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1 Introduction
Knowledge discovery in databases (KDD) is the process of identifying useful informa-
tion in data. A widely accepted high-level view of this process has been presented in
[FPSSU96], where it has been decomposed in a few iterative steps. This model is very
simple, but it hides a huge number of different tools, methods and underlying theories
used in real-world problems.

One of these is rough set (RS) theory [Paw82], a mathematical formalism devel-
oped by Zdzislaw Pawlak to analyze data tables. Its peculiarity is a well understood
formal model, which allows to find several kinds of information, such as relevant fea-
tures or classification rules, using minimal model assumptions.

The aim of this work is to show how rough set theory can be applied to the KDD
process. Firstly, we introduce the main aspects of classical rough set theory. In section
3 we show how rough set concepts and methods can be used in the KDD process.
Finally, in section 4 we cite some extensions of classical rough set theory and we
briefly discuss research problems and trends.

�
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2 Rough set theory
In this section we present the main aspects of classical RS theory. In RS data model
information is stored in a table, where each row (tuple) represents a fact or an object.
All we know about a real world object is the corresponding tuple in the table.

Interesting data tables are usually difficult to analyze. They store a huge quantity
of data, which is hard to manage from a computational point of view. Moreover, it is
possible for some facts not to be consistent to each other.

One of the main objectives of RS data analysis is to reduce data size. Section 2.2
introduces the notions of indiscernibility, rough set and reduct, used to approximate
inconsistent information and to exclude redundant data. Section 2.3 explains how to
measure the quality of the approximations obtained by RS analysis. A more detailed
introduction to rough set theory may be found in [KPS99].

2.1 Data model
In RS terminology, a data table is also called an “information system”. If some of
the attributes are interpreted as outcomes of classification, it is also called a “decision
system”. An example decision system is represented in Table 1. More formally, a data
table is a tuple

�������	��

���������
where (see Table 2):

1.
�

is a set of objects

2.
�

is a set of attributes ��� ����
 �
3.

 �

is a set of values for the attribute � .
We can split the set of attributes in two subsets ��� � and ��� �! � , respec-

tively the conditional set of attributes and the decision (or class) attribute(s). Condition
attributes represent measured features of the objects, while the decision attribute is an
a posteriori outcome of classification. In Table 1 the decision attribute is �#" �%$&$ .

2.2 Dimensionality reduction
A table may be redundant in two ways. The first form of redundancy is easy to notice:
some objects may have the same features. This is the case for tuples ')( and '
* of Table
1. A way of reducing data size is to store only one representative object for every set
of so-called indiscernible tuples1. The second form of redundancy is more difficult to
locate, especially in large data tables. We introduce it using an example. In Table 1
the values of the condition attributes allow us to classify every object. If one banana
is 15 centimeter long, smells good, is yellow and comes from field #1, we are sure
that it will be sold as fruit. If we do not consider the

$,+.-0/
attribute, we are no more

able to classify objects of type
�214353567�98.:<;=;>3<?	��@BA<�

. In fact, both 'DC and '7E have these
features, but �#" �F$G$�H '
C�IG�KJML �#+�N and �#" �%$G$�H 'OE<I&��P �#+ � / . While

$,+.-0/
is

needed to discriminate between different classes, we can remove some other attributes
1Notice that we have to remember also the number of tuples in every indiscernibility class to preserve the

original information.
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# SIZE SMELL COLOR FIELD CLASS
' ( 15 good yellow #1 FRUIT'7* 15 good yellow #1 FRUIT'7C 14 good yellow #1 FRUIT' E 7 good yellow #1 JUICE'7Q 12 bad yellow #1 JUICE'7R 13 good brown #2 JUICE'7S 12 bad brown #1 REJECT'7T 14 bad black #2 REJECT'7U 15 bad black #2 REJECT

Table 1: A table representing a classification of bananas. �#" �%$G$ is the decision
attribute: bananas may be sold as fruits, used in fruit juices or rejected. The

$,+.-0/
attribute is expressed in centimeters. Bananas come from two different fields, as stated
in the J +V/ "&� column.

