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non-normal totally real 
ubi
 �elds 31 Introdu
tionIn [Lou4℄ we ta
kled some 
lass number and 
lass group problems for somenon-normal non-totally real 
ubi
 numbers �elds, whereas in [Lou6℄ we ta
k-led some 
lass number and 
lass group problems for some normal totallyreal 
ubi
 numbers �elds. Here, we shall ta
kle some 
lass number and 
lassgroup problems for non-normal totally real 
ubi
 numbers �elds, the thirdand last possible setting for 
ubi
 number �elds. It is worth pointing outthat Se
tion 2 (whi
h provides us with a good expli
it lower bound for 
lassnumbers of non-normal totally real 
ubi
 �elds) and Se
tion 3 (whi
h pro-vides us with a rigorous method for 
omputing their 
lass numbers) are ofspe
ial importan
e due to their potential usefulness to those willing to dealwith (totally real non-normal) 
ubi
 �elds.1.1 A family of 
ubi
 polynomialsLet m � 4 be a rational integer and Km be the totally real 
ubi
 number�eld de�ned as in [MT, Se
tion 2℄ by the Q-irredu
ible 
ubi
 polynomialPm(x) = x3 �mx2 � (m+ 1)x� 1 (m � 4)of dis
riminantdPm = dm := m4 + 2m3 � 5m2 � 6m� 23 = (m2 +m� 3)2 � 32 > 0:Sin
e dm is never a perfe
t square for m � 4, Km is always a non-normaltotally real 
ubi
 �eld. Noti
e thatKm is also de�ned as in [Tho, Prop. (3.6)℄by y3Pm((1=y)�1) = y3�(m+2)y2+(m+3)y�1. Let �(3)m < �(2)m < �(1)m = �mbe the three distin
t real roots of Pm(x) and set pm = m2 + 3m + 3 andqm = 2m3 + 9m2 + 9m + 27. Sin
e Pm(x) = Qm(y)=27 where y = 3x �mand Qm(X) = X3 � 3pmX � qm;we obtain dm = dQm=272 = (4p3m � q2m)=27,�(i)m = 13  2ppm 
os�13 ar
tan(p27dmqm ) + 2ki�3 �+m! (1)with k1 = 0, k2 = 2 and k3 = 1, whi
h yields�(1)m = m+ 1 +m�2 � 3m�3 + 7m�4 � 17m�5 + 46m�6 +O(m�7);�(2)m = �m�1 �m�4 �m�5 �m�6 +O(m�7);�(3)m = �1 +m�1 �m�2 + 3m�3 � 6m�4 + 18m�5 � 45m�6 +O(m�7):



non-normal totally real 
ubi
 �elds 4We also have the following expli
it bounds (valid for m � 4):m+ 1 < �(1)m < m+ 1 +m�2�m�1 �m�3 < �(2)m < �m�1 (2)�1 < �(3)m < �1 +m�1(look at the signs of the values of Pm evaluated at the three right hand sidesand at the three left hand sides of these inequalities).1.2 The simplest non-normal totally real 
ubi
 �eldsLemma 1 Let K be a 
ubi
 number �eld de�ned by a Q-irredu
ible 
ubi
polynomial Q(Y ) = Y 3�aY �b 2 Z[Y ℄. Let � 2 K be a 
omplex root of Q(Y )and let AK denote the ring of algebrai
 integers of K. Hen
e, Z[�℄ � AK.Assume that p > 3 is a prime for whi
h there exists some rational integer tsatisfying Q0(t) � 0 (mod p) and Q(t) � 0 (mod p2). Then, p divides theindex (AK : Z[�℄). In parti
ular, if there exists some prime p > 3 su
h thatp does not divide a but su
h that p2 divides the dis
riminant dQ = 4a3�27b2of Q(Y ), then p divides the index (AK : Z[�℄).Proof. z(t) = (y2+ ty+ t2�a)=p is a root of the 
hara
teristi
 polynomialZ3� Q0(t)p Z2+ 3tQ(t)p2 Z� (Q(t))2p3 of the linear map u 7! z(t)u of the Q-ve
torspa
e K. Hen
e, if Q0(t) � 0 (mod p) and Q(t) � 0 (mod p2) thenz(t) 2 AK and p divides (AK : Z[�℄). Let us now prove the se
ond assertion.Sin
e we have assumed that p > 3 does not divide a, it suÆ
es to �nd someinteger t su
h that 4a2Q0(t) � 0 (mod p) and 8a3Q(t) � 0 (mod p2). Thereader will easily 
he
k that any t su
h that 2at � �3b (mod p) satis�esthese 
ongruen
es (write 2at = �3b + 
p for some rational integer 
 andobserve that 4a2Q0(t) = 3(2at)2�4a3 � 3(�3b)2�4a3 � �dQ � 0 (mod p)and 8a3Q0(t) = (2at)3�4a3(2at)�8a3b = (�3b+
p)3�4a3(�3b+
p)�8a3b �4a3b� 27b3 + (27b2 � 4a3)
p = bdQ � 
pdQ � 0 (mod p2)). �Lemma 2 Set pm = m2 + 3m+ 3 and qm = 2m3 + 9m2 + 9m+ 27. Then,g
d(pm; qm) = 8>><>>: 1 if m 6� 0 (mod 3) and m 6� 3 (mod 7)7 if m 6� 0 (mod 3) and m � 3 (mod 7)3 if m � 0 (mod 3) and m 6� 3 (mod 7)21 if m � 0 (mod 3) and m � 3 (mod 7)



