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Göteborg, February 2002



Approximation of time derivatives for parabolic equations in Banach space: variable
time steps
Yubin Yan
NO 2002–02
ISSN 1404–4382

Chalmers Finite Element Center
Chalmers University of Technology
SE–412 96 Göteborg
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APPROXIMATION OF TIME DERIVATIVES FOR PARABOLICEQUATIONS IN BANACH SPACE: VARIABLE TIME STEPSYUBIN YANAbstract. We study smoothing properties and approximation of time derivatives fortime discretization schemes with variable time steps for a homogeneous parabolic prob-lem formulated as an abstract initial value problem in a Banach space. The time step-ping methods are based on using rational functions r(z) � e�z which are A(�)-stablefor suitable � 2 (0; �=2] and satisfy jr(1)j < 1. First and second order approxima-tions of time derivatives based on using di�erence quotients are considered. Smoothingproperties are derived and error estimates are established under the so called increasingquasi-quasiuniform assumption on the time steps.1. IntroductionLet us consider the following homogeneous linear parabolic problemut + Au = 0 for t > 0; with u(0) = v;(1.1.1)where A is a closed, linear operator, with dense domain D(A) � B, where B is a Banachspace with norm k � k and v 2 B. We shall study time discretization schemes with variabletime steps and show error estimates for the approximations of u(t) and ut.We assume that �A is the in�nitesimal generator of a bounded analytic semigroupE(t) = e�tA and that 0 2 �(A), where �(A) denotes the resolvent set of A. This isequivalent to saying that there is an angle � 2 (0; �=2) such that�(A) � �� = fz 2 C : � � j arg zj � �; z 6= 0g [ f0g;(1.1.2)and that the resolvent, R(z;A) = (zI � A)�1, satis�eskR(z;A)k �M jzj�1; for z 2 ��; withM � 1;(1.1.3)where k � k denotes the standard norm of bounded linear operators on B.Under these assumptions E(t) may be represented asE(t) = 12�i Z� e�ztR(z;A) dz;Date: February 21, 2002.Key words and phrases. Banach space, parabolic, smoothing, time derivative, single step time steppingmethods, fully discrete schemes, error estimates, �nite element methods.Yubin Yan, Department of Mathematics, Chalmers University of Technology, SE{412 96 G�oteborg,Sweden email : yubin@math.chalmers.se . 1



2 YUBIN YANwhere � = f z : j arg zj =  g with  2 ( �; �=2 ) and Imz is decreasing along �. Further-more, the smoothing properties of analytic semigroups are valid. More precisely, see Pazy[11], we have kDjtE(t)vk = kAjE(t)vk � Ct�jkvk; for t > 0; v 2 B;(1.1.4)which shows that the solution is regular for positive time even if the initial data are not.Let 0 = t0 < t1 < � � � < tn < � � � be a partition of the time axis and let kn = tn�tn�1; n �1, be the variable time steps. An approximate solution Un � u(tn) = E(tn)v of (1.1.1)may be de�ned by Un = EknUn�1; for n � 1; with U0 = v;(1.1.5)where Ekn = r(knA) and r is a rational function that satis�es certain conditions. Forexample, r(z) = 1=(1 � z) and r(z) = (1 + z=2)=(1 � z=2) correspond to the backwardEuler and Crank-Nicolson methods, respectively.We say that r is A(�)-stable with � 2 [0; �=2] ifjr(z)j � 1; for j arg zj � �;(1.1.6)and accurate of order p � 1, ifr(z)� e�z = O(zp+1); as z ! 0:(1.1.7)Let us recall some results for the time stepping method (1.1.5) with constant time stepk. If A satis�es (1.1.2) and (1.1.3), and r is A(�)-stable with � 2 (�; �=2], then we havethe stability estimate, with Ek = r(kA),kUnk = kEnk vk � Ckvk; for tn � 0; v 2 B;(1.1.8)see, e.g., Crouzeix, Larsson, Piskarev, and Thom�ee [3] and Palencia [9], [10]. If A satis�es(1.1.2) and (1.1.3), and r is A(�)-stable with � 2 (�; �=2] and accurate of order p � 1, thenthe following smooth data error estimate holds:kUn � u(tn)k � CkpkApvk; for tn � 0; v 2 D(Ap):(1.1.9)Moreover, if jr(1)j < 1, then the following nonsmooth data error estimate holds:kUn � u(tn)k � Ckpt�pn kvk; for tn > 0; v 2 B:(1.1.10)The condition jr(1)j < 1 ensures that oscillating components of the error are e�cientlydamped, see, e.g., Le Roux [8], Larsson, Thom�ee, and Wahlbin [7], Fujita and Suzuki [5].Smoothing properties and approximation of time derivatives for (1.1.5) with constanttime step have also been studied by some authors. Let j � 1 be �xed. If A satis�es (1.1.2)and (1.1.3), and r is A(�)-stable with � 2 (�; �=2], and with r(1) = 0, then the followingsmoothing property holds:kAjUnk = kAjEnk vk � Ct�jn kvk; for tn � tj; v 2 B;(1.1.11)see, e.g., Thom�ee [12] for the Hilbert space case and Hansbo [6] for the Banach space case.However (1.1.11) is not true in general when r(1) 6= 0.



