatively little attention. In fact, many authors that describe applications based on discrete differentiation
do not even describe the method by which derivatives are computed. In this paper, we define a set of principled
constraints for multi-dimensional derivative filter design, and demonstrate their use in the design of a set of high-
quality filters.

A. One-dimensional derivatives

The lack of attention to derivative filter design probably stems from the fact that the most natural solution – the
difference between adjacent samples – appears at first glance to be completely acceptable. This solution arises from
essentially ignoring the limit in the continuous definitionof the differential operator:

D{f}(x) ≡ lim
ε→0

f(x + ε) − f(x)

ε
, (1)

and holdingε fixed at the distance between neighboring samples. These “finite differences” are widely used, for
example, in numerical simulation and solution of differential equations. But in these applications, the spacing of
the sampling lattice is chosen by the investigator, and thuscan be chosen small enough to accurately represent the
variations of the underlying signal. In many digital signalprocessing applications, however, the sampling lattice is
fixed beforehand, and finite differences can provide a very poor approximation to a derivative when the underlying
signal varies rapidly relative to the spacing of the sampling lattice.
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Fig. 1: The ideal interpolator (sinc) function (left) and its derivative (right). Dots indicate sample locations.

An alternative definition comes from differentiating a continuous signal that is interpolated from the initial discrete
signal. In particular, if one assumes the discrete signal was obtained by sampling an original continuous function
containing frequencies no higher than2π/T cycles/length at a sampling rate ofT samples/length, then the Nyquist
sampling theorem implies that the continuous signal may be reconstituted from the samples:

f(x) =
∑

k

f [k] · sT (x − kT ), (2)

wheresT (x) = sin(πx/T )
πx/T

is a (continuous) “sinc” function, andf(·) is the continuous-time signal, andf [·] is its
discretely sampled counterpart. Assuming that the sum in the above equation converges, we can differentiate the
continuous function on each side of the equation, yielding:

D{f}(x) =
∑

k

f [k] · D{sT }(x − kT )

=
∑

k

f [k] · d(x − kT ), (3)

whered(x) is the derivative of the sinc function,d(x) = π2x/T 2 cos(πx/T )−π/T sin(πx/T )
(πx/T )2

. Note that the derivative
operator is only being applied to continuous functions,f(·) andsT (·).

One arrives at a definition of discrete differentiation by sampling both sides of the above equation on the original
sampling lattice:

D{f}[n] ≡ D{f}(x)|x=nT

=
∑

k

f [k] · d((n − k)T )

=
∑

k

f [k] · dT [n− k], (4)

where dT [·] is the T -sampled sinc derivative. Note that the right side of this expression is a convolution of
the discretely sampled function,f [·], with the discrete filterdT [·], and thus the continuous convolution need
never be performed. If the original function was sampled at or above the Nyquist rate, then convolution with
the sampled derivative of the sinc function will produce thecorrect result. In practice, however, the coefficients
of the sinc derivative decay very slowly, as shown in Fig. 1, and accurate implementation requires very large
filters. In addition, the sinc derivative operator has a large response at high frequencies, making it fragile in the
presence of noise. Nevertheless, this solution (and approximations thereof) are widely used in one-dimensional
signal processing (e.g., [1]–[4]).

B. Multi-dimensional derivatives

For multi-dimensional signals, the derivative is replacedwith the gradient: the vector of partial derivatives along
each axis of the signal space. Consideration of this problemleads to an additional set of constraints on the choice
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of derivative filters. Assume again that the sampled function has been formed by uniformly sampling a continuous
function above the Nyquist rate. As before, we can reconstruct the original continuous function as a superposition
of continuous interpolation functions. In two dimensions,for example:

f(x, y) =
∑

k,l

f [k, l] · c(x − kT, y − lT ), (5)

whereT is the sample spacing (assumed to be identical along both thex and y axes),f(x, y) is the continuous
function,f [x, y] is the discretely sampled function, and the interpolation functionc(x, y) is a separable product of
sinc functions:

c(x, y) = sT (x) · sT (y)

= sin(πx/T )
πx/T · sin(πy/T )

