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Combinatorial geometries of field extensions

Jakub Gismatullin

ABSTRACT

We classify the algebraic combinatorial geometries of arbitrary field extensions of transcendence
degree greater than 4 and describe their groups of automorphisms. Our results and proofs extend
similar results and proofs by Evans and Hrushovski in the case of algebraically closed fields. The
classification of projective planes in algebraic combinatorial geometries in arbitrary fields of
characteristic zero will also be given.

Introduction

Let K C L be an arbitrary field extension. We investigate the algebraic combinatorial geometry
G(L/K) and pregeometry G(L/K) in L obtained from algebraic dependence relation over K.
Such a geometry is sometimes called a full algebraic matroid.

In [1] the authors classify projective planes in G(L/K) for algebraically closed K and L. Using
their results, we give such a classification for arbitrary fields K and L of characteristic zero.
We prove a theorem about formulas with one quantifier of the first-order theory of G(L/K).
Assume that the transcendence degree of L over K is at least 5. When considering G(L/K) we
may also assume that L is a perfect field and K is relatively algebraically closed in L. One of
the main results of [2] is the reconstruction of the field L from G(L/K) when L is algebraically
closed. We generalize this reconstruction to arbitrary field extension K C L (of transcendence
degree at least 5), and thus we obtain full classification of combinatorial geometries of fields:
G(L1/K,y) and G(L2/K>s) are isomorphic if and only if the field extensions

KiCLi and Ky C Lo

are isomorphic (here we assume that L; and Lo are perfect and K, Ky are relatively
algebraically closed). We also give a description of Aut(G(L/K)). _

We work within a large algebraically closed field €. By I and F" we denote algebraic and
purely inseparable closure of a field F' in €. Throughout this paper we assume that K C L
is an arbitrary field extension and the transcendence degree of L over K is at least 3. We
take the basic definitions of algebraic combinatorial geometry and pregeometry from [1, 2].

For X C L, let aclg(X) be I?(Y) We denote by G(L/K) the pregeometry (L,aclx). The
geometry G(L/K) is obtained from L\ K by factoring out the equivalence relation

—_—

x~y —  K(x)=K(y).
We can also transfer the closure operation acly from G(L/K) to G(L/K):
aclg (Y/~) = aclg(Y)/~.

Therefore we can regard the points of G(L/K) as sets aclx (), where z € L'\ K, and aclg as the
usual algebraic closure. When considering G(L/K) we assume that L is a perfect field and K is
relatively algebraically closed in L (because G(L/K) = G(L"/K) = G(L"/L" N K)). Subsets of

Received 16 September 2005; revised 11 December 2007; published online 24 July 2008.
2000 Mathematics Subject Classification 03C98, 51D20 (primary), 12F20, 05B35 (secondary).



790 JAKUB GISMATULLIN

G(L/K) of the form aclg (X), X C G(L/K), are called closed. The rank of a subset of G(L/K)
or G(L/K) is its transcendence degree over K. We also have the notions of an independent set
(for each x € X, x ¢ aclg (X \ {z})) and a basis of a closed subset as a maximal independent
set (transcendence basis). Note that the closure operation acly satisfies the exchange condition:

x €aclg(AU{y}) \aclk(4) = ye€aclg(AU{x}).

A closed subset of rank 1 is a point (of rank 2, it is a line and of rank 3 is a plane). If X
is a closed subset of G(L/K), and a tuple T C L satisfies X = aclk (T), then we say that T is
generic in X.

Let F be a skew field (division ring). We will denote by P(F) the projective plane over F.
It is simply the set F3\ {0} factored out by the relation

(z1,@2,23) ~ (y1,y2,y3) <= (GAEF,A#0) (z1,22,23) = ANy1,¥2,Y3)-

The paper is organized as follows. The first section is devoted to giving some preliminary
definitions and results from [1]. In the second section we classify the projective planes arising
in G(L/K). Section 3 contains a theorem about first-order theory of G(L/K) and formulas
with one quantifier. In Section 4 we transfer theorems from [2] to geometries of arbitrary field
extensions and prove a general classification theorem for them.

The reader is referred to [5] for the model-theoretic background and notation, and to [7] for
general background on pregeometries and matroids.