� � WX'D( � '
* � '7C � 'OE � '
Q � ' R � '7S � '
T � ' U�Y� � W $,+.-Z/[�\$G]^/ "&" � �M_#"`_#L � J +V/ "`� � �#" �%$G$ Y

aVb�c
d � W5e �fA�gh�fA�ih�fAXjO�XA�k Y
7a4lmd)nOn � W<op� 67�q1.35356 Y
Orts)nhstu � W 8.:<;=;>3<?	� o�v 3<?0w,� o ; �4xfy Y
7z{b�d)nO| � W @BA��p@mg Y
 r)nh�{a4a � W�JML �#+}N0� P �#+ � /[� L / P / � N Y

Table 2: Values for Table 1
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# SIZE SMELL COLOR FIELD CLASS
'~( 15 good yellow #1 JUICE' * 15 good yellow #1 FRUIT'7C 14 good yellow #1 FRUIT' E 7 good yellow #1 JUICE'7Q 12 bad yellow #1 JUICE'7R 13 good brown #2 JUICE'7S 12 bad brown #1 REJECT'7T 14 bad black #2 REJECT'7U 15 bad black #2 REJECT

Table 3: A modified “banana” table. Notice that tuples ' ( and ' * have the same values
for the condition attributes (they are C-indiscernible), but classes are different. This
table is not consistent.

(i.e., columns) without losing classification power. If we erase the J +V/ "&� column,
we are still able to classify all the objects. More formally,H>$G+4-Z/�H '~IG� $G+4-Z/�H '
��I�I � H>$&]^/ "&" H '
IG� $G]^/ "`" H '7��I�I �
� H �M_#"�_#L H '
I��K�M_#"�_#L H ' � I�I � H �#" �%$G$0H '
I`�K�#" �%$G$�H ' � I9I��
In the following sections we show how to manage these two forms of redundancy.

2.2.1 Indiscernibility relation and Rough Sets

As already said, the first form of redundancy is called indiscernibility. Two tuples are
indiscernible with respect to a set of attributes ��� � if

� H '
I&��� H '7��I �~�����
It is easy to prove that indiscernibility is an equivalence relation. We denote the
B-indiscernibility2 class of ' as � 'h��� . In Table 1 � 'D(p� r ��WX'D( � '7* Y , where ���W $G+4-Z/[�\$&]^/ "&" � �M_#"`_#L � J +}/ "`� Y 3. We will call the partition induced by a B-
indiscernibility relation on a set U of objects

+}� �[� H�� I .
As already pointed out, the indiscernibility relation may be used to represent ef-

ficiently sets of tuples. It suffices to keep only one tuple from every indiscernibility
class. �F� is the representation of the set of tuple � using C-indiscernibility. W.r.t.
Table 1, we can represent the set � z{u)�~b�� 4 as

�F� z{u)�~b�� ��WV� '~(\� � � '7Cf� Y (1)

It is worth noticing that this is not always possible. A table is said to be consistent if
every C-indiscernibility class has a unique value for the decision attribute. This means

2Relative to attributes in B.
3 � is the conditional set of attributes.
4All tuples with value �G������  for the decision attribute.
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that two tuples which have the same features are equally classified. Whenever a table
is consistent, we can always use the above representation.

Unfortunately, not all tables are consistent. For example, in Table 3 tuples ' ( and' * are C-indiscernible, but they have different values for the decision attribute. This
can happen for several reasons. For example, we may suppose that some features of the
objects have not been stored in the table. Or the man who performed the classification
may have changed his idea of “good banana”. In any case, our description of � z{u)�~b��
in (1) is no more valid.

