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Abstract

Let {K., }m>a be the family of non-normal totally real cubic num-
ber fields associated with the Q-irreducible cubic polynomials P,,(z) =
22 —ma® — (m+ Dz — 1, m > 4. We determine all these K,,’s with
class numbers h,, < 3: there are 14 such K,,’s. Assuming the Gener-
alized Riemann hypothesis for all the real quadratic number fields, we
also prove that the exponent e, of the ideal class groups of these K,
goes to infinity with m and we determine all these K,,’s with ideal
class groups of exponents e,, < 3: there are 5 such K,, with ideal
class groups of exponent 2, and 6 such K,, with ideal class groups of
exponent 3.
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1 Introduction

In [Loud] we tackled some class number and class group problems for some
non-normal non-totally real cubic numbers fields, whereas in [Lou6] we tack-
led some class number and class group problems for some normal totally
real cubic numbers fields. Here, we shall tackle some class number and class
group problems for non-normal totally real cubic numbers fields, the third
and last possible setting for cubic number fields. It is worth pointing out
that Section 2 (which provides us with a good explicit lower bound for class
numbers of non-normal totally real cubic fields) and Section 3 (which pro-
vides us with a rigorous method for computing their class numbers) are of
special importance due to their potential usefulness to those willing to deal
with (totally real non-normal) cubic fields.

1.1 A family of cubic polynomials

Let m > 4 be a rational integer and K,, be the totally real cubic number
field defined as in [MT, Section 2] by the Q-irreducible cubic polynomial

2

Pu(z) =2 —mz* —(m+ 1)z -1 (m >4)

of discriminant
dp, = dpm :=m*+2m> —5m? — 6m — 23 = (m*> +m — 3)? — 32 > 0.
Since dy, is never a perfect square for m > 4, K,, is always a non-normal

totally real cubic field. Notice that K, is also defined as in [Tho, Prop. (3.6)]
by 4> Pu((1/9)=1) = 4~ (m+2)y+(m+3)y—1. Let pii < pla’ < pla’ = pum
be the three distinct real roots of Py (z) and set p, = m? 4+ 3m + 3 and
Gm = 2m> + 9m? + 9m + 27. Since P, (z) = Qn(y)/27 where y = 3z —m
and

(gm()()::)(B_'3pm)(“Qma
we obtain d,,, = dg,, /27* = (4p3, — ¢2,) /27,

; 1 1 27d 2k;
Pl = 3 ( D cos(g arctan( qmm) + 377T) + m) (1)
with ky = 0, k2 = 2 and k3 = 1, which yields
PV = m14+m™2—3m 3 +7m ™ = 1Tm ™ + 46m ¢+ O(m™7),
P2 = Tt T —m S O(m ),

P = 14m T —m 24 3m P —m - 18m° — 45mC + O(m ).
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We also have the following explicit bounds (valid for m > 4):
(1) —2
m+1< pm’ <m+1+m

—m < pg,%) < —m! (2)

-1< pgg) < —14m!

(look at the signs of the values of P, evaluated at the three right hand sides
and at the three left hand sides of these inequalities).

1.2 The simplest non-normal totally real cubic fields

Lemma 1 Let K be a cubic number field defined by a Q-irreducible cubic
polynomial Q(Y) =Y3—aY —b € Z[Y]. Let 0 € K be a complex root of Q(Y)
and let Ag denote the ring of algebraic integers of K. Hence, Z[0] C Ak.
Assume that p > 3 is a prime for which there exists some rational integer t
satisfying Q'(t) =0 (mod p) and Q(t) =0 (mod p?). Then, p divides the
index (Ag : Z[0)). In particular, if there exists some prime p > 3 such that
p does not divide a but such that p? divides the discriminant dg = 4a3 —27b%
of Q(Y), then p divides the index (A : Z[0)]).

Proof. z(t) = (y?> +ty+1t>—a)/pis a root of the characteristic polynomial
Z3 — le(t) 7%+ 3t§2(t) 7 — (ng?)Q of the linear map u — z(t)u of the Q-vector
space K. Hence, if Q'(t) = 0 (mod p) and Q(¢) = 0 (mod p?) then
z(t) € Ax and p divides (Ag : Z[f]). Let us now prove the second assertion.
Since we have assumed that p > 3 does not divide a, it suffices to find some
integer ¢ such that 46?Q'(t) =0 (mod p) and 8a®>Q(t) =0 (mod p?). The
reader will easily check that any ¢ such that 2at = —3b (mod p) satisfies
these congruences (write 2at = —3b + c¢p for some rational integer ¢ and
observe that 4aQ'(t) = 3(2at)? —4a® = 3(—3b)?—4a®> = —dg =0 (mod p)
and 8a*Q'(t) = (2at)3 —4a?®(2at) —8a®b = (—3b+cp)3 —4a(—3b+cp) —8a®b =
4a3b — 2763 + (27b% — 4a®)cp = bdg — cpdg =0 (mod p?)). e

Lemma 2 Set p,, = m?+ 3m + 3 and q,, = 2m> + 9m? + 9m + 27. Then,

1 ifm#0 (mod3)and m#3 (mod7)

)7 ifm#0 (mod3) and m=3 (mod7)

god(pm; 4m) = 3 ifm=0 (mod3) and m#3 (mod?7)
21 ifm=0 (mod3) andm=3 (mod7)



non-normal totally real cubic fields )

Let v;(k) denote the exponent of 7 in the prime factorization of a positive
integer k > 1. Then, v7(dy,) > 1 ifand only ifm =3 (mod 7). Conversely,
assume that m =3 (mod 7). Then, vi(dy) =2 if m # 24 (mod 7?) and
vi(dp) =3 if m =24 (mod 72).

