
FOURIER ANALYSIS FORPROBABILISTIC COMMUNICATIONCOMPLEXITYRan RazAbstract. We use Fourier analysis to get general lower bounds for theprobabilistic communication complexity of large classes of functions. Wegive some examples showing how to use our method in some known cases,and for some new functions.Our main tool is an inequality by Kahn, Kalai and Linial, derivedfrom two lemmas of Beckner.Key words. Lower-bound, Complexity, Fourier-Analysis.Subject classi�cations. 68Q99.1. Introduction and Notations1.1. Communication Complexity. The model of communication com-plexity was �rst introduced by Yao [9]. In this model, we consider two �nitesets X and Y , and a function f : X � Y ! f0; 1g. Given such a function,consider the following game between players I and II: for (x; y) 2 X � Y , givex to player I, and y to player II. Their goal is to compute the value of f(x; y).Initially, each player has no information about the input of the other. In eachstep, one of the players sends one bit of information (about his input) to theother player. In the end, they both have to know the value of f(x; y).A strategy for the two players describes (in each step): 1) A way for thetwo players to agree on a player that will speak in this step (this decision isbased only on the messages already transmitted - so it is a function from theset of all possible messages to the set fI,IIg). 2) A way for this player to send



2 R. Razone bit of information (based on his input, and on all the messages alreadytransmitted).A protocol for the game is a strategy for the two players, such that after thelast step they both know the value of f(x; y). The maximum number of stepsin the protocol is called the communication complexity of the protocol(where the maximum is taken over all the possible inputs). This is because thisnumber is the maximal number of bits exchanged between the two players, bythe protocol.The deterministic communication complexity of f is the minimumnumber of bits the players must exchange between them (for the worst caseinput), in any deterministic protocol (i.e. the communication complexity ofthe best protocol). The probabilistic case di�ers from the deterministic casein allowing the protocol to depend on 
ips of a coin (so the functions of thestrategy may be probabilistic), and in allowing the protocol to make errors (incomputing the value of f(x; y)). The probability of error must be smaller thana constant �, where 0 � � < 12, for every input pair (x; y). As long as � is aconstant, and 0 < �, its exact value is of less importance, and may a�ect thecommunication complexity only by a constant.The model of communication complexity was studied in many papers, andseems to have close relationships with certain other complexity issues (see [7]for a survey). A lot of e�ort went into proving lower bounds in the di�erentcases.In the theory of deterministic communication complexity there are manygeneral methods for proving lower bounds. When faced with a new problem,one can usually just check if one of these methods is applicable. The situation inthe theory of probabilistic communication complexity is much worse: there aresome very impressive lower bounds (like [4], [6], [8]), but most of the techniqueswork only for very speci�c functions. There are no powerful general methods,and almost no results about large classes of natural functions. Moreover, allthe known lower bounds for functions are proved only in cases in which thereare no big monochromatic sub-matrices of zeros, or no big monochromaticsub-matrices of ones (in the input matrix of the function f). Almost all theknown methods strongly depend on the property that for some measure onthe inputs for f , the function f cannot be approximated by any deterministic(or non deterministic) communication protocol (the \meta-method" below).These methods cannot prove lower bounds for functions that do not have thisproperty.The sequence of bits, transmitted by a deterministic communication proto-col, for the input pair (x; y), is called the history of (x; y). The set of all input