APPROXIMATION OF TIME DERIVATIVES 3Let us introduce the �nite di�erence quotients,QjkUn = 1kj m2X�=�m1 c�Un+� ; for n � m1;(1.1.12)where m1; m2 are nonnegative integers, and c� are real numbers such that the operator Qjkis an approximation of order p � 1 to Djt , that is, for any smooth real-valued function u,Djtu(tn) = Qjkun +O(kp); as k ! 0; with un = u(tn):We then have the following smoothing property and nonsmooth data error estimates: If Asatis�es (1.1.2) and (1.1.3), and r is A(�)-stable with � 2 (�; �=2], and jr(1)j < 1, thenwe have kQjkUnk � Ct�jn kvk; for n � m1; tn > 0; v 2 B;(1.1.13)and, if further r(z) is accurate of order p � 1,kQjkUn �Djtu(tn)k � Ckpt�(p+j)n kvk; for n � m1; tn > 0; v 2 B;(1.1.14)see Yan [13]For the smooth data error estimate, the condition jr(1)j < 1 is not necessary. In fact,we have, for any A(�)-stable discretization scheme with � 2 (�; �=2],kQjkUn �Djtu(tn)k � CkpkAp+jvk; for n � m1; v 2 D(Ap+j);(1.1.15)see, e.g., Baker, Bramble, and Thom�ee [2] for the Hilbert space case and Yan [13] for theBanach space case.Now let us mention some results for the variable time steps which are related to thepresent paper. Stability results have been considered by some authors. For example,Palencia [9] shows that, if A satis�es (1.1.2) and (1.1.3), and r is A(�)-stable with � 2(�; �=2], if the time steps fkjg1j=1 satisfy, with some constant �,0 < ��1 � kikj � � <1; for i; j � 1;(1.1.16)then there exists a constant C(�) such that the following stability result holds


 nYj=1Ekj


 � C(�); where Ekj = r(kjA):(1.1.17)We observe that the stability bound will depend on the maximum ratio � between thesteps, but not on the steps themselves. In this way, the stability bound does not blow upwhen the maximum time step goes to zero, as long as � remains bounded. In particular,a family of quasi-uniform grids with kmax � �kmin satis�es the assumption (1.1.16), wherekmax = max1�j�n kj; kmin = min1�j�n kj. More precisely, Bakaev [1] shows that if Asatis�es (1.1.2) and (1.1.3), and r is A(�)-stable with � 2 (�; �=2], then


 nYj=1Ekj


 � C ln(1 + �); where � = kmaxkmin :(1.1.18)