πy/T . (6)

Again assuming that the sum in Eq. (5) converges, we can differentiate both sides of the equation. Without loss of
generality, consider the partial derivative with respect to x:

Dx{f}(x, y) =
∑

k,l

f [k, l] · Dx{c}(x − kT, y − lT ), (7)

whereDx{·} indicates a functional that computes the partial derivative of its argument in the horizontal direction.
Again, one arrives at a definition of the derivative of the discrete function by sampling both sides of the above
equation on the original sampling lattice:

Dx{f}[n, m] ≡ Dx{f}(x, y)|x=nT,y=mT

=
∑

k,l

f [k, l] · Dx{c}((n − k)T, (m − l)T )

=
∑

k,l

f [k, l] · D{s}((n − k)T ) · s((m − l)T )

=
∑

k,l

f [k, l] · dT [n − k] · δ[m− l]. (8)

where T -sampling the sinc function gives the Kroenecker delta function, δ[·], and dT [·] is the T -sampled sinc
derivative. Once again, however, the coefficients of this filter decay very slowly and accurate implementation
requires very large filters.

Furthermore, the resulting two-dimensional filter does nottake into consideration the primary use of derivatives
when applied to signals of more than one dimension (e.g., images or video). In the field of computer vision,
directional derivatives are used to compute, for example, local edge orientation, motion (optical flow), or depth
from stereo. In these applications, one relies on the linearalgebraic property of gradients that the derivative in an
arbitrary direction can be computed from a linear combination of the axis derivatives:

D~u{f}(x, y) = uxDx{f}(x, y) + uyDy{f}(x, y), (9)

where~u = (ux uy )
t is a unit vector [5]–[7]. In this regard, the separable sinc seems somewhat odd, because the

resulting two-dimensionalx-derivative filter has non-zero samples only along a row of the input lattice, whereas
they-derivative filter has non-zero samples only along a column.The directional derivative at an angle ofπ/4 will
contain non-zero samples from a single row and column, as illustrated in Fig. 2.

Thus, both local differences and approximations to sinc derivatives seem inadequate as discrete extensions of
differential operators. The solution to this dilemma is to consider alternative interpolation functions,c(x, y), in
Eq. (5). Two alternative interpolation solutions appear commonly in the literature: fitting polynomial approxi-
mations (e.g., [8]–[13]), and smoothing with a (truncated)Gaussian filter (e.g., [14]–[17]). These choices are,
however, somewhat arbitrary, and the primary topic of this paper is the development of a more principled choice
of interpolator function. We formulate the desired constraints for first-order differentiation, with the second- and
higher-order constraints building upon this constraint. We then develop a practical design algorithm for interpolator
filters with matched derivative filters of arbitrary order and length.
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(a) (b) (c)

Fig. 2: Illustration of sinc-based two-dimensional differentiators. Shown are (a) horizontal; (b) vertical; and (c) oblique
(30 degrees) differentiation filters. The last of these is constructed from a linear combination of the on-axis filters, as
specified by Eq. (9).

II. DERIVATIVE FILTER CONSTRAINTS

We start with an assumption that the interpolation function, c(x, y), should be separable. This both simplifies
the design problem, and improves the efficiency of subsequent derivative computations. We have also explored
non-separable filters, but the marginal improvement in accuracy appears to be not worth the considerably higher
computational expense. We also assume that the interpolator is symmetric about the origin. Finally, we assume
that all axes should be treated the same. Summarizing: the interpolator function is a separable product of identical
symmetric one-dimensional functions.

Thus, for example, the two-dimensional interpolator is written as a separable product,c(x, y) = p(x) · p(y). The
partial derivative (with respect tox) of this interpolator is:

Dx{c}(x, y) = d1(x) · p(y), (10)

whered1(·) is the derivative ofp(·). With this interpolator, the sampled derivative (as in Eq. (8)) becomes:

Dx{f}[n, m] = Dx{f}(x, y)|x=nT,y=mT

=
∑

k,l

f [k, l] · d1((n − k)T ) · p((m − l)T )

=
∑

k,l

f [k, l] · d1[n − k] · p[m− l]. (11)

The discrete derivatives are computed using two discrete one-dimensional filters,p[·] and d1[·], which are theT -
sampled versions ofp(·) andd1(·), respectively. More precisely, differentiation inx is accomplished by separable
convolution with the differentiation filter,d1[·], along thex-dimension and with the interpolator,p[·], in the y-
dimension.