To represent a set which is not precisely definable by indiscernibility classes, we
can find a lower and an upper approximations of it, in the following way:

� � z{u)�~b�� � WX'¡� � ¢ � 'h� r �£� z{u)�~b�� Y
�F� z{u)�~b�� � WX'¡� � ¢ � 'h� r¡¤ � z{u)�~b��¦¥�!§ Y

� � is the set of indiscernibility classes which are subsets of � . If X is character-
ized by a particular decision value, this means that all indiscernibility classes in � �
contain objects with that value. For this reason, data tells us that we are able to classify
objects in � � . There are also indiscernibility classes which contain only some tuples
in X. In this case, we cannot classify them. These are the objects in �M�  � � , also
called boundary region. Finally, there may be elements in

�¨ �M� , which contain
tuples not in � . Also these can be (negatively) classified. If the boundary region is
empty, i.e., � �©� �F� , X is said to be crisp or precise. Otherwise, it is called a rough
set, which in practice is a pair of set approximations.

Rough set theory can be used to represent whichever set X, but we are usually
interested in approximating sets of tuples w.r.t. the decision attribute. Image 1 explains
graphically what has been said so far about rough approximations.

2.2.2 Reducts

As we have seen in section 2.2, some columns of a table may be erased without affect-
ing the classification power of the system. This concept can be extended also to tables
where we do not distinguish between conditional and decision attributes. In this case,
an attribute can be removed if there are no two tuples which become indiscernible. A
reduct is a minimal set of attributes that preserve the indiscernibility relation.

More formally, given a table
�ª�«�\�	�\
~�5�

, a reduct is a set of attributes R such that:¬ L­� �
¬ +V� � u«H�� I`� +V� � ��Hª� I
¬ +V� � u�®~�4Hª� I ¥� +}� � �«H�� I��~�[�¯L
While computing equivalence classes is easy, finding minimal reducts is NP-hard.

An interesting approach to solve this problem, which in practice is tackled using strong
heuristics, is based on Boolean reasoning. Given a table, for every pair of tuples we list
the attributes which are different. Table 4 is a more realistic example of classification
of bananas, which has already been reduced by using indiscernibility classes.
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(a)

(b) (c)

Figure 1: This figure shows the approximations of the objects classified with the sym-
bol O. 1(a) shows that tuples 1, 2 and 3 (from the top) belong to the same class. In
1(b), C-indiscernible tuples have been collected in three regions, corresponding to the
C-indiscernibility classes. Figure 1(c) illustrates the approximations of class O. The
first region from the top is the lower approximation. The union of the top two regions
is the upper one.
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# SIZE SMELL COLOR FIELD CLASS NUM
�#"«( 14 good yellow #1 FRUIT 349�#" * � 15 good yellow #1 FRUIT 347�#"&*�° 15 good yellow #1 JUICE 12�#" C 7 good yellow #1 JUICE 145�#"&E 12 bad yellow #1 JUICE 18�#" Q 13 good brown #2 JUICE 254�#" R 12 bad brown #1 REJECT 32�#"`S 14 bad black #2 REJECT 147�#" T 15 bad black #2 REJECT 163

Table 4: This is a more realistic instance of our example. Tuples have been aggregated
in C-indiscernibility classes. Class �#" * is not consistent, so it has been subdivided
into two classes with different values for the decision attribute. The NUM column
represents the number of tuples in the corresponding indiscernibility class.

classes �#" * �#" C �#" E �#" Q �#"`R �#" S �#" T�#" ( SI SI SI SM SI C F SI SM C SM C F SI SM C F�#"&* SI SI SM SI C F SI SM C SI SM C F SM C F�#" C SI SM SI C F SI SM C SI SM C F SI SM C F�#"GE SI SM C F C SI C F SI C F�#"&Q SI SM F SI SM C SI SM C�#"&R SI C F SI C F�#"&S SI

Table 5: Indiscernibility matrix for Table 4. This matrix is always symmetric. For this
reason, only the upper half has been represented. Entry

H �#"«± � �#"&±�²=I³���h( � �X�f� � �.´
corresponds to the expression �7(�µ¶�X�f�Xµ·�.´ .

