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1. Introduction

This paper investigates an approach to representation of - and regsdont imprecise knowledge.
The approach is based on the notionr@figh sef introduced by Pawlak (see e.g. [13]) and on logic
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programming. We present a language that makes it possible to define asmstmrabout rough sets,
adopting techniques developed by logic programming community. The paperaiges our previous

work [18] and it is an extended version of the conference paper [Ifig extension includes a better
presentation of the logical foundations of the defined language, treatrhemidefined objects and a
more general query language. An important aspect of the extension é&rtorgstrate that some useful
techniques introduced in rough set literature in an “ad hoc” way, areaibtexpressible in the proposed
language. This shows that the language provides a natural framewadefining extensions of the

traditional rough set techniques.

The notion of rough set is motivated by applications where the objects avarsa of discourse have
to be classified on the basis of some associated information, such as Vialbesiributesof a given
object. This assumption makes the universe granular in the sense thajdbis abth identical attribute
values are indiscernible. For example, it is often the case that two patiergsHeasame symptoms but
only one of them has a specific disease. Thus the symptoms are not atfiicia reliable diagnosis.
The rough set theory [13] provides a formal framework for modellind analysis of such situations.

Intuitively, a rough set is an approximation of a subset of the univelsé usually defined by
a finite decision table, whose rows correspond to some objects of thersmiv8uch a table can be
encoded by a finite set of atomic formulae, which can be seen as a logi@prapnsisting of a finite
number of unit clauses (or facts). A natural extension discussed ipreuious work [17, 18] is to
admit also non-unit clauses for that purpose. This gives direct stfgwantegration of background (e.g.
expert) knowledge, reasoning, and possibility to combine differentiraets for defining new ones. The
language of [18] is very restricted. In this paper we give an extendeskptation of a language for
definition and querying of rough sets, which is based on the ideas of tifereace paper [17], with
an extension concerning treatment of undefined objects. The main idea ig $ovolar previous work
[18] but the language is much more expressive, and much more suitablefioing concepts in terms of
the notions of rough set theory, as illustrated by the examples in this papeprécise meaning of the
definitions is provided by translation to extended logic programs, undgrateonsistent stable model
semanticd14, 16]. In this way we link rough sets with paraconsistent logic progrargraimd with
Nelson’s constructive logic N [2]. A program may have several (paraconsistent) stable models (or no
model at all). Each of the models describes a family of rough sets and caehes a possible scenario
of rational beliefs supported by the knowledge represented by thegmmgThe price we pay for the
extra expressiveness is the increase in time complexity: to know whethera hdongs to a stable
model is a NP-complete problem. However, the complexity is polynomial whee tharo recursion
through negation. Furthermore, efficient implementations exist of the staldelrmemantics (see e.g.
[5, 11]) and these systems can be readily used for querying rougbed&isd in our language.

Recently, a system call€@AKE [4] has been proposed. This system is a generalization of deductive
databases to knowledge bases also defining rough relations. AltloAKE and the framework we
propose in this paper seem to address related problems and both extdraditheough set formalism,
there are some important differences. FiGGAKE focuses on visualization of the represented knowl-
edge, while we concentrate more on the language and its semantics. Seadadguage ig-valued but
CAKE is 3-valued, since there is no distinction between undefined knowledge atcdictory infor-
mation. Third, tractability is guaranteed @AKE because the underlying language is stratified. Fourth,
in CAKE it is possible to use the closed-world assumption locally in a particular contextgh local
closure context policies, in addition to the open-world assumption. Answearseries in our language
are computed using the open-world assumption. At last, our frameworkeantended to incorporate
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guantitative measures (ongoing work), what is an important aspecttfrerpoint of view of practical
applications. This extension seems less obvious to achieBAKE .

The rest of this paper is organized as follows. Section 2 gives a briefimttion to rough sets and to
extended logic programs. Section 3 introduces the rough set definitiondgegnd the query language
used for querying the defined rough sets. It gives the semantics ef ldreguages by defining a formal
transformation of rough set definitions and queries to extended logicgmegwith the paraconsistent
stable model semantics. Section 4 illustrates the usefulness of the propdsetiod language as a
general framework for rough set applications. It discusses thramgbe applications of rough sets
selected from the literature. Each of them requires a different “ad Bginsion to classical rough set
techniques. We show that each of these extensions can be easily ardlynafvcoded in our language.
Finally, Section 5 presents conclusions and further planned work.

2. Preliminaries

This section surveys well-known basic notions related to rough sets P1@&nt (extended) logic pro-
grams [3, 14, 16] needed in the context of our work . Thus, in this sedti@not our aim to present
any novel work, but to introduce preliminaries in a way facilitating undeditemof the paper.

2.1. Rough sets

Rough sets emerge naturally in the context of supervised learning, wieedeal with a universé’
of objects described by attributes. Each object belongs to a predefamsidetermined by one of the
attributes, often called decision attribute. For instance, an object candtgeatpan attribute might be
the result of a certain medical test, and a decision attribute could tell whetheattent suffers from a
certain disease or not. Usually, the description of objects in terms of attrilsypesvided in the form of
a decision table. Next, we formalize these notions.

An attributea can be seen as a total function U — V,, whereV,, is called thevalue domairof a.

In this paper we assume that we do not have missing (unknown) attributesvaltius, every object is
associated with a tuple of attributes. We assume that this tuple is the only w&gmimg to the object:
different objects with same attribute values are indiscernible (cf. [10]).

The special constantull may belong to the value domalr, off an attributea. If for an object
o € U, a(o) = null, then this means that for this particular objecthe value of attribute: is not
defined (alternatively, attribute could be seen as a partial function). Note that this is different from a
missing value for(o), since a missing value means that the value exists but we do not know it. Thus,
in this last situation it is sometimes reasonable to apply some technique to recevesttalue (or a
suitable approximation of it), while for the former case this does not make sb sarnse.

Formally, a decision tabl® is a triple(U, A, d), whereU is a set of objects4 is a set of conditional
attributes, andl is a (often binary) decision attribute such thattl ¢ V, (i.e. for each object € U,
d(o) is defined). The aim is to be able to characterize the set of objects with pdsiggative) outcome
for the decision attribute in terms of the values of the conditional attributes. isstiown below, a
precise description may not always be possible.

Example 2.1. Consider the decision tablBeathmi= (U, A, Deathmi), represented by table 1, where
U = {o1,---,08} is a set of patients and = {Age,Hypert, Scanabn} is the set of conditional
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attributes specifying the age of a patient, whether he/she has hypertearsiihhe/she has a positive or
negative result on a particular medical test to the heart (this is the meanatgibéiteScanabn). The
decision attribut®eathmi indicates whether the patient had a major heart problem (e.g. cardiac death
or infarction) in a certain follow up period.

Table 1.
‘ H Age ‘ Hypert | Scanabn | Deathmi H
01 <70 no no no
09 > 70 no no no
03 > 70 no yes yes
04 > 70 yes yes yes
05 > 70 yes yes yes
06 > 70 yes no yes
o7 > 70 yes no no
03 <70 no no no

Note that using the attributes frow, patientsog ando; are indiscernible from each other because
they are represented by the same tupleo, yes, no). However, they have different outcomes for the
decision attribute: patieng had a major heart problem, while patientdid not. This points out that the
information available in the decision table may be contradictory.

Il

Definition 2.1. Given a decision tabl® = (U, A, d), an objecto; € U is indiscerniblefrom object
o; € U iff, for all conditional attributes: € A, a(0;) = a(o;) .

Hence, a decision table = (U, A, d) induces anndiscernibility relationR 4
Ra = {(0i,05) € U?|0; is indiscernible from; } .

The indiscernibility relation is an equivalence relation and it induces a partifiéhe universd/ into
equivalence classes (also called indiscernibility classes)(olf = null, for some objecb of an in-
discernibility class, them(o’) = null, for every other object’ in the same equivalence class. Note
that each equivalence class can be described by a unique tuﬂgi of V.., L. These partitions are like
atomic information granules that are used to define new subsets of thesaiive The next example
illustrates this point.

Example 2.2. Consider again the decision table of example 2.1. The equivalence dladisesd by this
table are

The expressiofi| V., denotes the cartesian prodiét, x - - x V,,, whereA = {a1,- - ,ax}.

a; EA
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1] = {o1,0s}, [oa] = {o4,05},
[oo] = {02}, log] = {06,071},
[os] = {os}.

Each equivalence class can be described by a boolean formula. Fordestakdog]. It can be
described by
(Age = >70) A (Hypert = yes) A (Scanabn = no) .

Alternatively, we can simply use the tup|e70, yes, no) to describe the same equivalence class (this is
the approach followed in this paper).