How then do we choosep? Rather than trying to approximate the sinc, which is virtually impossible with short
filters, we directly impose the constraint of Eq. (9). That is, we seek filters such that the derivative in an arbitrary
direction can be computed from a linear combination of the axis derivatives. This type of rotation-invariance property
was first examined by Danielsson, who compared various standard filter sets based on a similar criterion [5]. It is
important to note that giving up the sinc approximation means that the interpolator,c(x, y), will not be spectrally
flat. Thus, the resulting derivative filters will not computethe derivative of the original signal, but of a spectrally
reshaped signal.

Furthermore, we note that the directional derivative filters computed using Eq. (9) will not necessarily be rotated
versions of a common filter (a property that has been termedsteerabilityin the computer vision literature [7]). If
we were to include a steerability constraint with our assumption that the interpolator be a separable product of
symmetric one-dimensional functions, then the resulting interpolator would necessarily be a Gaussian. As such, we
chose not to impose steerability as a primary constraint, although we discuss its use as a regularizing constraint in
the filter design stage, Section III.
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A. First-Order

We first compute the Fourier transform of both sides of Eq. (9), relying on the well-known fact that differentiation
corresponds to multiplication by a unit-slope ramp function in the frequency domain:

j(~ut · ~ω)P (ωx)P (ωy)F (ωx, ωy) = uxD1(ωx)P (ωy)F (ωx, ωy) + uyP (ωx)D1(ωy)F (ωx, ωy), (12)

where P (·) and D1(·) are the discrete-space Fourier transforms of the one-dimensional filters p[x] and d1[x]
respectively [2]:

P (ω) =
∑

n

p[n]e−j2πωn. (13)

This constraint should hold for−π < {ωx, ωy} < π and for all orientations, as represented by the unit vector~u.
We now define an error functional by dropping the factor ofF (ωx, ωy) and integrating the squared error in

this equality over the frequency domain as well as the unit vector ~u that specifies the direction of differentiation.
In addition, in order to make the error independent of the magnitude of the filters (e.g., to avoid the trivial zero
solution), we divide the expression by the total Fourier energy of the prefilter:

E{P, D1} =

∫

~ω

∫

~u
|j(~ut · ~ω)P (ωx)P (ωy) − (uxD1(ωx)P (ωy) + uyP (ωx)D1(ωy))|2

∫

~ω
|P (ωx)P (ωy)|2

. (14)

Expanding the square in the numerator, we note that the crossterms (those containinguxuy) will integrate to zero
because they are anti-symmetric. The remaining error expression is:

E{P, D1} =

∫

~ω |(jωxP (ωx)P (ωy) −D1(ωx)P (ωy))|2 +
∫

~ω |(jωyP (ωx)P (ωy) − P (ωx)D1(ωy))|2
∫

~ω |P (ωx)P (ωy)|2
.

The integrands in the numerator differ only by permutation of the axes, and thus the value of the two integrals will
be identical. Combining these into a single term (and dropping the irrelevant factor of two) gives:

E{P, D1} =

∫

~ω
|(jωxP (ωx) − D1(ωx))P (ωy)|2

∫

~ω
|P (ωx)P (ωy)|2

. (15)

Finally, noting thatP 2(ωy) is strictly real due to the assumed symmetry ofp(y), we can factor it out of both
numerator and denominator expressions and eliminate it from the quotient:

E{P, D1} =

∫

ωx

|jωP (ωx) − D1(ωx)|2
∫

ωy

P 2(ωy)
∫

ωx

P 2(ωx)
∫

ωy

P 2(ωy)

=

∫

ω
|jωP (ω) − D1(ω)|2

∫

ω
P 2(ω)

. (16)

Thus, the two-dimensional constraint has been reduced to a one-dimensional constraint, in the form of a Rayleigh
quotient. Equation (16) is the fundamental error functional used within this paper, but we note that the integral
in the numerator can be augmented to include a weighting function over frequency. For applications in which the
signals to be differentiated are known to occupy a particular range of frequencies, inclusion of such a weighting
function can improve differentiation accuracy over this range. Before discussing the optimization method we show
how these same basic concepts can be generalized to both higher-order derivatives and higher dimensions.