Four. Anal. for Prob. Comm. Comp. 3pairs that have the same history is a sub-matrix of X � Y . A deterministiccommunication protocol naturally partitions the set X � Y into sub-matrices,corresponding to the di�erent possible histories of the protocol. In the sameway, a probabilistic protocol creates a cover of X � Y by sub-matrices, corre-sponding to the di�erent possible histories (here we consider the random stringof the protocol as a part of the history). Now each sub-matrix has a weight (itsprobability to appear in the protocol, i.e. the probability of the correspondingrandom string), and the sum of the weights of all the sub-matrices, coveringone point, is always one. One can easily show that the communication com-plexity of a deterministic protocol is at least logm, where m is the number ofsub-matrices in the cover. For probabilistic protocols the equivalent bound islogPwi, where wi is the weight of the i'th sub-matrix. So Pwi is the proba-bilistic equivalent to the number of sub-matrices. Dealing with the probabilisticcase, we will sometimes talk about Pwi as the number of sub-matrices in thecover.Denote by ri the characteristic function of the i'th sub-matrix. Denote byR the set of indices of all sub-matrices corresponding to histories on which theprotocol answers by 1. De�ne h = Xi2Rwiri:Then, by the de�nition of probabilistic communication complexity, it is easyto prove that k f � h k1 is the maximal error of the protocol, and thereforek f � h k1� �: (1.1)The main \meta-method" for proving lower bounds for probabilistic com-munication complexity was introduced in [10],[2]. Almost all previous lowerbounds for probabilistic communication complexity use this \meta-method".According to this \meta-method", the lower bound is based on the followingmain steps:(1) Fix some probability measure � on the inputs for f , and assume (for acontradiction) that we have a probabilistic communication protocol forf , with communication complexity K, and error �. By (1.1) we havek f � h k1�k f � h k1� �; (1.2)where the 1-norm is taken according to the probability measure �.



4 R. Raz(2) From (1.2), it is easy to conclude the existence of (at least one) historysub-matrix A�B, such that:�(A�B) � 2�(K+1)(i.e. A�B is large), and there exists � 2 f�1; 1g s.t.Prob�[(2f � 1)rA�B = �] � (1 � 2�)�(A�B);where rA�B is the characteristic function of A�B. (i.e. the f -discrepancyof A�B is large, comparing to its size (according to the measure �)).(3) A contradiction is then derived by proving the non-existence of a largesub-matrix with large f -discrepancy, compared to its size (according tothe measure �) - usually, this is the main part of the proof. In almostall previous lower bounds, this is actually proved by proving the non-existence of sub-matrices with large f -discrepancy.The previous lower-bound-technique leaves two main gaps: The �rst gapis that the existence of a large sub-matrix with large f -discrepancy is a muchweaker assumption than the existence of a probabilistic communication proto-col. First, (1.2) is weaker than (1.1). Also, the existence of a large sub-matrixwith large f -discrepancy is weaker than (1.2). What would be most desir-able is to �nd a way to use (1.1) directly. However, this looks harder, becausesub-matrices are much simpler combinatoric objects than protocols. Therefore,it is not surprising that most lower bounds were achieved by analyzing sub-matrices. The reason for using (1.2) instead of (1.1) is that in the 1-norm, thecontribution of the discrepancy of the di�erent sub-matrices is additive, andtherefore is easier to analyze.The second gap in the previous lower-bound-technique is in the third step.Most methods derived so far actually prove the non-existence of sub-matriceswith large f -discrepancy, but cannot prove lower bounds for cases in whichthere are sub-matrices with large f -discrepancy, but with small f -discrepancycompared to their size.In this paper we use Fourier analysis to get general lower bounds for theprobabilistic communication complexity of functions. We introduce two meth-ods. Both methods address the second gap in the previous technique. The�rst method (the main one) address also the �rst gap. The main method weintroduce, described in section 2, gives explicit lower bounds as a function ofthe sum of some Fourier coe�cients. These lower bounds do not necessarily de-pend on the non-existence of large sub-matrices with large f -discrepancy (the