4 YUBIN YANPalencia [10] further �nds that if jr(1)j < 1, then the stability bound holds without anyrestriction on the time steps.In the present paper, we �rst consider error estimates for (1.1.5) in both smooth andnonsmooth data cases. We show, in Theorem 2.1, that if A satis�es (1.1.2) and (1.1.3) andr is A(�)-stable with � 2 (�; �=2] and accurate of order p � 1, then the following smoothdata error estimate holds:kUn � u(tn)k � CkpmaxkApvk; for tn � 0; v 2 D(Ap):To obtain error estimates in the nonsmooth data case, we introduce the notion of in-creasing quasi-quasiuniform grids T in time. Let fT g be a family of partitions of the timeaxis, T = ftn : 0 = t0 < t1 < � � � < tn < � � � g. fT g is called a family of quasi-quasiuniformgrids if there exist positive constants c; C, such thatckn+1 � kn � Ctn=n; for n � 1:(1.1.19)Further, if k1 � k2 � � � � � kn � � � � , then we call fT g a family of increasing quasi-quasiuniform grids. We note that increasing quasi-quasiuniform implies that kn � kn+1and nkn � tn, where an � bn means that an=bn is bounded above and below.For example, if we choose the variable time steps kn = nsk for some �xed s � 1, withk > 0, then tn = k�Pnj=1 js�, and the corresponding family of partitions fT g is a familyof increasing quasi-quasiuniform grids. In fact, it is obvious that kn=kn+1 = ns=(n+ 1)s �1=2s. Further, since tn=k = Pnj=1 js � Cns+1 for some positive constant C, we havekn � Ctn=n.Under these assumptions we have the following nonsmooth data error estimate: If Asatis�es (1.1.2) and (1.1.3), and r is A(�)-stable with � 2 (�; �=2] and accurate of orderp � 1, if further jr(1)j < 1 and fT g is a family of increasing quasi-quasiuniform grids,then we have kUn � u(tn)k � Ckpnt�pn kvk; for tn > 0; v 2 B:We note that these two error estimates correspond to (1.1.9) and (1.1.10) for constant timestep, respectively.As for the smoothing property, we show that, if r(1) = 0, and fT g satis�es (1.1.16),then 


A nYj=1Ekjv


 � Ct�1n kvk; for tn > 0; v 2 B:As in the constant time step case, see Yan [13], the above smoothing property is nottrue in the case of r(1) 6= 0. However, if jr(1)j < 1, then we introduce similar di�erencequotients as (1.1.12) with variable time steps. For simplicity we only consider the following�rst and second order approximations of time derivative ut(tn) de�ned by�@Un = Un � Un�1kn ; for n � 1;(1.1.20)



APPROXIMATION OF TIME DERIVATIVES 5and �@2Un = an �@Un + bn �@Un�1 = anUn � Un�1kn + bnUn�1 � Un�2kn�1 ; for n � 2;(1.1.21)where an = (2kn + kn�1)=(kn + kn�1); bn = �kn=(kn + kn�1):In both cases, under the assumption of increasing quasi-quasiuniform grids, we obtain asmoothing property and error estimates for time derivative in the nonsmooth data casewhich are similar to (1.1.13) and (1.1.14), respectively. We also show a smooth data errorestimate without any restrictions on the time steps.The paper is organized as follows. In Section 2 we show error estimates for the approx-imation Un of un in both smooth and nonsmooth data cases. In Section 3 we considerthe �rst order approximation (1.1.20) of ut(tn) and show a smoothing property and errorestimates for time derivative. In Section 4 we consider the second order approximation(1.1.21) and obtain similar results as in Section 3.By C and c we denote large and small positive constants independent of the functionsand parameters concerned, but not necessarily the same at di�erent occurrences. Whennecessary for clarity we distinguish constants by subscripts.2. Error EstimatesIn this section we will consider error estimates for the approximation Un de�ned by(1.1.5) of the solution u(tn) of (1.1.1). Our �rst result is an error estimate in the smoothdata case in which there is no restriction on the time steps kn.Theorem 2.1. Let Un and u(tn) be the solutions of (1.1.5) and (1.1.1). Assume that Asatis�es (1.1.2) and (1.1.3), and that r(z) is accurate of order p � 1, and A(�)-stable with� 2 (�; �=2]. Let kj; 1 � j � n, be time steps. Then we havekUn � u(tn)k � CkpmaxkApvk; for tn � 0; v 2 D(Ap);where kmax = max1�j�n kj.In order to prove Theorem 2.1, we need the following lemmas which are simple con-sequences of (1.1.6) and (1.1.7). The �rst lemma is quoted from Thom�ee [12, Lemma8:2].Lemma 2.2. Assume that r(z) is A(�)-stable with � 2 (0; �=2], and accurate of orderp � 1. Then for arbitrary R > 0 and  2 (0; �) there is c > 0 such thatjr(z)j � e�cjzj; for jzj � R; j arg zj �  :Lemma 2.3. Assume that r(z) is A(�)-stable with � 2 (0; �=2], and accurate of orderp � 1. Let kj, 1 � j � n, be any positive numbers. Then for arbitrary R > 0 and 2 (0; �) there are c; C > 0 such that, with Fn(z) =Qnj=1 r(kjz)� e�tnz,jFn(z)j � Cnjkmaxzjp+1e�ctnjzj; for jkmaxzj � R; j arg zj �  ;(2.2.1)