Assume we want to define the set (concept) of patients who had a segatsphnoblem during
the follow up period Peathmi = yes), i.e. S = {03, 04, 05,06}, in terms of the description of the
equivalence classes above. We remind the reader that each eqcévelass can be described by a tuple
of (conditional) attribute values. The problem here is that is neither contained i nor it is disjoint
from S. This indicates that conceftcannot be defined precisely using the available information. Thus,
setSis considered to be rough. Howelelj] C S leading us to conclude that, in light of he available
information, patients with more tharo0 years old, with hypertension and testing positive for the heart
test 'scanabn’ run definitely a risk of having a serious heart problem.

O

As the example above shows, it may not be possible to define preciselycaptdset of objects)
using the induced indiscernibility classes. It is in this context that the notioougfh set is useful, since
it introduces the idea of set approximations.

A subsetSof U, representing a concept, can be characterized by two sets of ti$pdesl—S.

¢ S includes the tuples describing the objectSin
e —S includes the tuples representing the objects in the compleméht of

This motivates the following definition.

Definition 2.2. A rough set(or rough relatior) S is a pair(S, =S) such thatS, =S C [], ¢4 Va,, for

some non empty set of attributels Moreover, theaough complementf a rough setS = (.5, —~5) is the
rough set-S = (=S5, S).

Usually, we do not distinguish between a concept and the rough sesmsying that concept.

We stress thaf and—S need not be disjoint: the indiscernibility class described by a tuple may
include objects in the conceptand objects in its complement. MoreovSrand—S need not to cover
the universe: for the remaining tuples there is no information whether tmespmnding indiscernibility
class includes elements 6f

The setS (—S) can also be interpreted as a description of the objectspibsgiblybelong (do not
belong) to a certain conceptand is often called thepper approximatiorof S (—.S). Notice that some
doubt exists in this description because there may exist a tupl& N —S. Thelower approximation
of S is the setS = S — -5 and it should essentially be viewed as a descriptions of those objects that
definitelybelong to the concept. The sgt= S N —S is called theboundaryand it corresponds to the
conflicting cases (i.e. the doubtful ones).
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It is easy to see that a decision talile= (U, A, d) is an alternative representation of a rough set
that we designate a8 = (D, -D), whereD is the set of tuples with positive outcome for the decision
attributed and—D is the set of tuples with negative outcome.

Given a rough ses = (S, —S), a tuplet belongs taS, represented asc S, iff ¢t € S. Similarly,

t ¢ Siff t ¢ S. Notice that the fact ¢ S does not imply that € =S because there may exist no
information if the objects described by this tuple belong to the congeptnot.

Example 2.3. Consider once more the decision table of example 2.1 and the cdheepbs, o4, 05, 06 }
representing the patients who had a major heart problem. Since it is ndblpdssdefine this concept
precisely using the available information, instead we represent it by tigheetS = (S, -S), where

193]

{(>70,no0, yes) , (>70,yes, yes) , (>70,yes,no)} and
_|_S = {<<70,n0,n0> s <>70,HO,HO> , <>70,yes’no>} .

The upper approximation df, given byS, describes those patients who possibly may have heart prob-
lems.

The lower approximation aof, given by
8§ ={(>70,no0,yes), (>70, yes,yes)} ,

describes those patients who certainly run a major risk of having a hedutepn.
The lower approximation of.S, given by

S = {{<70,n0,n0) , (>70,n0,n0}} ,

describes those patients who certainly do no run a significant risk of gpavireart problem.
O

We want to stress that in our work a rough set is not defined in terms oftslpé the universe, but
instead in terms of the tuples that describe each equivalence class (isofdagiscernible objects) to
which the objects belong. Moreover, the terms “rough set” and “rouigtioa” are used interchangeably.

We have adopted the convention to give the same name to a decision table, tisiksdattribute,
and to the rough relation it defines, since all these concepts are veniatssl with each other. However,
the appearance of the printed names is different for each case. Fordasif a decision table is called
“Deathmi”, a name usually starting with calligraphic letter, then its decision attributbesl CAeathmi”
and it defines the rough relatioeathmsi”.

2.2. Extended Logic Programs

The ability to describe rough relations in terms of other ones is fundamentakfconstruction of rough
knowledge bases. Extended Logic Programming supplies the approprialt@migms to represent and
reasoning with rough sets, and to express the definition of derivedhr@l@tions in the form of rules. In
particular, theparaconsistent stable model semant€&xtended logic programs [14, 16] provides two
forms of negation, explicit and default, allowing both open-world and claserld reasoning. Explicit
negation describes negative evidence, for instance negative examjplesision tables, while default
negation allows reasoning with lack of information, e.g. for defining low@raximations of rough sets.
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The semantics is paraconsistent and non-monotonic: a piece of informatiats &xplicit negation can
simultaneously hold without trivializing the models; and by adding a new statetmenprogram the
conclusions entailed might decrease, e.g. by adding a negative examfileticg an already positive
one, the lower approximation of the rough relation is reduced. This seatiweyss the logic program-
ming concepts needed in the sequel, and is self-contained. For addit@tadd @nd rationale the reader
is referred to [3, 7, 14, 16].

We start by presenting the syntaxextended logic programesnd defining thgaraconsistent stable
model semantiosf extended logic programs [14, 16], generalizing Answer Set Semdntitsthe para-
consistent case. Extended Logic Programming is the target language todiikéormations discussed
in the following sections, and we resort only to the disjunctive free fragmkthe languages described
in [14, 16].

The syntax of logic programs is built-up from ordinary first-order atomierfiolae (or atoms). An
atom has the forma(t4,...,t,) where each; (0 < i < n) is a first-order term (an atom with zero
arguments is simply written as). A first-order term is either a variable, a constant, or a function
symbol applied to terms. We assume throughout the paper that the langamge function symbols.
An usual convention in logic programming is that variables start with capitardetiEhe set of atoms
is denoted byAt, and anobjective literal L is either an atomd € At or its explicit negation-A. The
set of all objective literals i® Lit = At U —~At, where—At = {—A : A € At}. Similarly, the default
negation of a literall is represented byot L (also called default negated literal). li#eral is either an
objective literalL or its default negationot L, and the set of all literals is

Lit = OLit U notOLit = {A,—~A,notA,not—A : A€ At} .

Intuitively, an objective literal represents a (positive or negative)arwie, while the default negated
literal represents a lack of (respectively, positive or negative) ediele This makes it possible, for
example, to represent differently the information that a flight departed withelay obtained from the
flight control, from lack of the delay announcement. We allow coexistefiggsitive and negative
evidence and for formalizing this we will use a paraconsistent logic.

Definition 2.3. A program clauses an expression
Lo:-Ly,..., Ly, not Lyyy1,...,n0t Ly.

where each; is an objective literal and < m < n. The left side of the clause (w.r.t-) is called the
headand the right side is designatedlazdyof the clause. A fact is a program clause with empty body
(n = m = 0), succinctly represented by. .

If no variables occur in the literals of a program clause, then the proglamse igground(this notion
can be trivially extended to literals, sets of literals, logic programs, etc.). Witless of generality, a
non-ground program clause stands for all its ground instances, eltaiyn substituting variables by
ground terms, in our case constant symbols. Therefore, variablésplieitly universally quantified.
Informally, a program clause represents an implication: if every literal irbthay is true then the head
must also be true. Therefore, the comma symbol is interpreted as conjunatidntegrity constraint
has the form

:=Ly,..., Ly, not Lyyy1,...,n0t Ly. |
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with n > m > 1 and can be seen as a clause with the head being thefateafor L) representing
falsehood.

Definition 2.4. An extended logic progrartELP) is a set of program clauses and integrity constraints.
Moreover, adefinite extended logic prograis simply an ELP without integrity constraints and occur-
rences of default negated literals.

Example 2.4. Assume that the following clauses belong to the extended logic profram

guilty :- guilty. “Someone is guilty if he is guilty”

innocent :- not guilty. “Someone is innocent if we cannot prove he is guilty”
—guilty :- innocent. “Someone is not guilty if he is innocent.”

male :- not female. “Someone is a male if we cannot prove he is a female”
female :- not male. “Someone is a female if we cannot prove she is a male”

The last two clauses express the idea that a person is either a male or female.
Il

Example 2.5. Consider the following non-ground clause belonging to an EL&nd that the set of all
constants occurring i is {tweety, piu}.

(1)  £fly(X) :- bird(X), not penguin(X). “Every bird flies,
if it cannot be proved it is a penguin.”

The non-ground clause above stands for the two ground clauses, ladgdovealled ground instances
of clause(1).

fly(tweety) :- bird(tweety), not penguin(tweety).
fly(piu) :- bird(piu), not penguin(piu).