Four. Anal. for Prob. Comm. Comp. 5\meta-method" above), but on the weaker property that some subset of theFourier coe�cients of f cannot be approximated. The method we use is basedon the following main steps:(1) Assume (for a contradiction) that we have a probabilistic communicationprotocol for f , with complexity K, and error �. By (1.1) we havek f � h k2�k f � h k1� �: (1.3)(2) Denote by fS the Fourier coe�cient (corresponding to S) of the functionf , and assume that for some set E : PS2E jfS j is large. Then it isproved (using the identity of Parseval) that PS2E jhS j is also large. Morespeci�cally, it is proved that PS2E jhSj is bounded from below by 2C,where C depends mainly on PS2E jfSj.(3) Now we concentrate on some speci�c sets E (we consider sets that aresubsets of f(S; S 0) : S = S 0g, however, as explained in the next section,the use of other sets is also possible), and assume (a theorem assumption)that PS2E jfSj is large (say for one such E). Therefore by the previousstep, we know that PS2E jhS j is also large. To derive a contradiction,we prove that the contribution of every sub-matrix to PS2E jhS j is smallcompared to its size, and therefore PS2E jhSj cannot be large.The \meta-method" we use can be described as a generalization of the[10],[2] \meta-method" described above: instead of proving that the contribu-tion of a large sub-matrix to the f -discrepancy is small (compared to its size),we prove that the contribution of a large sub-matrix to some set of Fouriercoe�cients is small (compared to its size). (The use of (1.3) instead of (1.2)is of less importance. We use (1.3), because this way we are able to use theidentity of Parseval, and to analyze the contribution of the di�erent Fourier co-e�cients). Another important di�erence is that (as described before) in mostof the previous bounds, what people really proved is that the absolute discrep-ancy of every sub-matrix (large or small) is small (see [4]). In our case, by usingthe non-trivial inequality of Kahn Kalai, and Linial [5], we are able to deal alsowith large sub-matrices that have relatively large absolute contribution (butrelatively small contribution compared to their size).For instance, we prove in section 2 that: C(f) = 
(�= log n), where C(f)denotes the probabilistic communication complexity of f , and� =Xi jProb[f(x; y) = 0 j xi = yi]� Prob[f(x; y) = 0 j xi 6= yi]j :



6 R. RazMoreover, if � = 
(pn) then C(f) = 
(�).We describe some applications in section 3. In section 4 we apply the Kahn-Kalai-Linial inequality in a di�erent manner. The results (of section 4) will beusually weaker, and more di�cult to use, although we obtain better bounds insome special cases.1.2. Fourier Analysis. In this paper we consider functions f : f0; 1gn ! R.We think of the elements in f0; 1gn as n-dimensional vectors or as sets. Weidentify each set with its characteristic vector, and use them interchangeably.On f0; 1gn we take the uniform distribution, and de�ne inner products accord-ing to this distribution: < f; g >= 12n XT f(T )g(T ):We identify the cube f0; 1gn with the group Zn2 , and work with the Fouriertransform according to this group. The characters for Zn2 are the functionsfUSgS�[n], where US : f0; 1gn ! R is de�ned byUS(T ) = (�1)jS\T j(here and throughout [n] denotes f1; : : : ; ng). The Fourier transform of f :f0; 1gn ! R is de�ned by f =XS fSUS;where fS is the Fourier coe�cientfS =< f;US > :We also consider functions f : f0; 1gn�f0; 1gn ! R. The elements of f0; 1gn+nare the pairs (T; T 0), where T; T 0 � [n]. Again we identify each set with itscharacteristic vector, and use them interchangeably. On f0; 1gn+n we takeagain the uniform distribution, and de�ne inner products according to it. Thecharacter US;S0 is de�ned byUS;S0(T; T 0) = (�1)jS\T j+jS0\T 0j:The Fourier transform is now f = XS;S0 fS;S0US;S0;



Four. Anal. for Prob. Comm. Comp. 7where fS;S0 =< f;US;S0 > :To every possible history in a communication protocol there correspondsa sub-matrix of input pairs that have this history. Given A � B � f0; 1gn �f0; 1gn, we denote by IA and IB the characteristic functions of A and B, andby f�Sg; f�Sg the Fourier coe�cients of these functions. By � and � we denotethe probability of the sets A and B, i.e. � = �0 = jAj=2n and � = �0 = jBj=2n.One of the basic tools in our analysis is the following lemma:Lemma 1.1. [5]Let f be a function f : f0; 1gn ! f�1; 0; 1g (for example the characteristicfunction of a set). Let t be the probability that f 6= 0. Then for every 0 � � � 1XS �jSjf2S � t 21+� :2. Our general MethodSpecial subsets of the set of all the pairs (S; S 0) are the sets V = f(S; S 0) : S =S0g, and Vk = f(S; S) : jSj = kg � V . We think of V , Vk as sets of indices ofcharacters. The method we introduce in this section considers subsets E � Vk(in subsections 2.1,2.2), or E � V (in subsection 2.3). Basically, we prove thatit is hard to approximate the Fourier coe�cients, corresponding to these sets E,by communication protocols. We prove that if f has large Fourier coe�cients inthe set E, then the probabilistic communication complexity of f is large. Themethod can be generalized to di�erent kinds of sets E (and not only E � Vkor E � V ). As an example, one can apply any linear permutation on the setof all possible inputs of one of the players. This doesn't change the nature(and the communication complexity) of the function f . However, it changesthe possible sets E that we are able to consider. In fact, one can also applynon-linear permutations, and obtain di�erent Fourier coe�cients.2.1. The Main Theorem. De�ne a function Lk : R+ ! R+ in the followingway: for x � ek Lk(x) = kx1=k=e, and for x � ek Lk(x) = ln(x).Theorem 2.1.Let f be a function f : f0; 1gn+n ! f0; 1g, and let E � Vk. De�ne�0 = jEj ; �1 = X(S;S0)2E jfS;S0 j:



