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Abstract

This paper presents a probabilistic analysis of kernelcgsad compo-
nents by unifying the theory of probabilistic principal cpoment analy-
sis and kernel principal component analysis. It is shown tlhile the

kernel component enhances the nonlinear modeling powerprtbba-
bilistic structure offers (i) a mixture model for nonlinedata structure
containing nonlinear sub-structures, and (ii) an effectilassification
scheme. It turns out that the original loading matrix is agpd by a
newly defined empirical loading matrix. The expectatioriimazation

algorithm for learning parameters of interest is also prasg

1 Introduction

Principal component analysis (PCA) [3] is one of the mostytapstatistical data analy-
sis technigues and has been utilized in numerous areas sutditaacompression, image
processing, computer vision, and pattern recognition. @y the PCA has two disad-
vantages: (i) it lacks a probabilistic model structure viahi important in many contexts
such as mixture modeling and Bayesian decision theory &ded12]); and (ii) it restricts

itself to a linear setting, where high-order statisticébimation is often discarded [10].

Probabilistic principal component analysis (PPCA) pregabby Tipping and Bishop [12,
13] overcomes the first disadvantage. By letting the noisepmment possess an isotropic
structure, the PCA is implicitly embedded in a parametamiieg stage for this model using
the maximum likelihood estimation (MLE) method. An efficiexpectation/maximization
(EM) algorithm [1] is also developed to iteratively leare tharameters. Similar derivations
are found in [6] in the context of decomposing the data spatoesi principal subspace and
a complementary space with isotropic variance.

Kernel principal component analysis (KPCA) proposed bydaipf, Smola and Miller

[10] overcomes the second disadvantage by using a ‘keiokl tThe essential idea of the
KPCA is to avoid the direct evaluation of the required dotdurct in a high-dimensional
feature space that is called as reproducing kernel Hillpate (RKHS) using the kernel
function. Hence, no explicit nonlinear mapping functionjpcting the data from the orig-
inal space to the feature space is needed. Since a nonlunaztidn is used, albeit in an
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implicit fashion, high-order statistical information igmtured. See [7] for a recent sur-
vey on RKHS and its applications to discovering pre-image @éenoised patterns in the
original space.

We propose an approach to analyze kernel principal compeirea probabilistic setting. It
naturally combines PPCA and KPCA to overcome the disadgastaf PCA noted above.
We call it the probabilistic kernel principal component lse&s (PKPCA). In Section 2,
we motivate the PKPCA approach by treating KPCA as a speai&# of PCA where the
number of samples is smaller than the data dimension. Omgadipeof KPCA is the data
centering issue, which is also taken into account in Se&ion

While the kernel part of PKPCA retains the nonlinear modefwgver, which has been
widely studied in the literature, the probabilistic sturet of PKPCA offers additional ad-
vantages that are available from conventional probaigiléstalysis. In this paper, we focus
on the following two aspects:

1. A mixture modeling capacity of PKPCA. In Section 3, mixwf PKPCA is de-
rived to model a nonlinear structure containing nonlinedsssructures in a sys-
tematic way. Mixture of PKPCA nontrivially extends to thefere space induced
by the kernel function, the theory of mixture of PPCA progbbg Tipping and
Bishop [12, 13]. An EM algorithm [1] is developed to iteraly but efficiently
learn the parameters of interest. We also show how to contpat®lahalanobis
distance and study its limiting behavior.

2. An efficient classification scheme. Our analysis can bdyegsneralized for a
classification task. As shown in Section 4, the performaacesimilar to those
produced by mainstream kernel classifiers, such as supptignmachine (SVM)
and kernel Fisher discrimination (KFD) classifier.