The atomfly(tweety) is a ground literal, whereagly (X) is not. We can also say that the atom
fly(tweety) is a ground instance dfly (X) (i.e. fly (tweety) € ground(fly(X)) ).
O

Informally, the setground(At) contains all ground instances of any atoine At¢. Moreover,
given an ELPP, ground(P) is the set of all ground instances of any clause P. It is easy to see
that the definition ofground can be also extended to a sequence of litefals .., L, (n > 1), i.e.
ground(Ly, ..., Ly).

The declarative semantics of a program captures its meaning and it isdradezinotion of interpre-
tation. An interpretation is simply a subset of the ground objective literals kasen as theextended
Herbrand base

Definition 2.5. An interpretationZ of an extended logic prograff is any subset ofround(OLit) =
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ground(At) U —~ground(At). An interpretation induces the following consequence relation:

IkEL iff LeZ
Z E=notL iff LgT
IECCy,...,C, iff TEC)and... andZ E C,

whereL is an arbitrary ground objective literal, and eaCf{l < i < n) is an arbitrary ground literal.

As usual, an interpretation settles the setroé literals. If L € 7 then the objective literal has the
truth valuetrue, and if L ¢ 7 then the objective literal. is false Clearly, if an objective literal is false
thennot L is true.

Example 2.6. Consider the extended logic progrgpof example 2.4 and a possible interpretation is
7 = {innocent, ~guilty,male} .

For instance, the literalguilty, female, notmale do not hold inZ and thus are considered to be
false i.e.Z [~ guilty, Z [~ female, Z [~ not male. Obviously,Z = —guilty, not female.
O

An interpretatiornZ satisfiesa program clause if the corresponding implication hold% iandsatis-
fiesan integrity constraint if at least one literal in its bodyaése Formally:

Definition 2.6. A model M of an extended logic prograf is any interpretation that satisfies every
program clause and integrity constraintgbund(P), i.e.

1. ForeveryLo:- Li,..., Ly, not Lyt1, ..., not L, € ground(P),
if Z = Ly,...,Ly,not Lyy1,...,not L, thenZ |= L.

2. Forevery:- Ly,..., Ly, not Lyi1,...,not L, € ground(P), then
TZWLy,...,Ly,not Lypi1,...,n0t L.

For instance, the interpretati@dhin example 2.6 is also a model of the program. Intuitively, an integrity
constraint discards all model candidates that make every literal in its tooely

A program may have several models and they are ordered by set intl@&ice we want to consider
only the models such that each objective literal can be justified by some eeidtethe program, only
(some of) the minimal models are of interest. Any definite ELP has a least mdlet,EELLPs may have
several minimal models. This intuition is captured by the following definition.

Definition 2.7. Let P be an extended logic program afidan interpretation. The reduct ¢ with
respect taZ is the definite extended logic progra®¥ such thatLg:- Ly,..., L,,. is in PZ iff there
is a program clause of the fordy: - L1, ..., Ly, not Lyt1,...,not Ly,. from ground(P) such that
7 = not Ly, - .., not L,. The interpretatiof is aparaconsistent stable moded P iff Z is the least
model of P? andZ satisfies all integrity constraints @f.
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Example 2.7. Consider once more the extended logic progfamf example 2.4 and assume ttRt =
P U{:- female.}. Although,Z; = {innocent, -guilty, female} is a model ofP, it cannot be a
model of P; because the integrity constraint rejects any interpretation containing thé fiteral e.

The following interpretations

M; = {guilty,male},
My = {innocent,-guilty,male}

are minimal models oP;. However, onlyM, is a paraconsistent stable model, whergdgis not.
Intuitively, the reason foM not being a paraconsistent stable model is ghat ty is a justification
to itself (see first clause). But, we can justify havitithocent in My because there is no evidence that
guilty is true (i.e. by defaultguilty is falsg and then, by the second clause, we must have that
innocent istrue.
Formally, taking definition 2.7, the reduct & w.r.t. M; is the definite extended logic program
731/”1 consisting of the following clauses.

guilty :- guilty.
—guilty :- innocent.

male.

The least model oP;"!" is {male}. SinceM; # {male}, we conclude that; is not a paracon-
sistent stable model. It can easily be checked . tatis a paraconsistent stable model.
O

Whenever confusion does not arise, we sometimes use the term modetl inftparaconsistent
stable model.
Extended logic programs can also be queried. Next, we introduce the mbtiprery.

Definition 2.8. A queryis a pair(L1,...,L, , P), withn > 1, whereP is an ELP and each; is a
literal.

We consider two cases for defining answers.

e Theanswer to a ground quer§Ly, ..., L, , P) is yes iff there is a paraconsistent stable model
M of P suchthatM = Ly, ..., L,.
e An answer to a non-ground quety,...,L, , P) (i.e. L; is a non-ground literal, for some

1 <i < n)isthe set

{4,....,L, | LY,...,L, € ground(Ly,...,Ly)andM = L},..., L.},

n

for some paraconsistent stable modélof P.

Example 2.8. Consider the ELPP of example 2.4 and the queri¢snnocent, P) and (guilty, P).
The answer to the first query j&s, sinceinnocent belongs to a model o (seeM, in example 2.7).
However, we should answer negatively to the second question babaugeralguilty does not belong

to any paraconsistent stable modelrof
O
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The paraconsistent stable model semantics coincides with the stable modelisefia6, 8] when-
ever explicit negated literals do not occur in the program. It has closeemtions to Nelson’s construc-
tive logic system ~ [2], as shown in [14].

Finally, we refer thaSmodelg11] anddlv [5] are currently available systems for computing stable
models of programs (often with tens of thousands of clauses). Both systemaso handle integrity
constraints, and can be used in practice to determine paraconsistentrstatdés of extended logic
programs.

3. A Language for Defining Rough Relations

In this section, we present a language for defining and querying nalgtions, based on logic program-
ming. It substantially extends our previous work [18] by allowing lowerragjmations and boundaries
of rough relations in the head and in the body of clauses.

The main intuitive idea underlying our work is as follows. A rough relattbdivides the universe in
four regions:S , =S, S, and the remaining part of the universe not contained in any of thosm, Tising
clauses we can combine regions of different rough relations to define ithydimew rough relation.

We give the semantics of the new language, as the least model semantids [is}ds no longer
applicable.

3.1. The syntax

An atom A is an expression of the form(¢4, . .., t,), wherep is ann-ary predicate symbol and each
t1,...,t, is either a variable or a constant. We follow the usual convention that Vesiaart with
upper case letter (e.@istance) and constants begin with lower case (esgall). Moreover, am-ary
predicatep is usually designated agn.

Given a predicatp/n, expressions of the form(ty, . .., t,) , {(t1,...,ts) ,0r I(t1,...,t,) , Where
L is eitherp or —p, are calledough literals Moreover, the expressigit (¢4, . .., t,) represents gesting
literal.

Definition 3.1. A rough clausés any formula of the form
H:- Bl,...,Bn,Tl,...,Tm.

whereH and everyB; (0 < i < n)is arough literal, and each (0 < i < m) is a testing literal such
that all variables occurring in a testing literal also occur in sdspe

A rough progranP is a finite set of rough clauses. Moreover, clauses with an empty body: €0
andm = 0) are usually calledacts

Intuitively, each predicatg denotes a rough relatiad® and we use rough literals to represent evidence
about tuples. For instance, the fa@g,...,t,). and=p(t1,...,t,). express the information that the
tuple(ty, ..., t,) belongs both to the rough relatidghand to its complement P (thus, to the boundary
of P, denoted byj(. . .)). Obviously,p(...) and=p(...) have the same meaning.

The lower (upper) approximation aP is represented by(...) (p(...)). For example, the fact
p(t1,...,t,). states that the tuplgy, .. ., t,) is a positive example of rough relatidh but cannot be a

negative example of it (i.€¢1,...,t,) € P and(ty,...,t,) & —P).
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A decision tableD can be easily represented in our language. A few. . ., ¢,,) of D corresponding
to positive (negative) example, where eaglis the value of a conditional attribute, is represented as the
fact d(ci,...,cn). (=d(ci,...,cn).)

Since rough clauses allow lower and upper approximations of a relatiorebh@svboundaries to
occur both in the body and head of a clause, it is possible to define selparach of the regions (i.e.
lower and upper approximations and boundary) of a rough relation in tefreggions of other rough
relations. For instance, we can represent that the boundary of k relagion( is contained in the lower
approximation of another rough relatidh If predicates; andp denote the rough relation@ and P,
respectively, then the rough clause

p(X1,.. o, Xn) - @( X1, .0, X))

captures such information.
Given a rough relatiorP with n attributes, am-ary tuplet is undefined w.r.t.P iff t is neither a
positive nor a negative example of the relation, i.e.

(t1,...,t,) € Pand (t1,...,t,) € =P .