1. Preliminaries

For definitions and proofs in this section we refer the reader to [1]. Throughout this section we
assume that K and L are algebraically closed. Let X be a subset of G(L/K), and let aclj be the
relative closure operation: aclj (Y) = aclg (Y) N X for Y C X. We say that X is a projective
plane of G(L/K) if the geometry (X, aclﬁ) is itself a projective plane, meaning that:

(1) the geometry (X,acly) has rank 3;

(2) there are three non-collinear points in X;

(3) any line has at least three different points;

(4) any two lines intersect.

If a projective plane X is isomorphic to P(F'), for some skew field F', then we say that X is
coordinatized by F. It is well known [3, Chapter 7] that if the Desargues theorem is true in
X, then X is coordinatized by a unique skew field. The converse is also true. If X; and X are
Desarguesian projective planes coordinatized by F; and Fy, respectively, and X; C X5, then F}
is a subskewfield of Fy. It is proved in [4] that any projective plane in G(L/K) is Desarguesian.
The aim of the next section is to find all skew fields coordinatizing some projective planes in
G(L/K) for arbitrary K C L of characteristic zero. The paper [1] describes all such skew fields
in the case when L and K are algebraically closed.

Let (G, x) be a one-dimensional irreducible K-definable algebraic group in L. Then G is
isomorphic over K (see [1, Section 3.1]), as an algebraic group, to one of the following
commutative groups: (L,+), (L*,-) or an elliptic curve. Since G is commutative, the group
Endg(G) = Homg (G, G) of definable-over-K morphisms of G (as an algebraic group) may
be given a ring structure (Endg(G),+,0) and is embeddable into a skew field of quotients
Endg (G)g. If char(L) > 0, then Endg(L,+) is the ring of p-polynomials over K, and we
denote by Oz the skew field Endg (L, +)o. Let 7,7, Z € G be independent generics over K. We
may consider G as an Endg (G) module and define

P((G,*): Z,7,%) = {aclg (a(T) * b(H) * ¢(Z)): (a,b,c) € Endg (G)>\ {0}}.

This is a projective plane in G(L/K), coordinatized by Endg(G)o; that is, elements of
P((G,*): Z,7y,z) are dependent with respect to End g (G) exactly if they are aclx-dependent.
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LEMMA 1.1. Let a1, xa, x5, o}, b, x5 € L.
(i) If each triple {x1, 29, x5} and {x],x%, 25} Iis algebraically independent over K, and

aclg (z1 + @) = aclg (2] +75), aclg(z;) = aclg(2}), fori=1,2,3,
aclg (z1 + x3) = aclg (2] + z3),
then there exist ¢, ¢’ € Endg (L, +), cs¢c # 0, and dy,ds,ds € K such that
d(x) =c(zr) +di, () =c(xa) +da, (x5)=c(x3)+ ds.
(ii) If each pair {z1,x2} and {x},xz,} is algebraically independent over K, and
aclg (z1) = aclg (7)), aclg(ws) = aclg (xh), aclg(xy - x}) = aclg (xg - 25),

then there exist n,m € Z and a,b € K, a,b,m,n # 0 such that =} = az*,y} = bys".

Proof. The first statement follows from [1, Theorem 2.2.2] and the second from [2, Theorem
1.1]. O

2. Projective planes in G(L/K)

Throughout this section we assume that K C L is an arbitrary field extension and tr deg (L) >
3. The geometry G(L/K) naturally embeds into G(L/K). Therefore we can use theorems about
G(L/K) to investigate G(L/K). o

From the proof of [1, Theorem 3.3.1] we obtain some maximal projective planes in G(L/K)
in the following way. Suppose that z,y, z € L are algebraically independent over K. Then the
projective plane

P((L,+): z,y,7)
is the largest projective plane in G(E/IA() containing the tuple
(aclk (2), aclk (y), aclk (2), aclg (z + y), aclk (z + 2));

that is, if a projective plane P C G(Z/IA() contains points
(aclk (2), aclk (y), aclk (2), aclk (z + y), aclk (z + 2)),

then P C IP’((E, +):z,y, 2).
The next theorem generalizes the above remark to the geometry G(L/K) in characteristic
zero. The case of positive characteristic requires detailed knowledge of the structure of O.