For every pair of tuples, we can list all attributes which allow us to discern be-
tween them. Table 5 represents the so-called indiscernibility matrix for Table 4. Every
entry

H �#" ± � �#" ± ²=I¸�¹� ( � �f�f� � � ´ of the matrix corresponds to a Boolean expression/�H �#"&± � �#"&±�²=IG�K�.(
µ��f�f�9µ¸�.´ . If we want to know if two tuples are discernible using
only some of the attributes, we can do the following. We assign true to the attributes
we are considering and false to the remaining ones, then we evaluate the corresponding
expression.

/BH �#"`± � �#"&±�²=I tells us if we are able to discern �#"�± from �#"&±�² .
If we want to know when all objects are discernible from each other, we can take

the conjunction of all entries of the indiscernibility matrix. In the example, we obtain
the following so-called indiscernibility function:

º H>$,+7�\$G]�� � � J	IG�H>$G+ I H>$,+ I H�$,+ µ $G] I H>$,+ µ·�¦µ·J	I H>$G+ µ $G] µ��MI H>$G] µ��£µ·J	I H>$,+ µ $G] µ��»µ·J	IH>$,+ I H�$,+ µ $G] I H�$,+ µ��¦µ·J	I H>$G+ µ $G] µ·�Mµ,I H�$,+ µ $&] µ��¦µ¼J	I H>$G] µ��»µ·J	I
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# SIZE COLOR CLASS NUM
�#"�( 14 yellow FRUIT 349�#" * � 15 yellow FRUIT 347�#"`*\° 15 yellow JUICE 12�#" C 7 yellow JUICE 145�#"GE 12 yellow JUICE 18�#" Q 13 brown JUICE 254�#" R 12 brown REJECT 32�#"&S 14 black REJECT 147�#" T 15 black REJECT 163

Table 6: Table 4 after reduction. Notice that all tuples are still discernible from each
other.

H>$G+ µ $G] I H�$,+ µ��¦µ¼J	I H>$,+ µ $&] µ��Mµ,I H�$,+ µ $G] µ��£µ·J	I H>$,+ µ $G] µ��»µ·J	IH�$,+ µ $G] µ��£µ¼J	I H �MI H�$,+ µ��£µ·J	I H>$G+ µ��»µ·J	IH>$,+ µ $&] µ·J	I H�$,+ µ $G] µ��MI H>$G+ µ $G] µ��MIH>$,+ µ��£µ·J	I H>$G+ µ��»µ·J	IH>$G+ I (2)

This seems a complex equation, but it is very easy. In substance, it is another
way of writing the indiscernibility matrix. Given a truth assignment corresponding to
the variables we want to keep, every group of disjunctions is true iff we are able to
distinguish between two particular indiscernibility classes. For example, assume we
want to use only the

$G]^/ "`" attribute.
/�H �#"�( � �#"&*�I�� H�$,+ I is false, so we cannot

discern class �#"«( from �#"`* . In fact,
$G]^/ "&" H �#"«(�I¸� $&]^/ "&" H �#"&*XI¸� 1.35356

.
On the contrary,

/�H �#"«( � �#"GE�IG� H>$G+ µ $G] I is true, so we can discern class �#"�( from�#"GE . In fact,
$&]^/ "&" H �#"«(�I�� 1435356 while

$G]^/ "&" H �#"&EfI��^op� 6 . Equation (2) is
true iff all groups of disjunctions are true. This means that we are able to discern any
two classes from each other using only the attributes whose corresponding variables
are true.

The problem of finding a subset of the attributes which preserve the indiscernibility
relation can be reduced to the problem of finding the implicants of equation (2). An
implicant is a conjunction of variables such that if these variables are true also the
function is true. In particular, we are mainly interested in prime implicants, which are
implicants of minimal size.

Equation (2) can be reduced to
º H�$,+O��$G]�� � � J	I¯� $,+ ¤ � . This means that

attributes
$,+.-Z/

and �M_#"`_#L are sufficient to preserve the indiscernibility relation.
Table 6 represents the smallest possible redundancy reduction using only information
from data.
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2.3 Numerical measures of rough approximations
We conclude this section by introducing some numerical measures which characterize
RS approximations.

