
Computing Groebner Bases in the Boolean Setting withApplications to CountingAnna BernasconiDipartimento di Informatica, Universit�a degli Studi di Pisa, Pisa (Italy).e-mail: bernasco@di.unipi.itBruno CodenottiIstituto di Matematica Computazionale del CNR,Via S. Maria 46, 56126 Pisa (Italy)e-mail: codenotti@imc.pi.cnr.itValentino CrespiDipartimento di Informatica, Universit�a degli Studi di Milano, Milano (Italy).e-mail: crespi@dsi.unimi.itGiovanni RestaIstituto di Matematica Computazionale del CNR,Via S. Maria 46, 56126 Pisa (Italy)e-mail: resta@imc.pi.cnr.itABSTRACTWe take advantage of the special structure of computations in Z2 to develop algorithms forthe computation of Groebner bases and of the Hilbert function in the Boolean setting. Naturalsources of applications for our algorithms are the counting problems. We focus, as a casestudy, on the computation of the permanent. To this regard, one good feature of the Groebnerapproach is that, unlike other general methods for the exact computation of the permanent, itis intrinsically sensitive to the structure of the speci�c input, and this makes it possible to useit in order to recognize and solve e�ciently several easy instances.1. IntroductionCertain computational problems can be conveniently rewritten in terms of systems of equations,so that their associated decision problem consists of asking for the existence of a solution to thesystem, whereas the corresponding counting problem consists of asking for the number of solutions.In this paper we build upon the above idea to develop a method for solving hard counting problemswhich consists of determining the number of solutions to a system of equations which describe theoriginal problem. We compute the exact number of solutions by �rst developing an algorithm forthe computation of a Groebner basis in the Boolean setting, and then, from such a basis, we actuallycompute the number of solutions, which results to be equal to the number of monomials that arenot divisible by the leading terms of the polynomials in the basis. Informally, the intuition behindthis modus operandi is that we �rst transform a system of polynomial equations into an equivalentone (the Groebner basis) with special properties, and then, by taking advantage of these properties,we more easily compute the number of solutions. Intuitively, this process can be viewed as a sortof generalization of triangularization techniques for linear systems, where the triangular form givesimmediate information, e.g., on the rank and the determinant of the coe�cient matrix, and thus onproperties of the solutions. 1