6 YUBIN YANand jFn(z)j � Cjkmaxzjptnjzje�ctnjzj; for jkmaxzj � R; j arg zj �  ;(2.2.2)where kmax = max1�j�n kj.Proof. Since r(z) is accurate of order p � 1, there exists a small � > 0 such thatjr(z)� e�zj � Cjzjp+1; for jzj � �:Further, by (1.1.6), we have, for arbitrary R > 0 and  2 (0; �),jr(z)� e�zj � Cjzjp+1; for jzj � R; j arg zj �  :(2.2.3)We next observe that, if c � cos ,je�zj = e�Rez � e�cjzj; for j arg zj �  :(2.2.4)It is easy to show thatjFn(z)j � C nXj=1(kjjzj)p+1e�c(tn�kj)jzj; for jkmaxzj � R; j arg zj �  :(2.2.5)In fact, using Lemma 2.2, (2.2.3) and (2.2.4), we have, for jkmaxzj � R; j arg zj �  ,jF1(z)j = jr(k1z)� e�k1zj � C(k1jzj)p+1e�c(t1�k1)jzj;and jF2(z)j = j(r(k1z)� e�k1z)r(k2z) + e�k1z(r(k2z)� e�k2z)j� Cjk1zjp+1e�c(t2�k1)jzj + Ce�c(t2�k2)jzjjk2zjp+1= C 2Xj=1(kjjzj)p+1e�c(tn�kj)jzj:In general, for n � 3,jFn(z)j = ����r(k1z)� e�k1z� nYj=2 r(kjz) + e�k1z�r(k2z)� e�k2z� nYj=3 r(kjz)+ � � �+ � n�1Yj=1 e�kjz��r(knz)� e�knz����� C nXj=1 �e�ctj�1jzj(kjjzj)p+1e�c(tn�tj)jzj�= C nXj=1(kjjzj)p+1e�c(tn�kj)jzj:Thus, by (2.2.5), we get, using kjjzj � jkmaxzj � R; 1 � j � n,jFn(z)j � Cnjkmaxzjp+1e�ctnjzj; for jkmaxzj � R; j arg zj �  ;



APPROXIMATION OF TIME DERIVATIVES 7and jFn(z)j � Ce�ctnjzj nXj=1(kjjzj)p+1� Cjkmaxzjptnjzje�ctnjzj; for jkmaxzj � R; j arg zj �  :Together these estimates complete the proof.The following lemma gives the Dunford-Taylor spectral representation of a rational func-tion of the operator A when the rational function is bounded in a sector in the righthalfplane, see Thom�ee [12, Lemma 8:1].Lemma 2.4. Assume that (1.1.2) and (1.1.3) hold and let r(z) be a rational functionwhich is bounded for j arg zj �  , jzj � � > 0, where  2 (�; �=2), and for jzj � R. If � > 0is so small that fz : jzj � �g � �(A), then we haver(A) = r(1)I + 12�i Z
�[�R� [
R r(z)R(z;A) dz;where 
� = fz : jzj = �; j arg zj �  g, �R� = fz : j arg zj =  ; � � jzj � Rg, and
R = fz : jzj = R; � j arg zj � �g, and with the closed path of integration oriented in thenegative sense.For our error estimates we shall apply the following spectral representation of the semi-group, see Thom�ee [12, Lemma 8:3].Lemma 2.5. Assume that (1.1.2) and (1.1.3) hold, let  2 (�; �=2), and j be any integer.Then we have for � > 0 su�ciently smallAjE(t) = 12�i Z
�[�� e�ztzjR(z;A) dz;where 
� = fz : jzj = �; j arg zj �  g and �� = fz : j arg zj =  ; jzj � �g, and where Imz isdecreasing along 
� [ ��. When j � 0, we may take � = 0.Proof of Theorem 2.1. Since Un � u(tn) = Qnj=1 r(kjA)v � e�tnAv = Fn(A)v, we need toshow kFn(A)vk � CkpmaxkApvk, or in operator norm,kFn(A)(kmaxA)�pk � C;which we will do now. Let �r(z) = Qnj=1 r(kjz)(kmaxz)�p. Since r(z) is A(�)-stable with� 2 (�; �=2], we �nd that �r(z) is bounded for j arg zj �  ; jzj � � with some  2 (�; �)and any � > 0. Further �r(z) is also bounded for jzj � R with R su�ciently large, since�r(1) = 0. Thus, applying Lemma 2.4 to the rational function �r(z), we havenYj=1 r(kjA)(kmaxA)�p = 12�i Z
�[�R� [
R nYj=1 r(kjz)(kmaxz)�pR(z;A) dz:



8 YUBIN YANBy (1.1.3) and (1.1.6), we know that the integrand is of order O(z�p�1) for large z whichimplies that the integrand has no poles when jzj � R, so that we may let R tend to 1.Using also Lemma 2.5 we concludeFn(A)(kmaxA)�p = 12�i Z
�[�� Fn(z)(kmaxz)�pR(z;A) dz:Now by (2.2.1) we see that Fn(z) = O(zp+1) as z ! 0. Combining this with (1.1.3) wehave that the integrand is bounded on the small domain with boundary 
� [ ��0, so thatwe may let �! 0. It follows that, using also (1.1.3),kFn(A)(kmaxA)�pk � C Z 10 (jFn(�ei )j+ jFn(�e�i )j)(kmax�)�p d�� :By (2.2.2), we have, for arbitrary R > 0,Z R=kmax0 jFn(�e�i )j(kmax�)�p d�� � C Z R=kmax0 e�ctn�tn d� � C:Since r(z) and e�tz are bounded on �, where � = fz : j arg zj =  g, we �ndZ 1R=kmax jFn(�e�i )j(kmax�)�p d�� � C Z 1R=kmax(kmax�)�p d�� � C:Together these estimates complete the proof.We now show a nonsmooth data error estimate.Theorem 2.6. Let Un and u(tn)be the solutions of (1.1.5) and (1.1.1). Assume that Asatis�es (1.1.2) and (1.1.3), and that r(z) is accurate of order p � 1 and A(�)-stable with� 2 (�; �=2] and jr(1)j < 1. Assume further that fT g is a family of increasing quasi-quasiuniform grids. Then there is a constant C such thatkUn � u(tn)k � Ckpnt�pn kvk; for tn > 0:To prove Theorem 2.6 we need the following lemma.Lemma 2.7. If the rational function r(z) is A(�)-stable with � 2 (0; �=2] and jr(1)j < 1,then for any  2 (0; �) and R > 0 there are positive c and C such that, for any sequencesk1 � k2 � � � � � kn, with � = r(1),��� nYj=1 r(kjz)� �n��� � Cjk1zj�1e�cn; for jk1zj � R; j arg zj �  :(2.2.6)Proof. Since r(z)�� vanishes at in�nity and r(z) is A(�)-stable with � 2 (0; �=2], we have,see Thom�ee [12, Lemma 8:5],jr(z)� �j � Cjzj�1; for jzj � R; j arg zj �  :Further, jr(z)j � e�c; for jzj � R; j arg zj �  :(2.2.7)