Proof. Recall that d,, = (4p3, — ¢2,)/27. The last assertion follows from
the previous easier ones once we notice that for m =3 (mod 7) we have
v(gm) > 2 m=24 (mod 7%). e

Now, we are in a position to prove the main result of this subsection:

Theorem 3 {1, p,,, p2,} is a Z-basis of the ring of algebraic integers A, of
K, if and only if either m #3 (mod 7) and dy, is square-free] or [m =3
(mod 7), m # 24 (mod 7%) and d,,/7? is square-free]. In both cases, K,
is called the mth simplest non-normal totally real cubic field.

Proof. Recall that 6, = 3p,, —m is a root of Q,(Y) = Y? — 3p,,Y — ¢, of
discriminant dg),, = 27%d,,,. Notice also that (Ax,, : Z[0]) = (Ak,, : Z]pm])
(Ax : Zi0n]) = 3(As,, : Zlpm]), that

and that neither 2 nor 3 divides d,,, = (m? + m — 3)? — 32.

Suppose that Ax,, = Z[pn,], hence (Ak,, : Z[0,,]) = 3. Let p be a prime
such that p? divides d,,. Then p > 3, p? divides dg,, = 27(4p3, — ¢%,) and,
according to Lemma 1, p divides 3p,,. Hence, p > 3 divides gcd(pm, ¢m)-
According to Lemma 2, we obtain p = 7 and m =3 (mod 7). If we had
m = 24 (mod 7?), then we would have Q! (0) = —3p,, = 0 (mod 7)
and Q,(0) = —¢m = 0 (mod 7?) and 7 would divide the index (Ag :
Z[0,,]) = 3 (Lemma 1), a contradiction. Hence, our conditions are indeed
necessary conditions. Conversely, if d,,, is square-free then Ag, = Z[py,]
(use (3)). Now assume that m = 3 (mod 7), m # 24 (mod 72) and
that d,,/7? is square-free. Then, the index (Ak,, : Z[pm]) divides 7. Since
Pun(z+1) = 23— (m—3)22 — (3m—2)z — (2m+1) is 7-Eisenstein, 7 does not
divide the index (Ak,, : Z[pm]) (see [Nar, Lemma 2.2, page 60]). Therefore,
Ak, = Z|pm] and our conditions are indeed sufficient conditions. e

Remark 4 Let N(xz) be the number of rational integers m in the range
4 <m < x for which d,, = (m*+m — 3)? — 32 is square-free. According to
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[Hoo], it is reasonable to conjecture that as x — +o0o we have

N(z)/z — 6= ] ( %):21‘[(1%):0.839---

p>2 p>T7

where ny, is the number of solutions modulo p? of the equation (m*+m—3)? =
32 (mod p?) (notice n, =0 if p # £1 (mod 8) and that 0 < n, < 4 for
p # 7). However, it seems that nothing in the present literature makes it
possible to prove this conjecture, or to prove that there are infinitely many
simplest non-normal totally real cubic fields K,,.

1.3 Unit groups

Let d,, = dk,, and Reg,,, denote the discriminant and regulator of the mth
simplest non-normal totally real cubic field K,,. Since p,, + 1 is a root of
P(z—1) = 2% — (m+3)z? + (m+2)z — 1, then p,, and p,, + 1 are algebraic
units of K,,. Let R,, denote the regulator computed from the subgroup
generated by {—1, pp,, pm + 1}. Hence,

1 1
o [ 1osloin’ | log(lp’ + 1) A
et (2) (2) : (4)
log(lpm’1) log(lpm” +1|)
The reader will check (by using (2) for m large enough and by using (1) for
the remaining small values of m) that we have
Ry = log(1/|p)|) log(ply)) +log(1/(pf) + 1)) log(p}y)) < log?(m + 1) (5)

for m > 4 (and we do not lose much information, for Reg,, is asymptotic to
log? m as m goes to infinity). Now, we are in a position to prove the main

Ry, =

result of this subsection:

Theorem 5 For any simplest non-normal totally real cubic field K,,, m >
4, we have Reg,, = Ry,. (Hence, {—1, pm, pm + 1} generates the full group
of algebraic units of K,,.)