This paper has three main goals:� To present an optimized code for the computation of Groebner bases, when each variable xi isrestricted to the Boolean setting by the equation x2i � xi = 0. This code can be used in a variety ofapplications. As an example, [CEI96] suggests using Groebner proofs as an alternative to resolutionfor the construction of proof systems. The e�ciency of such Groebner proofs crucially relies onthe possibility of taking advantage of the special structure induced by the presence of the equationx2i � xi = 0, for each of the variables xi.� To show that the above outlined approach can sometimes be a viable alternative to existingmethods for �nding the exact number of solutions to counting problems. For example we show thatour algorithms compute the permanent of some classes of matrices much faster than the best knownalgorithm, which is due to Ryser [R63]. While we do not claim that we can achieve good runningtimes in general, we view our e�ort as a �rst step towards providing a uni�ed and highly adaptivecomputational environment for counting problems. In fact, one good feature of our algorithmsis that, unlike Ryser's method, they are intrinsically very sensitive to the structure of the speci�cinput, and this makes it possible to solve e�ciently several di�erent classes of easy instances, withouttailoring the computation to handle them in a speci�c way.� To study properties of special permanents for whose computation it is still unclear whether ornot there exist e�cient algorithms. For example the best known algorithm to compute the permanentof an n�n circulant matrix with three ones per row takes O(n2n2 ) time [CCR96], roughly the squareroot of the time of Ryser method. The analysis of the rich structure of the Groebner bases associatedwith these matrices (see Section 5) might lead to better algorithms.This paper provides an attempt to employing computational algebraic geometry techniques inthe Boolean setting. The reader can see Bayer's thesis for a similar suggestion [BS82a]. The useof algebraic geometry tools in the Boolean domain has a recent history. For example, Smolenskyhas shown that the Hilbert function is responsible for certain lower bounds [Sm93]. As alreadymentioned, Clegg et al. have suggested that Groebner basis techniques might be possible alternativesto resolution in the construction of proof systems [CEI96].The rest of the paper is organized as follows.In Section 2 we describe our approach to the solution of counting problems with a special attentionto the permanent computation. In Section 3 we give a high level description of the two main stages ofour algorithms, i.e., the computation of a minimal Groebner basis and the computation of the numberof solutions starting from the initial monomials of the Groebner basis. In Section 4 we describe somekey implementation issues, focusing on the data structures used and on the peculiarities related tothe Boolean setting. We also analyze the computational cost of the algorithms. In Section 5 wepresent the experimental results obtained and we compare the performance of our algorithms withthat of Ryser method and of the Macaulay and CoCoA packages [BS82, CNR93].2. The approachFor simplicity, we �rst describe our method in the case of the permanent computation. At theend of the section, we show how it can be applied to other counting and decision problems.Let A = (aij) be a (0; 1)-matrix. We de�ne a matrix X whose (i; j)-th entry (X)ij is xij ifaij = 1 and as 0 if aij = 0. We then consider the following system of n2 + 2n equations:8>>>>>><>>>>>>: nXj=1 xi;j = 1 for i = 1; 2; : : : ; nnXi=1 xi;j = 1 for j = 1; 2; : : : ; nxi;j(1� xi;j) = 0 for i; j = 1; 2; : : : ; n. (1)
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Algorithm 1Inp :A set of polynomials F = ff1; : : : ; fkg.Out :A minimal Groebner basis G for F .1. B  f(i; j) j 1 � i < j � tg2. G F3. while B 6= ; do4. select (i; j) 2 B5. B  B � f(i; j)g6. if Good(i; j) then7. R = S(fi; fj)G8. if R 6= 0 then9. t t+ 110. ft  R;11. G G [ fftg;12. B  B [ f(i; t) j 1 � i < tg13. endif14. endif15. endwhile16. Minimize(G)

