
Vol. 36 (1995) REPORTS ON MATHEMATICAL PHYSICS No. 2/3COMPATIBILITY CRITERIA AND GENERAL SOLUTIONOF THE NONLINEAR D'ALEMBERT-EIKONAL SYSTEMR. Z. ZhdanovArnold-Sommerfeld Institute for Mathematical PhysicsLeibnitzstra�e 10, 38678 Clausthal-Zellerfeld, Germany �e-mail: asrz@pta3.pt.tu-clausthal.de(Received January 3, 1995 )We study integrability of a system of nonlinear partial di�erential equations con-sisting of the nonlinear d'Alembert equation 2u = F (u) and nonlinear eikonal equa-tion ux�ux� = G(u) in the complex Minkowski space R(1; 3). A method suggestedmakes it possible to establish necessary and su�cient compatibility conditions andconstruct general solution of the d'Alembert-eikonal system for all cases when it iscompatible. The results obtained can be applied, in particular, to construct princi-pally new (non-Lie, non-similarity) solutions of the nonlinear d'Alembert and Diracequations.Speaking about the d'Alembert-eikonal system we mean the system of two nonlinearpartial di�erential equations (PDEs) which consists of the nonlinear d'Alembert andeikonal equations taken together�2nu � @�@�u = F (u) ;(@�u)(@�u) = G(u) : (1)Here u = u(x) 2 C2(Cn; C1); @� = @=@x�; � = 0; n� 1; F (u); G(u) are somesmooth functions. Hereafter summation over the repeated indices in the pseudo-Euclide-an space with the metric tensor g�� = ��� � (1;�1;�1; : : : ;�1) is understood.The three-dimensional elliptic analogue of system (1) with F = G = 0� ux1x1 + ux2x2 + ux3x3 = 0 ;u2x1 + u2x2 + u2x3 = 0 (2)was studied by Jacobi, who had constructed a wide class of its exact solutions. Later on,the general solution of (2) was constructed by Smirnov and Sobolev. Some importantresults on exact solutions of system of PDEs (1) were obtained by Bateman, Cartan,�On leave from the Institute of Mathematics of the Academy of Sciences of Ukraine, Tereshchen-kivska Str. 3, 252004 Kiev, Ukraine [1]



2 R. Z. ZHDANOVErugin and Collins. In particular, Collins [1] using di�erential geometry technique hasobtained the general solution of the three-dimensional d'Alembert-eikonal system.We have developed a technique making it possible to study compatibility of theoverdetermined system of PDEs (1) and to construct its general solution provided n = 4.Here we present only principal results omitting the proofs (they can be found in [2{5]).Evidently, provided G(u) 6= 0 system (1) is reduced to the form�2nu0 = ~F (u0) ;(@�u0)(@�u0) = 1 :by the change of the dependent variableu! u0 = uZ �G(� )��1=2d� :Consequently, instead of (1) we can study system of PDEs of the form�2nu = F (u) ;(@�u)(@�u) = � ; (3)where � = 0; 1.Theorem 1. (necessary compatibility condition for the system (3))Let the system of PDEs (3) be compatible. Then the function F (u) is given by the formulaF (u) = � ddu ln P (u) (4)and what is more dn+1Pdun+1 = 0 :It occurs that in the case � = 0 the formula (4) gives necessary and su�cient com-patibility condition for the system (3).Theorem 2. System (3) with � = 0 is compatible if and only if F (u) = 0.But in the case � = 1 the condition (4) is not su�cient for the d'Alembert-eikonalsystem to be compatible under arbitrary n 2 N. We have succeeded in obtaining com-patibility criteria for system (3) in the four-dimensional case (n = 4).Theorem 3. The system of PDEs� ux0x0 � ux1x1 � ux2x2 � ux3x3 = F (u) ;u2x0 � u2x1 � u2x2 � u2x3 = � (5)is compatible if and only if the function F (u) has the formF (u) = �N(u+ C) ; (6)where C is an arbitrary complex constant, N = 0; 1; 2; 3.