8 R. RazThen if �1 � p�0 C(f) � 
(Lk(�1));and if �1 < p�0 C(f) � 
(Lk(�1)=(logp�0 � log �1 + 1));where C(f) is the probabilistic communication complexity of f .Proof. Let P be a protocol for f that makes an error with probabilityat most 2�d, for every input. Let m be the complexity of P . Denote byh : f0; 1g2n ! R the function h(x; y) = Prob[P (x; y) = 1]. As described in theintroduction, the function h is created by a weighted sum of the characteristicfunctions of all the history sub-matrices of the protocol, that give an answer1 (the sum is weighted because the protocol is probabilistic). The protocol Pmakes an error with probability at most 2�d, and hencek f � h k� MAXjf(x; y)� h(x; y)j � 2�d;where the norm is the 2-norm. By the identity of ParsevalXS;S0(fS;S0 � hS;S0)2 =k f � h k2� 2�2d:First, we would like to derive a lower bound for PE jhS;S0 j. We are interestedin the smallest PE jhS;S0 j for which the inequality can still hold. For �xedPE jhS;S0j, the minimum of PE(fS;S0 � hS;S0)2 is achieved when all the termsjfS;S0 � hS;S0 j are equal (denote their value by �). Then �0�2 � 2�2d, and wehave � � 2�d=p�0. Hence it is clear that alwaysXE jhS;S0j �XE (jfS;S0 j � �) =XE jfS;S0 j � �0� � �1 � 2�dp�0:De�ne C = (�1 � 2�dp�0)=2 to getXE jhS;S0j � 2C:The term PE jhS;S0j is created by contributions from all the sub-matrices (cor-responding to all the di�erent possible histories). Let A�B � f0; 1gn�f0; 1gnbe such a sub-matrix. Its contribution toPE jhS;S0 j isP(S;S)2E j�S�Sj (weightedby the sub-matrix weight). We call A�B regular ifX(S;S)2E j�S�Sj � C��;



Four. Anal. for Prob. Comm. Comp. 9i.e. if its contribution is not small compared to its size. This de�nition ensuresthat at least half of PE jhS;S0 j is created by the contribution of regular sub-matrices.We examine two cases:Case a: 1 < C � e2k. This is the simpler case. By the identity ofParseval, we have P�2S � 1 ; P�2S � 1, and hence by the Cauchy-Schwartzinequality PE j�S�Sj � 1. This is true for every sub-matrix (corresponding toevery possible history of the protocol), i.e. there must exist many sub-matrices.We know that PE jhS;S0 j � 2C, and therefore the lower bound we get (by astandard argument) is m � 
(logC).Case b: C � e2k. Let A�B � f0; 1gn � f0; 1gn be a regular sub-matrix.De�ne c by the equation P(S;S)2E j�S�Sj = c��. So c � C. By the Cauchy-Schwartz inequality we gets X(S;S)2E�2S s X(S;S)2E �2S �XE j�S�Sj = c��:So PE �2S � c�2, or PE �2S � c�2. W.l.o.g assume PE �2S � c�2. ByLemma 1.1, for every 0 � � � 1� 21+� � �kXE �2S � c�k�2:Hence, � � (c�k)� 12� . By substituting � = e=c1=k, we get � � e�kc1=k=2e. Sothe sub-matrix is small ! and its contribution PE j�S�Sj is at most ce�kc1=k=2e.In this case the fact that the function g(c) = ce�kc1=k=2e decreases in the rangec � e2k implies that this contribution is at most Ce�kC1=k=2e (weighted bythe sub-matrix weight). But, at least half of PE jhS;S0 j (which is at least C)is created by the contribution of regular sub-matrices (we de�ned them tosatisfy this property), so their number must be large and we get by a standardargument a lower bound of 
(log(e�kC1=k=2e)) = 
(kC1=k).If C � e2k (case (b)) then Lk(C) = kC1=k=e. If 1 < C � e2k (case (a))then logC = 
(Lk(C)). So, in any case we havem � 
(Lk(C)):Suppose now that P is a protocol that makes an error with probability atmost 1=4, for every input. Let m be the complexity of P . Apply the protocolP O(d) times to get a protocol that makes an error with probability at most2�d. Denote Cd = (�1 � 2�dp�0)=2 to get8Cd > 1 O(d)m � 
(Lk(Cd)):