THEOREM 2.1 (char(L) =0). Suppose that z,y,z € L are independent over K and the
tuple (aclk (), aclg (y), aclk (2), aclg (z + y), aclg (z + 2)) is in G(L/K) (z, y and z do not
need to be in L). Then

P((L,+): z,y,2) NG(L/K) = {aclx (az + by + ¢2): (a,b,¢) € (K N L)>\ {0}}

is a projective plane in G(L/K), coordinatized by KNL. Moreover, the above plane is the
largest projective plane in G(L/K) containing the tuple

(aclk (@), aclk (y), aclk (2), aclg (z + y), aclk (z + 2)).
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Proof. Let f € Aut(L/L) be arbitrary. By assumption we have

aclg (z) = [aClK( )] = aclg (f(2)),
aclk (y) = aclx (f(y)), aclk(z +y) = aclg(f(x) + f(y)),
aclg (z) = aclg (f(2)), aclg(z+ z) = aclg(f(x) + f(2)).

Therefore by Lemma 1.1 we obtzim fl@)y=7c z+di,fly)=c - y+da,f(2) = - z+ds, for
some dq,ds,d3 € K and 0 # ¢’ € K.

(C) Let v € P((L,+): z,y,2) N G(L/K). We have v = aclg (ax + by + cz) = aclk (), where
a,b,c € K and [ € L. It follows that f[v] = v, so

acly (ax + by + cz) = aclg (f(a) f(x) + f(0)f(y) + f(c) f(2))
= aclg (" (f(a)z + f(D)y + f(c)2) + d) = acl (f(a)z + f(b)y + f(c)2),
[

for ¢,d" = f(a)dy + f(b)d2 + f(c)d3 € K (because f[K] = K). By [1, Example 2, Section 3.3]
there is a non-zero A € K such that (f(a), f(b), f(c)) = A(a,b, c). If, for example, a # 0, then
f(b/a) =b/a and f(c/a) = ¢/a. However, f is arbitrary, so b/a,c/a € L. Finally

v = aclg (ax + by + ¢z) = aclg (z + (b/a)y + (¢/a)z, where (b/a), (¢/a) € K N L.

(2) Let a,b,c € KN L and consider v = aclg (ax + by + cz). It remains to prove that v €
G(L/K). We have f[v] = v, because

flaclg (ax + by + cz)] = aclg (af(z) + bf (y) + cf(2))
= aclg (¢ - (ax + by + cz) + d') = aclg (azx + by + cz).
Let w(x) be a minimal monic polynomial for ax + by + ¢z over L. Then
v = aclg (ax + by + cz) = aclg (roots of w) = aclx (coefficients of w) € G(L/K).
The last part of the theorem follows from the first part and from remarks at the beginning

of this section. O

From the above we see that the geometries G(C/Q) and G(R/Q) are not isomorphic, because
in G(R/Q) there is a maximal projective plane, coordinatized by Q N R, and in G(C/Q) there
is no such plane.

The next result generalizes [1, Corollary 3.3.2] and follows from Theorem 2.1.

COROLLARY 2.2 (char(L) =0). IfP C G(L/K) is a projective plane, then I is coordina-
tized by a subfield of one of the following fields: Q(v/—d), d € N, and K N L.

3. The first-order theory of G(L/K)

We can regard G(L/K) (and thus G(L/K)) as a model in the countable first-order language
L = {acl,,: n € N}. Namely, let

acly(ag,...,a,) <= ap € aclg(ay,...,ay).

We obtain a structure (L, £). The following theorem, Theorem 3.2, describes a small part of
the first-order theory of (L, L£).

ProrosiTION 3.1. Let F' be an arbitrary field. If FF = F} U...UF,, for some subfields
Fy,...,F, of F, then F = F; for some 1 < i < n.
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Proof. This follows from a well-known result of Neumann [6]: if there is a covering of an
abelian group by finitely many cosets of subgroups, then one of these subgroups has a finite
index. We leave the proof to the reader. ]

THEOREM 3.2. Let K C L1 C Ly be arbitrary field extensions. Assume that
trdegy L1 = trdegy Lo <Ny or trdegy Li,trdegy Lo > No.
Then
(L1, L) <1 (Lo, L);

that is, for every L-statement ¢ € L(Ly) with one quantifier and parameters from Ly we have

(leﬁ) ': 1/1 ~ (LQa‘C) ': 1/1

It is easy to check that without the condition on transcendence degree, the theorem will not
be true.