non-normal totally real 
ubi
 �elds 5Let �7(k) denote the exponent of 7 in the prime fa
torization of a positiveinteger k � 1. Then, �7(dm) � 1 if and only ifm � 3 (mod 7). Conversely,assume that m � 3 (mod 7). Then, �7(dm) = 2 if m 6� 24 (mod 72) and�7(dm) = 3 if m � 24 (mod 72).Proof. Re
all that dm = (4p3m � q2m)=27. The last assertion follows fromthe previous easier ones on
e we noti
e that for m � 3 (mod 7) we have�7(qm) � 2, m � 24 (mod 72). �Now, we are in a position to prove the main result of this subse
tion:Theorem 3 f1; �m; �2mg is a Z-basis of the ring of algebrai
 integers AKm ofKm if and only if either [m 6� 3 (mod 7) and dm is square-free℄ or [m � 3(mod 7), m 6� 24 (mod 72) and dm=72 is square-free℄. In both 
ases, Kmis 
alled the mth simplest non-normal totally real 
ubi
 �eld.Proof. Re
all that �m = 3�m�m is a root of Qm(Y ) = Y 3�3pmY �qm ofdis
riminant dQm = 272dm. Noti
e also that (AKm : Z[�m℄) = (AKm : Z[�m℄)(AK : Z[�m℄) = 3(AKm : Z[�m℄), thatdPm = dm = (AKm : Z[�m℄)2dKm (3)and that neither 2 nor 3 divides dm = (m2 +m� 3)2 � 32.Suppose that AKm = Z[�m℄, hen
e (AKm : Z[�m℄) = 3. Let p be a primesu
h that p2 divides dm. Then p > 3, p2 divides dQm = 27(4p3m � q2m) and,a

ording to Lemma 1, p divides 3pm. Hen
e, p > 3 divides g
d(pm; qm).A

ording to Lemma 2, we obtain p = 7 and m � 3 (mod 7). If we hadm � 24 (mod 72), then we would have Q0m(0) = �3pm � 0 (mod 7)and Qm(0) = �qm � 0 (mod 72) and 7 would divide the index (AK :Z[�m℄) = 3 (Lemma 1), a 
ontradi
tion. Hen
e, our 
onditions are indeedne
essary 
onditions. Conversely, if dm is square-free then AKm = Z[�m℄(use (3)). Now assume that m � 3 (mod 7), m 6� 24 (mod 72) andthat dm=72 is square-free. Then, the index (AKm : Z[�m℄) divides 7. Sin
ePm(x+1) = x3�(m�3)x2�(3m�2)x�(2m+1) is 7-Eisenstein, 7 does notdivide the index (AKm : Z[�m℄) (see [Nar, Lemma 2.2, page 60℄). Therefore,AKm = Z[�m℄ and our 
onditions are indeed suÆ
ient 
onditions. �Remark 4 Let N(x) be the number of rational integers m in the range4 � m � x for whi
h dm = (m2 +m� 3)2 � 32 is square-free. A

ording to



non-normal totally real 
ubi
 �elds 6[Hoo℄, it is reasonable to 
onje
ture that as x! +1 we haveN(x)=x! Æ := Yp�2(1� npp2 ) = 67 Yp>7(1� npp2 ) = 0:839 � � �where np is the number of solutions modulo p2 of the equation (m2+m�3)2 �32 (mod p2) (noti
e np = 0 if p 6� �1 (mod 8) and that 0 � np � 4 forp 6= 7). However, it seems that nothing in the present literature makes itpossible to prove this 
onje
ture, or to prove that there are in�nitely manysimplest non-normal totally real 
ubi
 �elds Km.1.3 Unit groupsLet dm = dKm and Regm denote the dis
riminant and regulator of the mthsimplest non-normal totally real 
ubi
 �eld Km. Sin
e �m + 1 is a root ofPm(x�1) = x3� (m+3)x2+(m+2)x�1, then �m and �m+1 are algebrai
units of Km. Let Rm denote the regulator 
omputed from the subgroupgenerated by f�1; �m; �m + 1g. Hen
e,Rm = �����det log j�(1)m j log(j�(1)m + 1j)log(j�(2)m j) log(j�(2)m + 1j)!����� : (4)The reader will 
he
k (by using (2) for m large enough and by using (1) forthe remaining small values of m) that we haveRm = log(1=j�(2)m j) log(�(1)m ) + log(1=(�(2)m + 1)) log(�(1)m ) � log2(m+ 1) (5)for m � 4 (and we do not lose mu
h information, for Regm is asymptoti
 tolog2m as m goes to in�nity). Now, we are in a position to prove the mainresult of this subse
tion:Theorem 5 For any simplest non-normal totally real 
ubi
 �eld Km, m �4, we have Regm = Rm. (Hen
e, f�1; �m; �m + 1g generates the full groupof algebrai
 units of Km.)Proof. A

ording to [Cus, Theorem 1℄ the regulator RegK of a totally real
ubi
 �eld of dis
riminant dK satis�esRegK � 116 log2(dK=4): (6)Using (5) and (6) we obtain 1 � Rm=Regm < 2 and the desired results (forRm=Regm is a positive rational integer). Noti
e that our result also followsfrom [Tho, Proposition (3.6)℄ a

ording to whi
h the system f�m; �m + 1gis a fundamental system of units for the order Z[�m℄, m � 4. �



non-normal totally real 
ubi
 �elds 71.4 Statement of our resultsWe let hm and Clm denote the 
lass number and ideal 
lass group of themth simplest non-normal totally real 
ubi
 �eld Km. We let Nm denotethe normal 
losure of Km. Hen
e, Nm is a real dihedral se
ti
 �eld andwe let Lm denote the only (real) quadrati
 sub�eld of Nm. It is knownthat there exists an integer fm � 1 su
h that dKm = f2mdLm (in parti
ular,Lm = Q(pdKm) = Q(pdm)). A