It is worth noticing that these measures belong to the classical rough set theory,
but they are the first step towards extensions of this model. The main idea of rough
approximations is that a set can be represented by a lower approximation and an upper
one. Now, assume that an indiscernibility class have 1000 elements. If 999 of these
have been classified in X, this set belongs to the boundary region of X. If only one
has been classified in X, it is treated in the same way. This example shows that two
approximations are not always sufficient to represent sets of objects in a satisfactory
way.

Accuracy measures how much a set is rough. If a set has � ����§ and �F�½� � ,
the approximation tells us nothing about X, because for any element '¡� � we cannot
decide if '£�¾� . On the contrary, if � �¿� �M�¿�¨� , the set is crisp (precise) and
for every element '¡� � we know if '¶�·� or not. This is expressed by the following
formula: À rZH �ÁIG� ¢ � � ¢¢ �#� ¢ (3)

It is easy to notice that ÂBÃ
À r0H �ÄI0Ã A , and if

À r0H �ÄI`� A X is crisp with respect to
C.

Rough membership tells us how much an indiscernibility class belongs to a set X.
It is defined in the following way:

Å rÆ H '
I&�
¢ � 'h� r ¤ � ¢¢ � 'h� r ¢ (4)

When class � 'O� r is a proper subset of X, Å rÆ H '~I&� A . Otherwise ÂmÃ Å rÆ H '
I�Ç A .
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3 Rough sets and Knowledge Discovery in Databases
Given the complexity and the task-dependence of the KDD process, it is difficult to de-
compose it into elementary steps. In this section we use the following decomposition,
based on the well-known description in [FPSSU96]:

1. Understanding the domain, prior knowledge and goals.

2. Creating a target data set.

3. Data cleaning and preprocessing.

4. Data Mining.

5. Interpretation/Evaluation.

Following the scheme used in [DGN], in next sections we identify possible applications
of RS theory in these subprocesses. Steps 1 and 2 are not supported by RS data analysis.

3.1 Data cleaning and preprocessing
Data cleaning and preprocessing is one of the application fields of rough sets. It is
known that prior knowledge is very important in the KDD process. On the other side,
one of the main features of rough set data analysis is that it does not use information
outside the target data set5. These two things seem to be incompatible. A good compro-
mise can be the following. At first, rough sets are used to reduce and clean data with
minimal model assumptions. Then, the result is used as a basis for further analysis
performed with other methods.

In the context of data cleaning and preprocessing, rough set theory may be useful
to handle the following problems:

¬ Data reduction.

¬ Missing value handling.

¬ Feature Selection.

¬ Feature Extraction.

3.1.1 Data reduction

Indiscernibility relation and reducts are the tools used to reduce data size. Table 6
shows how more than 1400 tuples may be represented in a compact way using only
two conditional attributes.

5In some sense, this is also prior knowledge. Data tables are constructed in a particular way because
experts decide which features are important, based on their understanding of the problem or on previous
model assumptions. When we say that rough set data analysis does not use prior knowledge, we refer to
external subjective parameters such as prior probabilities or fuzzy membership functions.
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Unfortunately, looking more carefully at this example it is easy to notice some
serious problems. The indiscernibility relation defined in section 2 is very strict6, so
in tables with many features we can possibly have an indiscernibility class for every
tuple. Additionally, look at classes �#" S and �#" T . We would say that they are quite
indiscernible. If some attributes have continuous domains, it is very difficult to find
large and useful equivalence classes, even with a few features. As a consequence, the
problem of numerical attribute values can also influence the search for reducts. In
our example we have erased the

$G]^/ "`" column because it was not necessary to
distinguish between classes, e.g., �#"�Q and �#" R . If we group together bananas which
are 12 or 13 centimeter long, which is reasonable, the

$G]^/ "`" attribute is necessary
to classify them correctly.