Proof. According to [Cus, Theorem 1] the regulator Regy of a totally real
cubic field of discriminant dg satisfies

1
Regc > < log?(dxc/4). (6)

Using (5) and (6) we obtain 1 < R,,/Reg,, < 2 and the desired results (for
R,,/Reg,, is a positive rational integer). Notice that our result also follows
from [Tho, Proposition (3.6)] according to which the system {p;,, pm + 1}
is a fundamental system of units for the order Z[p,,|, m > 4. o
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1.4 Statement of our results

We let hy,, and Cl,, denote the class number and ideal class group of the
mth simplest non-normal totally real cubic field K,,. We let N,, denote
the normal closure of K,,. Hence, N,, is a real dihedral sectic field and
we let L,, denote the only (real) quadratic subfield of N,,. It is known
that there exists an integer f,, > 1 such that dg, = f2dr, (in particular,

L, = Q(\/dk,,) = Q(v/dy)). According to Theorem 3, we have

(1 ifm#3 (mod?7),
fm_{7 ifm=3 (mod7). (™)

Theorem 6 There are 14 simplest non-normal totally real cubic fields K,
with class number hy,, < 3, namely the ones given in TABLE 1.

TABLE 1
m  dy, Ao m  dy hom
4 257 1 11 16609 = 17-977 2
5 697 =17-41 1 12 23377=097-241 2
6 1489 1 13 32009 3
7 2777 2 14 42817 =47-911 3
8 4729 1 15 56137=73-769 2
9 7537 2 17 91777 ="7%-1873 3
10 11417=177-233 3 18 114889 3

To prove this result, we first use a lower bound for the class numbers
hm, of the simplest non-normal totally real cubic fields (see Corollary 11)
to obtain the upper bound m < 154 on the indices m of the simplest non-
normal totally real cubic fields K,, whose class numbers are < 3. Finally,
we will develop a method for computing class numbers of totally real cubic
fields, and by computing the class numbers of the 146 simplest non-normal
totally real cubic fields K,,, 4 < m < 154, we will obtain the desired result.

Theorem 7 (Similar to [Loud, Theorem 13]).

1. (Similar to [Loud, Theorems 3 and 12]). Under the assumption of the
generalized Riemann hypothesis for all the real quadratic fields L,,’s,
the exponent ey, of the ideal class group of K., goes to infinity with m.
More precisely, e, > logm/loglogm and e, = 2 implies m < 108
whereas e, = 3 implies m < 1.3 - 1013,

2. There are 11 simplest non-normal totally real cubic fields K, with
ideal class groups Cl,, of exponent e, € {2,3} in the range 4 <
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m < 1.3-10'3, namely the ones given in TABLE 2. Hence, under
the assumption of the generalized Riemann hypothesis for all the real
quadratic number fields Ly,’s, these 11 fields are the only simplest non-
normal totally real cubic fields with ideal class groups of exponent < 3.

TABLE 2

m dpy, Bm Clpm

7 2777 2 2]

9 7537 2 [2]
10 11417 =7%.233 3 3
11 16609 = 17 - 977 2 [2]
12 23377 =97-241 2 [2]
13 32009 3 3
14 42817 = 47911 33
15 56137 =73 - 769 2 [2]
17 91777 =72 1873 3 3
18 114889 3 3]
21 210649 =313-673 4 [2,2]
38 2187409 = 7244641 9  [3,3]

To prove this result, we will use a necessary condition for the exponent
of the ideal class group of K,, to be less than or equal to a given exponent
e (see Corollary 13).

2 Lower bounds for class numbers

Let K be a totally real cubic field. Let hx and (x denote the class number

and Dedekind zeta function of K and let Ress—1((x) denote the residue at

s = 1 of this zeta function. We have
4Reg

h[( Ress:1(C[(). (8)

To obtain lower bounds for hx we need lower bounds for Ress—1({x). The
key Lemma for obtaining such lower bounds is the following one:

Lemma 8 (See [Lou6, proof of Lemma 3]). Let E be a totally real number
field of degree n > 1. Set A\, = n(y + log(4n))/2 —1 > 0, where v =
0.577--- denotes Euler’s constant. Let dg and (g denote the discriminant
and Dedekind zeta function of E. Then, % <logB <1 and (x(B) <0 imply

 ond O

dlE/Qn

Ress—1(Cx) > (1 - B)dY V2 (1+ x(1 - 8)(1 ). (9)
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Lemma 9

1. Let K be a totally real non-normal cubic field. Let N denote the normal
closure of K. Then, N is a totally real dihedral sextic field. Let L
denote the only quadratic subfield of N. Then, L is a real quadratic
field and (nC? = C%Cy,, which yields dy = d%dy, and

Res;—1(Cv) = (Ress—1(Cx))*Resy—1(Cr). (10)

Moreover, L = Q(v/dr). Hence, di = f?dy, for some positive rational
integer f, dp, divides di and dy divides d3K.