ording to Theorem 3, we havefm = � 1 if m 6� 3 (mod 7),7 if m � 3 (mod 7). (7)Theorem 6 There are 14 simplest non-normal totally real 
ubi
 �elds Kmwith 
lass number hm � 3, namely the ones given in TABLE 1.TABLE 1m dm hm4 257 15 697 = 17 � 41 16 1489 17 2777 28 4729 19 7537 210 11417 = 72 � 233 3
m dm hm11 16609 = 17 � 977 212 23377 = 97 � 241 213 32009 314 42817 = 47 � 911 315 56137 = 73 � 769 217 91777 = 72 � 1873 318 114889 3To prove this result, we �rst use a lower bound for the 
lass numbershm of the simplest non-normal totally real 
ubi
 �elds (see Corollary 11)to obtain the upper bound m � 154 on the indi
es m of the simplest non-normal totally real 
ubi
 �elds Km whose 
lass numbers are � 3. Finally,we will develop a method for 
omputing 
lass numbers of totally real 
ubi
�elds, and by 
omputing the 
lass numbers of the 146 simplest non-normaltotally real 
ubi
 �elds Km, 4 � m � 154, we will obtain the desired result.Theorem 7 (Similar to [Lou4, Theorem 13℄).1. (Similar to [Lou4, Theorems 3 and 12℄). Under the assumption of thegeneralized Riemann hypothesis for all the real quadrati
 �elds Lm's,the exponent em of the ideal 
lass group of Km goes to in�nity with m.More pre
isely, em � logm= log logm and em = 2 implies m � 108whereas em = 3 implies m � 1:3 � 1013.2. There are 11 simplest non-normal totally real 
ubi
 �elds Km withideal 
lass groups Clm of exponent em 2 f2; 3g in the range 4 �



non-normal totally real 
ubi
 �elds 8m � 1:3 � 1013, namely the ones given in TABLE 2. Hen
e, underthe assumption of the generalized Riemann hypothesis for all the realquadrati
 number �elds Lm's, these 11 �elds are the only simplest non-normal totally real 
ubi
 �elds with ideal 
lass groups of exponent � 3.TABLE 2m dm hm Clm7 2777 2 [2℄9 7537 2 [2℄10 11417 = 72 � 233 3 [3℄11 16609 = 17 � 977 2 [2℄12 23377 = 97 � 241 2 [2℄13 32009 3 [3℄14 42817 = 47 � 911 3 [3℄15 56137 = 73 � 769 2 [2℄17 91777 = 72 � 1873 3 [3℄18 114889 3 [3℄21 210649 = 313 � 673 4 [2; 2℄38 2187409 = 72 � 44641 9 [3; 3℄To prove this result, we will use a ne
essary 
ondition for the exponentof the ideal 
lass group of Km to be less than or equal to a given exponente (see Corollary 13).2 Lower bounds for 
lass numbersLet K be a totally real 
ubi
 �eld. Let hK and �K denote the 
lass numberand Dedekind zeta fun
tion of K and let Ress=1(�K) denote the residue ats = 1 of this zeta fun
tion. We havehK = pdK4RegKRess=1(�K): (8)To obtain lower bounds for hK we need lower bounds for Ress=1(�K). Thekey Lemma for obtaining su
h lower bounds is the following one:Lemma 8 (See [Lou6, proof of Lemma 3℄). Let E be a totally real number�eld of degree n > 1. Set �n = n(
 + log(4�))=2 � 1 > 0, where 
 =0:577 � � � denotes Euler's 
onstant. Let dE and �E denote the dis
riminantand Dedekind zeta fun
tion of E. Then, 12 � log � < 1 and �E(�) � 0 implyRess=1(�E) � (1� �)d(��1)=2E (1 + �n(1� �))(1 � 2nd(1��)=2nEd1=2nE ): (9)



non-normal totally real 
ubi
 �elds 9Lemma 91. Let K be a totally real non-normal 
ubi
 �eld. Let N denote the normal
losure of K. Then, N is a totally real dihedral sexti
 �eld. Let Ldenote the only quadrati
 sub�eld of N . Then, L is a real quadrati
�eld and �N�2 = �2K�L, whi
h yields dN = d2KdL andRess=1(�N ) = (Ress=1(�K))2Ress=1(�L): (10)Moreover, L = Q(pdK). Hen
e, dK = f2dL for some positive rationalinteger f , dL divides dK and dN divides d3K .2. Let N be a totally real sexti
 �eld. If �N (1� (2= log dN )) � 0, thenRess=1(�N ) � 2�Ne log dN with �N = � 0:25 if dN � 6 � 10141 if dN � 8 � 1020 (11)3. Let N be a totally real number �eld of degree n > 1 and dis
riminantdN � (12n=5)2ne2. Then, 1 � (2= log dN ) � � < 1 and �N (�) = 0imply Ress=1(�N ) � 1� �6e : (12)4. (See [Lou3, Corollaire 5A(a)℄). Set � = 2 + 
 � log(4�) = 0:046 � � �,where 
 = 0:577 � � � denotes Euler's 
onstant. Let L be a real quadrati
�eld. Then, Ress=1(�L) � 12(log dL + �): (13)Moreover (see [Lou3, Corollaire 7B℄), 12 � � < 1 and �L(�) = 0 implyRess=1(�L) � 1� �8 log2 dL: (14)Proof. Only the se
ond and third points need proofs.To obtain (11), we 
hoose E = N (for whi
h n = 6) and � = 1� (2= log dN )in (9). We obtain Ress=1(�N ) � 2g(dN )e log dNwhere g(x) := (1 + 2�6log x)(1� 12e1=6x1=12 )