B. Second-Order

Similar to the first-order derivative, the constraint embodying the desired linear-algebraic properties of the second-
order derivative is:

D2
~u{f}(x, y) = (uxDx + uyDy)2{f}(x, y)

= u2
xD2

x{f}(x, y) + 2uxuyDx{Dy{f}}(x, y) + u2
yD2

y{f}(x, y). (17)

In the Fourier domain, this constraint takes the form:

(j~ut · ~ω)2P (ωx)P (ωy) = u2
xD2(ωx)P (ωy) + 2uxuyD1(ωx)D1(ωy) + u2

yP (ωx)D2(ωy), (18)
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whereP (·), D1(·) D2(·) are the Fourier transforms of the 1-D filtersp[x], d1[x] andd2[x] respectively. As before,
we define the numerator of our error functional by integrating over both frequency and orientation variables:

N{P, D1, D2} =

∫

~ω

∫

~u

∣

∣j2(~ut · ~ω)2P (ωx)P (ωy) − (u2
xD2(ωx)P (ωy) + 2uxuyD1(ωx)D1(ωy) + u2

yP (ωx)D2(ωy))
∣

∣

2
. (19)

This can again be simplified by noting that cross terms containing u3
xuy and uxu3

y are antisymmetric and will
integrate to zero, leaving:

N{P, D1, D2} =

∫

~ω

∣

∣(j2ω2
xP (ωx) − D2(ωx))P (ωy)

∣

∣

2
+

∣

∣j2ωxωyP (ωx)P (ωy) − D1(ωx)D1(ωy)
∣

∣

2
(20)

As in the first-order case, the full error functional is formed by dividing by theL2-norm of the prefilter:

E{P, D1, D2} =

∫

~ω

∣

∣(j2ω2
xP (ωx) − D2(ωx))P (ωy)

∣

∣

2
+

∣

∣j2ωxωyP (ωx)P (ωy) − D1(ωx)D1(ωy)
∣

∣

2

∫

~ω
|P (wx)P (wy)|2

. (21)

The first term reduces to a one-dimensional constraint, but the second term does not, and thus we are forced to
optimize the full two-dimensional expression.

C. Higher-Order, and Higher Dimensions

The constraint embodying the desired linear algebraic properties of the Nth-order derivative is:

jN (~ut · ~ω)NP (ωx)P (ωy) = (uxD(ωx)P (ωy) + uyP (ωx)D(ωy))N , (22)

where the right hand side will requirenth order derivative filtersDn(ω) ≡ Dn(ω). Following the same general
framework as in the previous two sections yields a constraint on the form of the prefilter and first- through Nth-order
derivative filters.

The problem formulation defined above in two dimensions extends naturally to higher dimensions. In full
generality,K dimensions,N -th order derivatives come from expanding the following expression:

jN (~ut · ~ω)N
∏

k

P (wk) =





∑

k



ukD(wk)
∏

l6=k

P (wl)









N

, (23)

where we’ve used a numerical index variablek ∈ [1 . . .K] as an axis label in place of the previous mnemonic
labels(x, y). As before, this can be used to generate an error functional for filter design.

III. D ISCRETEDERIVATIVE FILTER DESIGN

With the desired constraints in place, we now describe a practical method for designing derivative filters of a given
order and support (length). For notational clarity, we assume the design of odd-length filters - the formulation for
even-length filters requires only minor modifications. We also assume that the prefilter and all even-order derivative
kernels are symmetric about the central tap, and that all odd-order derivative kernels are antisymmetric.