Proof.  We can assume that ) = Jzp(x,¢), where ¢ C Ly and ¢ is a quantifier-free formula.
Using the exchange property for acly we may assume that ¢(x,¢) is of the form

\/ ((m € ﬂ aclg (Agki) \ U aclK(B;w')) A ((in)equality about z, c)),
k<l i<ng j<mu
where Akﬂ;, Bkyj CeC L.
Let {p,q} = {1,2} and assume that L, = Jzp(x,¢); then there exists an a € L, with L, |=
(a, ). Without loss of generality we may assume that a ¢ ¢, so

ac (Nack(4;)\ | aclk(B
i<n j<m
If n = 0, then by assumption we have a’ € L, such that L, = ¢(a’,€). Let n # 0. Note that by
Proposition 3.1, L, = 3zp(z,€) is equivalent to

(V] <m aclK m acly (A ﬂ aclg (A

i<n <n

that is, for j < m, K( Bi)N(jen K /(A\l) NnL,C ﬂi<nl?(-A\i) N L,. The next lemma will be
useful in the proof. ]

LeEmMMA 3.3. Suppose that A and B are finite subsets of Ly. Then there exists a finite
subset C' C Ly satisfying

__Proof.  Let C' be a transcendence basis of a K(A) N K(B) over K. Write C" = {c1,..., ¢} C
L. Then
K(A)NK(B) = K(C").
Take a minimal monic polynomial w; € L1[X] for ¢; over L; and let C =
Ui <icx (coefficients of w;) C L;. We shall show that
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By definition C" C K(C'), and hence C. By symmetric polynomials we obtain

C C K< U roots ofwi)

1<i<k

and the last field is included in [?(C\’) We explain the last inclusion: if w;(a) = 0, then there
exist f € Aut(L1/L4), f(¢;) = a, and thus ¢; € K(C’). Finally

a = f(e;) € FIK(C)] = fIK(A) N K(B)

| VER K(A) N K(B) = K(C). O

By Lemma 3.3, to complete the proof it remains to prove the following lemma.

LEMMA 3.4. For A,B C Ly

— ———

KA)NL, CK(B)NL, <+ K(A)NLyCK(B)N L.

Proof. The implication = is obvious.
(<) Suppose, contrary to our claim, that

—_

K(A)NL, = K(B)N L.
Take

a€ (K(B)\ K(A)N L
and the minimal monic polynomial w(X) = X" +a, 1 X" '+ ...+ a1 X + ag € K(B)[X] for
a over K (B). Then for i < n we have a;, € K(B) C Ll, so by assumption

a; € I?(I) N Ly,
and hence w/e\([?(Z) N Lq)[X] and thus a is in algebraic closure of I?(E) N Ly, which is
included in K(A). However, by assumption
agé?(?)ﬂl& and a € Lo,

which is impossible. O

4. The reconstruction L from G(L/K) and corollaries

In this section we generalize some theorems of [2] from the case of algebraically closed fields
to the case of arbitrary field extensions. Throughout this section K C L will be an arbitrary
field extension, char(L) = p and trdegg (L) > 5.

We begin with important definitions (see [2, Definitions 2.1, 2.3 and 2.6]). Let (L \ K)®
denote the set of pairs (z,y) € (L \ K)? such that » and y are algebraically independent over
K. We define the following subsets of G(L/K)*:

2 = {(aclk (z), aclk (y), aclk (z + y), aclg (z/y)): (z,y) € (L\ K)P}
= {(aclg (z), aclg (2), aclg (x2 + ), aclg (2)): (x,2) € (L \ K)?},
2' = {(aclk (2),aclk (y), aclk (z + y), aclk (z - ) (z,y) € (L\ K)P},
S = Tm(j),
where j: (L\ K)? — G(L/K)® is the function

Jj(x,a) = (aclg (2), aclg (x + a), aclg (xa), aclg (@ + za), aclk (a)).



COMBINATORIAL GEOMETRIES OF FIELD EXTENSIONS 795

F1Gure 1. Configuration for multiplication.