non-normal totally real 
ubi
 �elds 10satis�es g(x) � 0:25 for x � 6 � 1014 and g(x) � 1 for x � 8 � 1020.To obtain (12), we 
hoose E = N (for whi
h n = 6) in (9). We obtainRess=1(�N ) � 1� �e h(dN )where h(x) := 1� 2ne1=nx�1=2n satis�es h(x) � 1=6 for x � (12n=5)2ne2. �We are now in a position to prove the following roughly speaking 10-foldimprovement on [Lou3, Theorem 1℄:Theorem 10 Let K be a non-normal totally real 
ubi
 �eld. ThenhKRegK � �KpdK2p3e(log dK + �) with �K = � 0:5 if dK � 11 � 1061 if dK � 13 � 109 (15)where � = 2 + 
 � log(4�) = 0:046 � � �. Noti
e that 2p3e = 5:711 � � �.Proof. First, assume that �L(1� (2= log dN )) � 0. Then, a

ording to the�rst point of Lemma 9 we have �N (1 � (2= log dN )) � 0 and dN � d3K , andwe obtain2�N3e(log dK + �) � 2�N3e log dK � 2�Ne log dN� Ress=1(�N ) (by (11))= (Ress=1(�K))2Ress=1(�L) (by (10))� 12(log dL + �)(Ress=1(�K))2 (by (13))� 12(log dK + �)(Ress=1(�K))2and setting �K = p�N , we obtainRess=1(�K) � �K 2p3e(log dK + �) : (16)Se
ond, assume that �L(1 � (2= log dN )) > 0. Then, there exists � in therange 1 � (2= log dN ) � � < 1 su
h that �L(�) = 0. A

ording to the �rstpoint of Lemma 9, we have �N (�) = 0 � 0, and we obtain1� �6e � Ress=1(�N ) (for dN � 6 � 1014, by (12))= (Ress=1(�K))2Ress=1(�L) (by (10))� 1� �8 (Ress=1(�K))2 log2 dL (by (14))� 1� �8 (Ress=1(�K))2 log2 dK



non-normal totally real 
ubi
 �elds 11and Ress=1(�K) � 2p3e log dK : (17)Sin
e (17) is always better than (16), we 
on
lude that (16) is always validand, using (8), we obtain the desired results (as for the lower bounds fordK after whi
h �K = p�N � 0:5 or �K = p�N � 1, they follow from thelower bounds for dN after whi
h �N � 0:25 or �N � 1 given in (11), on
e wenoti
e that dN = d2KdL � 5d2K yields dN � 6 � 1014 for dK � 11 � 106 anddN � 8 � 1020 for dK � 13 � 109). �Corollary 11 Let hm denote the 
lass number of the mth simplest non-normal totally real 
ubi
 �eld Km, m � 4. Thenhm � �mpdm2p3e(log(m+ 1))2(log dm + �) with �m = � 0:5 if m � 241 if m � 76 (18)where � = 2 + 
 � log(4�) = 0:046 � � �. Moreover, if hm � 3 then m � 154.Proof. A

ording to (11) and Theorem 5, we have RegKm � log2(m+ 1).(As for the lower bounds for m after whi
h �m = �Km = p�Nm � 0:5 or�m = �Km = p�Nm � 1, they follow from the lower bounds for dN afterwhi
h �N � 0:25 or �N � 1 given in (11), on
e we noti
e that dNm =d2KmdLm = d3Km=f2m � d3Km=72 = d3m=72 (by (7)) yields dNm � 6 � 1014 form � 24 and dNm � 8 � 1020 for m � 76.) �3 Rigorous 
omputation of 
lass numbersLet K be a 
ubi
 number �eld. Then (�K=�)(s) = Pn�1 �nn�s is entire,regardless of whether K is a normal or non-normal. Therefore, we 
anuse the analyti
 
lass number formula (e.g. (8)) and the rigorous methoddelineated in [Lou2℄ to 
ompute the 
lass numbers hK of 
ubi
 �elds K ofknown regulators. From now on we let K denote a totally real 
ubi
 number�eld and we sti
k to the notation set in [Lou2℄.1. Set K(2;0;0)(X) := X2�i Z �+i1��i1 �2(s)X�2s �1s + 1s� (1=2)� ds



non-normal totally real 
ubi
 �elds 12(for X > 0 and � > 1). Using [Lou2, Proposition 1, point (a)℄, weobtain:0 < K(2;0;0)(X) � 2I(2;0;0)(X)= 2 Z 1X H(2;0;0)(x)dx= 4 Z 1X H(0;0;2)(x)dx � 8 Z 1X e�xdxx � 8e�X=X:Setting AK = pdK=�2, we therefore obtain the following rapidly 
on-vergent series expansionRess=1(�K) = 1� Xn�1 �nn K(2;0;0)(n=AK) (19)(use (5) of [Lou2℄). Moreover, arguing as in the proof of [Lou2, Propo-sition 4℄, we obtain the rapidly 
onvergent series expansionK(2;0;0)(X) = � + a0(X)X +Xn�1 an(X)X2n+1(n!)2 (20)where a0(X) := 2 log2X + 4(
 + 1) logX + �26 + 2
2 + 4
 � 4;an(X) := ( 2n + 2n+ 0:5)(logX + 
 � nXk=1 1k ) � ( 1n2 + 1(n+ 0:5)2 )and where 
 = 0:577215 � � � denotes Euler's 
onstant. Let us now detailhow to use (8), (19) and (20) for 
omputing hK .2. Sin
e n 7! �n is multipli
ative we only have to explain how to 
ompute�pk on prime powers. We have �pk = F (pk) � F (pk�1) where F (n)is the number of distin
t integral ideals of K with norm n � 1: Fromnow on we also assume that K is not normal, we let L denote the realquadrati
 sub�eld of the normal 
losure of K and re
all that thereexists an integer f � 1 su
h that dK = f2dL. With this notationand letting (a=b) denote Krone
ker's symbol, we give in TABLE 3 thevalues of �pk .