A. First-Order

In order to design a filter of lengthL, we define a parameter vector~p of length(L+1)/2 containing the independent
prefilter samples (the others are determined by the symmetryassumption). Similarly, we define a parameter vector
~d1 of length(L−1)/2 containing the independent derivative kernel samples (theremaining samples determined by
antisymmetry of the kernel). We construct a discrete version of the error functional in Eq. (16):

E(~p, ~d1) =
|jωFs~p − Fa

~d1|2
|Fs~p|2

(24)

whereFs andFa are matrices whose columns contain the real (symmetric) andimaginary (asymmetric) components
of the Discrete Fourier basis of sizeK >> L, such thatFs~p gives the Discrete Fourier Transform (DFT) of the
(symmetric) prefilter, andFa

~d1 gives the DFT of the (antisymmetric) derivative filter. Thismay be bundled more
compactly as:

E(~u) =
|M1~u|2
|M2~u|2

, (25)
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whereM1 = ( jwFs −Fa ), M2 = (Fs 0 ), and~u =

(

~p
~d1

)

. This error function is in the form of a Rayleigh

quotient, and thus the solution may be found using standard techniques. Specifically, we solve for the generalized
eigenvector associated with the minimal eigenvalue ofM2

1 andM2
2 (i.e., M2

1 ~u = λM2
2 ~u). This eigenvector is then

rescaled so that the resulting prefilter has unit sum, and theprefilter and derivative filters are then constructed by
symmetrizing or antisymmetrizing the corresponding portions of~u (i.e., the prefilter is constructing by concatenating
a reversed copy of~u with itself, and the derivative filter is constructing by concatenating a reversed and negated
copy of ~u with itself). We note that it would be preferable to introduce the unit-sum constraint directly into the
error function, but this would destroy the Rayleigh quotient and would lead to a less elegant solution.

1) Uniqueness:The uniqueness of the solution depends on the isolation of the minimal eigenvalue. In experi-
menting with the design procedure, we found the minimal eigenvalue comes within the machine tolerance of zero
when designing filters of lengthL = 11 samples. For larger filters, the second eigenvalue also approaches zero.
Thus, for filters of lengthL > 11, an additional constraint must be invoked to uniquely constrain (i.e., regularize)
the solution. As mentioned earlier, our primary design constraint does not guarantee that directional derivative
filters will be steerable. The sinc-based derivative filtersare extreme examples of the failure of this property, as
shown in Fig. 2. One possible secondary constraint is that the lowpass filter be as flat as possible over the entire
frequency range [4]. But we choose instead a constraint thatis more consistent our emphasis on rotation-invariance.
In particular, we have chosen to use steerability as a secondary constraint in order to choose from amongst those
filters that satisfy the primary constraint. Specifically, we seek a solution of the form:

~u = ~u0 + U1~s, (26)

where~u0 is any solution of minimizing Eq. (25), andU1 is a matrix containing the zero-eigenvalue eigenvectors
from Eq. (25). The parameter vector~s is chosen to minimize the steerability error functional:

E1(~s) =

π
∑

θ=0

[

Rθ

{∣

∣

∣F(~p · ~dt
1)

∣

∣

∣

}

−
∣

∣

∣F(cos(θ)~p · ~dt
1 + sin(θ)~d1 · ~pt)

∣

∣

∣

]2

, (27)

whereRθ is the two-dimensional rotation operator (implemented on adiscrete lattice using bi-cubic interpolation),
andF is the two-dimensional Fourier operator. Note that this secondary steerability constraint does not interfere with
the primary constraint of Eq. 25, since the two constraints are imposed in complementary orthogonal subspaces. This
non-linear minimization is initialized with an optimally designed 11-tap filter padded with zeros to accommodate
the desired filter length. A gradient descent minimization is then performed on~s in order to optimize, across all
orientations, the steerability constraint of Eq. (27). Theresulting minimization yields a pair of stable filters that
perfectly satisfy the original constraint of Eq. (16) and are nearly steerable.