2 Probabilistic kernel principal component analysis (PKPQ)

Suppose thafx;, Xo, . . ., X } are the given training samples in the original data sge
KPCA operates in a higher-dimensional feature sga¢énduced by a nonlinear mapping
functiong : R — RS, wheref > d andf could even be infinite. The training samples in
R7 are denoted by« v = [¢1, P2, ..., dn |, Wherep,, = ¢(x,,) € RS. The sample mean
$o and the covariance matr®; ; in the feature space are given as

N N
S0 = N3 6(x,) = @S, C= N3 (6 — do) (6 — do) T =@23T@T, (1)
n=1 n=1

where the weight vect®y; = N~'1 and the centering matrix = N~/2(Iy — slT)
with 1 being a vector of ones.

Denote the Gram matrix b, and the centered Gram matrix Ky
Ko=®'d, K=JTaTol = 3TK,J. @)

The Gram matrix can be evaluated using the ‘kernel trick vimicthe explicit knowledge
of the nonlinear mapping functiop. Given a kernel functiot satisfying

E(X,Y) = 6(X) T d(y); ¥x,y € R%, 3)

the (i, j)*" entry of the Gram matrik, can be calculated azS(xi)Tgﬁ(xj) = k(X;,X;). The
existence of such kernel functions is guaranteed by the &srdheorem [9]. Examples
include the RBF kernel, the polynomial kernel, etc. In thaper, we mainly use the RBF

kernel defined as
k(x,y) = exp{—|jx = y|[*/(20%)}. 4



KPCA performs eigen-decomposition of the covariance m&lrin the feature space, typ-
ically retaining the topy eigenpairs. An eigenpair consists of an eigenvalues arabits
responding eigenvector. Such a decomposition can be ebtaising the standard method
reported in [4, 14]. Suppose that the ippigenpairs foK are{(\,, Vv, )}_;, where\,’s

are sorted in a non-increasing order. In a matrix form, themiectors o€ are encoded in
Uy = [Ug, .o Ug] = BIV,ASY2, (5)

whereV, = [vi,...,,v,] andA, = D[4, ..., \;] is a diagonal matrix whose diagonal ele-
ments{\1, ..., A, } are also the eigenvalues of tBematrix.

Theory of PKPCA

Probabilistic analysis of kernel principal componentsuasss that the data in the feature
space follows a special factor analysis model [5] whichteslanf-dimensional data(x)
to a latenty-dimensional variable as

o(X) = p+Wz + e, (6)
wherez ~ N(0,1,), e ~ N(0,plf), andW is a f x ¢ loading matrix. Herep is a pre-
specified small constant, playing a regularizing role. Wik al$o study the limiting case
with p approaching 0. Thereforé(x) ~ N(u, ¥), whereX = WWT + pl¢. Typically, we
haveq << N << f.

As shown in [12, 13], the maximum likelihood estimates (M&For ;» andW are given
by
— N ~
fr=do=N""Y " ¢(xy) = s, W=U,(A, —plg)"/°R, (7)
n=1

whereR is anyq x ¢ orthogonal matrix andJ, and A, contain topg eigenvectors and
eigenvalues of th€ matrix. It is in this sense that our probabilistic analysigcides with
the plain KPCA. From now on, we stop using tfi¢ notation since we always use MLE
and seR = |, without loss of generality.

Substituting (5) into (7), we obtain

W = ®IV,A 2 (A, — plg)'/*R = 3JQ, (8)
where theN x ¢ matrixQ is defined as
Q = V(g _pAq_l)l/2R' 9)

Equation (8) has a very important implicatiow! liesin a linear subspace of ®. It is this
property that makes all subsequent calculations possybtagting them into dot products.
We name th& matrix as theempirical loading matrix since this relates the loading matrix
to the empirical data. Also since the matiity, — pA_ ') in (9) is diagonal, additional
savings in computing its square root are realized.

Now, the covariance matrix is given by = @JQQTJTQT +ply. This offers a regularized

approximation to the covariance matx= 033707, We note that Tipping [11] used a

similar technique to approximate the covariance ma&rasY = ®JDJ ol + pl¢, where
D is a diagonal matrix with many diagonal entries being zerbisTs not surprising as

in our computatiorD = QQT is rank deficient. However, we do not enforioeto be a
diagonal matrix.