APPROXIMATION OF TIME DERIVATIVES 9In fact, j�j < 1 implies that (2.2.7) holds for jzj � ~R with ~R su�ciently large. By (1.1.6)and the maximum-principle we have jr(z)j < 1 for j arg zj < �; z 6= 0. In particular,jr(z)j < 1 on the compact set fz : R � jzj � ~R; j arg zj �  g, which shows (2.2.7).(2.2.6) is obvious for n = 1. When n � 2, we have, for jk1zj � R, noting that � � e�cand k1 � k2 � � � � � kn,��� nYj=1 r(kjz)� �n��� = ���(r(k1z)� �) nYj=2 r(kjz) + � � �+ �n�1(r(knz)� �)���� Ce�cn nXj=1 jkjzj�1 � Cjk1zj�1ne�cn � Cjk1zj�1e�cn;which completes the proof of Lemma 2.7.Proof of Theorem 2.6. The case n = 1 follows from the constant time step case, see Thom�ee[12]. We now consider n � 2. With Fn(z) as in Lemma 2.3, we need to show kFn(A)k �Ckpnt�pn . Since tn � nkn, it su�ces to showkFn(A)k � Cn�p:Set ~Fn(z) = Fn(z)� �nknz=(1 + knz), where � = r(1). Since j�j < 1, and by the obviousfact that kknA(I + knA)�1k � C, we havek�nknA(I + knA)�1k � Cj�jn � Cn�p;and it remains to show the same bound for the operator norm of ~Fn(A). SinceQnj=1 r(kjz)��nknz=(1 + knz) vanishes at z =1, we may use Lemmas 2.4 and 2.5 to see that~Fn(A) = 12�i Z� ~Fn(z)R(z;A) dz;where � = fz : j arg zj =  g for some  2 (�; �). By (1.1.3), we getk ~Fn(A)k � C Z 10 j ~Fn(�e�i )j d�� :Let R be arbitrary. We will bound the above integral over the intervals [0; R=kn] [[R=kn; R=k1] [ [R=k1;1). We rewrite ~Fn(z) = (Qnj=1 r(kjz)� �n) + �n=(1 + knz)� e�tnz.Using (2.2.4) and Lemma 2.7 and j1 + knzj � jknzj for Re z � 0, we getZ 1R=k1 j ~Fn(�e�i )j d�� � C Z 1R=k1 �e�cn(k1�)�1 + j�jn(kn�)�1 + e�ctn�� d�� :Obviously, Z 1R=k1 e�cn(k1�)�1 d�� � Z 1R e�cnx�2 dx � Cn�p;and, using k1 � kn,Z 1R=k1 j�jn(kn�)�1 d�� � Z 1R j�jn(knk�11 )�1x�2 dx � Cn�p;



10 YUBIN YANand, using nk1 � tn,Z 1R=k1 e�ctn� d�� � C Z 1R=k1(tn�)�p d��� C Z 1R (tnk�11 )�px�p�1 dx � Cn�p:Thus Z 1R=k1 j ~Fn(�e�i )j d�� � Cn�p; for n � 2:(2.2.8)Using (2.2.1) and j1=(1 + knz)j � 1 for Re z � 0, we have, since nkn � tn,Z R=kn0 j ~Fn(�e�i )j d�� � Z R=kn0 jFn(�e�i )j d�� + Z R=kn0 j�jnkn d�� C Z R=kn0 (kn�)p+1e�ctn�n d�� + Cj�jn� C Z R0 xpe�c(tn=kn)xn dx+ Cj�jn � Cn�p; for n � 2:It remains to consider the integral over the interval [R=kn; R=k1] for n � 2. By Lemma2.2 and (2.2.7) there exist constants c1 and c2 such that jr(z)j � e�c1jzj for jzj � R; j arg zj � , and jr(z)j � e�c2 for jzj � R; j arg zj �  , where c2 can be chosen arbitrarily small.Therefore, assuming that z 2 �R=kmR=km+1 with some m : 1 � m � n� 1 so that kjjzj � R forj � m, we have��� nYj=1 r(kjz)��� � e�c1tmjzje�c2(n�m) � e�c2n�ec2me�c1tmjzj�; for n � 2:Further, by (1.1.19),c1tmjzj = c1(tm=km)(km=km+1)(km+1jzj) � c1c0C�10 Rm = c3m:(2.2.9)Thus if we choose c2 � c3 and let c4 = c3 � c2, we get��� nYj=1 r(kjz)��� � e�c2ne�c4m; if z 2 �R=kmR=km+1 ; 1 � m � n� 1:(2.2.10)