B. Second-Order

Unlike the first-order filter design problem, the second-order error functional, Eq. (21), does not have a closed-
form solution. As such, we have adopted an iterative approach whereby first-order filters are used to initialize
the design of the second-order filters. Specifically, assuming the first-order solutions for the prefilter,~p, and the
derivative filter, ~d1, the error functional given in Eq. (21) may be simplified to:

E{D2} =

∫

ω

∣

∣(j2ω2P (ω) − D2(ω))
∣

∣

2
, (28)

As before, a discrete version of the error functional on the filter values is written as:

E(~d2) =
∣

∣

∣j2ω2Fs~p − Fs
~d2

∣

∣

∣

2

(29)

where ~d2 contains one half of the full filters taps. The minimum of thisquadratic error function is easily seen to
be:

~d2 = F t
sj2ω2Fs~p. (30)

This filter, along with the previously designed prefilter andfirst-order filter are used to initialize a gradient descent
minimization of the full error functional of Eq. (21).



IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. XX, NO. XX, XXXXX 2004 8

Sample Number
0 1 2 3 4

~p 0.540242 0.229879
~d1 0.000000 -0.425287
~p 0.426375 0.249153 0.037659
~d1 0.000000 -0.276691 -0.109604
~p 0.439911 0.249724 0.030320
~d1 0.000000 -0.292315 -0.104550
~d2 -0.471147 0.002668 0.232905
~p 0.361117 0.245410 0.069321 0.004711
~d1 0.000000 -0.193091 -0.125376 -0.018708
~d2 -0.273118 -0.056554 0.137778 0.055336
~p 0.365406 0.246217 0.067088 0.003992
~d1 0.000000 -0.193357 -0.121482 -0.015964
~d2 -0.288736 -0.057325 0.147520 0.054174
~d3 0.000000 0.336539 0.012759 -0.111680
~p 0.317916 0.234494 0.090341 0.015486 0.000721
~d1 0.000000 -0.143928 -0.118739 -0.035187 -0.003059
~d2 -0.191974 -0.061661 0.085598 0.061793 0.010257
~d3 0.000000 0.203718 0.053614 -0.065929 -0.027205

TABLE I: Example filter taps for optimal differentiators of various orders and sizes. Shown are half of the filter taps,
the other half are determined by symmetry: the prefilter and even-order derivatives are symmetric and the odd-order
derivatives anti-symmetric about the origin (sample number 0).

C. Higher-Order

It is relatively straight-forward to generalize the filter design from the previous two sections to filters of arbitrary
order. Specifically, the design of a set of first- through Nth- order derivative filters begins by designing a prefilter
and first-order derivative pair (Section III-A). The second- through Nth-order filters are then designed in an iterative
fashion, each initialized with the design of the previous orders. In general, given the prefilter and first- through

N-1st derivative filters, the error functional in Eq. (23) reducesto the constraint
∣

∣

∣
jNωNFs~p − Fs

~dN

∣

∣

∣

2

, from which

the Nth-order derivative filter is initially estimated as:

~dN = F t
sjNωNFs~p, (31)

for even-order derivatives; for odd-order, the estimate isgiven byF t
ajNωNFs~p. This estimate along with the lower-

order derivative filters are used to initialize a gradient descent minimization of the (non-linear) error functional that
describes the desired derivative relationships (e.g., Eq.(23)).

D. Summary

A summary of the algorithm is as follows:

1) Choose dimensionalityD, orderN , and kernel sizeL
2) Choose number of Fourier samples,K >> L
3) Precompute the Fourier matrices,Fs andFa

4) Solve for first order filters of sizemin(L, 11), using Eq. (25)
5) If L > 11, solve for unique filters of sizeL, by numerically optimizing Eq. (27), initialized with theL = 11

solution
6) For each ordern = 2 up to N :

a) Solve for thenth order filter using Eq. (31)
b) Numerically optimize Eq. (23) over all filter orders1 throughn, initializing with solution from part a),

together with the filters designed for ordern − 1.