It is easy to show that—! can be easily computed using the Woodbury formula [2] as
= p 1, — WMWY = o7, — aJoM QT aTe T (10)
whereM = pl, + WTW = pl, + QKQ.



Parameter learning using EM

The key for the approach developed above is (8) which relatdas ® through a linear
equation and the empirical loading matx This motivates us to use the EM learning
algorithm to learn th€ matrix instead of th&V matrix.

We now present the EM algorithm for learning the paramegeits PKPCA. Assume that
Q is the estimate before the iteration aQds the updated estimate after the iteration.

Q =KQ(l, + M'QTK2Q) 1, (11)

The EM algorithm presented above involves only inversiding ® ¢ matrices and arrives
at the same results (up to an orthogonal ma)xas direct computation. However, in
practice one may still use direct computation of comple&ityV?), since the complexity of
computingk? is O(N3). If we pre-computé?, the complexity for each iteration reduces to
O(gN?). Clearly, the overall computation complexity depends @rthmber of iterations
needed for the desired accuracy and the ratity @b q.

Mahalanobis distance

Given a vectoy € R%, the Mahalanobis distance is defined as
L(y) = (¢(y) — ) T (@(y) — o) = p gy —hyIQM'QTIThy}. (1)

wheregy = (¢(y) — 60) T (6(y) — o) is a scalar antty = 3T (p(y) — ¢o) is a vector.
Both can be calculated using the ‘kernel trick’.

It is interesting to notice that there is a limiting behawdrenp approaches zero by defin-
ing the ‘limiting’ Mahalanobis distance as

— . . T - —-—1 —»T T
C(y) = lim pL(y) = gy — hyIGM "G 3Thy. (13)

whereQ = lim,_0 Q andM = lim,_.o M.

The ‘limiting’ distance is very useful in the sense thaté@dmus from specifying thevalue.
However, it is significantly different from the Mahalanodistance directly computed from
theg-dimensional kernel principal subspace that disregarsgimaining dimensions. The
‘limiting’ distance measures the ‘growth’ speed of the Miahabis distance that is defined
on the full space when the full space is reduced togttimensional kernel principal sub-
space, i.e.p approaches zero. The only common thing about the ‘limitoigtance and
the Mahalanobis distance from tledimensional kernel principal subspace is that they
are both related to the eigenvalues and eigenvectors afthmensional kernel principal
subspace.

Recap of PKPCA

So far, we have shown how to perform the probabilistic anglgEkernel principal com-
ponents. Starting from the Gram matKy (rather the centered Gram matky, we can
obtain the empirical loading matri® and then the loading matri¥/. The remaining
computations can be cast into dot products in a straightfawnanner. The probabilistic
analysis brings us a lot of advantages that are not avaifablihe plain KPCA. We now
proceed to illustrate two of the advantages, namely mixtusdeling and classification, in
Sections 3 and 4.



3 Mixture analysis of probabilistic kernel principal components

Mixture of PKPCA models the data in a high-dimensional femgpace using a mixture of
density with each mixture component being a PKPCA densigaated with an empirical
loading matrixQ; which can be derived from correspondisgandJ; (as shown below).

Mathematically,

I
X)) = > mip(¢(x Zmz ); 61, i), (14)
=1

wherem;’s are mixing probabilities summing to 1, aqi¢(x)|i) = N(¢;, %) is the
PKPCA density for thé*” component defined as

) - , 9
N0 %) = T exn(= 50 = Cnp) P exn(-0) )

whereL,;(x) is the Mahalanobis distance as in (12) with all the pararséteplved coming
from thei* component, and

Li(x) = Li(x) + log(IM;]) + ¢; log(p™"). (16)

Parameter learning using EM

We invoke the MLE principle [1, 12] to estimate the parametdinterests, i.e{m;, Q;}'s
from the training data since the log-likelihood involvesrsnations within logarithms.