NumSol(M,V )In : A set of multilinear monomialsM = fm1;m2; : : : ;mkgThe set of variablesV = fv1; v2; : : : ; vng.Out : The number of solutions in Zn2 .1. if k = 0 return 2n2. elseif k = 1 return 2n�jm1j(2jm1j � 1)3. elseif 9j : jmj j = 1 returnNumSol(M [vj = 0]; V � fvjg)4. else5. select vj 2 V6. return NumSol(M [vj = 0]; V � fvjg) +NumSol(M [vj = 1]; V � fvjg)7. endif
Fact 2.1. Let A be a (0; 1) n � n matrix and let X be the matrix constructed as described above.Then per(A) is equal to the number of solutions of the system of equations (1).Proof. The permanent of A is the number of its nonzero permutations, where a permutation � isnonzero if ak;�(k) = 1, for k = 1; 2; : : : ; n. It is easy to see that each nonzero permutation � uniquelycorresponds to a solution of (1). We simply let xi;j = 1 if j = �(i), and xi;j = 0 otherwise. Theconverse is also true since the third equation restricts the range of the solutions to 0 and 1, and theother two equations select exactly one nonzero entry in each row and column of A. 2Fact 2.1 allows us to bring the computation of the permanent into the framework of algebraicgeometry. Indeed it hints at computing the permanent via, e.g., Groebner basis and Hilbert functioncomputation. More precisely, we proceed as follows. We �rst compute a Groebner basis for the idealof polyonomials Pnj=1 xi;j � 1, Pni=1 xi;j � 1, and xi;j(1 � xi;j). Then we compute the number ofmonomials that are not divisible by any of the leading terms of the Groebner basis, which is equalto the number of solutions of (1). The actual description of the algorithms will be provided inSection 3.Note that this approach can be extended to other problems. For instance, to describe 3SAT ,in addition to the equations for the restriction of the variables to the Boolean domain, one needsequations of the type x+y+ z�xy�xz�yz+xyz = 1 : In the case of graph isomorphism, the goalis to �nd permutation matrices P such that PA = BP , where A and B are the adjacency matricesof two graphs. Then one can write equations in terms of a matrix X of variables for which onerequires that XA = BX , in addition to the restrictions that guarantee that the row and columnsums are both equal to one, and to the restrictions of the variables to the Boolean domain.3. AlgorithmsOur algorithms are divided into two main stages. We �rst compute, from the set of equationsthat describe the original problem, an equivalent set of equations which corresponds to a minimalGroebner basis, i.e. a basis with the minimum number of polynomials. Then we use the leadingterms of the basis in order to compute the number of solutions of the original set of equations.
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A Groebner basis algorithm for the Boolean setting. We have implemented four algo-rithms for the computation of a Groebner basis, all based on Buchberger method and its subsequentre�nements [CLO92, GM88]. For their description, we need the following de�nitions. Given twopolynomials, f and g, the S-polynomial of f and g is the polynomial S(f; g) = hLT (f) � f � hLT (g) � g,where h is the least common multiple of LT (f) and LT (g), i.e., the leading monomials of f andg. Let F = (f1; f2; : : : ; ft) be a t-tuple of polynomials in k[x1; : : : ; xn], ordered according to a �xedmonomial ordering. Then every g 2 k[x1; : : : ; xn] can be expressed as g = r +Pti=1 aifi, whereai; r 2 k[x1; : : : ; xn], and either r = 0 or none of the monomials of r is divisible by any of themonomials LT (f1); : : : ; LT (ft). We call r a remainder of g on division by F , and we denote it withr = gF .Buchberger algorithm incrementally computes a Groebner basis G of a set of polynomials F =ff1; f2; : : : ; fkg. Initially we set G = F . Subsequently, we compute, for each pair of polynomialsffp; fqg 2 G, fp 6= fq, the remainder R = S(fp; fq)G. If R 6= 0, then R is added to the basis G. Thisprocedure is iterated until S(fp; fq)G = 0, for each pair of polynomials in G. The resulting set G is a(non minimal) Groebner basis for F . This basic version of the algorithm is very ine�cient, becauseit takes into account a very large number of pairs of polynomials. Building upon the suggestionsreported in [CLO92], we have thus implemented the following version of the algorithm, which is the�rst of our four algorithms (Algorithm 1).The criterium Good(i; j) adopted at line 6 of Algorithm 1 allows us to avoid the computation ofR = S(fi; fj)G for a non negligible number of pairs (i; j), and is de�ned as follows:Good(i; j) = 8>><>>: False if lcm(LT (fi); LT (fj)) = LT (fi)LT (fj)False if 9k =2 fi; jg : (i; k) =2 B (j; k) =2 B andLT (fk) does not divide lcm(LT (fi); LT (fj))True elsewhereAfter a Groebner basis G has been computed, we minimize it (line 16), simply by deleting allthe polynomials whose leading term is a multiple of the leading term of another polynomial in thebasis. We thus obtain a minimal basis, which in general is not unique. Note that the minimalityof the basis is su�cient for our purposes, since in the subsequent computation of the number ofsolutions we just need the leading terms of G. Algorithm 1 selects a pair from B (line 4) accordingto a simple LIFO strategy.We have developed another algorithm (Algorithm 2), which implements Buchberger suggestionto select from B the pair (i; j) for which the degree of lcm(LT (fi); LT (fj)) is minimum.Algorithms 1 and 2 often introduce (unnecessarily) large sets B. This is due to the fact that bothalgorithms perform insertion in the set B without any check. Gebauer and M�oller [GM88] describe adi�erent, more complicated, criterion that can be applied at the time of insertion, and which allowsus to avoid all the checks after selection. We have implementated this criterion in Algorithm 3. Wehave also implemented another version of Buchberger method (Algorithm 4). This consists of thefollowing minor modi�cation of Algorithm 3: via preliminary reductions and sorting of the inputpolynomials F , we maintain in a minimal form the incrementally built basis. For Algorithm 4 the�nal step of minimization is thus not necessary any more.Computation of the number of solutions. Let M = fm1; : : : ;mkg be the set of leadingmonomials of a minimal Groebner basis G, de�ned in terms of the variables V = fv1; : : : ; vng, andlet M 0 be the set of the multilinear monomials of M . The value of the permanent is equal to thecardinality of the set M of the monomials that are not divisible by any mi 2M . We claim that thisnumber is equal to the number of f0; 1g solutions of the system obtained equating to zero all themonomials in M 0. In fact, by construction, M contains only multilinear monomials and monomialsof the form v2i . Since M is �nite, for every vi 2 V , either vi or v2i belong to M , and thus all the4