Let ¥(Ay, Ay, By,By,C1,Co, D, E,F,G,H,I,P,Q,R,S,T,U,X,Y,Z) be an L-formula (see
Section 3) standing for the assumptions from [2, Lemma 3.1(1),(2)] and [2, Corollary 3.4];
that is, let t(A4;,...,Z) mean the conjunction of the following conditions (where A =
aclK Al,A2)7B = aclK(Bl,Bg),C = aclK(C’l,Cg)):
trdeg(ABC) = trdeg(AB) = trdeg(BC) = trdeg(AC) = 4;

X €aclg(AY) AN Z € aclg (BY) Naclg (CX) AN (X,Y, Z & aclg (ABC));
(Varea,preB,crec) X aclg(AY)NZ & aclg(B'Y) Uaclg (C'X);
SeANT € BANU € C ANtrdeg(STU) = 2;

(3srr ) (S,T,U,8,T",U") is a partial quadrangle (see [1, Section 2.1]);
aclg (P, Y) Naclg (S, X) = D Aaclg(T,Y) Naclg(Q, Z) = E;

aclg (U, X) Naclg (T, D) = F ANaclg (P, T) Naclg (Q, R) = G;

aclg (H, X)Naclg(P,Y)=IANaclg(U,G)NA=HANaclg(F,Z)nC = R.

—~

THEOREM 4.1. The sets 2, 2’ and 7 are definable without parameters in G(L/K).

Proof. When K and L are algebraically closed, the proof of this theorem can be found in
[2, Section 3]. We sketch it in this case.

Let ¥o(P,D,Y,I) = (EIAl, .. .,Z) Y(Ay,...,Z), where the quantifier is free from P, D,Y,
I. Then the formula ¢ g defines 2. Now we find a formula for 2’. Lemma 2.2 in [2] gives
us the configuration for multiplication: if (x,y) € (L '\ K)® and if the points A’, B', C', D',
E' € G(L/K) are such that the configuration of points and lines in G(L/K) holds as in Figure 1,
then

E' = aclg(z - y),

and there exists an a € A’ such that A’ = aclk (a), B’ = aclg(ax), C' = aclg(ay) and D' =
aclg (axy). Thus if we know aclg (), aclg (y) and aclg (z/y), then in G(L/K) we can construct
aclg (zy). Let ¢ o/ (A, B,C, D) be

(3A",B',C", D', V) ¥o(A, B,C,V) A (the configuration in Figure 1 holds),

where in Figure 1 we substitute A for aclg (z), D for E’, B for aclg(y) and V for aclg(x/y).
Therefore 1o/ defines 2’. To find a formula for ¢ we recall [2, Proposition 2.4] as follows: let
X,P,Q,R,Abein G(L/K). Then

(X,P,Q.R,A)e 7 <+ (X,QRA)ec2A((X,APQ),(X,APR)c2).
Hence the formula
¥ 5 (X, P,Q, R, A) = $o(X,Q, R, A) Ao (X, A, P,Q) A (X, A, P, R)
defines ¢ in the algebraically closed case.
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Now we turn to the general case, that is, when K and L are arbitrary fields. It is sufficient to
prove the next claim, because we have, for instance, (X,Q, R, A) € 2 & (EIP) (X,P,Q,R,A)

S
Claim. The formula 1) ; defines ¢ in G(L/K).

We will prove that the following conditions are equivalent:
(i) (X,P,Q,R,A)e gCH/5),

(i) (X,P,Q,R,A) e #CL/K) and (X,P,Q,R,A) C G(L/K);

(i) G(L/K) E 4 #(X,P,Q,R,A) and (X, P,Q, R, A) C G(L/K);

(v) G(L/K) =1 4 (X, P.Q. R, A).

Implications (i)=>(ii) and (ii)<(iii) are obvious.

For (ii)=-(i) take an arbitrary f € Aut(L/L) and write (X, P,Q, R, A) = j(x,a) for some
(z,a) € (L\ K)®. Since j(x,a) C G(L/K), we have j(z,a) = f(j(x,a)) = j(f(x), f(a)), so by
[2, Lemma 2.5] there exists an n € Z such that f(z) = 27", f(a) = a?". We show that f(z) =
and f(a) = a. On the contrary, suppose that p # 0 and n # 0. Then

F(f(@) = fa) = f(a)" = aP

and, in general, f™(x) = 2?"". However x € L, so the set {f™(x):m € N} is finite. Hence
there is a k € N such that ¥ = 1, which implies that « € K, a contradiction.
(iv)=-(iil). It is sufficient to show that for (A, B,C,D) C G(L/K)

G(L/K) Evo/(A,B,C,D) = G(L/K) k1o (A, B,C,D).

It is immediately seen that we must only prove the following: for X, Y| Ay, As € G(L/K), if
G(L/K) = (VA € aclx (A1, A2)) X ¢ aclg(A’Y) then

G(L/K) | (VA" € aclg (A1, A2)) X ¢ aclg(A'Y).