2. Let N be a totally real sextic field. If (n(1 — (2/logdy)) <0, then
2en

elog dn

0.25 ifdy >6-10" (11)
1 if dy > 8-10%

Ress—1(Cn) > with ey = {

3. Let N be a totally real number field of degree n > 1 and discriminant
dy > (12n/5)*"e2. Then, 1 — (2/logdy) < B < 1 and (n(B) = 0
imply

1-p

6e

Ress—1(Cn) > (12)

4. (See [Lou3, Corollaire 5A(a)]). Set k = 2 4+ v — log(4m) = 0.046 - - -,
where v = 0.577 - - - denotes Euler’s constant. Let L be a real quadratic
field. Then,

1

2(10gd;, + k). (13)

Moreover (see [Lou3, Corollaire 7B]), % <pB <1 and (r(B) =0 imply

Res,—1(¢r) <

8

Res;—1(¢r) < b log? dr. (14)

Proof. Only the second and third points need proofs.
To obtain (11), we choose E = N (for which n = 6) and f =1—(2/logdy)
in (9). We obtain

2q(d
Ress—1(Cn) > 9(dy)
elogdy
where
206 12¢'/6

g(x) == (1+ 10gm)( i)



non-normal totally real cubic fields 10

satisfies g(z) > 0.25 for z > 6 - 10" and g(z) > 1 for z > 8 - 10%°.
To obtain (12), we choose E = N (for which n = 6) in (9). We obtain

Res,o1 (Gv) >+ h(d)

where h(z) := 1 — 2ne'/"z~1/?" satisfies h(z) > 1/6 for = > (12n/5)*"€>. o

We are now in a position to prove the following roughly speaking 10-fold
improvement on [Lou3, Theorem 1]:

Theorem 10 Let K be a non-normal totally real cubic field. Then

-k \Vd ; 106

hxRegy > EXKVOK 0.5 z'f dr > 11 109
2v/3e(log dy + k) 1 ifdg >13-10

where k = 2 + v — log(4m) = 0.046 - - -. Notice that 2v/3e = 5.711 - - -.

Proof. First, assume that (7,(1 — (2/logdy)) < 0. Then, according to the
first point of Lemma 9 we have (y(1 — (2/logdy)) <0 and dy < d3., and
we obtain

with exc { (15)

2en 2enN 2ey
< <
3e(logdx + k) ~ 3elogdx — elogdy
Ress—1((n) (by (11))
(Ress=1(Cx))*Ress=1(¢) (by (10))

%(log dr, + &) (Ress=1(Ck))* (by (13))

IN

IAN

IN

%(log dg + k) (Resg—1(Ck))?

and setting ex = /en, we obtain
2

V3e(logdy + k)
Second, assume that (7,(1 — (2/logdx)) > 0. Then, there exists /5 in the
range 1 — (2/logdy) < B < 1 such that {1(8) = 0. According to the first
point of Lemma 9, we have {(y(5) = 0 < 0, and we obtain

1-p

e

Res;—1(Ck) > ex (16)

Res;—1(Cn) (for dy > 6-10', by (12))

(Ress—1(Ck))*Ress—1(¢r) (by (10))
%(Resszl(CK))Q log2dy, (by (14))
1-4

T(RQSS:I(CK))Q log”

IN

IN
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and
2

V3elogdy

Since (17) is always better than (16), we conclude that (16) is always valid
and, using (8), we obtain the desired results (as for the lower bounds for
dg after which ex = /ey > 0.5 or egx = /ey > 1, they follow from the
lower bounds for dy after which ey > 0.25 or ey > 1 given in (11), once we
notice that dy = d%dy, > 5d% yields dy > 610" for dx > 11 -10° and
dy > 8-10% for di > 13-10%). e

Res,—1(Ck) > (17)

Corollary 11 Let h,, denote the class number of the mth simplest non-
normal totally real cubic field K,,, m > 4. Then

mvdm . . f m >
i > ‘ with €y = {0 Soifm =224 g
2v/3e(log(m + 1))2(log dy, + &) 1 ifm>16

where k = 2+ — log(4m) = 0.046 - - -. Moreover, if hy, < 3 then m < 154.

Proof. According to (11) and Theorem 5, we have Regy, < log?(m +1).
(As for the lower bounds for m after which €, = ex,, = \/en,, > 0.5 or
€m = €K,, = y/€N,, > 1, they follow from the lower bounds for dy after
which ey > 0.25 or ey > 1 given in (11), once we notice that dy, =
di d, =di [fE > dy, [7* =d} /7 (by (7)) yields dy,, > 610" for
m > 24 and dy,, > 8- 10?0 for m > 76.) e

3 Rigorous computation of class numbers

Let K be a cubic number field. Then ((x/C)(s) = >.,,>1 $nn~* is entire,
regardless of whether K is a normal or non-normal. Therefore, we can
use the analytic class number formula (e.g. (8)) and the rigorous method
delineated in [Lou2] to compute the class numbers hx of cubic fields K of
known regulators. From now on we let K denote a totally real cubic number
field and we stick to the notation set in [Lou2].

1. Set
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(for X > 0 and a > 1). Using [Lou2, Proposition 1, point (a)], we
obtain:

0< Kpo00)(X) < 2[900)(X)

= 2 / H(?,U,O) (’I/')d’[/'
JX

o0 o
= 4 / H(O,U,Q) (’L’)d’lﬁ S 8 / e
JX JX

v 4z < 8¢ V/X.
r

Setting Ax = \/dk /n?, we therefore obtain the following rapidly con-
vergent series expansion

1 n
Ress—1(Cx) = - %K(Q,U,O) (n/Ak) (19)

n>1

(use (5) of [Lou2]). Moreover, arguing as in the proof of [Lou2, Propo-
sition 4], we obtain the rapidly convergent series expansion

X 20+
K(?,U,O) (X) =7+ (ZO(X)X + Z (I;n(X)W (20)
et n!
where
2 ? 2
ag(X) = 2log X+4(’y+1)logX+F+27 + 4y —4,

()=t 2 ogX 47-3 1) — (L4 L )

a = (= o _ Iy (s

" noonr0s s et YT A TR T iy 05)

and where v = 0.577215 - - - denotes Euler’s constant. Let us now detail
how to use (8), (19) and (20) for computing hg.