To face these problems, tolerance relations have been introduced7. Tolerance re-
lations include in the same class tuples which are similar. This is very useful also to
reduce noise, but implies the use of a metric to compare objects, which is a concept
outside standard RS theory.

Technically, a tolerance relation on
�

is a subset of
�ÉÈ¶�

which is reflexive and
symmetric, but not necessarily transitive. In [SV00] also the symmetry constraint is
relaxed.

3.1.2 Missing value handling

Missing values can be handled before RS data analysis. We can use some data repara-
tion methods from KDD, to obtain a complete system. In [GBH01] nine of them are
compared. A main drawback of these methods is that the statistical distribution of the
attribute values is not usually known a priori.

Otherwise, traditional RS methods may be extended to manage null values. There
are several ways to do this, all based on tolerance relations. In [Wan] a tolerance
relation is presented, which classifies together objects with some missing values. In
[Val03] the author does something similar, but introducing a third approximation for
objects which are not similar but have null values. Both these approaches do not answer
completely to this problem.

3.1.3 Feature Selection and Extraction

Feature selection can be performed in several ways using RS theory. Some of these are
described in [KPS99] and [DG00]. One method is to evaluate all reducts and to take
the so-called core, that is the intersection of all of them. The core is very simple to
evaluate. Another possibility is to divide the data table into subtables and keep only
the reducts which appear sufficiently often8. These are called approximate reducts, and
may be useful to reduce noise effects.

These methods distinguish between useful and useless attributes. In reality, every
attribute is more or less useful, and we can define a continuous measure to quantify

6Tuples must be equal for all attributes.
7In particular, to obtain non-singleton indiscernibility classes. Discretization and grouping are problems

for which a general and completely satisfactory solution does not exist.
8Obviously, this parameter must be evaluated numerically.
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it. This is done in two steps: firstly, we evaluate how much decision attributes depend
on condition ones. Then, we erase an attribute and we evaluate again the dependency.
The more it is important for classification, the more this value will decrease. From the
difference of dependency, we obtain a value for the utility of the attribute.

The first step is to evaluate dependency between attributes. It is defined in the
following way:

Ê H � � �¼IG�
Ë Æ ��b\Ì«|,Í�ÎÏ�DÐ ¢ � � ¢¢ �[¢

If all sets � are crisp, Ê H � � �BI0� A
. In fact, this means that using the attributes in �

we can precisely define the partition
+V� � | Hª� I . If we cannot precisely decide about

the membership of any object, that is � �Ñ��§ , Ê H � � �BI&��Â
Then, we calculate how much removing an attribute changes the original depen-

dency. Ò �&Ó | H �.I&� Ê H � � �BI  Ê H �  W<� Y � �¼IÊ H � � �¼I
If �  W�� Y is a reduct, Ê H � � �BI[� Ê H �  W<� Y � �¼I and Ò �&Ó |	H �.I[�ÔÂ . In fact, the
attribute � is not significant at all. If � is a reduct, it may happen that some of its
attributes are less useful then others, because they allow to distinguish between a few
small classes.

Discretization is a main topic for many data analysis tools, and also for RS methods.
In particular, it is possible to find discretizations which preserve decision classes via
Boolean reasoning. This is done in the following way:

1. For every attribute, all possible cuts are listed. A cut is the median point between
two adjacent values. For example, if an attribute takes the values W A}��ih�\Õh�\Öh�fA}A Y ,
cuts are W g.��j � k.� e.� kh�fA Â Y .

2. For every pair of objects with different decision attributes, the set of cuts which
distinguishes them is identified.

3. These cuts are used to evaluate a discernibility formula, as we have done to find
reducts.

We show an example of this procedure (see Table 7):

1. First of all, we enumerate all attribute values and all cuts:
7� ( ��W A}��ih��k.� e ��×O��Ö Y �\
7� * �^W A���g.�\ih�9j Y�FØ
Ù9Ú � ( �^W g.��jO��ÕO� e.� kh��× � k Y � �FØ
Ù9Ú � * �^W A � k.�\g � kh��i � k Y
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# A1 A2 D
�h( 1 2 YES� * 5 3 YES�4C 3 4 NO� E 8 1 YES�4Q 9 1 NO�4R 7 4 NO

Table 7: Attributes of this table have continuous values.