We can test in the body of a rough clause whether a tiple. ., ¢,,) is undefined w.r.tP, by using the
literal p?(t1,...,t5).

The following example motivates the potential usefulness of our languagee &kamples are pre-
sented in the next section.

Example 3.1. A relationT'rain has two arguments (attributes) representing time and location, respec-
tively. Two (or more) sensors automatically detect presence/absemeeagfproaching train at a cross-
ing, producing facts likecrain(12:50,montijo) . automatically added to the knowledge base. A
malfunction of a sensor may result in the contradictory factain(12:50,montijo) . being added,

too. Crossing is allowed if for sure no train approaches. This can beided by the following clause
involving lower approximation in the body.

cross(X,Y) :- —train(X,Y).

3.2. The Semantics

In this section, we present a transformation of rough programs into extidodic programs, introduced
in section 2.2. In this way, we obtain a semantics for our language.

The intuition is as follows. Assume th&and( are the rough relations denoted by predicatasd
q, respectively. Then, the literalt,, . .., t,) is a statement that the tupl&, . . . , ¢,) is in P and the lit-
eral—p(ty,...,t,) indicates that tuplét, . .., ¢,) isnotinP. (i.e. belongs te-P). The default negated
literal notp(ty,...,t,) (Not—p(t1,...,t,)) states that there is no evidence that the typle. .., ¢,) is
a positive (negative) example #f. Now the notions of approximations and boundary reflected by rough
literals can be equivalently expressed by conjunctions of literals of EA$fgrmalized by the following
transformationr,. This transformation can be used to compile rough literals in the bodies afes@ie.
rough) program clauses.
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To(p?(t1,...,ty)) = notp(ty,...,tn),N0t=p(t1,...,t,) ,
(p(ty, ... tn)) = p(t1,... ta),NOt=p(ts,. .. 1),
To(op(te, ... tn) = —p(ti,... ta),N0tp(t1,. .. t,) ,
To(D(t1, .- tn)) = p(t1,...,tn),

To(Fp(t1, .. stn)) = —p(t1,...,ta) ,

(Pt ... tn)) = ptr,... ta), (1, ... ta)
(=Dt tn) = @1, 1)),

7o((B1,...,Bn)) = 72(B1),...,72(Bn) .

The translation above is not directly applicable to the heads, since the inghéstarget programs
can contain neither conjunctions of literals nor default negated literalsefdre, it may be necessary to
compile a clause in the source program into a clause and an integrity conefrédia target program, as
described below. For example, consider a rough claused{kél, ..., Xn):- g(X1,...,Xn). stating
that the boundary of) is contained in the lower approximation & Any element in the boundary of
(Q should be also considered a positive examplg’dbut it should be excluded that those tuples are
examples of-P. Moreover, a tupleg belongs to the boundary @ if and only if it represents both
positive and negative evidence of it. Thp$X1,..., Xn):- ¢(X1,...,Xn),—¢(X1,...,Xn). and
= —p(X1,...,Xn),q(X1,...,Xn),~q(X1,..., Xn). capture the same information as the rough
clause above. The program clause states that tuples belonging tQ laoith—() also belong taP, while
the integrity constraint does not allow those tuples to belongFo

The discussion above gives a motivation for the formalization of the translatimugh clauses into
clauses of an extended logic program. This formalization is defined asltbeifay function which
refers to the above defined functien. Note that—p should essentially be viewed as a new predicate
symbol representing explicit negation.

T1(]_)(t1,...,tn):—B.) = {p(tl,...,tn) —TQ(B).,Z——\p(tl, ,tn),TQ(B)} y
T1(D(t1, ... tn):= B.) = {p(t1,...,tn):=- 12(B).},

T1(op(te, ... tn):= B.) = {-p(tr,...,tn):-2(B)., = p(t1,...,ta) , 72(B).} ,
(TPt . tn) = B) = {-p(tr, ... tn) - 12(B).}

T(p(te, ... tn)i= B.) = {=p(t1,... . tn):= 12(B).,p(t1,... ,tn):- T2(B).} ,

m1(FB(t, - tn):i- B.) = mi(B(ty, ..., ty):- B.).

A rough programP will be transformed into an extended logic program by compiling each rough
clause. Thuss (P) = U cp 71(c)
Next example illustrates the proposed encoding of rough programs.

Example 3.2. Assume that we have two decision tables

Deathmi=(Uj, {Age, Hypert, Scanabn}, Deathmi) ,
Deathmi=(Us, {Age, Hypert, Scanabn}, Deathmi) ,

similar to the one of example 2.1, but each referring to a different peritidhef (e.g. yeai and year,
respectively). Both tables are represented as a set of facts in ouclgeg
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Our aim is to monitor changes in the boundary region from one period of timadthar. For
instance, this can give us an idea whether there are groups of patiewtsdfdhe risk of having a serious
cardiac problem has increased, decreased, or remained stable &dinstiperiod of time to the second
period. Thus, if an indiscernibility class belongs to the boundary of tAldathmi and to the lower
approximation of the rough relation represented by tdathmi, then we may interpret this fact as an
increase of risk for those patients.

These ideas can be expressed by the following rough clauses definavg @ugh relation, denoted
by predicaterisk, in such a way thaRisk, ~Risk, and Risk correspond to an increase, decrease, and
stability of the risk of a cardiac event, respectively.

(1) risk(Age, Hypert, Scanabn) :- deathmi,(Age, Hypert, Scanabn),
deathmi, (Age, Hypert, Scanabn).

(2)  —risk(Age, Hypert, Scanabn):- deathmi, (Age, Hypert, Scanabn),
—deathmi, (Age, Hypert, Scanabn).

(3) risk(Age, Hypert, Scanabn) :- deathmi,(Age, Hypert, Scanabn),
deathmi, (Age, Hypert, Scanabn).

Next, we show the result of compiling (i.e. applying functignto) each rough clause above.

e Compilation of rough clausél).

risk(Age, Hypert, Scanabn) :- deathmi;(Age, Hypert, Scanabn),
—deathmi; (Age, Hypert, Scanabn),
deathmiy (Age, Hypert, Scanabn),
not —deathmis(Age, Hypert, Scanabn).
:— —risk(Age, Hypert, Scanabn),
deathmi; (Age, Hypert, Scanabn),
—deathmi; (Age, Hypert, Scanabn),
deathmis (Age, Hypert, Scanabn),
not —deathmis(Age, Hypert, Scanabn).

e Compilation of rough clausg).

—risk(Age, Hypert, Scanabn) :- deathmi;(Age, Hypert, Scanabn),
—~deathmi; (Age, Hypert, Scanabn),
—deathmis (Age, Hypert, Scanabn),
not deathmis(Age, Hypert, Scanabn).
:- risk(Age, Hypert, Scanabn),
deathmi; (Age, Hypert, Scanabn),
—deathmi; (Age, Hypert, Scanabn),
—deathmis (Age, Hypert, Scanabn),
not deathmis(Age, Hypert, Scanabn).
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e Compilation of rough clausg3).

risk(Age, Hypert, Scanabn) :- deathmi;(Age, Hypert, Scanabn),
—deathmi; (Age, Hypert, Scanabn),
deathmis (Age, Hypert, Scanabn),
—deathmis (Age, Hypert, Scanabn).
—risk(Age, Hypert, Scanabn) :- deathmi;(Age, Hypert, Scanabn),
—deathmi; (Age, Hypert, Scanabn),
deathmis (Age, Hypert, Scanabmn),

—deathmis (Age, Hypert, Scanabn).
O

Let P be a rough program an®’ = 71(P). Each predicate symbal with arity n (i.e. g¢/n),
occurring inP, denotes the rough relation

QMP/ = ({<Clv"' 7CTL> ‘Q(Cla'- . 7cn> € MPI}7{<017"'7CTL> ’ﬁQ(Clw- . Cn) € M’p/}) ,

in a modelMp. of P’. Recall thatr; (P) is an extended logic program and, therefore, may have several
paraconsistent stable models (or none). In each model, the prediocady denote a different rough
relation. Consequently, the denotation of a predicate is always with iesp@onodel.

Finally, we give an example illustrating a situation where a rough progranmioas than one para-
consistent stable model.

Example 3.3. Consider that we want to represent some expert knowledge saying that

¢ "If a person possibly has annfection but histemperature is normal, then he either might
suffer fromdiseaseA or fromdiseaseB (but never from both).”

Moreover, three decision tables are given. Based on the existenedgaicsymptoms and results of
some clinical tests, several experts decide independently whether a passenseaseA, diseaseB, or
aninfection. Symptoms and clinical test results form the conditional attributes. The dedadtes
associated witdiseaseA anddiseaseB have the same conditional attributes and some of these also ap-
pear in the decision table related withfection. For instance, a conditional attributetismperature
that can have the valu@sw, normal, orhigh. Another conditional attribute is the identificatiord] of
the patient.