non-normal totally real 
ubi
 �elds 13TABLE 3First 
ases: p does not divide dK
ase (p) remark k F (pk) �pkI P (dKp ) = +1 k � 0 (mod 3) 1 1k � 1 (mod 3) 0 �1k � 2 (mod 3) 0 0II P1P2 (dKp ) = �1 k � 0 (mod 2) (k + 2)=2 1k � 1 (mod 2) (k + 1)=2 0III P1P2P3 (dKp ) = +1 any (k + 1)(k + 2)=2 k + 1Next 
ases: p divides dK = f2dL
ase (p) remark k F (pk) �pkIV P21P2 p does not divide f any k + 1 1V P3 p divides f any 1 0In parti
ular, if (dKn ) = �1 then �n = 0.3. A

ording to TABLE 3, for any prime power we have j�pk j � k + 1 =d(pk), where d(n) denotes the number of positive divisors of n � 1.Sin
e n 7! d(n) and n 7! �n are multipli
ative, we obtain j�nj � d(n)for any n � 1. Set SN (n) =Pnk=N+1 = d(k)k2 for n > N , and SN(N) =0. Using 0 < K(2;0;0)(X) � 8e�X=X we obtainRK(N) := ���Xn>N �nn K(2;0;0)(n=AK)���� 8AK Xn>N d(n)n2 e�n=AK= 8AK Xn>N(SN (n)� SN (n� 1))e�n=AK= 8AK Xn>N SN (n)(e�n=AK � e�(n+1)=AK )� 8AKSN (1) Xn>N(e�n=AK � e�(n+1)=AK )= 8AKSN (1)e�(N+1)=AK :Sin
e S(x) := X1�k�x d(k)k � ( X1�k�x 1k )2 � log2(ex)
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eSN (1) = Xn>N S(n)� S(n� 1)n� Xn>N S(n)n(n+ 1)� Xn>N log2(en)n(n+ 1)� Z 1N log2(et)t2 dt = log2(eN) + 2 log(eN) + 2N ;we obtain RK(N) � 8AK(log(eN) + 2)2e�N=AK=N: (21)Hen
e, a

ording to (6), (8) and (21), for a given � > 1 we 
an 
omputethe integer hK by disregarding in (19) the indi
es n > �AK logAK ,provided that dK is large enough.4. Let p be a given prime satisfying (dKp ) = +1. Assume that the ring ofalgebrai
 integers of K is generated by an algebrai
 integer �K (e.g.assume that K is a simplest non-normal totally real 
ubi
 number�eld), or more generally assume that K = Q(�K) for some algebrai
integer �K 2 K su
h that p does not divide the index (AK : Z[�K ℄).Let PK(x) denote the minimum polynomial over Q of �K . Then, weare in 
ase I or in 
ase III of TABLE 3 a

ording as PK(x) does not haveor has at least one root modulo p: To 
ompute hK , we therefore haveto test whether the polynomial PK(x) has at least one root modulo pfor all the primes p � �AK logAK su
h that (dK=p) = +1. We willexplain in Subse
tion 3.1 below how to do that in an eÆ
ient way whi
hwill provide us with a rigorous method for 
omputing 
lass numbershK of non-normal totally real 
ubi
 �elds K of known regulators inO(dK0:5+�) elementary operations.5. Noti
e �nally that p = 2 is always inert in any simplest non-normaltotally real 
ubi
 �eld Km. Moreover, for any simplest non-normaltotally real 
ubi
 �eld Km we have fm 2 f1; 7g (see (7)).A

ording to Corollary 11 and to 
lass number 
omputations based onthe present method, only 14 simplest non-normal totally real 
ubi
 �eldsKm have 
lass number hm � 3: the 14 ones whi
h appear in TABLE 1,whi
h 
ompletes the proof of Theorem 6.
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 �elds 153.1 When does Pm(x) has a root modulo a prime p?Throughout this subse
tion, p > 3 denotes a prime satisfying (dmp ) = +1.We explain how one 
an eÆ
iently 
he
k whether Pm(x) has at least oneroot modulo p, i.e., whether we are in Case I or Case III of TABLE 3. Tobegin with, we noti
e that it is easier to work with Qm(y) = y3�3pmy� qmof dis
riminant 27�m with �m = 4p3m � q2m = 27dm and that for p 6= 3the polynomial Pm(x) has at least one root modulo p if and only if thepolynomial Qm(y) has at least one root modulo p (see subse
tion 1.1). LetFp � Fp2 denote the �nite �elds with p and p2 elements, respe
tively. Noti
ethat Qm(x) has at least one root modulo p if and only if it has at least oneroot in Fp2 . If p divides pm then Qm(y) has at least one root modulo pif and only if qm is a 
ube in Fp, hen
e if and only if q(p�1)=3m = 1 in Fp.Now, assume that p > 3 does not divide pm. A