10 R. RazIf �1 � p�0 we choose d = 1 and getm � 
(Lk(�1)):If �1 < p�0 we choose d � logp�0 � log �1 + 1 to getm � 
(Lk(�1)=(logp�0 � log �1 + 1)):22.2. The Special Case k = 1. Let f be a function f : f0; 1g2n ! f0; 1g.De�nePi = jProb[f(x; y) = 0; xi � yi = 0]� Prob[f(x; y) = 0; xi � yi = 1]j;where the probability space is the set of possible inputs. Pi measures thein
uence of xi � yi on the probability that f = 0. De�ne � = Pi jPij, then bytaking in Theorem 2.1 E = V1, we have �0 = n , �1 = � , and we get the lowerbound C(f) = 
(�= log n)always, and the lower bound C(f) = 
(�)if � = 
(pn).In the special case where 8iPi = P , the lower bound isC(f) = 
(nP= log n)always, and C(f) = 
(nP )if nP = 
(pn). An example for this special case is when f = ~f(x � y), orf = ~f (x ^ y), or f = ~f (x _ y), where ~f is any function with a transitiveautomorphism group (i.e. for any two coordinates 1 � i; j � n, there existsa permutation � 2 Sn such that �(i) = j; �(j) = i, and such that permutingthe coordinates of z, according to �, doesn't change f(z)). This can give lowerbounds for functions f that are properties of the XOR, or the Union, or theIntersection of two graphs (by de�nition, because the associated function ~f isa property of a graph it doesn't change by permuting the vertices of the graph).In the special case where f = ~f(x�y) and ~f is monotone, Pi is the in
uenceon ~f in the sense of [3] and [5].



Four. Anal. for Prob. Comm. Comp. 112.3. The Case E � V . In this subsection, we consider subsets E � V . Forthis case we prove a version of Theorem 2.1, that gives better lower boundsin some cases. Actually, the proof of this theorem is contained in the proofof Theorem 2.1, and is much simpler. It uses only case (a) of the proof ofTheorem 2.1.Theorem 2.2.Let f be a function f : f0; 1gn+n ! f0; 1g, and let E � V . De�ne�0 = jEj ; �1 = X(S;S0)2E jfS;S0 j:Then if �1 � p�0 C(f) � 
(log(�1));and if �1 < p�0 C(f) � 
(log(�1)=(logp�0 � log �1 + 1)):Proof. Again, let P be a protocol for f that makes an error with probabilityat most 2�d, for every input. Let m be the complexity of P . Denote byh : f0; 1g2n ! R the function h(x; y) = Prob[P (x; y) = 1]. De�ne C =(�1 � 2�dp�0)=2 to get (in the same way as in Theorem 2.1)XE jhS;S0j � 2C:By the identity of Parseval, we have P�2S � 1 ; P�2S � 1, and hencePE j�S�Sj � 1. This is true for every sub-matrix (corresponding to everypossible history of the protocol), i.e. there must exist many sub-matrices. Weknow that PE jhS;S0 j � 2C, and therefore the lower bound we get (by a stan-dard argument) is m � 
(logC).Suppose now that P is a protocol that makes an error with probability atmost 1=4, for every input. Let m be the complexity of P . Apply the protocolP O(d) times to get a protocol that makes an error with probability at most2�d. Denote Cd = (�1 � 2�dp�0)=2, to get8Cd > 1 O(d)m � 
(log(Cd)):If �1 � p�0 we choose d = 1, and getm � 
(log(�1)):If �1 < p�0 we choose d � logp�0 � log �1 + 1 to getm � 
(log(�1)=(logp�0 � log �1 + 1)):2