monomials in M are multilinear. Hence M is also equal to the set of the multilinear monomialsthat are not divisible by any of the monomials of M 0. Given an assigment S = fvi  �igi=1;:::;n,with �i 2 f0; 1g, we claim that S is a solution of the system M 0 = 0 if and only if the monomialmS = Qni=1 v�ii belongs to M . In fact, if S is a solution, then any given m 2 M 0 contains at leasta variable v which takes the value zero in S, and thus, by de�nition, does not appear in mS , whichthus cannot be divisible by m. Since this holds for any m 2 M 0, we obtain that mS 2 M . Thereverse implication follows in a similar way.To evaluate the number of solutions ofM 0 we have thus adopted the recursive algorithm describedbeside Algorithm 1. We denote by jmj the degree of a monomial and by M [v = �] the set ofmonomials obtained from M by setting v = �, for � 2 f0; 1g.In the current version of the algorithm, at line 5 we select the variable which appears morefrequently in the monomials of M with smallest degree. Other (more re�ned) strategies could beused for very large size problems.4. Implementation IssuesIn this section we describe the most important features of our implementations, expecially fo-cusing on the specialization of computations to the Boolean domain. The algorithms have beenimplemented in the C language, the code compiled with the GNU GCC compiler, and the experi-ments carried out on a SUN Superspark 20 workstation.Computation of Groebner Bases. The polynomials that occur in the execution of algorithms1, 2, 3, and 4 are either of the form x2i � xi, or multilinear. In fact, if a term of the form xki ,k > 1, appears in a polynomial (di�erent from x2i �xi), then it can be immediately simpli�ed to xi,since the constraint x2i � xi = 0 implies that xki = xi for every k > 1. This observation led us tochoose (in the implementation of all the algorithms) the following representation for monomials andpolynomials. A polynomial is represented by a record containing the number of its monomials (the`length' of the polynomial) and a pointer to an array of monomials. The polynomials of the formx2i � xi are encoded as polynomials of length �1, and with only a monomial representing xi. If atmost n variables are used, a monomial is identi�ed with a record containing the monomial coe�cientand a vector of n bits that represents the exponents of the variables contained in the monomial.Given the nature of the problems at hand, we can restrict the range of the coe�cients to Zp, wherep is a prime number greater than of equal to the maximum number of variables that might appear inone equation (for the permanent computation, this is the maximum number of ones appearing in arow or column of the input matrix). We take advantage of the fact that monomials are square-free inorder to use only one bit per variable. Although for a large number of variables this representationmight waste some space, it has the desirable feature to allow the implementation of all the neededmonomial computations as fast bit-wise logical operations. For example, monomial multiplication(as well as the computation of lcm), can be realized with a bit-wise OR, while division can be realizedwith a bit-wise XOR (exclusive or), once divisibility has been tested. To speed up the executionof these operations, we have arranged bits in larger sets that can be treated as single quantities bythe compiler on the target machine. In our implementation we perform logical operations betweenunsigned long integer quantities, that are represented with 32 bits. Thus the multiplication oftwo monomials needs dn=32e OR operations on 32-bit integers, independently of the actual numberof variables in the monomials, plus a �xed amount of work for the multiplication of the coe�cients.Note that, according to this representation, we have, e.g., xy � yz = xyz. This is correct since all thevariables are restricted to the Boolean domain. In addition, with this representation we achieve avery fast implementation of comparison between monomials. (These comparisons must be performedin order to sort monomials according to, e.g., the lexicographic monomial ordering.) Indeed at mostdn=32e comparisons between 32-bit unsigned integers are su�cient to decide the ordering relation5