IV. RESULTS

We have designed filters of various sizes and orders – some example filter taps are given in Table I1. Each design
produces a set of matched one-dimensional differentiationfilters that are meant to be used jointly in computing

1Source code (MATLAB) and additional filter taps are available atwww.cs.dartmouth.edu/farid/research/derivative.html
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(a) (b) (c)

Fig. 3: Shown are (a) horizontal; (b) vertical; and (c) oblique (30 degrees) differentiation filters. The last of these is
constructed from a linear combination of the on-axis filters, as specified by Eq. (9). These filters should be compared
with those of Fig. (2).

the full set of separable derivatives of the chosen order. Note that when designing, for example, a second-order
derivative, the accompanying first-order differentiationfilter is not necessarily optimal with respect to the first-order
constraint in isolation. Note also that although we have constrained all differentation filters in each set to be the
same size, there is no inherent reason why different filters could not be designed with a different number of taps.

Shown in Fig. (3) are the horizontal and vertical derivatives and the synthesized directional derivative at an angle
of π/4. Note that these filters are much closer to being rotation invariant than the sinc-based derivatives of Fig. (2).
In the following sections, the accuracy of these filters is compared with a number of standard derivative filters.

A. First-Order

Shown in Fig. 4 is the frequency response of several first-order derivative filters and the product of an imaginary
ramp and the frequency response of their associated prefilters. If the filters were perfectly matched, as per our
design criteria, then these responses should be identical.Shown are the responses from our optimally designed
3-, 5-, and 7-tap filters. For comparison, we show the responses of a variety of commonly used differentiators:
a standard (binomial) 2-tap (p = ( 1 1 ) /2, d1 = (−1 1 )), a standard (binomial) 3-tap (p = ( 1 2 1 ) /4,
d1 = (−1 0 1 ) /2), a 3-tap Sobel operator [18] (p = ( 1 2 1 ) /4), d = (−

√
2 0

√
2 ) /3.5), a 5-tap and

7-tap Gaussian (p = 1/(
√

2πσ)e−x.2/2σ2

, d = (−x/σ2)p), and a 15-tap truncated sinc function (see Fig. 1). The
optimal filters of comparable (or smaller) support are seen to outperform all of the conventional filters, usually by
a substantial margin. Note that the standard deviation,σ, of the 5-tap and 7-tap Gaussian filter was set to0.96
and 1.12 pixels, respectively. These values minimize the RMS error in the frequency response matching between
the prefilter and derivative filter, and thus are superior to most Gaussian differentiators used in the literature. For
example, Barron et. al. suggest a 5-tap Gaussian of widthσ = 1.5 pixels [16].

Recall that our filters were designed so as to optimally respect the linear algebraic properties of multi-dimensional
differentiation. This property is critical when estimating, for example, local orientation in an image (by taking the
arctangent of the two components of the gradient). Figures 5and 6 show the errors in estimating the orientation of
a two-dimensional sinusoidal grating,g(x, y) of size32× 32 with horizontal and vertical spatial frequency ranging
from 0.0078 to 0.4062 cycles/pixel. The orientation is computed as a least-squares estimate across the entire32×32
image. Specifically, we solve for the orientationθ that minimizes

E(θ) =
∑

x,y

[gx(x, y) cos(θ) + gy(x, y) sin(θ)]
2
,

where the sum is taken over all image positions. The errors for our optimal filters are substantially smaller than all
of the conventional differentiators.

B. Second-Order

Shown in Fig. 7 is the frequency response of several first- andsecond-order derivative filters. Also shown for the
first-order (second-order) derivative is the product of a negative parabola (squared imaginary ramp) and the frequency
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response of the prefilter. If the filters were perfectly matched, as per our design criteria, then these responses
should be identical to the frequency responses of the corresponding derivative filters. Shown are the responses
from our optimally designed 3-, 5-, and 7-tap filters. For comparison, we show the response from a standard 3-tap
(p = ( 0.25 0.5 0.25 ), d1 = (−0.5 0.0 0.5 ), d2 = ( 0.25 −0.5 0.25 )), and a 5-tap Gaussian (as in the
previous section the width of the Gaussian is0.96 pixels).