2. Since n — ¢, is multiplicative we only have to explain how to compute
¢, on prime powers. We have ¢ = F(p*) — F(p*~") where F(n)
is the number of distinct integral ideals of K with norm n > 1. From
now on we also assume that K is not normal, we let L denote the real
quadratic subfield of the normal closure of K and recall that there
exists an integer f > 1 such that dg = f?d;. With this notation
and letting (a/b) denote Kronecker’s symbol, we give in TABLE 3 the
values of ¢,.
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TABLE 3
First cases: p does not divide dg
case (p) remark k F(p") Py
I P (Z)=+1 k=0 (mod3) 1 1
k=1 (mod 3) 0 -1
k=2 (mod 3) 0 0
m| PP (%)=-1 k=0 (mod?2) (k+2)/2 1
k=1 (mod 2) (k+1)/2 0
I [ P,PaPs (%) = +1 any (k+1)(k+2)/2 k+1
Next cases: p divides dx = f2dj,
case | (p) remark k F(*) o
IV | P?Py pdoes not divide f any k+1 1
A% Pp3 p divides f any 1 0

In particular, if (dTK) = —1 then ¢, = 0.

3. According to TABLE 3, for any prime power we have |¢x| <k +1 =
d(p*), where d(n) denotes the number of positive divisors of n > 1.
Since n +— d(n) and n — ¢, are multiplicative, we obtain |¢,| < d(n)
for any n > 1. Set Sy(n) =Y ) Ny = % for n > N, and Sy(N) =
0. Using 0 < K(20,0)(X) <8¢ ¥ /X we obtain

bn
Ri(N) = ‘Z 7K(2,0,U)(H/AK)‘
n>N
8AK Z &’;l)ein/AK
n>N n

IN

= 84k ) (Sn(n) — Sn(n—1))e "Ax
n>N

= 8Ax Y Sn(n)(e "Ax e (nFD/AK)
n>N

< 8AgSn(o0) Z (67”/‘4’( — e*("+1)/AK)

n>N
= SAKSN(oo)ef(N‘H)/AK_
Since a®) 1
S(z) = Z 'kl <( Z ;)2 < log?(ex)

1<k<z 1<k<z ™
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and since

Sn(o0) = Y
Zn(n—i—l)

n>N

< Z log?(en)
n>N TL(TL + 1)
/OO log?(et) g — log?(eN) + 2log(eN) + 2
In 2T N ’

we obtain
Rk (N) < 84k (log(eN) + 2)%2e~ N4k /N, (21)

Hence, according to (6), (8) and (21), for a given A > 1 we can compute
the integer hx by disregarding in (19) the indices n > AAg log Ax,
provided that dg is large enough.

4. Let p be a given prime satisfying (dTK) = +1. Assume that the ring of
algebraic integers of K is generated by an algebraic integer px (e.g.
assume that K is a simplest non-normal totally real cubic number
field), or more generally assume that K = Q(pg) for some algebraic
integer pxg € K such that p does not divide the index (Ax : Z[pk]).
Let Pk (z) denote the minimum polynomial over Q of px. Then, we
are in case I or in case IIT of TABLE 3 according as Pk (z) does not have
or has at least one root modulo p. To compute hg, we therefore have
to test whether the polynomial Pk (z) has at least one root modulo p
for all the primes p < MAg log Ax such that (dx/p) = +1. We will
explain in Subsection 3.1 below how to do that in an efficient way which
will provide us with a rigorous method for computing class numbers
hx of non-normal totally real cubic fields K of known regulators in
O(dg"5%¢) elementary operations.

5. Notice finally that p = 2 is always inert in any simplest non-normal
totally real cubic field K,,. Moreover, for any simplest non-normal
totally real cubic field K,,, we have f,, € {1,7} (see (7)).

According to Corollary 11 and to class number computations based on
the present method, only 14 simplest non-normal totally real cubic fields
K,, have class number h,, < 3: the 14 ones which appear in TABLE 1,
which completes the proof of Theorem 6.
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3.1 When does P, (z) has a root modulo a prime p?