12 R. Raz 3. Some ExamplesThe theorems we just proved can give lower bounds for many functions. Some-times these lower bounds are tight, and sometimes they are not. Here wedescribe three examples in detail, showing the generality of our method, anddemonstrating the way to use it.3.1. The size of set intersection. Let f : f0; 1gn �f0; 1gn ! f0; 1g be thefollowing: f(T; T 0) = 1 i� jT \ T 0j > n=4:The communication complexity of this function is higher than the communi-cation complexity of the Disjointness function (by a simple reduction). Itwas proved that the probabilistic communication complexity of Disjointnessis 
(pn) by [2], and 
(n) by [6] (see also [8]). Here we prove that the prob-abilistic communication complexity C(f) is 
(pn) (a weaker bound), as anapplication of Theorem 2.1:It is an easy calculation to check that if jSj = 1 then fS;S = 
(1=pn). Hence,taking in Theorem 2.1 E = V1, we have �0 = n ; �1 = 
(pn), and the lowerbound we get is C(f) � 
(pn). As we said, this lower bound is not tight.3.2. The Hamming weight of the XOR of two vectors. Assume that nis divisible by four. Denote m = n=2.Let ~f : f0; 1gn ! f0; 1g be de�ned by:~f (T ) = 1 i� jT j = m:Let f : f0; 1gn+n ! f0; 1g be de�ned byf(T; T 0) = ~f(T � T 0):A tight lower bound of 
(n) can be proved for the probabilistic communicationcomplexity C(f), by a reduction from the Disjointness function (tight lowerbounds for the Disjointness function where proved in [6],[8]). Here we showhow to derive a weaker 
(n= log n) bound, as an application of Theorem 2.1.For every k, ~fS is the same for all S with jSj = k. 2n ~fS is simply the numberof subsets of size m that intersect a �xed subset of size k in an even number ofpoints, minus the number of subsets of size m that intersect this �xed subsetof size k at odd number of points. Summing over all S, with jSj = k, we havethe number of pairs of subsets (size m,size k) that intersect in an even number



Four. Anal. for Prob. Comm. Comp. 13of points, minus the number of pairs of subsets (size m,size k) that intersect atodd number of points. Therefore a straight forward calculation gives:2n XS:jSj=k ~fS =  nm! kXi=0  mi ! mk � i!(�1)i:Pki=0 �mi �� mk�i�(�1)i is the coe�cient of xk in the polynomial (x+1)m(1�x)m =(1 � x2)m. This coe�cient is 0 if k is odd, and its absolute value is � mk=2� if kis even. By the de�nition of f : fS;S0 = ~fS�S;S0 . Take in Theorem 2.1 k = m,and E = Vk, to get �0 =  nm! ; �1 =  nm! mk=2!=2n:Then log(�1) = 
(n), and log(�1)� log(p�0) = O(log n), and the lower boundwe get is C(f) = 
(n= log n). As we said, this is not tight.3.3. The scalar product of the XOR of two pairs of vectors. Let~f : f0; 1g2n ! f�1; 1g be de�ned by~f(T;Q) = (�1)jT\Qj(up to constants, this is just the scalar product of T and Q) .Let f : f0; 1g2n+2n ! f�1; 1g be de�ned byf(T;Q; T 0; Q0) = ~f(T � T 0; Q�Q0):We will prove here a tight lower bound of 
(n) for the probabilistic communi-cation complexity C(f), as an application of Theorem 2.2 (the matching upperbound is achieved by a trivial protocol). By de�nition ~f (T;Q) = Qni=1 g(Ti; Qi),where g : f0; 1g2 ! f�1; 1g is de�ned by g(0; 0) = g(0; 1) = g(1; 0) =1 ; g(1; 1) = �1. The Fourier coe�cients of g are g00 = g01 = g10 =12 ; g11 = �12. Hence, ~fS;R = 2�n(�1)jS\Rj;i.e. j ~fS;Rj = 2�n. By the de�nition of f : fS;R;S0;R0 = ~fS;R�S;S0�R;R0 , andtherefore 8S;R jfS;R;S;Rj = 2�n:Take in Theorem 2.2 E = V , to get �0 = 22n ; �1 = 2n, and the lower boundwe get is C(f) � 
(n).(Notice that f gets the values f�1; 1g, instead of f0; 1g. So actually we useTheorem 2.2 for the function h = (f + 1)=2. Each Fourier coe�cient of h ishalf of the corresponding coe�cient of f , except for the �rst coe�cient. So thecalculation is the same.)