2n

Since G(L/K) = G(L/K), and the above formula has one quantifier, our statement follows
from Theorem 3.2.
(1)A(iii)=(iv). Take an element (z',a’) € (L \ K)® such that (X, P,Q, R, A) = j(2’,a’). We
must show the following (remember that aclg (a’ + 1) = aclg (a’), ete.):
o G(L/K) Evg(aclg(z)),aclkx(2'a’),aclk (' + 2'a’), aclk ('a’ [2'));
e G(L/K) E va(aclig(a’),aclk(a’), aclg (' 4+ a'), aclg (2'a’));
e G(L/K) E Yo (aclg(a’),aclg(a’ + 1), aclg (2’ + (¢’ + 1)), aclx (z'(a’ + 1))).
This is an easy consequence of [2, Corollary 3.4]. We give the proof only for the first case;
the other cases are left to the reader. Let

(P,D,Y,I) = (acli(z'),acli (z'a’), aclg (z' + 2'a’), acl (2'a’ /2") = aclk (a')).
We can find an algebraically independent (over K ) set {a,b,c,d,x} € L such that
(P,D,Y,I) = (aclk (b), aclk (ax), aclg (ax + 1), acl g (ax /b)),

and define the points Aj, As,..., R as in the conclusion of [2, Corollary 3.4]; that is,
Ay = aclg(a), Ay = aclg (), ..., R = aclg(cb+ d). Finally points A,...,Z € G(L/K) satisfy
the assumption of [2, Corollary 3.4, and thus they fulfil the formula v, so P, D,Y and I fulfil
o in G(L/K). Ul

Now we prove the main classification theorem. We recall that Fr= U FP™" is a purely
inseparable closure of F.

neN
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THEOREM 4.2. Suppose that K C L and K' C L' are field extensions and trdeg (L),
trdegy/ (L) = 5.
(i) The field L" is uniformly interpretable in G(L/K), using a formula with one (arbitrary)
parameter from L\ K.

(ii) Every isomorphism F': G(L/K) =N G(L'/K') is induced by some isomorphism
Fpr D
such that ﬁ[fr N I?] =I''"NK', and for each x € L" \ K, Fl(aclg (z)) = aclg (F(z)). In
particular, G(L/K) =2 G(L'/K") if and only if field extensions
I'NKcl and I'nK cL'
are isomorphic.
(iii) The natural mapping
H: Aut(L"/{L" N K}) — Aut(G(L/K))

is an epimorphism. If char(L) = 0, then H is an isomorphism of groups and if char(L) # 0 then
ker H = Z is generated by the Frobenius automorphism.

Proof. (i) Let = be the following equivalence relation on _# (see [2, Definition 2.9]):
j(z,a) 2 j(a’,a") <= (In€Z)d =a".

Using [2, Lemma 2.8] we obtain that 2 is a definable (without parameters) equivalence relation
on #. When z,2" and a are algebraically independent (over K),

j(z,a) & j(a',a’) <= (IP) configuration from [2, Lemma 2.8, Figure 3] holds.

This implication < follows from [2, Lemma 2.8].
For = assume that a’ = a?" for some n € Z, n > 0. We must find a suitable P from G(L/K).
We have

aclg (ax) = aclg (a® 2P") = aclg (a'zP"),
aclg ((a 4+ 1)z) = aclg ((a?” +1)2?") = aclg ((a' +1)zP")
and
acly (z) = aclg (27").

Hence P = aclg (z?" /2') € G(L/K).
When z, 2" and a are collinear, we have [2, Definition 2.9]

j(z,a) 2 j(2',a’) <= there exists a j(z,a”) with z € aclg(a,x), and the configuration
from [2, Lemma 2.8, Figure 3] holds between j(x,a),j(z,a”) and
J(z,ad"), (2", d").
Take an arbitrary a € L\ K and let
A1 =iz, )= = {j(z',0) : 2’ € L7\ aclk (a)}

be one of the classes of = (here we use the equality j(a',a?") = j(z'""",a) and properties of
L"). Let

e fr— L' \acl(a),  pli(w,a) = .