between two monomials.The choice of adopting a special representation for the quadratic polynomials of the form x2i �xi,does not cause any problem, because these polynomials just belong to the initial sets of polynomials,and can not be generated during the computation of G. Accordingly, our monomial multiplicationalgorithm outputs only multilinear polynomials. Quadratic polynomials can mix with multilinearones only in the computation of the S-polynomial S(fi; fj), when either fi or fj is of the formx2 � x. However the S-polynomial has the property of annihilating the leading terms of fi andfj , and thus it can be computed without actually multiplying the quadratic term. The case whenboth fi and fj are quadratic, and thus do not share any variable, is avoided a priori by appropriatecriteria used by the algorithms. In the subsequent division of S(fi; fj) by G, the way in which weimplement the operations between monomials always leads to square-free partial results, and thusthe quadratic polynomials contained in G have not to be taken into account as possible divisors. The1-bit representation is also compatible with the criterion (Good()) adopted by Algorithms 1 and 2.The criteria used in Algorithms 3 and 4 are more complicated and need a temporary representationof monomials with 2 bits per variable. The set of pairs B is implemented in di�erent ways in thefour algorithms. In Algorithm 1, B behaves like a stack and it consists of a simple array of pairs ofnumbers, each related to an element of G. The selection of a pair (line 4) is a Pop operation, whilethe insertion of new pairs (line 12) consists of several Push operations. The sequence of Pop andPush operations maintains the stack sorted with respect to an ordering of pairs, and this is exploitedin the implementation of the criterion Good(), where we test for the existence of a certain pair in Bin logarithmic time using a binary search subroutine.In Algorithm 2, B is implemented at the same time as a priority Heap and as a Red-Black Tree.The Heap allows us to select the pair (i; j) that minimizes the degree of lcm(LT (fi); LT (fj)), whilethe Tree allows us to perform a fast existence test. For both structures, insertion and deletion (aswell as search, for the Tree) can be done in logarithmic time.Algorithms 3 and 4, which operate according to di�erent criteria, do not need to test if a certainpair (i; j) belongs to B. For this reason, B is simply implemented as a stack. It is worth reportingthat, while in our typical runs of Algorithms 1 and 2 the size of B can exceed, say, 30,000, inAlgorithms 3 and 4 it is almost always less than 100.Computation of the number of solutions. The implementation of algorithm NumSol(M,V )does not need to represent polynomials, and uses a di�erent, simpler than above, representation ofmonomials, which are always multilinear, and whose coe�cients are always equal to 1, and thuscan be disregarded. In the following we assume that there are at most 255 variables, numbered asv1; v2; : : :. A monomial m can thus be represented by the string of the subscripts of its variables.This string, actually an array of bytes, is terminated with a null byte, according to the conventionsof the C language. A set (M ,V ) is implemented as a record containing a string which representsthe set of variables V , an integer containing the number of monomials in M , and an array of stringsrepresenting M . The set M [vi = 0] is obtained from M deleting all the monomials (i.e., strings)that contain vi, while the set M [vi = 1] is obtained from M deleting the characters correspondingto vi from its strings. Since NumSol(M,V ) can reach very deep levels of recursion, it has beenimplemented in a non-recursive fashion, using a stack.Cost Analysis. All the monomial operations have a cost proportional to the number of variablesnv de�ning the problem. This follows from the fact that each monomial is represented by a 16-bitinteger for the coe�cient and dnv32 e 32-bit integers for the exponents of the variables (see above). Thecost of the simple polynomial operations that are employed by the four algorithms, namely addition,subtraction, and multiplication by a monomial, have a cost roughly proportional to nvlp log lp, wherelp is the maximum number of monomials in the polynomials that occur during the computation.The logarithmic factor log lp arises from the execution of a sorting stage (needed for simpli�cationpurposes) after each polynomial computation. The most expensive operation performed by the6