14 R. Raz 4. A Slightly Di�erent Method4.1. One More Theorem. For a function f : f0; 1gn+n ! R, de�nefS;� =XS0 jfS;S0 j ; f�;S0 =XS jfS;S0 j:In the special case where f(T; T 0) = ~f (T�T 0) (for some ~f : f0; 1gn ! R) fS;S0 =~fS�S;S0 . Therefore fS;� = j ~fSj and f�;S0 = j ~fS0 j. The method we introduce inthis section considers the coe�cients fS;� ; f�;S0 , and is based on Theorem 4.1.Roughly speaking the method implies that if for small S; S 0 we have fS;� <m�jSj ; f�;S0 < m�jS0j , and for large S; S 0 we have fS;� < mjSj�n ; f�;S0 < mjS0j�nthen usually the probabilistic communication complexity of f is 
(m). Thismethod works basically for functions of the XOR of the two input vectors, butcan also work for other functions.Theorem 4.1.Let f be a function f : f0; 1gn+n ! R, and let 0 < d1; d2; d3; c1; c2; c3; � � 1,such thatfS;� ; f�;S � c1�jSj + c2 + c3�n�jSj;f�0;� ; f�;�0 � c1�0 � d1 + c2 � d2 + c3�n = c1 � d1 + c2 � d2 + c3�n;f�1;� ; f�;�1 � c1�n + c2 + c3�0 � d3 = c1�n + c2 + c3 � d3:Let A;B � f0; 1gn such that �2�0 = �2�1 and �2�0 = �2�1, and let � > 0 such that������XA�B f ������ � ��0�0 = ���then �� = �0�0 � MAX24 c1d1 + 13�! 12� ; c2d2 + 13� ;  c3d3 + 13�! 12�35 :Proof. The Fourier coe�cient of IA�B corresponding to (S; S 0) is �S�S0 .Therefore, by the identity of Parseval��0�0 � j XA�B f j = j < f; IA�B > j = jXS;S0 fS;S0�S�S0j;



Four. Anal. for Prob. Comm. Comp. 15By the Cauchy-Schwartz inequality0@XS;S0 fS;S0�S�S01A2 �0@XS;S0 jfS;S0 j�2S1A0@XS;S0 jfS;S0 j�2S01A =  XS fS;��2S! XS0 f�;S0�2S0! � c1XS �jSj�2S � d1�20 + c2XS �2S � d2�20 + c3XS �n�jSj�2S � d3�2�1! c1XS0 �jS0j�2S0 � d1�20 + c2XS0 �2S0 � d2�20 + c3XS0 �n�jS0j�2S0 � d3�2�1! :By Lemma 1.1 we haveXS �jSj�2S � � 21+�0 ; and XS0 �jS0j�2S0 � � 21+�0 :And clearly, we also haveXS �n�jSj�2S � � 21+�0 ; and XS0 �n�jS0j�2S0 � � 21+�0 :By the identity of Parseval, PS �2S = �0, and PS0 �2S0 = �0. Recall also that�2�1 = �20, and �2�1 = �20. We get�2�20�20 � (c1� 21+�0 � d1�20 + c2�0 � d2�20 + c3� 21+�0 � d3�20)(c1� 21+�0 � d1�20 + c2�0 � d2�20 + c3� 21+�0 � d3�20):Therefore at least one of the following six inequalities is true:13��20 � c1� 21+�0 � d1�20;13��20 � c2�0 � d2�20;13��20 � c3� 21+�0 � d3�20;13��20 � c1� 21+�0 � d1�20;13��20 � c2�0 � d2�20;13��20 � c3� 21+�0 � d3�20:



16 R. RazThe �rst inequality gives�2�0 � � 2�1+�0 = �2� 21+�0 � c1d1 + 13�:The third inequality gives in the same way �2�0 � c3d3+ 13 � :The fourth �2�0 � c1d1+ 13 � :The sixth �2�0 � c3d3+ 13 � :The second �0 � c2d2+ 13 � :And the �fth �0 � c2d2+ 13 � :Always �0; �0 � 1 holds, and therefore�� � MAX24 c1d1 + 13�! 12� ; c2d2 + 13� ;  c3d3 + 13�! 12�35 :24.2. Some Examples. Theorem 4.1 implies that under some conditions aprotocol can approximate the function f only by using small sub-matrices,therefore we get a lower bound for the probabilistic communication complexityC(f). We give here two examples, describing applications of Theorem 4.1. Weremark that one can get a lower bound for a given function g, also by usingTheorem 4.1 for f = g�, where � is any probability measure on the inputs.4.3. The Majority of XOR of two vectors. Let ~f : f0; 1gn ! f�1; 1g bethe Majority function. Let f : f0; 1gn+n ! f�1; 1g be de�ned by f(T; T 0) =~f(T�T 0). By de�nition: k ~f k2= 1, and thereforePS ~f2S = 1. by the symmetryof ~f , we have ~fS = ~fS0 if jSj = jS 0j. Thereforej ~fSj �  njSj!�1=2:It is easy to check that ~f�1 = o(1). By the de�nition of f : fS;S0 = ~fS�S;S0, andtherefore f�0;� = f�;�0 = f�0;�0 = ~f�0 = 0:f�1;� = f�;�1 = jf�1;�1j = j ~f�1j = o(1):fS;� = f�;S = j ~fS j �  njSj!�1=2:



Four. Anal. for Prob. Comm. Comp. 17For jSj � pn � njSj�� 12 � (n� 14 )jSj:For pn � jSj � n�pn � njSj�� 12 � (n� 14 )pn:For n�pn � jSj � njSj�� 12 � (n� 14 )n�jSj:Therefore, we can take in Theorem 4.1: � = n� 14 ; c1 = d1 = 1 ; c2 = d2 =n� 14pn ; c3 = 1 ; d3 = 1 � o(1), and get that if for A;B : �21 = �20 ; �21 =�20, and if jPA�B f j � 14�0�0 then �0�0 � 2�
(n 14 ). If we restrict ourselvesto vectors of even cardinality then always �21 = �20, and �21 = �20, and theconclusion is that in this region only very small sub-matrices can approximatef . Therefore, there are many of them, and a standard argument gives a lowerbound of 
(� log 2�
(n 14 )) = 
(n1=4) for C(f). A better lower bound of 
(n1=2)for this function can be proved by using the �rst method of this paper withk = 1. A lower bound of 
(n= log n) can be proved taking k = n=2. A tightlower bound of 
(n) can be proved by a reduction from the Disjointnessfunction (tight lower bounds for the Disjointness function where proved in[6],[8]).4.4. The scalar product of the XOR of two pairs of vectors. Let~f : f0; 1g2n ! f�1; 1g be de�ned by~f(T;Q) = (�1)jT\Qj:Let f : f0; 1g2n+2n ! f�1; 1g be de�ned byf(T;Q; T 0; Q0) = ~f(T � T 0; Q�Q0):By de�nition ~f (T;Q) = Qni=1 g(Ti; Qi), where g : f0; 1g2 ! f�1; 1g is de�nedby g(0; 0) = g(0; 1) = g(1; 0) = 1 ; g(1; 1) = �1. The Fourier coe�cients of gare g00 = g01 = g10 = 12 ; g11 = �12. Hence,~fS;R = 2�n(�1)jS\Rj;i.e. j ~fS;Rj = 2�n. This shows that fS;R;�;� = f�;�;S0;R0 = 2�n for all S;R; S 0; R0.We can now take in Theorem 4.1: c2 = 2�n ; d2 = 0 and c1 =d1 ; c3 = d3 ; � very close to 0, to get that if jPA�B f j � 14�0�0 and�20 = �21 ; �20 = �21 then �0�0 � 12 � 2�n. By a standard argument, the prob-abilistic communication complexity of f is C(f) = 
(� log(12 � 2�n)) = 
(n).This lower bound is tight.
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