APPROXIMATION OF TIME DERIVATIVES 11We rewrite ~Fn(z) = Qnj=1 r(kjz) � e�tnz � �nknz=(1 + knz). Using (2.2.10) and notingthat ln(km+1=km) � lnC � C, we getZ R=k1R=kn ��� nYj=1 r(kj�e�i )��� d�� � n�1Xm=1 Z R=kmR=km+1 ��� nYj=1 r(kj�e�i )��� d��� n�1Xm=1 Z R=kmR=km+1 e�c2ne�c4m d�� � e�c2n n�1Xm=1�e�c4m ln(km+1=km)�(2.2.11) � Ce�c2n� n�1Xm=1 e�c4m� � Ce�c2n � Cn�p; for n � 2:Further, using (2.2.4) and noting that (1.1.19) implies tn� � c(nkn)� � cn for � 2[R=kn; R=k1], we have, since ln(kn=k1) =Pn�1m=1 ln(km+1=km) � Cn,Z R=k1R=kn �je�tn�e�i j+ kn�1 + kn��n� d�� � Z R=k1R=kn (e�cn + �n) d��(2.2.12) � (e�cn + �n) ln(kn=k1) � Cn(e�cn + �n) � Cn�p; for n � 2:Hence Z R=k1R=kn ��� ~Fn(�e�i )��� d�� � Cn�p; for n � 2:Together these estimates complete the proof.3. Approximation of time derivative | first orderIn this section, we shall consider a smoothing property of the time discretization scheme(1.1.5) and error estimates for the �rst order approximation of time derivative ut(tn) de�nedby �@Un = Un � Un�1kn ; for n � 1:(3.3.1)We begin with a smooth data error estimate for the approximation (3.3.1).Theorem 3.1. Let Un and u(tn)be the solutions of (1.1.5) and (1.1.1). Assume that Asatis�es (1.1.2) and (1.1.3), and that r(z) is accurate of order p � 1, and A(�)-stable with� 2 (�; �=2]. Let kj; 1 � j � n; be increasing. Then we havek�@Un � ut(tn)k � CknkA2vk; for tn > 0:(3.3.2)Proof. The case n = 1 follows from the result in constant time step case, see Yan [13]. Nowwe consider the case when n � 2. SettingGn(z) = n�1Yj=1 r(kjz)(r(knz)� 1)� (�knz)e�tnz;



12 YUBIN YANour result will follow from kGn(A)(knA)�2k � C; for n � 2:Let �r(z) = �Qn�1j=1 r(kjz)(r(knz) � 1)�(knz)�2. As in the proof of Theorem 2.1, applyingLemma 2.4 to the rational function �r(z) and using also Lemma 2.5 we concludeGn(A)(knA)�2 = 12�i Z
�[�� Gn(z)(knz)�2R(z;A) dz:Since 0 2 �(A), we have, by (1.1.3),kR(z;A)k � C; for � � j arg zj � �:(3.3.3)We will show that Gn(z) = O(z2) as z ! 0:(3.3.4)Combining this with (3.3.3) shows that the integrand is bounded on the small domain withboundary 
� [��0, so that we may let �! 0. It follows that, with � = fz : j arg zj =  g forsome  2 (�; �), Gn(A)(knA)�2 = 12�i Z�Gn(z)(knz)�2R(z;A) dz:(3.3.5)In order to show (3.3.4), we writeGn(z) = G1n(z) +G2n(z) +G3n(z); for n � 2;where G1n(z) = n�1Yj=1 r(kjz)(r(knz)� 1 + knz);and, with Fn(z) =Qnj=1 r(kjz)� e�tnz,G2n(z) = �knz n�1Yj=1 r(kjz)(1� r(knz)); G3n(z) = �knzFn(z):By (1.1.7), there exists a small � > 0 such thatjr(z)j � C; jr(z)� 1j � Cjzj; jr(z)� 1� zj � Cjzj2; for jzj � �:(3.3.6)Combining this with (2.2.2) shows jGn(z)j � Cjknzj2 for jknzj � �, which is (3.3.4).It remains to consider (3.3.5). Let us �rst consider the integral over ��=kn0 . By (1.1.2) and(1.1.3), R(z;A) is analytic in the domain fz : � � j arg zj � �g, and henceGn(z)(knz)�2R(z;A)is analytic in the domain bounded by ��=kn0 [
�=kn (see Lemmas 2.4 and 2.5 for the de�nitionof the curves). We then can replace the path of integration in (3.3.5) by ~� = 
�=kn [��=kn .We �nd, using jGn(z)j � Cjknzj2 for jknzj � �,


Z
�=kn Gn(z)(knz)�2R(z;A) dz


 � Z
�=kn jdzjjzj = C;(3.3.7)



APPROXIMATION OF TIME DERIVATIVES 13and, by the boundedness of r(z) and e�tnz over �,


 Z��=kn Gn(z)(knz)�2R(z;A) dz


 � C Z 1�=kn(C + C(kn�))(kn�)�2 d�� � C:(3.3.8)Together these estimates complete the proof.We now turn to smoothing properties of (1.1.5). Recall from the introduction that thesmoothing property (1.1.11) is not valid if r(1) 6= 0. However, if r(1) = 0, the analogueof (1.1.11) holds also for some special schemes r(z) with no restriction on the time steps,see Eriksson, Johnson, and Larsson [4]. For a general scheme r(z) we have the followingsmoothing property:Theorem 3.2. Assume that (1.1.2) and (1.1.3) hold, and r(z) is accurate of order p � 1and A(�)-stable with � 2 (�; �=2], and that r(1) = 0. Let fkjg satisfy ckj � kj+1 � Ckj.Then there is a constant C such that