ording to Cardan's formulae(noti
e that Fp2 always 
ontains the 
ubi
 roots of unity), Qm(y) has at leastone root in Fp2 if and only if (qm+p��m)=2 is a 
ube in Fp2 , hen
e if andonly if ((qm +p��m)=2)(p2�1)=3 = 1 in Fp2 . (Noti
e that sin
e p does notdivide pm and sin
e ((qm+p��m)=2)((qm�p��m)=2) = (q2m+�m)=4 =p3m, the fa
t that (qm +p��m)=2 is a 
ube in Fp2 does not depend on the
hoi
e of p��m in Fp2 .) Finally, sin
e (dmp ) = +1, we have pdm 2 Fp.Hen
e, p��m 2 Fp ,p�3 2 Fp , (�3p ) = +1, p � 1 (mod 6) and weobtain:1. If p � 1 (mod 6), then p��m 2 Fp and ((qm+p��m)=2)(p2�1)=3 =1 in Fp2 if and only if ((qm +p��m)=2)(p�1)=3 = 1 in Fp.2. If p � 5 (mod 6), then p��m 62 Fp and by using the 2-adi
 devel-opment of the exponent (p2 � 1)=3 we 
ompute in O(log p) elemen-tary operations in Fp the 
oordinates a 2 Fp and b 2 Fp of (qm +p��m)(p2�1)=3 = a+ bp��m. We obtain (qm +p��m)(p2�1)=3 = 1in Fp2 if and only if a = 1 and b = 0 in Fp.4 A ne
essary 
ondition for 
lass group problemsTheorem 12 (Similar to [LP, Th. 1℄ and [Lou4, Prop. 11℄). Assume thatm � 60. Then, for all � 2 Z[�m℄ either jNKm=Q(�)j � 2m � 5, or � isasso
iated to an integer. (Noti
e that NKm=Q(1 + 2�m) = �(2m� 5).)Proof. Sin
e ��1m = �2m �m�m � (m+1), we dedu
e that f1; �m; ��1m g is aZ-basis of Z[�m℄. For � 2 Km, let � = �(1), �0 = �(2) and �00 = �(3) denote
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onjugates of � and set�(�; �; 
) := ������ � � 
�0 �0 
0�00 �00 
00 ������ :Let 
1 > 0 and 
2 > 0 be given and let �1 and �2 be two given multipli
ativelyindependent units of Z[�m℄. A