Throughout this subsection, p > 3 denotes a prime satisfying (dT’") = +1.
We explain how one can efficiently check whether P, (z) has at least one
root modulo p, i.e., whether we are in Case I or Case III of TABLE 3. To
begin with, we notice that it is easier to work with Q,,(y) = ¥* — 3pmy — gm
of discriminant 27A,, with A, = 4p}, — ¢2, = 27d,, and that for p # 3
the polynomial P, (z) has at least one root modulo p if and only if the
polynomial @Q,,(y) has at least one root modulo p (see subsection 1.1). Let
F, C F)» denote the finite fields with p and p? elements, respectively. Notice
that @, (z) has at least one root modulo p if and only if it has at least one
root in Fp2. If p divides pp, then Qn,(y) has at least one root modulo p
if and only if g, is a cube in F,, hence if and only if qﬁ,f,?”’/?’ =1inF,.
Now, assume that p > 3 does not divide p,,. According to Cardan’s formulae
(notice that F,» always contains the cubic roots of unity), Q0 (y) has at least
one root in F» if and only if (¢, ++v/—Ap,)/2 is a cube in F», hence if and

only if ((gm + \/—Am)/Q)(”Ll)/3 = 1in F2. (Notice that since p does not

divide p,, and since ((gm +v—8m)/2)(gm — V—2m)/2) = (¢, + Ap) /4 =
pi,, the fact that (¢, + vV—A.)/2 is a cube in F 2 does not depend on the

choice of /—A,, in F2.) Finally, since (dTm) = +1, we have v/d,, € F,,.
Hence, v-A,, € F, & /-3€F, & (773) =+l p=1 (mod 6) and we
obtain:

1. Ifp=1 (mod 6), then V—A,, € Fp and ((gm+v/—Bpy)/2)#" /3 =
1in F. if and only if ((gm + vV=28,,)/2)®"D/3 =1 in F,,.

2. If p="5 (mod 6), then \/—A,, ¢ F, and by using the 2-adic devel-
opment of the exponent (p? — 1)/3 we compute in O(logp) elemen-
tary operations in F, the coordinates a € F, and b € F, of (g, +

V=) P N3 = g 4 by/=A,,. We obtain (g, + vV—2,) @ " D/3 =1

in F» if and only if a = 1 and b =0 in F),.

4 A necessary condition for class group problems

Theorem 12 (Similar to [LP, Th. 1] and [Lou4, Prop. 11]). Assume that
m > 60. Then, for all a € Z[py,] either Nk, q(a)] > 2m =5, or a is
associated to an integer. (Notice that Nk, 1q(1 +2pm) = —(2m —5).)

Proof. Since p,,' = p2, — mpm — (m + 1), we deduce that {1, ppm, p,,'} is a
Z-basis of Z[p,,]. For o € K, let o = oV, o/ = o(? and o' = o) denote
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the conjugates of o and set

a B 7
Ala, B,7) = | B A .
(J(” BII ,YII

Let ¢; > 0 and ¢y > 0 be given and let 7; and 72 be two given multiplicatively
independent units of Z[p,,]. According to [LP], for any a € Z|[p,,] there
exists 77 in the group of units generated by 7; and 7, such that

log 1 <log(|an|) < loge + [log |n || + | log |na]|,
log ca < log(|e/'n']) < logeca + |log |n || + |log |ng)|.

In particular, in choosing 171 = py, + 1 and 92 = (ppm + 1)/pm (for which
ml=m=pm+1>1, |0 =n=(pm+1)/pm >1, 0| =p,,+1<1and
Inb| = —(pl, +1)/p,, > 1), we obtain that for any « € Z[p,,] there exists a
unit n € Z[py,]* such that

c1 < lan| < ci(pm +1)*/pm and o < || < o/ |pp,|. (22)

Now, if @ = a + bp, + ¢p,,} € Zlp,] with a, b and ¢ rational, then
b= A, a,p,," ) /AL, pm, o) and ¢ = A(L, p, @) /AL, prmy pr))- Set N =
|Nk,,/q(a)| and assume that N < 2m — 5. We may assume that « satisfies
(22). Noticing that |o"| = N/|ad'| < N/(cic2) and that A(1, py, p,t) =
—+V/d,,, we obtain

bVdm = A1, e, p,,)
= Jalp," — o )+ (O o)+ (0 — Pl
lwom (P, — Pia) + & 1 (pm — ) + & i (Pl — )|
i

c1(pm + 1)%[om — Pl + c2lpm — pr| + Nlpin (0}, — pm)l/ (c1¢2)
cr(m +3)% + ca(m +2) + (m +2)(2m — 5)/(c1c2)

IN A

(use [pml < m 42 [0 < L, loly — pnl < L lom — gl < m+ 2 and
|, — pm| < m+ 2 for m > 4, which follow from (2)) and

eVdm = AL pms )]

= |alpm = pm) + & (pm — pm) + " (0 — )]
jaf + (m +2) o] + (m + 2)|o”]
a(m+4)+cm+1)(m+2)+ (m+2)(2m —5)/(c1c2)
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which for ¢; = ¢; = ¢ := 43 yield |b| < ¢o(6m? + 27m + 34)/(4v/dy,) and
le| < co(6m? +15m+14)/(4v/d,,), hence yield |b| < 3 for m > 15 and |c| < 3
for m > 8. Now, as in [LP], we could look at the o = a+bpp, +cp,,' € Z[pm]
with a, b and ¢ rational and [b| < 2 and |¢| < 2. However, we found it easier
to choose ¢; = 15 and ¢ = 1/3 which yield |b] < 17 and |¢| < 1 for
m > 60, hence yield |[b] < 16 and ¢ = 0 for m > 60. Now, we look at the
a = a—bpy, € Z[pm] with a and b rational and |b| < 10. Since « is a rational
integer for b = 0 and since —« is associated with «, we may assume that we
have 1 < b < 16. Now,