algorithms is the computation of the remainder R of the division of an S-polynomial S(f; g) bythe polynomials already in the basis G. Let nG and nB be the cardinalities of the sets G and B,respectively. At each step of the division, the algorithm scans the nG elements of G looking for apolynomial whose leading term divides the leading term LT (R0) of the current remainder R0 (whichinitially coincides with S(f; g)). If the search is unsuccessful, then LT (R0) is deleted from R0, andappended to R. If there exists h 2 G such that LT (h) divides LT (R0), then R0 is updated accordingto the rule R0  R0 � LT (R0)LT (h) h. The process terminates when R0 = 0. The overall time needed tocarry out one step of the division algorithm is thus proportional to nvnG + nvlp log lp.Our four algorithms di�er for the criteria adopted to execute the following two steps: (i) updatethe set B (to be performed each time a new element of the basis is found); (ii) select from B a pairto form a new S-polynomial.For Algorithms 1 and 2, the selection from B and the check of the Good() criterion, have acost proportional to nvnB lognB . The cost of insertion is proportional to nG for Algorithm 1, andto nGnv lognB for Algorithm 2, since in the latter case the nG new pairs are inserted into twodynamic structures (a heap and a tree). For Algorithm 3 and 4, the selection from B has unitarycost since all the checks are performed when B is updated. The criteria used to decide the insertionof new pairs have a cost roughly proportional to nv(n2G + nB). The Minimization step at the endof Algorithms 1, 2 and 3, and the Reduction step at the beginning of Algorithm 4, have generallya negligible cost with respect to the rest of the computation. The four algorithms have a di�erentbehaviour for what concerns the growth of the quantities nG, nB , and lp, during their execution.Experimentally we observed that Algorithm 1 produces larger bases G (i.e., there are many extraelements, to be deleted during the Minimization step) and executes more divisions than the otheralgorithms. However it has the best rate of growth for lp. Algorithm 2 often requires a number ofdivisions which is 10 times less than the other algorithms, but it also builds sets B 10 times largerthan those of Algorithm 1. Furthermore it generates very long polynomials. Algorithms 3 and 4maintain a much smaller set B, but the cost to manage it is greater than for Algorithms 1 and 2.Algorithm 4 generates small sets G, since it maintains them in minimal form, but, as Algorithm 2,produces a fast growth of lp. As we will see in Section 5, it turns out that Algorithms 2 and 4 exploitbetter than the other two algorithms certain structural properties of the matrices. In particular, inthe case of circulant matrices of the form I + P i + P j , Algorithms 2 and 4 are signi�cantly fastereither when the matrix is symmetric or when i, j, and the size of the matrix have a large commonfactor.5. Experimental ResultsGiven the fact that the permanent of a (0; 1) matrix with at most three ones per row and columnskeeps all the di�culty of the general problem [DLMV88], we have decided to tailor our investigationto this kind of matrices. We report the outcomes of experiments on the following classes of matrices,all with at most three ones per row: circulant matrices of the type I + P + P j , random symmetricmatrices with ones on the main diagonal, random matrices with ones on the main diagonal, randomHessenberg matrices, and block circulant matrices. The selection of these case studies has beenmade in order to test our approach against a wide range of di�culties. In fact the above classesinclude examples of convertible matrices, of very structured matrices that nevertheless are not knownto have \easy permanents", and of matrices whose permanents are as hard to compute as in thegeneral case.Circulant Matrices. Despite the fact that the permanent of circulant matrices have been widelyinvestigated, and several of its algebraic properties discovered, there are no clear indications ofwhether or not it can be computed e�ciently, even for matrices with only three ones per row. Wehave gathered evidence that the methodology employed in this paper can be a valuable tool forinvestigations on these classes of matrices. In fact, the results of Figure 1 closely re
ect known7



j Mac. H. f. CoCoA Alg. 1 Alg. 3 N.S.