The expert knowledge can be represented as follows. Assume tdatqiesiiseaseA anddiseaseB
have arity4 (i.e. decision tables have four conditional attributes) amfkction has arity3.

diseaseA(Id, X, normal, Z) i- infection(Id, normal, Y),

—diseaseB(Id, X, normal, Z).

diseaseB(Id, X, normal, Z) - infection(Id, normal, Y),

—~diseaseA(Id, X, normal, Z).
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Note that rough relation®iscase A andDisease B, denoted by predicateld seaseA anddiseaseB
respectively, are partially defined explicitly by decision tables. Some otpédielonging to these re-
lations are obtained from the clauses above. In reality experts may dediiféerent ways whether a
person may have a certain disease.

Consider the rough prograf consisting of the two clauses above plus the following facts encoding
the information contained in the decision tables.

—diseaseA(36, ¢, normal, c3). —diseaseB(36, ci,normal, c3).

infection(36, normal, cg).

ProgramP has (at least) two models, reflecting two possible situations according to dilelds
knowledge.

(i) In one modek36, c;,normal c3) € DiseaseA and (36, ci,normal c3) € —DiseaseB.
(i) In another model36, ¢;,normal ¢3) € DiseaseB and (36, c;,normal cs) € —~DiseaseA.

In practice it may be desirable to find preferred models or at least discemé models seen as not
relevant. This issue has been studied in the context of logic programmintpamidoposed techniques
may be applicable here. In the context of rough sets we plan to addressukeyy extending to clauses
the quantitative measures associated with decision tables. In the exampdethieanodel referred in (i)
is obtained by applying the first clause above, while model (ii) is obtainegplyiamg the second clause.

If the tuple (36, c1,normal, c3) appears as a negative example many more times in the decision table
for diseaseB than in the decision table fdiseaseA then we may decide to discard the second model.

3.3. Queries

This section proposes a language to query rough programs. This @ohieved by adapting existing
systems based on the stable model semantics [5, 11], which is a topic werarglgworking on. Here,
we only present queries and their expected answers. Since there migthinere than one model, an-
swers are computed w.r.t. one paraconsistent stable model of the compitgdpamgram. If a program
has a unique paraconsistent stable model, which may often be ttfe tasanswers will refer to this
model.

Definition 3.2. A rough queryis a pair(Q, P), whereP is a rough program an@ is defined by the
following abstract syntax rules

Q1 — A?|A?,09;.

Q2 — L1|L1,Q2]Q2,Q1.

Q3 — L1 CLy| L1 CLy Q3.

Q — Q1]92]9s.

where A is an atom and each; (i = 1, 2) is a rough literal. Moreover, a rough queryill-formedif
the following conditions are satisfied.

2For instance, any definite extended logic program or rough progracsevhlauses do not contain lower approximations in
their bodies, has a unique model.
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(i) Any testing literal A7 is ground (i.e. it does not contain any variables) or its variables occaor als
in some rough literal of the query.

(i) For an expression of the formh; C Lo occurring in the query, both rough literals and L, must
have the same argumedftge. the first argument term df; should be equal to the first argument
term of Lo, the second argument term Hf should be equal to the second argument termi.f
and so on).

For example, rough querigg(X1, X2, X3) C g(X1,X2),P) and(p(X1, X2) C (X2, X1),P)
are not well-formed because they do not satisfy condition (ii). In whitdvs, we always assume that
rough queries are well-formed.

The three case&l, P), (L,P), and (L, P) of a rough query have already been introduced in our
previous work [18]. Let us take one case and, informally, explain vghbaeing queried and the corre-
sponding answer. For instance, with the quri:, c2), P) we want to know whether the tuple;, c2)
belongs to the boundary region of the rough relation denoteglihysome model of (P). If the atom
occurring in the query is not ground then, as answer, we may obtain d 8samples valid in a certain
model. For example, the quefg(X,Y), P) requests a list of pairs that belong to the upper approxima-
tion of the rough relation denoted by predicat® some model of; (P).

Formally, a rough queryQ, P), whereQ is of the formQ; or Q,, is translated into a query to the
ELP 7 (P)

(12(Q), 71(P))-

We now discuss how a query of the forth; C Lo, P), whereL; and Ls are rough literals, could
be answered. The idea is to translate it to a set of integrity constraints thatlded to the compiled
program {1 (P)). Hence, a new extended logic prograthis obtained in this way. Then, the query is
answered positively (i.e. the test succeed$)ihas at least one paraconsistent stable model. Otherwise,
the query is answered negatively (i.e. the test fails). Thus, we reda@mwering problem for this kind
of queries to the problem of checking the existence of paraconsistd steodels of arELP where
certain properties, expressed by the integrity constraints, hold.

Given an objective literalL, we assume that—L and L have the same meaning. Moreover, con-
sider the rough queryL, C Lo, P), whereL; and Ly are rough literals. We define a functien that
transforms these queries into an ELP with integrity constraints, for eadliig@sase of.; (i.e. L, L, L).

7'3(( gf P)) = Tl(P)U{I— TQ(Ll),nOtL.} s
7'3(( CL, P)) = T1<P> U{ - TQ(Ll),notL. , 1T TQ(LI),—!L.} ,
7'3(( - z P)) = 7'1(73) U {!— TQ(Ll),notL. , i TQ(Ll),nOt—\L.} .

Itis trivial to extend functionrs for compiling queries of the formiQs, P). Thus, given a rough program
P, we have that the answer to the qué@s, P) is yes iff the ELP 75((Q3, P)) has a model.

The query language proposed here is slightly more general than theesenped in [17], since how
we allow for testing arbitrary inclusions between lower and upper apprdima For instance in [17],
we could not test whether the lower approximation of one rough reldtigmienoted by predicate /n,
was included in the upper approximation of another rough relaigndenoted by another predicate

3In reality, this constraint can be lifted as we discuss in the conclusion.
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ro/n. With the rough query language discussed in this paper, this can be edhieough the query
(T‘_l(Xl, c ,Xn) - T‘_Q(Xl, ce ,Xn) , P)

In some applications (see e.g. [21]) it is necessary to check rough imelas rough equality of
given rough relations. We recall the notions of rough inclusion andh@ggality [13]. Rough relation
Q1 is roughly includedn rough relationQ, denoted ag)1=Q-, if and only if Q1 C @2 and@; C Qs.
The rough set§); andQ-, areroughly equaldenoted a§); ~ Q-, ifand only ifQ; = Q- andQ; = Q.

Given a rough prograr® and two predicates,; /n andqs/n denoting rough relation®, andQ,
respectively, we can easily test whetli&— Q- or Q1 =~ 2. The rough query

(q—l(Xla 7Xn) g E(Xla' . '7Xn)7ﬂ(X17"'7Xn) g 2(X17~~' 7Xn) 17)>

tests for rough inclusion. Rough equality can be tested through the rauashion

((X1,..., Xn) C@(X1,. .., Xn),
B(X1,.. ., Xn) Cq(Xy, .., Xn),
@ (X1, ., Xn) € (X1, ..., Xn),
@(X1,. ., X)) C (X1, .., Xn) L P) .

4. Application Examples

4.1. Hierarchy-Structured Decision Tables

A technique to reduce, and eventually eliminate, the boundary region aigh relationR (or decision
table) is introduced in [20], in the context of the variable precision rougthnsodel [19] . This is
a relevant issue because any object belonging to the boundary dammbdssified with certainty as
belonging toR or —R. If we interpret a rough relation as a classifier then a large boundaryt gy
that the classifier is of little value.

One way to cope with the above problem is, for instance, to add more coradi@tmibutes to
the table. Alternatively, if some attributes have been subject to discretizatmmrould increase the
precision of the existing attributes by providing more cut-points (i.e. the numbattribute values
would increase). However, the disadvantage of these ideas is the rapithgn the number of decision
rules, each of them with a smaller domain coverage.

The main idea described in [20] is to associate only with the boundary examplew layer of
decision tables. For instance, more cut-points could be introduced foetiistion of attribute values of
objects in the boundary region with the aim of reducing this region of thetroelgtion. Note that this
“refining” process is only applied to that part of the table corresponttirige boundary region, instead
of considering the whole decision table.

Each equivalence class contained in the boundary region can be tasated independent universe
of objects by itself and a new decision table is associated with each equealtass, forming a new
layer of decision tables. The attributes of the decision tables in a new layerdde “more precise”
in the sense they split the equivalence class (of the previous layer) wdmassub-equivalence classes.
This process can be applied recursively yieldirfgerarchical tree structure of decision tables

Next example shows how a tree-structured hierarchy of decision tabléd be easily encoded in
our language.