Nk,,jqla = bpy) = VP (a/b) = a® — ma*b — (m 4 1)ab® — b* := Ry(a),

the zeros of a — Ry(a) are bpy,, bp,, and bplh, for 2 < b < 16 and m > 16
we have

—b<bpy, <—b+1<-1<bp, <0<bm+1)<bpy <bm+1)+1
(use (2)), for b =1 and m > 4 we have
—b < bpp, <0< b(m+1) <bpp <bm+1)+1

and we may finally assume that a ¢ {—b,0,b(m + 1)}, for otherwise a =
a — bpp, is associated to the integer b. Hence, for 2 < b < 16 and m > 16 we
have

Nik,,jqla —bpm)| > min{—Ry(—b— 1), Ry(—b+1), Ry(—1), —Ry(1),
_Ry(b(m+ 1) — 1), Ry(b(m + 1) + 1)}

and for b =1 and m > 4 we have

Nik,,jqla —bpm)| > min{—Ry(=b—1), —Ry(1),
—Ry(b(m +1) = 1), Rp(b(m + 1) + 1)}.

We deduce the desired result from the fact that

Ry(b(m + 1) + 1) = b?>m? + (3b? + 2b)m — b> + 2b% + 3b + 1,

—Ry(b(m + 1) — 1) = b?*m? + (30> — 2b)m + b3 + 26> — 3b + 1,

—Ry(1) = (b + b)ym + (B> + %> — 1),

and —Ry(—b—1) = (> +b)m + b* +2b> + 3b+ 1 are all greater than 2m — 5
in the range m > 60 > 16 > b > 1, and from the fact that

Ry(—1) = (> —b)m — b3 + b — 1

and Ry(—b+1) = (b*> — b)m — b® +2b%> — 3b 4 1 are all greater than or equal
to 2m — 5 in the range m > 60> 16 > b > 2. e
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Corollary 13 Let e, denote the exponent of the ideal class group of the
mth simplest non-normal totally real cubic field K,,, m > 60.

1. If p < (2m — 5)Y*m is a prime for which we are not in case I of
TABLE 3, Section 3, then we are in case V of TABLE 3, Section 3.
In other words, if P, (x) has at least one root modulo p for some prime
p satisfying 2 < p < (2m —5)"/em then p=7 and m =3 (mod 7).

2. Let L, denote fhe real quadratic subfield of the normal closure Ny, of
K. We have ( me) = +1 for all the primes p satisfying 2 < p <

(2m — 5)1/em.
Proof. Let p > 2 be a prime less than (2m — 5)'/¢m.

1. Since we are not in case I, there is some prime ideal P of norm p
above p. Assume that we are not in case V. Then, there exists another
prime ideal above p and by using the uniqueness of the prime ideal
factorization of an ideal, we obtain that the principal ideal P = («)
is generated by an algebraic integer o of K, which is not associated
to an integer. Therefore, p®" = N, 1q(P“") = [Nk, /q(@)| > 2m =5
(Theorem 12). A contradiction. Therefore, we are in Case V, hence p
divides f,,, and according to (7) we obtain the desired result.

2. If we are in case I then (dKT’") = +1. Since dg,, = f2d;, we do

have (d;’") = +1. If we are not in case I, then p = 7 and m = 3
(mod 7). Write m = 3+ 7\, Then d,,/7> = ((m?+m —3)? - 32) /7% =
(2XA + 1)?2  (mod 7). Since m # 24 (mod 49), we have 2\ + 1 # 0
(mod 7). Since dx, = d,, = f2d, we have dj, = d,,/7* and
(

o) = (SfT) = (BHE) = 41,

5 A sieving algorithm

Let 2 =p; <py <:-- < pm < --- be the increasing sequence of primes. For
each prime p > 2, let f, > 1 be a positive rational integer and let P,(m)
be a property defined for all m > my and whose truth value depends only
on m modulo f,. We also assume that for each prime p there exists some
m > my such that P,(m) is false. For each integer k > 1 we then set

Minj, = min{m > my; all the Py, (m) are false for 1 <i < k}.
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We describe an easy to implement algorithm which for a given ky > 1 of
reasonable size computes inductively the Min, for 1 < k < kq.

Suppose that, for some k& < ki, we have already computed the nj classes
mi(5), 1 < j < ng, of m modulo 7y = [[%_, f,, such that all the P, (m)
are false for 1 < ¢ < k if and only if there exists 7 € {1,2,---,nx} such
that m = myg(j) (mod 7). We assume that mg < mg(1) < mg(2) < --- <
my(fr). Hence, Minjg = my(1). Let us explain how to compute ngy; and
the my11(j), 1 <j < ngy1. We set

Ep={mp(j) + Amp: 1 <5 <ng, 0 <A< ppgr — 1},

we let m range over the piiinyg elements of E; and keep track only of
those m € Ej, for which Py, (m) is false (since the P;(m) depends on m
modulo f; only, for any m € Ej all the Py, (m) are false for 1 < i < k).
In practice, ny goes to infinity with k very fast (roughly speaking, we may
expect each P;(m) to be false for f;/2 of the f; classes modulo f;. Hence,
we may expect 1y to be round m;,/2¥). Therefore, depending on how much
space we are able to allocate to the storage of the my (), we must stop our
computation at some small index kg. To compute inductively the Mingq
for kg < k < ky, we then use the naive algorithm which consists to let
m > Miny, range only modulo the ny, classes modulo 7y, defined by the set
Ey, and we check whether all the P;(m), kg < i < k + 1 are false. This is
roughly speaking fi,/ng, times faster than sieving all the integers m, and
we might expect fr,/ng, to be round 2%, Of course, we first fill in a table
Test(m,i) = Pp,(m mod f;) for 0 <m < f; —Tand 1 <i < k.