# A1 A2 D
�h( Ca1 1 Ca2 1 YES� * A1 1 A2 1 YES�4C A1 1 A2 2 NO�VE A1 1 A2 1 YES� Q A1 2 A2 1 NO� R A1 1 A2 2 NO

Table 8: Table 7 after discretization. For every attribute, we have selected one cut. This
divides the continuous domain of the attribute in two discrete spaces.

2. Then we list the cuts which distinguish tuples from different classes:/BH � ( � � C IG� g.�Û�ÜpÝ<Þ� (
g � kh��i � kÛ ÜpÝ Þ� *

/�H � ( � � Q I&� g.�9j7��ÕO� e4� k.�\× � k.�Û ÜpÝ Þ� (
A � kÛ�Ü�Ý�Þ� */BH �h( � � R IG� g.�9j7��ÕO�Û Ü�Ý Þ� (

g � k.��i � kÛ ÜpÝ Þ� *
/�H �4* � �4CXI&� j7�Û�ÜpÝ<Þ� (

i � kÛ<ÜpÝ<Þ� */BH � * � � Q IG� Õh� e.� kh��× � kh�Û Ü�Ý Þ� (
A � kh�\g � kÛ ÜpÝ Þ� *

/�H � * � �4RXI&� Õh� e.� kh��× � kh�Û Ü�Ý Þ� (
A � kÛ�ÜpÝ<Þ� */BH �VE � �4CXIG� jO��ÕO� e.� kh�Û ÜpÝ Þ� (

A � k.�\g � kh��i � kÛ Ü�Ý Þ� *
/�H �VE � �4QXI&� × � kÛ�ÜpÝ<Þ� (/BH � E � �4RXIG��e4� k.�Û�ÜpÝ<Þ� (

A � kh�\g � k.�\i � kÛ ÜpÝ Þ� *
For example,

/BH �VE � �4Q�I`� × � kÛ�Ü�Ý�Þ� ( . In fact, points �4E	� H>×h�XA I and �4Q	� H=Öh�XA I can be

separated by the value
× � k for the first attribute. This is clear looking at Figure 2.

3. One prime implicant of the corresponding indiscernibility function is
× � k.�Û�Ü�Ý�Þ� (

i � kÛ�ÜpÝ<Þ� * .

Figure 2 illustrates the corresponding cuts. Table 8 shows the new table obtained by
discretizing Table 7.

This method is useful to reduce data size, but it does not introduce new informa-
tion in the table. Useful discretizations should also put together objects from different
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Figure 2: Graphical representation of Table 7. Black circles represent the objects in
class

� _ , white circles the ones in class ß /à$ . Only two values per attribute are
needed to distinguish the two classes. Discretization obtained by Boolean reasoning is
illustrated by dotted lines.

classes, when the different classification is due to other attributes. For example, in table
4 attributes with

$G+4-Z/ � A�g and
$G+4-Z/ � AXi should be put together, but they are not

using this method, because �#" Q and �#"`R belong to different classes.

3.2 Data Mining
“Data mining” indicates a family of different tasks. Between them, rough set theory
has been used within the following:

¬ Classification.

¬ Clustering.

¬ Association rules.

3.2.1 Classification and clustering

Classification is the original goal of rough set theory. We may distinguish two cases:
when the information table is consistent and when it is inconsistent.

