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Overview
1. This presentation is structured as follows:

1. Main Scope: Construct a parameter estimation framework based on the stochastic 
properties of the biochemical reaction system. Study on autonomous systems.

2. Four main parts focusing on:
1. Systems Biology and Systems ID. 
2. Systems Identification using PDf Shaping: mathematical 

description of the proposed parameter estimation scheme.
1. What assumptions  are made.
2. Mathematical formulation.
3. PDF estimation method (KDE)

3. PDF shaping Using the Entropy.
4. Examples: based on a univariate description including cases where the 

noise component could have an arbitrary distribution.



Introduction: Systems Biology and 
Systems ID

1. Systems ID, an important aspect of Systems Biology:
1. The signaling pathway is translated into a 

parametrized  ODE model.
2. Modeling procedure where the parameters 

are chosen so as to map the given data. 
3. Obtain insight into the cells internal 

characteristics.
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2.1.1. Modelling assumptions 

For an ODE model to describe the biochemical process accurately the system has to 

behave as a a “well-stirred” reactor [92] [110], meaning that there are no other 

compartments within the volume that the biochemical reaction network resides. This 

is a purely spatial limit on the space spanned by the network, guarantying that there is 

no cross-talk between different compartments or other biochemical networks, 

rendering Partial Differential Equations (PDEs) necessary to model the interference 

[92] [110]. In addition, something stemming from the statistical physics theory [110], 

all of the systems properties can be well described by their mean or average value. As 

a consequence every result has to be interpreted as an average with any fluctuations 

rendered insignificant with respect to the average. 

Furthermore, one has to assume an infinitely expanding system [110] where the 

number of molecules from each species at the thermodynamic limit, reach infinity. 

This assumption is necessary in order to avoid any surface effects [110] that might 

influence the modelling process. Surface effects are essentially separate reaction 

systems in the surface of the volume where there might be differences in temperature 

and particle density. The system is also considered in a thermodynamic equilibrium 

resulting in an isochore and isothermal system [110] where there are no significant 

fluctuations in either the volume or the temperature of the system 

 

2.1.2. The Michaelis Manten signal transduction pathway. 

To formally define the general modelling framework, let us use the following 

example to better explain the model formulation. For the Michaelis Manten reaction 

network defined as: 

!  

E ! S!
! 2

!1

ES"

!3

E ! P     (1) 

the ODE model describing the reaction kinetics is given by: 
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3
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  (2) 

where E,S,ES,P represent the concentration of the species participating in the 

reaction, S being an enzyme in this example and !
!
!! ""#!$!%& are the kinetic 

parameters denting how the reaction progresses through time. The representation in 

(2) and (1) is the basic formulation for two species interacting, producing an 

intermediate product ES which then dissociates providing the final substrate P. 
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Example of an Autonomous System
Michaelis Manten Signaling pathway

Cell

The Cell in General

Inputs u : nutrients
Outputs y : Species 

concentrations 



1. The schematic on the right depicts the basic 
configuration of the method. 

2. The Entropy optimization variant is presented here. 
3. Autonomous systems are considered.

Introduction: Method Formulation

then is formulated as follows:

J(θ̂) = argminθ̂

∫
· · ·

∫

γe∈[α,β]

[γ̂e(ε1, ε2, . . . , εn, θ̂)log(γ̂e(ε1, ε2, . . . , εn, θ̂)) (18)

subject to

∫
· · ·

∫

γe∈[α,β]

γ̂e(ε1, ε2, . . . , εn, θ̂) = 1

where again
∫

·· ·
∫

γe∈[α,β]

γ̂e(ε1, ε2, . . . , εn, θ̂) = 1 is there simply to provide the

necessary condition for the estimate γe(. . .) to be a PDF.

3.3 Important Notes

This section contains important notes on various aspects of the method such
as the conditioning of the problem at hand, convexity and how the method
compares with cases where the Kullback - Lieber divergence or the Hellinger
distance is used instead of the entropy.

3.3.1 Conditioning: Well and Ill - Posed Problems.

The conditioning of the problem is significant since it gives an estimate of
the accuracy of the solution of the optimization problem and how sensitive
this solution is to various alterations of the target. More specifically:

1. Taking as an example the linear case of Ax = b the condition of A
shows how the solution x changes as b does.

2. As the condition number becomes larger so does the error in the so-
lution (case where the vector b is corrupted be noise). A small con-
ditioning number means that the error in x will not be much greater
that that on b.