2 7.0 2.1 5.4 0.3 0.5 0.02

3 129.4 2.4 67.2 29.9 30.7 0.04

4 400.6 3.2 134.1 229.0 188.3 0.09

5 205.3 3.3 74.5 237.8 171.1 0.09

6 575.7 3.5 242.3 417.5 276.3 0.10

7 240.1 3.4 142.3 279.0 260.9 0.10

8 3.5 2.2 5.6 0.3 0.5 0.03

9 152.0 3.4 94.9 341.9 161.9 0.09

10 536.1 3.6 209.5 550.7 268.4 0.11

11 174.2 3.3 64.5 361.6 172.5 0.08

12 292.9 3.3 121.4 360.7 238.1 0.09

13 155.1 2.4 94.5 124.9 148.9 0.06

14 12.6 2.4 6.2 0.4 0.7 0.02
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2 3 4 5 6 7 8 9 10 11 12 13 14Figure 1: Computation of the permanent of I+P +P j for n = 15, as j varies. The Table on the left reportsthe time performance (in seconds) for CoCoA and Macaulay packages (Groebner basis and Hilbert function)and for our Algorithms 1 and 3. The last column gives the time performance of the computation of thenumber of solutions, after Algorithm 1 and/or 3 provided a Groebner basis. We used reversed lexicographicmonomial ordering. The graph on the right shows the time performance as a function of j, visualizing thebest time achieved by our algorithms (white circle), and the time spent by Macaulay (black circle) andCoCoA (cross).algebraic di�erences between matrices of the type I + P + P j , as j varies. Roughly speaking, thepermanent turns out to be particularly easy, e.g., either for j very small or for j close to n2 (see[Mi87, CCR96]). In particular, the permanent of the matrix I+P +P 2 has a very simple expression,and two of our algorithms, as well as the package Macaulay [BS82], clearly detect it, by running in(observed) linear time. In particular, one of our algorithms is faster than Ryser algorithm, for anyn � 20 (see Table 1).We have been able to obtain further enhancements in the performance of our algorithms byadding to the set of equations that de�ne the problem a number of redundant equations that do notchange the solutions, but are useful to speed-up the computation since they belong to the minimalGroebner basis. Thus, we have implemented a more e�cient algorithm, Algorithm 5, that consistsin a modi�cation of Algorithm 3, obtained by adding to the input of the problem, such a set ofequations (see Figure 2). We think that further pursuing this idea could be fruitful.Other test matrices. Also for the other test cases, the time performance of the algorithms(expecially algorithms 2 and 4) is widely in
uenced by the structure of the problems. In particular,it is nice to see that algorithms 2 and 4 exploit the structure of symmetric matrices with ones onthe main diagonal, which are known to be easy (see Table 2). Tables and Figures show also thatour algorithms often provide a substantial improvement over the packages CoCoa and Macaulay.Other packages. We have started to test two other computer algebra systems, namely Macaulay2and Singular. Some preliminary experiments show that Singular outperforms Macaulay and CoCoAon matrices of the form I + P + P 2, while in the other cases the results can vary.
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j Alg. 3 Alg. 5

2 1.1 0.9

3 117.3 124.6

4 651.7 627.8

5 1398.2 1168.3

6 168.1 140.3

7 3144.9 2471.2

8 451.1 369.9

9 0.9 0.9

10 329.1 189.4

11 3117.5 1716.1

12 348.2 115.1

13 2214.3 774.9

14 1458.1 623.9

15 609.6 159.8

16 1.1 0.8
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2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6Figure 2: Computation of the permanent of I +P +P j for n = 17 as j varies. The Table on the left reportsthe time performance (in seconds) for the computation of Groebner bases and Hilbert functions for Alg. 3and for Alg. 5. The graph on the right shows the time performance as a function of j, visualizing the besttime achieved by Alg. 5 (white circle), w.r.t. the time spent by Alg. 3 (black circle).References[BS82a] D. Bayer. The Division Algorithm and the Hilbert Scheme. Ph.D. thesis, Harvard, (1982)[BS82] D. Bayer and M. Stillman. Macaulay: A system for computation in algebraic geometryand commutative algebra (1982-1994). Available via ftp at math.harvard.edu.
n Ryser Mac. H. f. CoCoA Alg. 1 Alg. 2 Alg. 3 Alg. 4 NumSol
10 0.01 1.6 0.38 1.83 0.1 0.2 0.1 0.1 0.01
12 0.02 3.1 0.68 2.76 0.2 1.1 0.3 0.2 0.01
14 0.05 5.3 1.43 4.02 0.3 1.0 0.4 0.3 0.02
16 0.18 8.7 3.36 5.77 0.4 1.6 0.7 0.5 0.03
18 0.72 13.7 * 8.34 0.6 6.1 1.0 0.7 0.04
20 2.96 20.4 * 12.79 0.8 4.6 1.3 1.1 0.07
22 12.23 29.8 * 19.42 1.1 6.5 2.2 1.7 0.13
24 50.98 43.1 * 30.48 1.5 44.6 3.0 2.5 0.21
26 255.66 57.8 * 50.02 1.9 43.2 3.9 3.6 0.35
28 17 min. 78.9 * 85.82 2.4 45.8 6.0 5.0 0.62
30 71 min. 104.2 * 154.36 3.1 42.0 6.6 6.7 1.08
32 5 hours 136.9 * 286.09 3.8 48.5 8.5 9.1 1.89
40 58 days 353.2 * 3188.00 8.8 314.1 21.8 * 17.63Table 1: Computation of the permanent of I+P +P 2 for di�erent values of n. The entries contain runningtimes (in seconds). We �lled an entry with * when the computation time exceeded a given bound.
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Non Symmetric + I Symmetric + I Hessenberg Block Circulant