A. Vitbria, C. V. Danasio, J. Matusziyski/ From Rough Sets to Rough Knowledge Bases 19

Example 4.1. Consider the decision table shown in table2.

Table 2.
‘ H Age ‘ Hypert | Scanabn | Deathmi H

01 <70 no no no
09 > 70 no no no
03 > 70 yes yes yes
04 > 70 yes no yes
05 > 70 yes no no
06 > 70 yes no no
o7 <70 yes yes no
03 <70 yes yes yes

Each line of the decision table above can be encoded in our languagaa@skdr instance, the first
lines would be represented as

—deathmi(<70, no, no).
—deathmi(>70, no, no).
deathmi(>70, yes, yes).

We stress that expressions like70”, used as arguments of a predicate, should be understood as
constants.
It is easy to see that the equivalence classes

lo4] = {o4,05,06} ,
lo7] = {o7,0s}

are in the boundary region.

In order to reduce the boundary region, a different set of conditiattré@butes can be considered for
some of these equivalence classes (in the boundary area), i.e. thenefiastributes considered for
one equivalence class may be different from the set of attributes @yadifbr another equivalence class
in the boundary. The new combination of attributes may have been definerlpleyts in the field of
application. It could also be the case that for some other equivalencesld®e same attributes as in the
original table have been considered, but increased discretizatioisipreof the conditional attributes
has been applied to each of these equivalence classes, possibly veitartiffut-points for each of them.
Let us illustrate these ideas with the table above.

Suppose that experts decided to consider a different set of attrilrteatients belonging tf,]:
instead of the age, it was considered whether the patient was a smokpatients injo;] only different
discretization for the\ge attribute was applied.

As the reader can see from tables 3 and 4, the boundary region hasdoleeed to one equivalence
class with two patients onlyp4] = {04, 06 }.
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Table 3.
‘ H Hypert | Scanabn ‘ Smoke ‘ Deathmi H
04 yes no yes yes
05 yes no no no
06 yes no yes no
Table 4.

‘ H Age ‘ Hypert | Scanabn | Deathmi H

o7 || <40 yes yes no
os | >40 yes yes yes

The decision tables 3 and 4 can be represented by the following factsthddiach decision table
is recorded under a different predicate nami€athmi, deathmi;, anddeathmis).

deathmij(yes, no, yes). —deathmiy (<40, yes, yes).
—deathmi;(yes, no, no). deathmio(>40, yes, yes).
—deathmiq(yes, no, yes).

Putting together all the above decision tables, we create a new rough redatiomn below. It corre-
sponds to the initial decision tableeathmi with a reduced boundary, by integrating tables 3 and 4.

Table 5.
‘ H Age ‘ Hypert | Scanabn ‘ Smoke ‘ Deathmi H
01 <70 no no null no
09 > 70 no no null no
03 > 70 yes yes null yes
04 null yes no yes yes
05 null yes no no no
0g null yes no yes no
o7 < 40 yes yes null no
08 > 40 yes yes null yes

Using rough clauses, the rough relation corresponding to table 5 caasiig encoded. Predicate
deathmis denotes this rough relation.
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(1) deathmiz(Age,Hypert,Scanabn,null) :- deathmi(Age,Hypert,Scanabn).

(2)  —deathmiz(Age,Hypert,Scanabn,null) :- —deathmi(Age,Hypert,Scanabn).
(3) deathmiz(null,Hypert,Scanabn,Smoke) :- deathmi;(Hypert,Scanabn,Smoke) .
(4) —deathmis(null,Hypert,Scanabn,Smoke) :-

—deathmi; (Hypert,Scanabn, Smoke) .
(5) deathmij(Age,Hypert,Scanabn,null) :- deathmi;(Age,Hypert,Scanabn).
(6) —deathmis(Age,Hypert,Scanabn,null) :- —deathmiy(Age,Hypert,Scanabn) .

As we can see in this example, itis possible that some equivalence classekantidary region have
been split into new equivalence classes (for instafigé,= {04, 05, 06} was split intojo4] = {04, 06}
and[os] = {05}) and that some of them are still in the boundary regi@en|(= {o4,06}). Then, the
same idea could be applied once more generating another layer of decidam ta

U

The example above raises the question whether it would be possible to ap@srtte refinement
technique to part of the boundary (i.e. to some indiscernibility classes in thedboy), instead of
applying it to whole boundary. In our current framework, we do notigsage a simple way to achieve
this. In our opinion, this problem could be easily addressed, if we woulémg¢e unique identifiers for
each indiscernibility class. This issue is by now a matter of future research.

A slightly different method (also proposed in [20]) for reducing the latany region is obtained by
treating the whole subset of the universe corresponding to the bguaslarnew domain by itself. Thus,
a new decision table is associated with this subset of the universe formiagy daper. However, in
this case each new layer has one table only and, consequently, whigetrghical linear structure of
decision tables

The following example shows how a linear-structured hierarchy of detisibles could be easily
encoded in our language.

Example 4.2. Consider the decision table 2 of example 4.1. The whole boundary regiosatedr as
new domain by itself and we associate with it a new decision table. In this casgdeeension attribute
was replaced by the sex of the patient and one more conditional attributatindievhether the patient
is a smoker was considered. The aim is that when considering these nefrateibutes, the boundary
region will be reduced (or even eliminated).

Table 6.
‘ H Age ‘ Scanabn ‘ Sex ‘ Smoke ‘ Deathmi H
04 > 70 no M yes yes
05 > 70 no F no no
06 > 70 no M no no
o7 < 70 yes M yes no
08 <70 yes M yes yes
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Table 7.

‘ H Age ‘ Scanabn ‘ Sex ‘ Smoke ‘ Deathmi H

o7 < 40 yes M yes no
03 > 40 yes M yes yes

Looking at the table 6, we see that the boundary has been reduced thjwatsor] = {o7,0s}.
Experts decided to try a different discretization for the age attribute, withithego eventually eliminate
the boundary region. Thus, another decision table (see table 7) wasiaed with the boundary of
table 6 .

Decision tables 6 and 7 are represented in our language as a set afffdetgredicate8eathmi;
anddeathmis, respectively.

deathmi;(>70, no, M, yes). —deathmiy (<40, yes, M, yes).
—deathmi(>70, no, F, no). deathmio(>40, yes, M, yes).
—deathmi(>70, no, M, no).

—deathmi; (<70, yes, M, yes).

deathmi (<70, yes, M, yes).

The relation between the decision tables 2, 6, and 7, a hierarchical limeatuse, can be easily
encoded using rough clauses. All these decision tables are related tnteecugh set (relation) that
we designate by predicaieathmis.

deathmis(Age,Hypert,Scanabn,null,null) :- deathmi(Age,Hypert,Scanabn).
—deathmiz(Age,Hypert,Scanabn,null,null) :- —deathmi(Age,Hypert,Scanabn).
deathmiz(Age,null,Scanabn,Sex,Smoke) :- —deathmi; (Age,Scanabn,Sex,Smoke) .
—deathmiz(Age,null,Scanabn,Sex,Smoke) :- —deathmi; (Age,Scanabn,Sex,Smoke) .
deathmis(Age,null,Scanabn,Sex,Smoke) :- deathmi,(Age,Scanabn,Sex,Smoke) .
—deathmiz(Age,null,Scanabn,Sex,Smoke) :- -—deathmis;(Age,Scanabn,Sex,Smoke).

When considering a graphical interface, eventually showing the higcalcstructure of the tables,
the clauses above could be generated automatically.

4.2. Avoiding Potentially Expensive Tests

In many practical applications, the attribute values correspond to the outafoareertain test applied to
objects of the universe (e.g. a medical test performed on patients). iftiuits/ely, we may associate
with each attribute a cost, corresponding to the cost of the test that mustfoenped. Obviously, some
attributes may be more expensive than others. For instance, a medical ya¢ mansidered expensive
because it requires the use of expensive equipment, or because ity & lot of discomfort to the
patient, or because in general the underlying procedure is expensive

Given an objecb of the universel/ and, based on the values of a set of attribulesa certain
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decisiond is taken (e.g. whether a patient suffers from a certain disease). Tbisnafion, for each
object, can be thought as recorded in the form of a decision fahle- (U, A, d). Assume that a set of
attributesB C A has been identified as being expensive and, therefore, desirableitb &e would
like to identify for which object® the knowledge about attributdsis absolutely necessary for making
a decision, i.e. for determining(o).

This problem has been studied in [9] and following the approach sugbistes, identification of the
above mentioned set of objects requires monitoring changes in the bgwifdar (the rough relation
defined by decision tablP 4) when considering only the set of attributég B (i.e. removing expensive
testsB).

Assume thaD 4\ = (U, A \ B, d) corresponds to the decision tatife, without attributesp (i.e.
it is a projection of tableD 4).