3. The conditioning of the matrix A is estiamted as follows:

k(A) = ‖A−1‖ · ‖A‖ =⇒ l2

k(A) =
λmax(A)

λmin(A)

(19)

13

ẋ = f(x, θ)

y = x + w
(1)

ẋ = f(x, θ) (2)

y = x + w (3)

(4)

1

Actual system Model

ẋ = f(x, θ)

y = x + w
(1)

ˆ̇x = f(x, θ̂k) (2)

yk = x̂ (3)

(4)
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Kernel Density Estimation of the PDF
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Using publicly 
available Toolbox



1.Gene expression is stochastic by nature [2]: 
1.Consequence: gene regulatory networks as well as signal transduction networks follow a 

similar stochastic behavior.
2. Moreover this stochasticity does not correspond to normally distributed events only [2], 

for example:
1.Protein randomization due to mRNA fluctuations are of Poissonian nature 

[3]. 
2. Pareto-like distribution in gene expression data sets examined in yeast, 

mouse and human cells [5].
3.This will inevitably affect protein production as also studied in [4].

3.Randomization of species concentration (since [<1000] molecules). Concentrations are 
now Random Variables.

Why PDF Shaping? The proposed method aims at providing an alternative Stochastic 
Modeling approach utilizing the randomization of the species 
concentration. Since the concentration for each of the species participating in 
the network is <1000 (for the stochastic approach to be applied), the 
concentrations can be viewed as random variables and 
as such, observing characteristics such as their PDF one could obtain valuable 
insight into the systems behavior.
The novelty of this method is that parameter estimation is now based on 
minimizing the Entropy of the residual response or in other words 
“shaping” its PDF based on its entropy measurement.
PDF Shaping originally introduced in [1] mainly focused on 
applying control based on the stochastic properties of the system. The variant 
here was adapted so as to handle   parameter estimation  based on the 
stochastic properties of the biochemical system. parameter estimation  based on 
the stochastic properties of the biochemical system. 



Parameter Estimation Using PDF Shaping: 
Advantages

1. PDF shaping works directly with the joint PDF of the residual. 
Imposes less computational burden.

2. It does not require normally distributed noise component.
3. Direct access to the systems original parameter structure.
4. Kernel Density Estimation is used to approximate the residual 

PDF. Potentially express the stochastic properties of the residual 
as a superposition of Gaussian characteristics. 

The novelty of this approach is that it could be 
used as an alternative to methods that utilize the 
Chemical Master Equation (CME) by modeling the 
interaction of each pair of molecules that impose a 
significant computational burden on the system.

The same affect could be achieved by considering the 
concentration of each species in the pathway as 
deviating from a mean value represented by 
the ODE model output, only this time the noise is 
not assumed to be negligible nor necessarily 
normally distributed.

PDF Shaping makes no assumption regarding 
the distribution of the noise and as 



1. Define              as the probability of having n molecules at 
time t . We are interested in the joint event :

Model  Justification
Splitting the sum the expression becomes:

fluctuations in this small time interval will be negligible. This represents an
autocatalytic monomolecular reaction but the same principle applies in more
complex systems.

2.3.2 Mathematical Analysis

To see what happens in a stochastic scenario when and how the number of
molecules affect the model description let us also define Pn(t) as the proba-
bility of having n molecules of the substrate S at any given time t. We are
interested in the occurrence of the joint event (#S(t + ∆t) = n, S(t) = m)
where m = 1, 2, 3, . . .. These events are mutually exclusive hence, from the
addition law of probabilities follows:

P (#S(t + ∆t) = n) =
∑

m

P (#S(t + ∆t) = n, S(t) = m) (5)

From the conditional law of probabilities we have:

P (#S(t+∆t) = n, S(t) = m) = P (#S(t) = m)·P (#S(t+∆t) = n|S(t) = m)
(6)

and substituting this to (5) :

P (#S(t+∆t) = n) =
∑

m

P (#S(t) = m) ·P (#S(t+∆t) = n|S(t) = m) (7)

To use a more convenient notation we denote pm,n as the transition prob-
ability of having n molecules given that there were m molecules at the im-
mediate preceding time. The stochastic model is therefore given as:

Pn(t + ∆t) =
∞∑

m=1

pm,nPm(t) (8)

An important aspect of (8) is that it describes the model in terms of the
stochastic properties of the system taking also into account that the number
of molecules reaches infinity. This representation describes a Markov Process
and the Markov Assumption is that the value of the current state depends
solely on the preceding one. The additional assumption to that is that the
individual transition probabilities do not depend upon time.