n 8 12 16 10 20 40 30 40 50 4x5=20 6x6=36 5x9=45

Ryser 0.005 0.02 0.16 0.01 2.75 53 d. 1088 12 d. 36 y. 2.51 82 d. 4 y.

CoCoA 1.21 5.75 241 1.92 8.18 54.57 9.10 18.07 33.40 6.81 32.46 61.31

Alg. 1 0.18 43.57 - 3.79 - - 0.26 0.54 0.91 59.69 - -

Alg. 2 0.15 13.30 - 0.30 1.96 5.36 0.84 1.86 3.08 0.55 2.86 4.91

Alg. 3 0.16 16.34 - 0.91 - - 0.58 1.14 1.35 115.18 - -

Alg. 4 0.06 5.77 250 0.07 0.37 3.25 0.11 0.24 0.64 0.17 1.06 1.46

NumSol 0.01 0.02 0.10 0.01 0.07 10.12 0.01 0.01 0.01 0.06 0.47 5.43Table 2: Computation of the permanent for di�erent kinds of test matrices, for di�erent values of n. Theentries contain running times (in seconds). The entries with the symbol "-" correspond to instances forwhich the given algorithm exceeded a certain time bound. The running time of Ryser algorithm for largeinstances have been estimated.[BW93] T. Becker and V. Weispfenning. Groebner Bases. Springer-Verlag (1993).[BS95] R.A. Brualdi, and B.L. Shader. Matrices of sign-solvable linear systems. CambridgeUniversity Press (1995).[CNR93] A. Capani, G. Niesi, and L. Robbiano. CoCoA 3, a System for doing Compu-tations in Commutative Algebra (1993-1996). Available via anonymous ftp fromlancelot.dima.unige.it.[CEI96] M. Clegg, J. Edmonds, and R. Impagliazzo. Using the Groebner Basis Algorithm to FindProofs of Unsatis�ability. Proc. 28th ACM Symp. on the Theory of Comput. (1996).[CCR96] B. Codenotti, V. Crespi, and G. Resta. On the Permanent of Certain (0; 1) ToeplitzMatrices. Linear Algebra and Its Applications, to appear (1996).[CLO92] D. Cox, J. Little, D. O'Shea. Ideals, Varieties, and Algorithms. Springer-Verlag, NewYork (1992).[DLMV88] P. Dagum, M. Luby, M. Mihail, and U. Vazirani. Polytopes, Permanents, and Graphswith Large Factors. Proc. 27th IEEE Symp. on Found. of Comput. Sc. (1988).[FL92] U. Feige, and C. Lund. On the Hardness of Computing the Permanent of RandomMatrices. Proc. 24th ACM Symp. on the Theory of Comput. 643-654 (1992).[GM88] R. Gebauer, and H.M. M�oller. On an Installation of Buchberger's Algorithm. J. SymbolicComputation 6:275-286 (1988).[Mi87] H. Minc. Permanental Compounds and Permanents of (0; 1) Circulants. Linear Algebraand its Appl. 86:11-42 (1987).[R63] H.J. Ryser. Combinatorial Mathematics. Carus Mathematical Monograph No. 14 (1963).[Sm93] R. Smolensky. On Representations by Low-Degree Polynomials. Proc. of the 34th IEEESymposium on the Foundations of Computer Science, pp. 130-138, 1993.[Va79] L.G. Valiant. The complexity of computing the permanent. Theoretical Computer Science8:189-201 (1979). 10