COMPATIBILITY AND SOLUTION OF NONLINEAR D'ALEMBERT-EIKONAL SYSTEM 3Note: We guess that the formula (6) with N = 0; n� 1 gives compatibility criteriafor system (3) under arbitrary n 2 N but so far we cannot prove such assertion.Thus, a compatible system of PDEs (1) with n = 4 is equivalent to the following one:(ux0x0 � ux1x1 � ux2x2 � ux3x3 = �Nu ;u2x0 � u2x1 � u2x2 � u2x3 = � ; (7)where � = 0 or � = 1.The general solution of the system of nonlinear PDEs (7) is given by the followingassertions.Theorem 4. General solution of the system of nonlinear PDEs� ux0x0 � ux1x1 � ux2x2 � ux3x3 = 0 ;u2x0 � u2x1 � u2x2 � u2x3 = 0is given by the formula A�(u; � )x� +A(u; � ) = 0 ;where � = � (x; u) is determined in implicit wayB�(u; � )x� +B(u; � ) = 0and A�(u; � ); B�(u; � ); A(u; � ); B(u; � ) are arbitrary complex-valued functions satis-fying the conditions A�A� = A�B� = B�B� = 0 ; B� @A�@� = 0 :Theorem 5. The general solution of system of nonlinear PDEs(ux0x0 � ux1x1 � ux2x2 � ux3x3 = 3u ;u2x0 � u2x1 � u2x2 � u2x3 = 1is given by the formula u2 = �x� +A�(� )��x� +A�(� )�;where the function � = � (x) is determined in implicit way�x� +A�(� )�B�(� ) = 0and the functions A�(t); B�(� ) satisfy the relations_A�B� = 0 ; B�B� = 0 :



4 R. Z. ZHDANOVHereafter an overdot denotes di�erentiation with respect to the corresponding argu-ment.Theorem 6. General solution of system of nonlinear PDEs(ux0x0 � ux1x1 � ux2x2 � ux3x3 = 2u ;u2x0 � u2x1 � u2x2 � u2x3 = 1is given by the following formulae:1: u2 = �x� +R�(� )��x� +R�(� )�+ hB�(� )�x� +R�(� )�i2;where the function � = � (x) is determined in implicit way�x� +R�(� )� _B�(� ) = 0and R�; B� are arbitrary smooth functions satisfying the relations_R� = T (� )B� ; B�B� = �1 ; _B� _B� = 0with arbitrary T (� );2: u2 = �x� +R�(� )��x� +R�(� )�+ hd��x� +R�(� )�i2;where the function � = � (x) is determined in implicit way�x� +R�(� )� _R�(� ) + �x� +R�(� )�d�d� _R�(� ) = 0 ;d� = const, d�d� = �1; R� are arbitrary functions satisfying the relation_R� _R� + (d� _R�)2 = 0 :Theorem 7. The general solution of system of nonlinear PDEs(ux0x0 � ux1x1 � ux2x2 � ux3x3 = 1u ;u2x0 � u2x1 � u2x2 � u2x3 = 1is given by the formulau2 = �a�x� + h1(��x�)�2 + �b�x� + h2(��x�)�2;where h1; h2 are arbitrary smooth functions; a�; b�; �� are arbitrary complex constantssatisfying the relationsa�a� = 1 ; b�b� = �1 ; a�b� = a��� = b��� = ���� = 0 :