To analyze this this expression further consider a simple change of a single
individual molecule at a time, then pm,n = 0 unless m = n− 1, n or n + 1, it
follows that:
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Expressing this in a probabilistic framework, addition law of 
probabilities:
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and using the conditional law of probabilities: 
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pn,n = 1− pn,n+1 − pn,n−1 (9)

and substituting back to (8) we have the following dynamic equation:

Pn(t+∆t) = pn−1,n ·Pn−1(t)+pn+1,n ·Pn+1(t)+(1−pn,n+1−pn,n−1)·Pn(t) (10)

in other words, the probability of having n number of molecules of the
substrate at time t is equal to the sum of the individual transition probabilities
multiplied by the probability of being to that state.

The next step is to elaborate more on the transition probabilities and
how can they be expressed with respect to the number of molecules n. On
that we have the following:

pn−1,n = k+(n− 1)∆t, pn+1,n = k−(n + 1)∆t,

pn,n−1 = k−n∆t, pn,n+1 = k+n∆t,
(11)

Having the transition probabilities we can now go back to (10) and after
substituting we have the following:

Pn(t + ∆t) = k+(n− 1)∆tPn−1(t) + k−(n + 1)∆tPn+1(t) + (1− k+n∆t− k−n∆t)∆tPn(t)

= k+(n− 1)∆tPn−1(t) + k−(n + 1)∆tPn+1(t)− (k+ + K−)n∆tnPn(t) + Pn(t)
(12)

and the difference equation is formed by taking Pn(t) on the RHS and
dividing by ∆t:

Pn(t + ∆t)− Pn(t)

∆t
= k+(n−1)Pn−1(t)+k−(n+1)Pn+1(t)−(k++K−)nnPn(t)+Pn(t)

(13)
This is now a difference equation the solution of which will give the prob-

ability of having n number of molecules at time t. To get the continuous
version of it the assumption is that ∆t → 0 and the LHS of (13) becomes
dPn(t)/dt. This is similar to the Chemical Master Equation (CME) as used
in the usual stochastic modeling framework.

To derive an equivalence to the deterministic case we will need o find a
probabilistic expression for the mean or ensemble average for the concentra-
tion of the species S(t). Probabilistically this can be formed as:

〈S(t)〉 =
∞∑

n=1

n · Pn(t) (14)
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Decomposing (14) by breaking the sum into two components, one for the
number of molecules that we have and one for the ones that remain up to
infinity (where the average is approximated) we have the following:

〈S(t)〉 =
m∑

n=1

n · Pn(t) +
∞∑

n=m+1

n · Pn(t) (15)

for the case where there are only m number of molecules available for
S(t) with m ≤ 1000. Rearranging (15) we get:

Sm(t) = 〈S(t)〉 − Sr(t) (16)

where Sr(t) =
∑∞

n=m+1 n · Pn(t) and Sm(t) =
∑m

n=1 n · Pn(t). Equation
(16) clearly shows that in a stochastic scenario the concentration Sm(t) can
be expressed as being a deviation from the mean or ensemble average 〈S(t)〉.

It is therefore reasonable to assume that the state space model represen-
tation given by *********

is indeed adequate to represent the stochastic system.
*****mayby is necessary to present a state space equation as well.

2.4 How ”PDF Shaping” Differs?

PDF Shaping [3] differs in that it provides an alternative approach to stochas-
tic modeling as traditionally used up to that point. The novelty is that in-
stead of modeling the probability of each pair of molecules interacting the
same effect could be achieved by simply considering that the measurement
noise in the RRE case is no longer negligible and that the mean value af-
ter solving the ODE system cannot be used to represent the true trajectory
of the concentrations (states). Although the assumptions are the same the
advantages are summarized as follows:

1. The usual approach in SSA implies that the solution to the CME cannot
be solved directly since this would require as many differential equations
as there are combinations of molecules in the system [2;pp 334]. This
means that in order to obtain the state trajectories one would have to
employ numerical realization techniques (e.g Monte Carlo based meth-
ods) which impose a heavy computational burden when the system to
be solved is large [2;pp 337]. The proposed ”PDF Shaping” method
works directly with the joint PDF of the system (the states are now
RVs) and uses it so as to obtain an optimal value for the parameters.

8

Decomposing (14) by breaking the sum into two components, one for the
number of molecules that we have and one for the ones that remain up to
infinity (where the average is approximated) we have the following:

〈S(t)〉 =
m∑

n=1

n · Pn(t) +
∞∑

n=m+1

n · Pn(t) (15)

for the case where there are only m number of molecules available for
S(t) with m ≤ 1000. Rearranging (15) we get:

Sm(t) = 〈S(t)〉 − Sr(t) (16)

where Sr(t) =
∑∞

n=m+1 n · Pn(t) and Sm(t) =
∑m

n=1 n · Pn(t). Equation
(16) clearly shows that in a stochastic scenario the concentration Sm(t) can
be expressed as being a deviation from the mean or ensemble average 〈S(t)〉.