Assuming the availab[lity ofm;, Q;}'s as initial conditions, we attempt to obtain the up-
dated parametersn;, Q;}'s using the EM algorithm. We start from computing the poste-
rior responsibilityr,,;.
mip(dnli)  miexp{—3Li(x)}
= — - )
P(én) >y mjexp{—3L;(x)}
We note that there is no need to calculate by exactly following (17). One only needs
to evaluate the numeratet; exp{—21L;(x)} and perform normalization to guarantee that
Zle rn; = 1. This results in computational savings.

= p(il¢n) = (17)

The EM iterations compute the following quantities:

Z Tnis ¢z - Zn 1 Tnld)n Z Snz¢n - (I)Sz; (18)
Yoy T
wheres; = [s1;, S2i, - - -, sNZ] with s,,; = rm/(zn 1 Tni)-

It is easy to show that the local responsibility-weightedazc@nce matrix for component
C;, is obtained by

Ci —Zsm bn—0)(0n—00) T = 3:3[ 0T, 3; = (Iv—s:A1)D[s1/%, 532, 7).

(19)
UsingK; = J;I—KOJZ», the updated, can obtained using
Qi = Vil — pA,)Y2, (20)

whereA,, ; andV,, ; are the topy; eigenvalues and eigenvectors Kf. Also, an EM
algorithm for learning th&); matrix as shown in Section 2 can be used instead of direct
computation.



The above derivations indicate that it is not necessaryait stir EM iterations from ini-
tializing the parameters e.gm,, Q;}'s; instead we can start from assigning the posterior
responsibility{r,;}'s. Once assigned, we follow equations (18) to (20) to comput-
dated{7n;, Q;}'s. The iterations are continued. This way we can easilyipaate any
prior knowledge gained from clustering technigues sucthaskernelized’ version of the
K-means algorithm [10], or other algorithms [8].

Why mixture of PKPCA?

It is well known [10, 8] that kernel embedding results in ¢érsg capability. This raises
the question whether PKPCA is sufficient to model a nonlirgtarcture with nonlinear
substructures. We demonstrate the necessity of mixtureKBfTA using the following

examples.

(a) one C-shape (b) 1st KPC (c) 2nd KPC
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Figure 1: (a) One C-shape and contour plots of its (b) 1st epdrd KPCA features. (d)
Two C-shapes and its contour plots of its (e) 1st and (f) 2n€KPReatures. The RBF
kernel is used.

Fig. 1(a) gives a nonlinear structure containing a singEh@pe and Figs. 1(b) and 1(c) the
contour plots, for the 1st and 2nd kernel principal compémeére. all points in the contour
share the same principal component values. These plotsreabe nonlinear shape very
precisely. Now in Fig. 1(d), a nonlinear structure contagniwo C-shapes is presented.
Figs. 1(e) and 1(f) displays the contour plots correspanttinl(d). Clearly, they attempt
to capture both C-shapes at the same time. This is not desidaeally, we want to have
two KPCAs, each modeling a different C-shape more preciSéiis naturally leads us to
mixture of PKPCA.

One may also ask: why not use the mixture of PPCA directly’hdsiixture of PPCA
is legitimate, but its use is not elegant in this scenarigesione may need more than two
components for Fig. 1(d) to capture the data structure duketdimitation of the linear
setting in PCA. But mixture of PKPCA can directly model itngitwo components.

We now demonstrate how mixture of PKPCA performs using the ®ashapes shown in
Fig. 1(d). We set the following parameters: the number oftarexcomponent$ = 2, the



number of eigenpairs to keep for each mixture compopent ¢, = 2, the regularizing
constanp = 0.01, and use the RBF kernel with= 8. The algorithm is set to converge if
the changes in thér,,; }'s are small enough. Fig. 2(a) presents the initial confitjomaor

the two C-shapes. We just generate random numbers-fg}’'s followed by a normaliza-
tion step to guaranteE:f:1 rni = 1. Fig. 2(b) shows the mixture assignment after the first
iteration and Fig. 2(c) the final configuration (only aftet&ations).
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Figure 2: (a) Initial configuration. (b) After first iteratio (c) Final configuration. '+’ and
'x’ denote two different mixture components.