COMPATIBILITY AND SOLUTION OF NONLINEAR D'ALEMBERT-EIKONAL SYSTEM 5Theorem 8. The general solution of the system of nonlinear PDEs� ux0x0 � ux1x1 � ux2x2 � ux3x3 = 0 ;u2x0 � u2x1 � u2x2 � u2x3 = 1is given by the formula u = A�(� )x� +R1(� ) ;where the function � = � (x) is determined in implicit wayB�(� )x� +R2(� ) = 0and A�(� ); B�(� ); R1(� ); R2(� ) are arbitrary smooth functions satisfying the relationsA�A� = 1 ; _A�B� = 0 ; A�B� = 0 ; B�B� = 0 :The principal idea of the proof of the above theorems is a linearization of the eikonalequation u2x0 � u2x1 � u2x2 � u2x3 = 1 by a suitable contact transformationx0� = f�(x; u; 1u) ; u0 = g(x; u; 1u) ; u0x� = f�(x; u; 1u) ; (8)where 1u= f@u=@x�; � = 0; 3g.Then, integrating the linear PDE and substituting the result obtained into the non-linear d'Alembert equation we get an overdetermined system of PDEs having three in-dependent variables. This system is transformed to integrable form by a sequence ofchanges of variables (8).The d'Alembert-eikonal system has various applications in mathematical physics. Wewill demonstrate how its general solution can be used to construct broad classes of exactsolutions of the nonlinear d'AlembertUx0x0 � Ux1x1 � Ux2x2 � Ux3x3 = R(U) (9)and Dirac equations i
� x� �R( �  ) = 0 : (10)Let u = u(x) be arbitrary solution of (5). Then, substitution of the AnsatzU(x) = '(u) (11)into Eq. (9) reduces it to ordinary di�erential equation for the function '(u)�d2'du2 + F (u)d'du = R(') :Solving the above equation and substituting the result obtained into the Ansatz (11)we get a class of exact solutions of the nonlinear d'Alembert equation containing arbitraryfunctions.



6 R. Z. ZHDANOVSimilarly, substitution of the Ansatz [2] (x) = �f(u) + i
�ux�g(u)�� ; (12)where � is an arbitrary four-component constant column and u = u(x) is an arbitrarysolution of (5), into Eq. (10) reduces it to the system of two ordinary di�erential equationsdfdu = R(f2 + �g2) ; �dgdu + F (u)g = �R(f2 + �g2) :Each particular solution of the above system gives rise to a class of exact solution ofthe nonlinear Dirac equation (10) containing arbitrary functions.Let us emphasize that the above presented approach to the reduction of the nonlineard'Alembert equation is more general than the symmetry reduction procedure [6]. In theframework of the said procedure a solution of Eq. (9) is looked for in the form (11), whereu(x) is an invariant of a three-parameter subgroup of the symmetry group of the equationunder study. Since maximal symmetry group of the nonlinear d'Alembert equation witharbitrary R(U) is the ten-parameter Poincar�e group P (1; 3), u(x) should be an invariantof some three-dimensional subgroup of the group P (1; 3). By easy computation onecan check that all invariants u(x) of three-parameter subgroups of P (1; 3) (which wereobtained in [7]) satisfy the d'Alembert-eikonal system (1) with n = 4. But the inverseassertion is not true. Not every solution of the system of PDEs (5) is an invariant ofsome three-parameter subgroup of the Poincar�e group (for more detail, see [5]).AcknowledgmentsSome of the results presented here (Theorems 4{8) were obtained in collaborationwith I. V. Revenko and W. I. Fushchych (Institute of Mathematics of the Academy ofScience of Ukraine, Kiev). Participation of the author in the XXVII Symposium onMathematical Physics was supported by Alexander von Humboldt Foundation.REFERENCES[1] C. B. Collins: Proc. Cambr. Phyl. Soc. 80, 165{171 (1976).[2] W. I. Fushchych and R. Z. Zhdanov: Phys. Lett. 141A, 113{115 (1989).[3] W. I. Fushchych, R. Z. Zhdanov and I. V. Revenko: Compatibility and Solutions of Nonlin-ear d'Alembert and Hamilton Equations, Preprint N 90.39; Institute of Mathematics, Kiev1990.[4] W. I. Fushchych, R. Z. Zhdanov and I. V. Revenko: Ukrainian Math. J. 43, 1471{1486(1991).[5] W. I. Fushchych, R. Z. Zhdanov and I. A. Yegorchenko: J. Math. Anal. Appl. 161, 352{360(1991).[6] A. Grundland, J. Harnad and P. Winternitz: J. Math. Phys. 25, 791{806 (1984).[7] J. Patera, R. T. Sharp, P. Winternitz and H. Zassenhaus: J. Math. Phys. 17, 977{985(1975).