It is therefore reasonable to assume that the state space model represen-
tation given by *********

is indeed adequate to represent the stochastic system.
*****mayby is necessary to present a state space equation as well.

2.4 How ”PDF Shaping” Differs?

PDF Shaping [3] differs in that it provides an alternative approach to stochas-
tic modeling as traditionally used up to that point. The novelty is that in-
stead of modeling the probability of each pair of molecules interacting the
same effect could be achieved by simply considering that the measurement
noise in the RRE case is no longer negligible and that the mean value af-
ter solving the ODE system cannot be used to represent the true trajectory
of the concentrations (states). Although the assumptions are the same the
advantages are summarized as follows:

1. The usual approach in SSA implies that the solution to the CME cannot
be solved directly since this would require as many differential equations
as there are combinations of molecules in the system [2;pp 334]. This
means that in order to obtain the state trajectories one would have to
employ numerical realization techniques (e.g Monte Carlo based meth-
ods) which impose a heavy computational burden when the system to
be solved is large [2;pp 337]. The proposed ”PDF Shaping” method
works directly with the joint PDF of the system (the states are now
RVs) and uses it so as to obtain an optimal value for the parameters.

8

eventually leading to an expression of the probability             
having m  molecules at the preceding step. 
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stochastic properties of the system taking also into account that the number
of molecules reaches infinity. This representation describes a Markov Process
and the Markov Assumption is that the value of the current state depends
solely on the preceding one. The additional assumption to that is that the
individual transition probabilities do not depend upon time.

To analyze this this expression further consider a simple change of a single
individual molecule at a time, then pm,n = 0 unless m = n− 1, n or n + 1, it
follows that:
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and the corresponding expression for the ensemble average:

corresponding to the case where just m number of molecules 
are available:

2. Indicating that the assumed expression of the system:

where        is the output concentration 

Decomposing (14) by breaking the sum into two components, one for the
number of molecules that we have and one for the ones that remain up to
infinity (where the average is approximated) we have the following:

〈S(t)〉 =
m∑

n=1

n · Pn(t) +
∞∑

n=m+1

n · Pn(t) (15)

for the case where there are only m number of molecules available for
S(t) with m ≤ 1000. Rearranging (15) we get:

Sm(t) = 〈S(t)〉 − Sr(t) (16)

where Sr(t) =
∑∞

n=m+1 n · Pn(t) and Sm(t) =
∑m

n=1 n · Pn(t). Equation
(16) clearly shows that in a stochastic scenario the concentration Sm(t) can
be expressed as being a deviation from the mean or ensemble average 〈S(t)〉.

It is therefore reasonable to assume that the state space model represen-
tation given by *********

is indeed adequate to represent the stochastic system.
*****mayby is necessary to present a state space equation as well.

2.4 How ”PDF Shaping” Differs?

PDF Shaping [3] differs in that it provides an alternative approach to stochas-
tic modeling as traditionally used up to that point. The novelty is that in-
stead of modeling the probability of each pair of molecules interacting the
same effect could be achieved by simply considering that the measurement
noise in the RRE case is no longer negligible and that the mean value af-
ter solving the ODE system cannot be used to represent the true trajectory
of the concentrations (states). Although the assumptions are the same the
advantages are summarized as follows:

1. The usual approach in SSA implies that the solution to the CME cannot
be solved directly since this would require as many differential equations
as there are combinations of molecules in the system [2;pp 334]. This
means that in order to obtain the state trajectories one would have to
employ numerical realization techniques (e.g Monte Carlo based meth-
ods) which impose a heavy computational burden when the system to
be solved is large [2;pp 337]. The proposed ”PDF Shaping” method
works directly with the joint PDF of the system (the states are now
RVs) and uses it so as to obtain an optimal value for the parameters.
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ẋ = f(x, θ, t)

y(t) = x(t) + w
(1)

f̂(εk) =
1

nh

n∑

i=1

K

(
εk − ε(i)

k

h

)
(2)

1

       is the mean concentration              and          the  noise 
component assumed to be            .
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Modeling Assumptions

1. The system behaves as a “Well - Stirred” chemical reactor. 
Concentrations do not vary with space.

2. Available amount of molecules for each of the species is 
<1000 molecules. The Deterministic model cannot be used 
by itself.

3. The system is considered to be in a thermodynamic 
equilibrium. Resulting in a isochore and isothermal system in 
general. 