It follows from [2, Lemma 2.5] that _#7 is a bijective map and from [2, Lemma 2.11] that there
are generic definable-over-a operations @ and ©® on _#; x _#; which satisfy the following: if
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j(x,a),j(y,a) € (L\ K)® and z,2’,a are independent, then

j(w,a) @j(xlva) :j(x+x’,a),
j(l’,a) @j(:z:’,a) :](I ~x’,a).
(The same definition works for non-algebraically closed case.) Note that the map p
respects these operations (when defined). We now interpret the field L™ in G(L/K). Define
a relation = on ¢ by
. . . . |
((x1,0), (22, 0)) = (j(41,0),§(y2,0)) = — ="
T2 Y2

It is a definable-over-a equivalence relation. We moreover define the product and the sum of
two classes [j(z1,a),j(z2,a)]= and [j(z1,a), j(z2,a)]= as in [2]; that is,

[j(x/a a),j(z,a)l= - [j(y’, a),j(y,a)l= = [j(‘rnv a)vj(y”a a)l=
for suitable 2" and 3" such that

x//

'y
Ty - y//'

We need a new class 0= to define the sum of classes in a standard fashion. Finally we extend

1 to the isomorphism of fields:

>~ o~ . . T
we: (/12/ E) U {OE} — L ) u(](m,a),j(x',a)) = ?7 /”’(OE) = 0;
which establishes (i).

(ii) We continue to use the notation of (i). Let F': G(L/K) = G(L'/K') be an isomorphism
of geometries (that is, F' preserves the closure operator). Then

Fo gF5 — i) = 2555 = [y, )=,

F: </¢1<G<L/K))2/E Ul = </1G(L'/K’))2/E U {01,

for some y,b € L. Hence F induces an Jisomorphism of fields F:Im = L’
Now, we show that F[L" N K] = I"'NK'. Let c€e I"NK and z € L"\ aclg (a). Then we

may write

F(j(cx,a)) =j(y1,b), 4.1
F(j(x,a)) = j(y2,b), (4.2)
F(e) = p(F([j(cx, a), j(x,a)]=)) = p((i(y1,b), 3 (y2, b)]=) = 4, (4.3)

for some y1,y2 € L', However ¢ € K yields that
jlex,a) = (aclg (cx), aclg (cx + a), aclk (cxa), aclk (cxa + cx), aclk (a))
= (aclg (z), aclk (cx + a), aclk (za), aclg (xa + x), aclg (a)).
Thus from (4.1) and (4.2) above, we have
F(aclg(z)) = aclg: (y1) = aclg: (y2),
F(aclk (za)) = aclg: (y10) = aclk: (yab),
F(aclg(za + x)) = aclg/ (y1b 4+ y1) = aclg (y2b + y2).
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Hence from Lemma 1.1(ii) we obtain n,m € Z and d;,ds € f(\’/\satisfying yi = diyy' and
(y10)™ = da(y2b)™. This gives n = m, and y; = 'y for some ¢’ € K'. Finally,
Flo="=del nK.
Y2

Now we show the following;:
(Vo e L'\ K) F(aclg(z)) = acl: (F(z)).

It follows from the preceding results that for x1,z5 € r \ aclg (a),

Pt )itz ale) = | (vF(2).0) 0]

for some b € L’ and y € " \ aclg: (b). Let t = y/F(x). We obtain
(Vo € L\ aclg(a))  F(j(z,a)) = j(F(x)t,b).

Let 21,25 € L” be algebraically independent over aclg (a). Then

H(F (et b) = Fli(rza, @) = F(i(a1,@) © j(w2,0)) = Fli(e1,0) © F(j(az,a)
= j(F(21)t,b) © j(F(22)t,b) = j(F(z1)F(21)t?,0).
Hence t = 1, and from the above
(Vz € L™\ aclg(a))  F(aclk(z)) = aclg (F(x)).

What is left is to show our claim for points from aclk(a) \ K. Let o € aclg (a) \I/(\' Take
independent points t,s € L" \ aclg (a); then

aclg (a') = aclg (t, ta") Naclk (s, sa’),
so as ta’,sa’ € L"\ aclg (a) from the preceding result we have
Fl(aclg(a')) = aclg: (F(t), F(ta')) Naclg: (F(s), F(sa')) = aclg: (F(a')).
The observation that G(L/K) = G(L" /K) completes the proof of (ii).
(iii) It follows immediately from (ii) that H is an epimorphism. Let f € ker H. Then

j(a,a) = f(i(x,a)) = j(f(x), f(a)),

so from [2, Lemma 2.5] there is an n € Z such that f(x) = 2?" and f(a) = a?". However,
and a were arbitrary (independent), so f = Frob™. O
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