When considering a subsdt\ B of attributes, we have that

RaC RaB,

where R4 and R 4, p are the indiscernibility relations underlying decision tablg andD 4\ g, respec-

tively. Intuitively, this means that when considering the set of attributés B, several equivalence

classes may be merged into one single equivalence class. Thus, whetecimg less attributes, the

approximation space may be formed by a smaller number of larger equieaddarses. Consequently,

the lower approximation ab 4 tends to shrink and the upper approximation tends to enlarge.
Moreover, it can also be easily concluded that

QA?
ﬁAv

D\ B
DB

N 1N

whereD 4 is the rough set obtained from decision tablg (i.e. considering all conditional attributes),
andD 4\ p is the rough set obtained from talifey, z (i.e. only taking into account the attribute4\ B)).

When considering the reduced set of attribute§ B, the boundary region ab 4 also increases,
since some equivalence classes previously belongirgitg or belonging taD 4 have now migrated to
the new boundary. Intuitively, characterization of these equivalelasses defines the set of objects for
which knowledge about attributds is crucial for making a decision. For all other objects, knowledge
aboutB will not change the regionz D4, D4 or D4, where they already belong. Interpreting each of
the rough set regions as a subset of the univirtiee set of migrating objects can be defined as

Migrate(A, B,D) = (D N Ds)U(DypN=Dy) - (1)

Although the definition above looks different from the one used in [9]y the both equivalent.
However, the formulation presented here is more suitable in the context &fbowework, as the reader
will see soon.

Obviously, the set on non-migrating objects is defined as

ﬂ]\4—1'97‘@156(/1,B,D):ﬁA\B UQA\BUDA . (2)

“In this particular context, it makes more sense to interpret each rougagen as a set of objects instead of a set of tuples
characterizing each equivalence class belonging to that region.
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It is important to note that the set of (non)migrating objects is rough, if onlybates A \ B are
considered. Otherwise, if all attributelsare considered then the set is crisp.

The migration set enables us to find those objects that require the resuléstefth associated with
attributesB to be known in order to be able to make a decision. Thus, we aim at findingcaplgon of
this set of objects using attributels\ B. This description can then be applied to new (unseen) objects to
decide whether test8 should be performed.

In practice, for all objects falling in the upper approximation of the migraté setconforming to the
description of the upper approximation), tests associated with attribbutesild be requested. However,
if the upper approximation gets very large when attribugesre removed, then not that much is gained.
This points to the need of associating some numerical measures with the ogpewar approximations
giving some information about the number of objects they might contain andripising work.

Both expressions above, the set of migrating and non-migrating objentbedaanslated to a set of
rough clauses. The next example illustrates this application.

Example 4.3. Consider the decision tableeathmi= (U, {Age, Test A;,Test As},Deathmi), where

U is a set of patients eventually with heart problems. Assume that the condisittnalitesA; and Ao
represent two medical tests. Moreover, tesis usually considered as being expensive, and therefore,
desirable to avoid.

Table 8.

H Age Test A Test Ay Deathmi H
> 70 by cl no
> 70 b1 c2 yes
> 70 by co no

> 40 < 70 ba c3 yes
> 40 < 70 by cq no
< 40 b3 cs yes
< 40 bs cs no
< 40 b3 cs no
< 40 b4 c3 yes

From table 8, it is easy to see that

(i) {(>70, b1, c1),(>40 <70, b2, c4)} C =Deathmi;
(i) {(>40 <70, b2, c3),(<40, b4, c3)} C Deathms;
(i) {(>70, b1, c2),(<40, b3, cb)} C Deathmi;

The table is encoded as facts in our language.
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—deathmi (>70, b1, cl1). deathmi (>70, b1, c2).
—deathmi (>70, b1, c2). deathmi (>40 <70, b2, c3).
—deathmi (>40 <70, b2, c4). deathmi (<40, b3, cb).
—deathmi (<40, b3, c5). deathmi (<40, b3, c3).

Moreover, the following clauses monitor the impact in the boundary regiootfonsidering tests.
Basically, these clauses translate the set of migrating and non-migratingtpagipresented by formulas
(1) and(2) above. The predicat® denotes the rough relatiaR corresponding to the projection in the
first two attributes ofDeathmi.

(1) d(Age,Test_Al1) :- deathmi(Age,Test_A1,Test_A2).

(2) —d(Age,Test_A1l) :- —deathmi(Age,Test_A1l,Test_A2).

(3) migrate(Age,Test_A1l) :- d(Age,Test_A1),

deathmi (Age,Test_A1,Test_A2).

(4) migrate(Age,Test_A1l) :- d(Age,Test_A1),

—deathmi (Age,Test_Al,Test_A2).
—~d(Age,Test_A1).
d(Age,Test_Al1).
deathmi (Age,Test_A1,Test_A2).

(5) —migrate(Age,Test_A1)
(6) —migrate(Age,Test_A1)
(7) —migrate(Age,Test_A1)

Thus, by clausegl) and(2), we have tha{(>70, b1), (>40 <70, b2), (<40, b3)} C D. By
clause(4), (>70, b1l) € Migrate and it corresponds to a (class of) patient(s) that migrated from
the lower approximation of rough setDeathmi. But by clause (7) and taking into account (iii),
(>70, bl)y € —Migrate. Thus,(>70, b1) is in the boundary of relationigrate, consequently,
showing that the set of migrating patients is rough in this case.

By clause(3) or (4), (>40 <70, b2) € Migrate and it corresponds to the merging of two equiva-
lence classes, one originating from the lower approximation and the otimeitifre outsidetDeathmy).

By clause(6), (<40, b4) € —Migrate. This indiscernibility class remains in the lower approx-
imation, even after dropping attribute. Thus, nothing is gained in performing the expensive test for
these patients.

By clause(7), (<40, b3) € —Migrate and it corresponds to a non-migrating (class of) patient(s)
that remained in the boundary after dropping the attribute correspondihg3ad argument ofieathmi
corresponding to the expensive medical test.

Let P be the rough program obtained from the set of facts encoding decisil@8#ogether with the
rough clause$l) — (7). The query(migrate (Age,A1), P) returns all tuples that belong to the upper
approximation of rough relation denoted bygrate (i.e. Migrate). Thus, the tuple$>40 <70, b2)
and(>70, b1) are the answer to the given query. Then, for instance, we may conttiatiéor a new
patient whose age is betweéf and70 and who obtained the resw® for the testa,, the medical test
A5 should be also preformed.

We may also ask

¢ “For which patients more thafi0 years old it is worth to perform test,?”
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This can be translated to the rough querygrate (>70,A1), P). Asanswer we getthe tup(e70, b1)
indicating that only patients with outconpa for testA; should be submitted to tes}.
Another relevant question is

e “Which patients should not be submitted to test?”

that can be represented by the rough quemyigrate (Age,A1), P). As answer we get both tuples
(<40, Db3) and (<40, b4). This answer can be interpreted as stating that if a patient conforms to the
case

((Age < 40) A (Test A; =b3)) V ((Age < 40) A (Test A} = b4))

then testA, is rather irrelevant.

4.3. Representing Default Knowledge

In this section, we show through a couple of examples that we can also @gsibss default knowledge
in our language and, as in syst&@AKE [4], define priorities between defaults.

Intuitively, default knowledge corresponds to conclusions assumegltro®in general (we may also
call it common sense knowledge), even if we do not have a direct evadgfrtbeir truth. For example,
we assume that

¢ “If someone is driving a car then he has a driving licence”

However, this does not always have to be true. We may have informatibimthiidates this conclusion
by default (e.g. the person is less thiayears old).

Representation of default knowledge has been addressed by Redessyproposed default logic
[15]. We would like to stress that we are not aiming to show a complete comdgpce between default
logic and the language proposed in our framework, but only to illustratectirédin forms of default
knowledge can be also encoded in our language. The default knasmeseagl in the following examples
correspond to normal default rules in the context of default logic.

Example 4.4. Consider table 9

Distance= (U, {Dif,Road Conditions,Physical Distance},Distance).

This table takes a set of traffic situatiobischaracterized by

¢ the difference between the actual speed of a vehicle and the speed limét ataith where the
vehicle circulates (captured by attribuief);

e road conditions (dry, wet, snow, or ice); and
o the distance between the vehicle and the one after it.

This data could have been acquired from a humber of different seufear instance, road conditions
could have been obtained by sensors, a camera records traffic inagsspeed limit in roads are
obtained from a database. Then, one or more experts in traffic saéeigedfor each situation whether
the distance between vehicles is large, medium, or small. It is easy to accephishelassification
depends on the attributes mentioned above. It may also happen that, giveantle traffic situation,
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Table 9.