4 PKPCA Classifier

We now demonstrate the probabilistic interpretation erdbddn PKPCA using a pattern
classification problem. Suppose we h&velasses to be classified. For classt PKPCA
or mixture of PKPCA densityp(¢.(x)|c) is trained; then, the class label for a poinis
determined using the MAP principle by

¢ = arg _max_p(c)p(¢c(x)[c), (21)

wherep(c) is the prior distributionp(¢.(x|c) is the conditional density for class

If PKPCA densities are learned for all the classes, (i.e.classc, we learn{Q.}.) and
the prior distributiorp(c) is same for all” classes, the classifier reduces to the minimum
distance classifier: R

¢ = arg nin L.(x) (22)
By taking the limit asp — 0, it is easy to check thadtm,_.q pl:(X) = E(x). Therefore, in
practice, we use

—

¢=arg min L.(X) (23)

c=1,...,

in lieu of (22), which frees us from selecting thevalue.

IDA Benchmark !

We tested our classifier on the IDA benchmark repository\[V@.used the cross-validation
(the same procedure as in [7]) to choose our parameters suble &BF kernel widtlr,
the number of eigenpairs to keep (i.e. the valueyoind invoked the PKPCA density
without mixture modeling and the same kernel parameter ifterdnt classes. As shown
in Table. 1, the PKPCA classifier produces good performanoesparative to those of
kernel classifiers such as SVM and KFD. Out of thirteen cdBK&,CA tops four of them.
The standard deviations of the error rates are similar tegtad SVM and KFD. Notice

1This is available at http://ida.first.gmd.de/ raetsch/data/benchmarks.htm.



that, unlike SVM and KFD, the PKPCA classifier can arrive ategision boundary (in
the induced RKHS) that is not necessarily a hyperplane. Wenaw investigating the
classification scenarios where this property is advantagjednother avenue to be explored
is to use the mixture of PKPCA classifier.

PKPCA SVM KFD
Banana | 10.5+£0.4 | 11.5+0.7 | 10.8+£0.5
B. Cancer| 28.0+4.7 | 26.0+ 4.7 | 25.84+4.6
Diabetes | 24.8+1.9 | 23.5+1.7 | 23.2+ 1.6
German | 2494+2.2 | 23.6£2.1 | 23.7+ 2.2
Heart 16.8+3.4 | 16.0+3.3 | 16.1+ 3.4
Image 2.8+ 0.6 3.0£0.6 3.3+ 0.6
Ringnorm | 1.6+0.1 | 1.7+0.1 | 1.5+0.1
F.Solar | 34.84+1.9 | 324+1.8 | 33.2+1.7
Splice 12.2+0.8 | 10.9+ 0.7 | 10.54+0.6
Thyroid 40420 | 48+22 42+2.1
Titanic 2264+ 1.3 | 224+1.0 | 23.2+ 2.0
Twonorm | 2.6+ 0.2 3.0+£0.2 2.6+ 0.2
Waveform| 11.4+05 | 99+ 04 9.9+ 04

Table 1: Classification error on IDA benchmark repositotye 5VM and KFD results are
reported in [7].

5 Conclusions

We have presented a new approach to analyze the kernelgaimtimponents in a prob-

abilistic manner. It has been shown that the empirical logdhatrix takes the place of

the original loading matrix in PKPCA. Therefore we are albleonvert our computations

(such as the Mahalanobis distance) using the dot produbtshwan be evaluated using the
‘kernel trick’. We have also demonstrated that the proligtiilanalysis enables a mixture
modeling of PKPCAs and an effective classification scheme.
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