In the former case, we may calculate the reducts of the table and use them in the
obvious way. For example, from Table 6 we can extract the rule:

if ÚXáãâ : � AXj and x 35;=3 v	�!o ; �4xfy then v :päV: xpÙp�
This approach is very simple, but it cannot be applied to inconsistent information. Fur-
thermore, we risk over-fitting, with a resulting poor classification power for new unseen
objects. A better idea can be to find only approximate (dynamic) reducts, which have
been defined in section 3.1.3. In this way we can preserve quite well the indiscernibility
relation, reducing noise effects. However, we have the additional problem of defining
the numerical meaning of quite well.
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When a system is not consistent, we may generate rules with certainty factors.
When new objects must be classified, a voting procedure decides the rule to be fired. In
[WL01] an algorithm is proposed, which improves another one presented by Skowron.
Anyway, this is not a definitive answer to this problem, because it does not consider
important topics such as tolerance relations, missing value handling, support and sig-
nificance of the rules.

At the beginning, RS theory was used mainly to classify objects, i.e., to assign
them to classes known a priori. Recently, some researcher has also tried to apply it to
clustering. Roughly speaking, clustering is a form of classification where we do not
know which are the classes. As in classification, real problems can present overlapping
classes. When this is due to data coarseness, rough set techniques may be used. In
[LY02] two algorithms are compared from a computational point of view, one based
on genetic algorithms and a modified version of K-means.

Finally, rough sets attribute dependency analysis may be used to quantify numeri-
cally association rules, on the basis of information in data. Anyway, there is no much
literature on this topic.
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4 Final remarks
In our opinion, classical RS theory was interesting because of two main reasons. The
former was the idea of approximating an inconsistent set with two consistent ones,
which is very elegant. The latter was its mathematical formulation, simple and formal
at the same time. It allows to reduce important problems9 to well-known Boolean ones,
using minimal model assumptions (i.e., only data in tables).

So far, RSs have had only a partial success. There are a lot of publications on the
argument, and it has been applied to several research areas ([KPS99, 44–47]). Recently,
it has been proposed as a basis for granular computing ([Lin03]). However, in [Zia01]
the author points out that there are a lot of experimental applications, but industrial use
is rare. Moreover, there are no specialized journals on this topic. While other important
formalisms, such as fuzzy sets, have been adopted by several researchers in different
fields, RS theory is mainly used only inside its research community.

Probably, the two above reasons of interest are no well suited to face real problems.
In some sense, classical RS theory is too elegant! In real world situations, collected
data is usually uncertain and incomplete. For this reason, two approximations are not
sufficient to properly describe the information hidden in data.

To deal with complex data, the theory has been adjusted. The indiscernibility re-
lation has been substituted by tolerance relations ([SV00], [ŚZ03]), useful in presence
of many features and missing values. Rough membership functions have been pa-
rameterized to manage noisy data ([Zia93]) or extended to more approximations to
deal with incomplete information ([Val03]). Finally, hybridizations with other meth-
ods have been found, such as fuzzy sets or neural networks.

With these changes, RS theory is probably more suited to analyze real world data,
but it has lost its main features. How do we justify its use, when other methods already
exist? Are there new contributions? In [DG] the authors claim that (one of) the most
important feature of RS data analysis is its objectivity:

Rough set analysis uses only internal knowledge, and does not rely on
prior model assumptions as fuzzy set methods or probabilistic models do.

The problem is that data tables are representations of real-world data filtered by prior
assumptions. Every attribute of a table has been added because someone considered it
interesting. And this is not very different from specifying also a degree of importance.

If we let prior knowledge influence data tables, we substitute lower and upper ap-
proximations with rough membership functions, and we introduce external parameters,
the result is something very similar to fuzzy sets, evidence theory, and other techniques
of automated learning. In fact, in [YZ01] the authors use RS theory to interpret fuzzy
membership functions, and in [KPS99, pp.36–44] relationships with other approaches
are discussed, such as Shafer’s evidence theory. Other successful methods have been
accepted by the scientific community because they had a modeling power different
from that of existing theories. Therefore, it would be useful to stress more the differ-
ences between these approaches, identifying situations that we can straightforwardly
model only using rough sets.

9Such as the search for reducts.
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