H Dif ‘ Road Conditions Physical Distance Distance H

10 dry 9 medium
10 ice 15 medium
10 ice 12 small
30 wet 30 large
—10 snow 9 medium
—10 snow 9 small

different experts classify differently the distance (i.e. one expert nighthat the distance is small and
another consider it as medium).

Note that the decision attributeistance is not binary in this case, since it may assume the values
small, medium, Or large. However, it is easy to see this table as three decision tables defining the
(rough) concepts of small, medium, and large distance. Moreover, thic#lehe easily expressed in
our language as rough claugés — (9) together with the facts under predicatésee below). The whole
table is coded as a set of positive facts.

p(10, dry, 9, medium). p(10, ice, 15, medium).
p(10, ice, 12, small). p(30, wet, 30, large).
p(-10, snow, 9, medium). p(-10, snow, 9, small).

(1) large(X1,X2,X3):- p(X1,X2,X3,large).
(2) —large(X1,X2,X3):~ medium(X1,X2,X3).
(3) —large(X1,X2,X3):- small(X1,X2,X3).

(4) medium(X1,X2,X3):- p(X1,X2,X3,medium).
(5) —medium(X1,X2,X3):- small(X1,X2,X3).
(6 —medium(X1,X2,X3):- large(X1,X2,X3).

(7)  small(X1,X2,X3):- p(X1,X2,X3,small).
(8)  —small(X1,X2,X3):- medium(X1,X2,X3).
(9) —small(X1,X2,X3):- large(X1,X2,X3).

Another decision table, see table 10,
Danger= (U, {Dif,Road Conditions,Distance},Danger) ,

shows whether a number or traffic situations has been classified asdastyy an expert.
As usual, this table is represented as a set of facts.
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Table 10.

H Dif ‘ Road Conditions | Distance | Danger H

10 dry large no

20 ice small yes

0 wet medium no

10 wet medium yes

10 wet medium no

—10 snow medium yes
—danger (10, dry, large). danger (20, ice, small).
—danger (0, wet, medium). danger (10, wet, medium).
—danger (10, wet, medium). danger (-10, snow, medium).

We also would like to add some common sense knowledge to the set of facts dkmvinstance,
consider the following statement expressing that usually people assunefdutdhat small distances
between two vehicles yield to a dangerous situation.

¢ “If the distance between two vehicles is small, then we may assume that #itesitis dangerous
(unless there is evidence to the contrary ).

This statement could be expressed by the following (normal) default rilerenthe variables should
be understood as universally quantified.

small(X1, X2, X3): danger(X1, X2, small) 1
danger(X1, X2, small) ’ @

Technically, the default rule (1) can be read as follows: if in a certain tSituamall(z1, 22, x3)
holds (i.e. it can be proved) anthnger(z1, 22, small) is consistent with the current knowledge, then
(by default) we assume thatanger(x1, 22, small) holds, too. Note thaanger(z1, 22, small) is
consistent with the current knowledge, if we have no evidence-thahger(x1, 22, small) is true.
Thus, no contradiction with the available knowledge arises by the factuthgfer (1, 22, small) is
assumed.

Moreover, consider that we also want to express the next common @&kziaalt) idea.

¢ “If the distance between two vehicles is not small, then we may assume ¢hsituhtion is not
dangerous (unless it can be proved otherwise)”

This statement could be expressed in default logic by default rules @(3n
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medium(X1, X2, X3) : ~danger(X1, X2, medium)

2
—danger (X1, X2 medium) ’ @

large(X1, X2, X3): ~danger(X1, X2, large)

3
—danger (X1, X2, large) @)

Next, we show that the above default rules can be expressed in ouligeg

(10)  danger,(X1,X2,small):- small(X1,X2,X3),danger?(X1,X2,small).
(11) —danger; (X1,X2,medium) : - medium(X1,X2,X3), danger?(X1,X2,medium) .
(12)  —danger,(X1,X2,large):- large(X1,X2,X3), danger?(X1,X2,large).

Rough clauses (16)(12) express the default rules ((3), respectively. Finally, we put together the
knowledge coming from the tab®anger with the default knowledge. To achieve this we define a new
rough relation (clauses (13)16)) and use a new predicate namerngers).

) danger,(X1,X2,X3) :- danger(X1,X2,X3).

14) danger, (X1,X2,X3) :- danger, (X1,X2,X3).
) —~danger, (X1,X2,X3) :- —danger(X1,X2,X3).
)  —danger,(X1,X2,X3):- —danger; (X1,X2,X3).

From the fifth row of the first table we see tha¢dium(-10,snow,9) holds. But, the tuple
(-10,snow,medium) corresponds to a dangerous traffic situation (see last line of the sedadayl Thus,
rough clause (11) (encoding default rule (2)) cannot be appliedusedanger(-10, snow,medium)
holds and consequentl{#10, snow,medium) is not undefined w.r.t. rough relatidbanger.

However,small(-10,snow,9) holds (last line of tabl®istance) but the tuplé-10, snow, small)
does not exist in the tablPanger (i.e. thus, it does not correspond to a traffic situation known s no
-dangerous). Hence, from rough clause (10) (correspondingftautt rule (1)), we conclude
danger(-10,snow,small) .

Next example, illustrates the use of priorities between default rules.

Example 4.5. Consider once more the (decision) tables of the previous example andtdefas (1)
and (2). Moreover, we also assume that

¢ “If distance between vehicles is medium and the road conditions are igyythanay assume that
the traffic situation is dangerous (unless it can be proved otherwise).”

Using a default rule, we could express this statement as

medium(X1,ice, X3) : danger(X1,ice, medium)

(4)

danger(X1,ice,medium)
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Informally, looking at the second row of the first table, we conclude ifedtium(10,ice, 15) holds.
Moreover, from the second table we can conclude that the t(fflgeice,medium) is not considered
as a dangerous (or non-dangerous) situation (actually, there is hdwgle in the second table). Thus,
default rule (2) can be applied and we conclude thaanger(10,ice,medium) also holds. Similarly
default rule (4) can be applied, to conclude tdahger(10,ice,medium) holds, too.

Hence, from this example, we conclude that by applying different diefales, we may obtain
contradictory information. Although this may be acceptable in some situationsa(itdse belonging to
the boundary region), in other situations we may wish to express prioritiggeba several applicable
defaults. For instance, if both default rules (2) and (4) are applictid®, we may give priority to (4)
and block application of default (2) for safety reasons.

First, we define a new rough relation expressing the default rules @L{4an

(10)  danger,(X1,X2,small):- small(X1,X2,X3),danger?(X1,X2,small).

(11) danger; (X1,ice,medium) : - medium(X1,ice,X3), danger?(X1,ice,medium).

Then, we put together the knowledge coming from the tdbdmger with the default knowledge.
The last rough clausé€]5), encodes default rule (2) and gives it lower priority than rough clduse
(default rule (4)).

(12) danger, (X1,X2,X3) : - danger(X1,X2,X3).

(13) —danger, (X1,X2,X3) :- —danger(X1,X2,X3).

(14) danger, (X1,X2,small) :- danger; (X1,X2,small).

(15) —danger, (X1,X2,medium) : - medium(X1,X2,X3), danger?(X1,X2,medium),
danger;?(X1,X2,medium) .

5. Conclusions and Future Work

We introduced a language for representing a vague knowledge in thevirark of the rough set theory
and an expressive query language.

We defined a natural translation of our language to extended logic pnogireg under the paracon-
sistent stable model semantics. This opens for re-use of the existing lagiaprming systems based
on the stable model semantics for answering rough set queries.

Our language uses common notions of rough set theory: lower and ajpperximations, and bound-
aries for implicit definitions of rough sets. The usual technique of defirongh sets by decision tables
is embedded as a special case. The language is flexible enough to allmatsegefinitions of each
region of a rough set. Since a progrémin our language may have different models, the rough sets
defined byP may not be unique. This fact can be useful in some applications.

The proposed query language is very expressive. It makes it p@ssibonly to search for elements
in particular regions of rough relations but also to test for rough inclusioth rough equality, which
is essential in some applications. For a matter of simplicity, we have not reallyededi declarative
semantics for rough queries. This could be achieved by defining the raftlogical consequencé=()
for rough programs. For this reason, we restricted the type of roughiepithat are allowed to well-
-formed ones, since we believe that the intuitive meaning of these queribgi®mie. Assume thaRk;
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and R, are two binary rough relations. Our definition of rough query does haitvdo test whether for
each pair(ci,c2) € Ry, we have thatce,c1) € Ry, since the queryry (X1, X2) C 72(X2, X1), P)
is not well-formed. However, the restriction (ii) of being well-formed coutddasily lifted and these
gueries could be answered by applying the same strategy, as explaireaddn $.3.

Development of a system based on the presented ideas, integrating divartétzhniques [10], and
testing it on real life examples is ongoing work.
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