In our situation (see Point 1 of Corollary 13), we let P2(m) be false for
any m > 4, we define P7(m) to be true if and only if [m #3 (mod 7) and
P,,(x) has at least one root modulo p|, we define P, for p # 2, 7 to be true if
and only if P, (z) has at least one root modulo p. Hence, fo =1 and f, =p
for all the primes p > 3. With that choice for the P,’s, m > (p;™ + 5)/2
implies (2m—5)]/e’" > py, hence implies m > Miny, (use Point 1 of Corollary
13), i.e.,

m > (pi™ + 5)/2 implies m > Miny,. (23)

We chose kg = 8, ki = 32 and computed TABLE 4 (notice that fx,/ng, =
1052.266 - --. (See also [LPW] and [GMW] for other examples of similar
Tables). Now, assume that e, € {2,3}. According to (23) and TABLE
4, m > 25329 = (p3, + 5)/2 implies m > Minis = 120933, hence implies
m > 113943 = (p3g + 5)/3, hence implies m > Minjg = 31104036, hence
implies m > 29431937 = (p‘?2 + 5)/2, hence implies m > Minze > Mingg >
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1.3-10". To sum up,

em € {2,3} and m > 25329 imply m > 1.3 - 10'3.

TABLE 4
k Pk Tk N Mink k Pk Mink
1 2 1 1 4 17 59 31104036
2 3 3 2 b) 18 61 31104036
3 5 15 4 6 19 67 157973558
4 7 105 8 8 20 7 502966203
5 11 1155 32 26 21 73 502966203
6 13 15015 192 26 22 79 731476488
7 17 255255 768 411 23 83 731476488
ko =8 19 4849845 4608 1338 24 89 731476488
9 23 1338 25 97 34782715941
10 29 1338 26 101 224438601896
1 31 6021 27 103 859096423843
12 37 120993 28 107 2360271004106
13 41 120993 29 109 15237756589091
14 43 976221 30 113 15445624974333
15 47 2806203 31 127 15445624974333
16 53 3402656 32 1 19226470646643

Remark 14 We could have chosen the slightly more complicated property
P7(m) to be true if and only if [[m Z3 (mod 7) or m = 24 (mod 49)/
and Py, (x) has at least one root modulo p], in which case we would have had
fr =49.

6 The exponent 2 or 3 class group problems

Let us finally prove Theorem 7. We will use:

Theorem 15 (See [Ba, Theorem 2]). Let L be real quadratic number field
of discriminant dr,. Under the assumption of the Generalized Riemann hy-
pothesis for L, if (%L) = +1 for all primes p < x then x < 2log?dy,.

1. Point 1 of Theorem 7 follows from Point 2 of Corollary 13 and Theorem
15 according to which (use dr,, < dg,, = dp,) we have:

em > log(2m — 5)/log(2log?dy,, ) > log(2m — 5)/log(2log*d,,)
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(under the assumption of the Generalized Riemann Hypothesis for all
the L,,’s).

2. Let us now prove Point 2 of Theorem 7. According to the end of
the previous section, e, € {2,3} and m < 1.3 - 10" imply m <
25328. Now, there are only 199 values of m < 25328 for which ei-
ther 4 < m < 60, or m > 60 and the necessary conditions of the
first point of Corollary 13 are satisfied. Only 195 out of these 199
possible values of m are such that K, is a simplest non-normal to-
tally real cubic field, the largest one is m = 23378 (for the four ex-
cluded values m € {156,281,453,1898} we have m # 3 (mod 7)
and d,, is not square-free). For only 14 out of these 195 values of
m is hy, either a perfect 2-power greater than 2 (namely, for m €
{21,23,26,27,37,40,44,54,57}) or a perfect 3-power greater than 3
(namely, for m € {22,38,41,52,158}). By computing the class group
structures of the 14 associated K,,,’s (by using Pari), we obtained TA-
BLE 5 and therefore get the desired result.

TABLE 5

m dp Bm Clym
21 210649 = 313- 673 1 2,2]
22 252977 = 17- 23 - 647 9 9]
23 301369 = 23- 13103 4[]
26 488569 = 127 - 3847 4[]
27 5666977 8 [8]
37 1968377 = 431 - 4567 16 [16]
38 2187409 = 72 - 44641 9 [3,3]
40 2679737 16 [16]
41 2954929 = 359 - 8231 9 9]
44 3908497 16 [16]
52 7578977 = 721371129 27 [9,3]
54 8803057 16 [16]
57 10909777 = 73-199 - 751 16 [16]
158 630964129 = 17-23-41-39359 81  [81]
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