Shown in Fig. 8 are the errors from estimating the orientation of a two-dimensional sinusoidal grating,g(x, y),
using second-order derivatives. As before, orientation estimation was performed on gratings of size32 × 32 with
horizontal and vertical spatial frequency ranging from0.0078 to 0.4062 cycles/pixel. Orientation is estimated as
0.5 ∗ tan−1

(

2gxy

gxx−gyy

)

, wheregxy is computed by applying the first-order derivative filter in the horizontal and

vertical directions, andgxx (gyy) is computed by applying the second-order derivative filter in the horizontal (vertical)
direction and the prefilter in the vertical (horizontal) direction. The orientation is computed using a least-squares
estimator across the entire32× 32 image. Specifically, we solve for the angleθ that minimizes

E(θ) =
∑

x,y

[

gxx(x, y) sin2(θ) − gxy(x, y) sin(θ) cos(θ) + gyy(x, y) cos2(θ)
]2

,

where the sum is taken over all positions in the image. Note that the errors for our optimal filters are substantially
smaller than the standard and Gaussian filters.

V. D ISCUSSION

We’ve described a framework for the design of discrete multi-dimensional differentiators. Unlike previous meth-
ods, we formulate the problem in terms of minimizing errors in the estimated gradient direction, for a fixed size
kernel. This emphasis on the accuracy of thedirection of the gradient vector is advantageous for many multi-
dimensional applications. The result is a matched set of filters – lowpass prefilter and differentiators up to the
desired order – a concept first introduced in [19].

We have also enforced a number of auxiliary properties, including a fixed finite extent, symmetry, unit DC
response (in the prefilter), and separability. Although we also tested non-separable designs (see also [20]), the
marginal improvement in accuracy appears to not be worth theconsiderably higher computational expense. Finally,
we incorporated steerability as an orthogonal regularizing constraint for large filters, where the primary constraint
was insufficient to give a unique solution.

A number of enhancements could be incorporated into our design method. We have ignored noise, and have not
incorporated a prior model on images. Simple spectral models can easily be included, but a more sophisticated
treatment might make the design problem intractable. We have also not explicitly modeled the image sensing process
(e.g., [9], [10]). Again, simple spectral models could be included, but a more realistic treatment would likely prove
impractical. The basic design method might also be optimized for specific applications (e.g., [21]).

Finally, the basic case of FIR filter design can be extended inseveral ways. A number of authors have considered
IIR solutions, for use in temporal differentiation [22], [23]. It would be interesting to consider the joint design of
IIR and FIR filters for differentiation of video signals. It is also natural to combine multi-scale decompositions
with differential measurements (e.g., [24]–[27]), and thus might be worth considering the problem of designing a
multi-scale decomposition that provides optimized differentiation.
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standard 2-tap standard 3-tap Sobel 3-tap

Gaussian 5-tap Gaussian 7-tap truncated sinc 15-tap

optimal 3-tap optimal 5-tap optimal 7-tap

Fig. 4: First order derivatives: Fourier magnitude, plotted from−π to π. The dashed red line corresponds to the product
of a ramp and prefilter, and solid blue line corresponds to thederivative filter.
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Fig. 5: First-order derivatives: errors in estimating the orientation of a sinusoidal grating of varying spatial frequencies
and orientations. The intensity image in the left column shows the orientation error (brighter pixels correspond to larger
errors) across all spatial frequencies - the axes span the range [−π, π]. The plots in the second and third columns
correspond to the indicated radial and angular slices through this two-dimensional frequency space.
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Fig. 6: First-order derivatives: errors in estimating the orientation of a sinusoidal grating of varying spatial frequencies
and orientations (see caption of Fig. 5). Note that the scaling of the truncated sinc filter errors is different than the
others.
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Fig. 7: Second-order derivatives: Fourier magnitudes, plotted from −π to π. Left side shows first-order filter (solid
blue), compared with product of a ramp and the prefilter (dashed red). Right side shows second-order filter compared
with product of squared ramp and prefilter.
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Fig. 8: Second-order derivatives: errors in estimating the orientation of a sinusoidal grating of varying spatial frequencies
and orientations. Note that the scaling of the 3-tap filter’serrors are different than the others.