ording to [LP℄, for any � 2 Z[�m℄ thereexists � in the group of units generated by �1 and �2 su
h thatlog 
1 � log(j��j) < log 
1 + j log j�1jj+ j log j�2jj;log 
2 � log(j�0�0j) < log 
2 + j log j�01jj+ j log j�02jj:In parti
ular, in 
hoosing �1 = �m + 1 and �2 = (�m + 1)=�m (for whi
hj�1j = �1 = �m + 1 > 1, j�2j = �2 = (�m +1)=�m > 1, j�01j = �0m + 1 < 1 andj�02j = �(�0m + 1)=�0m > 1), we obtain that for any � 2 Z[�m℄ there exists aunit � 2 Z[�m℄� su
h that
1 � j��j < 
1(�m + 1)2=�m and 
2 � j�0�0j < 
2=j�0mj: (22)Now, if � = a + b�m + 
��1m 2 Z[�m℄ with a, b and 
 rational, thenb = �(1; �; ��1m )=�(1; �m; ��1m ) and 
 = �(1; �m; �)=�(1; �m; ��1m ): Set N =jNKm=Q(�)j and assume that N � 2m� 5. We may assume that � satis�es(22). Noti
ing that j�00j = N=j��0j � N=(
1
2) and that �(1; �m; ��1m ) =�pdm, we obtainjbjpdm = j�(1; �; ��1m )j= j�(�0�1m � �00�1m ) + �0(�00�1m � ��1m ) + �00(��1m � �0�1m )j= j��m(�00m � �0m) + �0�0m(�m � �00m) + �00�00m(�0m � �m)j� 
1(�m + 1)2j�00m � �0mj+ 
2j�m � �00mj+N j�00m(�0m � �m)j=(
1
2)� 
1(m+ 3)2 + 
2(m+ 2) + (m+ 2)(2m � 5)=(
1
2)(use j�mj < m + 2, j�00mj < 1, j�00m � �0mj < 1, j�m � �00mj < m + 2 andj�0m � �mj < m+ 2 for m � 4, whi
h follow from (2)) andj
jpdm = j�(1; �m; �)j= j�(�00m � �0m) + �0(�m � �00m) + �00(�0m � �m)j� j�j+ (m+ 2)j�0j+ (m+ 2)j�00j� 
1(m+ 4) + 
2(m+ 1)(m+ 2) + (m+ 2)(2m� 5)=(
1
2)
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h for 
2 = 
1 = 
0 := 41=3 yield jbj � 
0(6m2 + 27m+ 34)=(4pdm) andj
j � 
0(6m2+15m+14)=(4pdm), hen
e yield jbj < 3 form � 15 and j
j < 3for m � 8. Now, as in [LP℄, we 
ould look at the � = a+b�m+
��1m 2 Z[�m℄with a, b and 
 rational and jbj � 2 and j
j � 2. However, we found it easierto 
hoose 
1 = 15 and 
2 = 1=3 whi
h yield jbj < 17 and j
j < 1 form � 60, hen
e yield jbj � 16 and 
 = 0 for m � 60. Now, we look at the� = a�b�m 2 Z[�m℄ with a and b rational and jbj � 10. Sin
e � is a rationalinteger for b = 0 and sin
e �� is asso
iated with �, we may assume that wehave 1 � b � 16. Now,NKm=Q(a� b�m) = b3Pm(a=b) = a3 �ma2b� (m+ 1)ab2 � b3 := Rb(a);the zeros of a 7! Rb(a) are b�m, b�0m and b�00m, for 2 � b � 16 and m � 16we have�b < b�00m < �b+ 1 � �1 < b�0m < 0 < b(m+ 1) < b�m < b(m+ 1) + 1(use (2)), for b = 1 and m � 4 we have�b < b�00m < 0 < b(m+ 1) < b�m < b(m+ 1) + 1and we may �nally assume that a 62 f�b; 0; b(m + 1)g, for otherwise � =a� b�m is asso
iated to the integer b. Hen
e, for 2 � b � 16 and m � 16 wehavejNKm=Q(a� b�m)j � minf�Rb(�b� 1); Rb(�b+ 1); Rb(�1);�Rb(1);�Rb(b(m+ 1)� 1); Rb(b(m+ 1) + 1)gand for b = 1 and m � 4 we havejNKm=Q(a� b�m)j � minf�Rb(�b� 1);�Rb(1);�Rb(b(m+ 1)� 1); Rb(b(m+ 1) + 1)g:We dedu
e the desired result from the fa
t thatRb(b(m+ 1) + 1) = b2m2 + (3b2 + 2b)m� b3 + 2b2 + 3b+ 1,�Rb(b(m+ 1)� 1) = b2m2 + (3b2 � 2b)m+ b3 + 2b2 � 3b+ 1,�Rb(1) = (b2 + b)m+ (b3 + b2 � 1),and �Rb(�b� 1) = (b2+ b)m+ b3+2b2+3b+1 are all greater than 2m� 5in the range m � 60 > 16 � b � 1, and from the fa
t thatRb(�1) = (b2 � b)m� b3 + b2 � 1and Rb(�b+1) = (b2� b)m� b3+2b2 � 3b+1 are all greater than or equalto 2m� 5 in the range m � 60 > 16 � b � 2. �
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lass group of themth simplest non-normal totally real 
ubi
 �eld Km, m � 60.1. If p < (2m � 5)1=em is a prime for whi
h we are not in 
ase I ofTABLE 3, Se
tion 3, then we are in 
ase V of TABLE 3, Se
tion 3.In other words, if Pm(x) has at least one root modulo p for some primep satisfying 2 � p < (2m� 5)1=em , then p = 7 and m � 3 (mod 7).2. Let Lm denote the real quadrati
 sub�eld of the normal 
losure Nm ofKm. We have (dLmp ) = +1 for all the primes p satisfying 2 � p <(2m� 5)1=em .Proof. Let p � 2 be a prime less than (2m� 5)1=em .1. Sin
e we are not in 
ase I, there is some prime ideal P of norm pabove p. Assume that we are not in 
ase V. Then, there exists anotherprime ideal above p and by using the uniqueness of the prime idealfa
torization of an ideal, we obtain that the prin
ipal ideal Pem = (�)is generated by an algebrai
 integer � of Km whi
h is not asso
iatedto an integer. Therefore, pem = NKm=Q(Pem) = jNKm=Q(�)j � 2m�5(Theorem 12). A 
ontradi
tion. Therefore, we are in Case V, hen
e pdivides fm, and a

ording to (7) we obtain the desired result.2. If we are in 
ase I then (dKmp ) = +1. Sin
e dKm = f2mdLm we dohave (dLmp ) = +1. If we are not in 
ase I, then p = 7 and m � 3(mod 7). Write m = 3+7�. Then dm=72 = ((m2+m�3)2�32)=72 �(2� + 1)2 (mod 7). Sin
e m 6� 24 (mod 49), we have 2� + 1 6� 0(mod 7). Sin
e dKm = dm = f2mdLm we have dLm = dm=72 and(dLmp ) = (dm=727 ) = ( (2�+1)27 ) = +1. �5 A sieving algorithmLet 2 = p1 < p2 < � � � < pm < � � � be the in
reasing sequen
e of primes. Forea
h prime p � 2, let fp � 1 be a positive rational integer and let Pp(m)be a property de�ned for all m � m0 and whose truth value depends onlyon m modulo fp. We also assume that for ea
h prime p there exists somem � m0 su
h that Pp(m) is false. For ea
h integer k � 1 we then setMink = minfm � m0; all the Ppi(m) are false for 1 � i � kg:
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ribe an easy to implement algorithm whi
h for a given k1 � 1 ofreasonable size 
omputes indu
tively the Mink for 1 � k � k1.Suppose that, for some k < k1, we have already 
omputed the nk 
lassesmk(j), 1 � j � nk, of m modulo �k = Qki=1 fpi su
h that all the Ppi(m)are false for 1 � i � k if and only if there exists j 2 f1; 2; � � � ; nkg su
hthat m � mk(j) (mod �k). We assume that m0 � mk(1) < mk(2) < � � � <mk(fk). Hen
e, Mink = mk(1). Let us explain how to 
ompute nk+1 andthe mk+1(j), 1 � j � nk+1. We setEk = fmk(j) + ��k; 1 � j � nk; 0 � � � pk+1 � 1g;we let m range over the pk+1nk elements of Ek and keep tra
k only ofthose m 2 Ek for whi
h Ppk+1(m) is false (sin
e the Pi(m) depends on mmodulo fi only, for any m 2 Ek all the Ppi(m) are false for 1 � i � k).In pra
ti
e, nk goes to in�nity with k very fast (roughly speaking, we mayexpe
t ea
h Pi(m) to be false for fi=2 of the fi 
lasses modulo fi. Hen
e,we may expe
t nk to be round �k=2k). Therefore, depending on how mu
hspa
e we are able to allo
ate to the storage of the mk(j), we must stop our
omputation at some small index k0. To 
ompute indu
tively the Mink+1for k0 � k < k1, we then use the na��ve algorithm whi
h 
onsists to letm �Mink range only modulo the nk0 
lasses modulo �k0 de�ned by the setEk0 and we 
he
k whether all the Pi(m), k0 < i � k + 1 are false. This isroughly speaking fk0=nk0 times faster than sieving all the integers m, andwe might expe
t fk0=nk0 to be round 2k0 . Of 
ourse, we �rst �ll in a tableTest(m; i) = Ppi(m mod fi) for 0 � m � fi � 1 and 1 � i � k1.In our situation (see Point 1 of Corollary 13), we let P2(m) be false forany m � 4, we de�ne P7(m) to be true if and only if [m 6� 3 (mod 7) andPm(x) has at least one root modulo p℄, we de�ne Pp for p 6= 2, 7 to be true ifand only if Pm(x) has at least one root modulo p. Hen
e, f2 = 1 and fp = pfor all the primes p � 3. With that 
hoi
e for the Pp's, m > (pemk + 5)=2implies (2m�5)1=em > pk, hen
e impliesm �Mink (use Point 1 of Corollary13), i.e., m > (pemk + 5)=2 implies m �Mink: (23)We 
hose k0 = 8, k1 = 32 and 
omputed TABLE 4 (noti
e that fk0=nk0 =1052:266 � � �. (See also [LPW℄ and [GMW℄ for other examples of similarTables). Now, assume that em 2 f2; 3g. A