Method Description: Assumptions

1.Bounded system in an interval [α,β].

2.The residual PDF γe is assumed to measurable and differentiable 
in all its arguments within [α,β].

3.The system is assumed to be identifiable in [α,β].

4.Formulation is based on Autonomous Systems.



Method Description: Formulation
Additional Notes

1. KDE was used for PDF estimation 
using a publicly available 
toolbox.

2. The examples include the 
implementation of the Entropy 
variant.

3. The univariate case was 
considered for better visualization 
of the process.

1. The method employs Entropy 
minimization of the residual PDF.

2. With the KDE estimation satisfying:

3.2 Mathematical Description

The implementation so far includes both cases of target selection as men-
tioned on the previous section on Method Assumptions.

3.2.1 With Target Specification

For the case where the designer specifies a target the problem formulation is
as follows:

J(θ̂) = argminθ̂

∫
· · ·

∫

γe∈[α,β]

[γ̂e(ε1, ε2, . . . , εn, θ̂)− γt(ε1, ε2, . . . , εn)]2 (17)

subject to

∫
· · ·

∫

γe∈[α,β]

γ̂e(ε1, ε2, . . . , εn, θ̂) = 1

where
∫

·· ·
∫

γe∈[α,β]

γ̂e(ε1, ε2, . . . , εn, θ̂) = 1 is imposed so as to assure that the

joint PDF is indeed integrated to unity. This is the multivariate case with the
univariate differing in that there is a single integral over one RV. The PDF
estimate γ̂e(. . . ) was obtained using Kernel Density Estimation techniques
based on a publicly available toolbox.

3.2.2 No Target Specification: Entropy

In the case where the entropy is used there is no need to specify a target
PDF to formulate a matching problem, the method simply finds an optimal
parameter vector based on the minimum entropy measurement. The problem
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then is formulated as follows:

J(θ̂) = argminθ̂

∫
· · ·

∫

ε∈[α,β]

[γ̂e(ε1, ε2, . . . , εn, θ̂) log(γ̂e(ε1, ε2, . . . , εn, θ̂))dε1dε2 . . . dεn

(18)

subject to

∫
· · ·

∫

ε∈[α,β]

γ̂e(ε1, ε2, . . . , εn, θ̂) = 1

where again
∫

·· ·
∫

ε∈[α,β]

γ̂e(ε1, ε2, . . . , εn, θ̂) = 1 is there simply to provide the

necessary condition for the estimate γe(. . .) to be a PDF.

3.3 Important Notes

This section contains important notes on various aspects of the method such
as the conditioning of the problem at hand, convexity and how the method
compares with cases where the Kullback - Lieber divergence or the Hellinger
distance is used instead of the entropy.

3.3.1 Conditioning: Well and Ill - Posed Problems.

The conditioning of the problem is significant since it gives an estimate of
the accuracy of the solution of the optimization problem and how sensitive
this solution is to various alterations of the target. More specifically:

1. Taking as an example the linear case of Ax = b the condition of A
shows how the solution x changes as b does.

2. As the condition number becomes larger so does the error in the so-
lution (case where the vector b is corrupted be noise). A small con-
ditioning number means that the error in x will not be much greater
that that on b.

3. The conditioning of the matrix A is estiamted as follows:
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Examples: Simple Monomolecular 
Reaction Model

1. The residual PDF is shaped so as to have minimum Entropy.

2. Two cases:

1. Noise normally distributed.

2. Noise having arbitrary distribution.

ẋ = f(x, θ, t)

y(t) = x(t) + w
(1)

f̂(εk) =
1

nh

n∑

i=1

K

(
εk − ε(i)

k

h

)
(2)
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k−−−→ S2

1

Simple Monomolecular Reaction

ẋ = f(x, θ, t)
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(1)
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k

h

)
(2)

S1
k−−−→ S2

dS1(t)

dt
= −θ1S1(t) (3)

1



Conclusions
1. A Stochastic Parameter Estimation framework 

was presented where PDF Shaping [1] was used and the optimal 
parameter vector was estimated by minimizing the 
entropy of the residual vector.

2. The novelty of the method lies in the fact that the noise can now 
have an arbitrary distribution.

3. The method proves to be very robust even even when the S/N 
ratio is very low. 



Future Research
1. Include a 1-norm complexity term on the optimization objective function:

1. Introduce sparseness into the parameter space leading to a Sparse Stochastic Parameter 
Estimation framework where sparseness now has a probabilistic meaning.

2. Implement PDF shaping taking into on the states species concentration directly. The 
requirement is a target PDF and the biochemical pathway ( Stochastic System) is now used.  
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