ording to (23) and TABLE4, m � 25329 = (p312 + 5)=2 implies m � Min12 = 120933, hen
e impliesm > 113943 = (p318 + 5)=3, hen
e implies m � Min18 = 31104036, hen
eimplies m > 29431937 = (p372 + 5)=2, hen
e implies m �Min72 �Min29 >



non-normal totally real 
ubi
 �elds 201:3 � 1013. To sum up,em 2 f2; 3g and m � 25329 imply m > 1:3 � 1013:TABLE 4k pk �k nk Mink1 2 1 1 42 3 3 2 53 5 15 4 64 7 105 8 85 11 1155 32 266 13 15015 192 267 17 255255 768 411k0 = 8 19 4849845 4608 13389 23 133810 29 133811 31 602112 37 12099313 41 12099314 43 97622115 47 280620316 53 3402656

k pk Mink17 59 3110403618 61 3110403619 67 15797355820 71 50296620321 73 50296620322 79 73147648823 83 73147648824 89 73147648825 97 3478271594126 101 22443860189627 103 85909642384328 107 236027100410629 109 1523775658909130 113 1544562497433331 127 1544562497433332 1 19226470646643Remark 14 We 
ould have 
hosen the slightly more 
ompli
ated propertyP7(m) to be true if and only if [[m 6� 3 (mod 7) or m � 24 (mod 49)℄and Pm(x) has at least one root modulo p℄, in whi
h 
ase we would have hadf7 = 49.6 The exponent 2 or 3 
lass group problemsLet us �nally prove Theorem 7. We will use:Theorem 15 (See [Ba, Theorem 2℄). Let L be real quadrati
 number �eldof dis
riminant dL. Under the assumption of the Generalized Riemann hy-pothesis for L, if (dLp ) = +1 for all primes p < x then x < 2 log2 dL.1. Point 1 of Theorem 7 follows from Point 2 of Corollary 13 and Theorem15 a

ording to whi
h (use dLm � dKm = dm) we have:em > log(2m� 5)= log(2 log2 dLm) � log(2m� 5)= log(2 log2 dm)
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ording to the end ofthe previous se
tion, em 2 f2; 3g and m � 1:3 � 1013 imply m �25328. Now, there are only 199 values of m � 25328 for whi
h ei-ther 4 � m < 60, or m � 60 and the ne
essary 
onditions of the�rst point of Corollary 13 are satis�ed. Only 195 out of these 199possible values of m are su
h that Km is a simplest non-normal to-tally real 
ubi
 �eld, the largest one is m = 23378 (for the four ex-
luded values m 2 f156; 281; 453; 1898g we have m 6� 3 (mod 7)and dm is not square-free). For only 14 out of these 195 values ofm is hm either a perfe
t 2-power greater than 2 (namely, for m 2f21; 23; 26; 27; 37; 40; 44; 54; 57g) or a perfe
t 3-power greater than 3(namely, for m 2 f22; 38; 41; 52; 158g). By 
omputing the 
lass groupstru
tures of the 14 asso
iated Km's (by using Pari), we obtained TA-BLE 5 and therefore get the desired result.TABLE 5m dm hm Clm21 210649 = 313 � 673 4 [2; 2℄22 252977 = 17 � 23 � 647 9 [9℄23 301369 = 23 � 13103 4 [4℄26 488569 = 127 � 3847 4 [4℄27 5666977 8 [8℄37 1968377 = 431 � 4567 16 [16℄38 2187409 = 72 � 44641 9 [3; 3℄40 2679737 16 [16℄41 2954929 = 359 � 8231 9 [9℄44 3908497 16 [16℄52 7578977 = 72 � 137 � 1129 27 [9; 3℄54 8803057 16 [16℄57 10909777 = 73 � 199 � 751 16 [16℄158 630964129 = 17 � 23 � 41 � 39359 81 [81℄7 A
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