A nYj=1 r(kjA)v


 � Ct�1n kvk; for tn > 0:(3.3.9)Proof. The case n = 1 follows the result in the constant time step case, see Hansbo [6].Here we consider the case when n � 2. We show that, with gn(z) = tnzQnj=1 r(kjz),kgn(A)k � C; for n � 2:Since r(1) = 0, we have, see Thom�ee [12, Lemma 7:3],jr(z)j � 11 + cjzj ; for j arg zj �  ;(3.3.10)which implies that gn(z) is bounded for j arg zj �  and gn(1) = 0. Thus there existsR > 0 such that gn(z) is bounded for jzj � R. Lemma 2.4 shows thatgn(A) = 12�i Z
�[�R� [
R gn(z)R(z;A) dz:Noting that gn(z) is analytic for jzj � R;  � j arg zj � �, and gn(z) = O(z) as z !0; j arg zj �  , we may let R!1 and �! 0, so thatgn(A) = 12�i Z� gn(z)R(z;A) dz;where � = fz : j arg zj =  g for some  2 (�; �). We split the path of integration as� = �R=tn0 [ �R=tn . By (2.2.7), we have


 Z�R=tn0 gn(z)R(z;A) dz


 � C Z R=tn0 tn�e�ctn� d�� � C:We now consider the integral over �R=tn . If kmax � tn=2, then we havet2n = nXl=1 k2l +Xl 6=j klkj � kmaxtn +Xl 6=j klkj � t2n=2 +Xl 6=j klkj;



14 YUBIN YANso that Pl 6=j klkj � t2n=2 and hencenYj=1(1 + ckj�) = 1 + c� nXj=1 kj��+ c�2�Xl 6=j klkj�+ � � � � ct2n�2;which implies that, by (3.3.10),


 Z�R=tn gn(z)R(z;A) dz


 � C Z 1R=tn tn�Qnj=1(1 + ckj�) d��� C Z 1R=tn tnc�2t2n d� � C:If kmax � tn=2, then, assuming that kmax = km for some m with 1 � m � n, and sincen � 2, we have


 Z�R=tn gn(z)R(z;A) dz


 � C Z 1R=tn tn(1 + ckm�)2 d� � C Z 1R=tn tn(1 + ctn�)2 d� � C:Together these estimates complete the proof.As in Yan [13] for the constant time step case, if jr(1)j < 1, using di�erence quotients intime rather than the elliptic operator A in (3.3.9), we have a following smoothing property:Theorem 3.3. Let Un be the solution of (1.1.5). Assume that (1.1.2) and (1.1.3) hold andthat the discretization scheme is accurate of order p � 1, and A(�)-stable with � 2 (�; �=2],and jr(1)j < 1. Assume that fT g is a family of increasing quasi-quasiuniform grids. Thenthere is a constant C such thatk�@Unk � Ct�1n kvk; for tn > 0:(3.3.11)Proof. The case n = 1 follows from the constant time step case, see Yan [13]. We nowconsider the case when n � 2. We want to show that, with ~gn(z) =Qn�1j=1 r(kjz)(r(knz)�1),k~gn(A)k � Cn�1; for n � 2:Since tn � nk this implies k~gn(A)k � Cknt�1n .Since jr(1)j < 1 we �nd that ~gn(1) exists, which implies that there is ~R > 0, suchthat for �xed n, ~gn(z) is bounded for jzj � ~R. Further, by (1.1.6), ~gn(z) is bounded forjzj � �; j arg zj �  with  2 (�; �). Applying Lemma 2.4, we get~gn(A) = ~gn(1)I + 12�i Z
�[� ~R� [
 ~R ~gn(z)R(z;A) dz:Since the integrand is bounded for jzj � ~R, we may let ~R tend to1. Moreover, by (3.3.6),we have ~gn(z) = O(z) as z ! 0, so that we may let �! 0. Thus~gn(A) = ~gn(1)I + 12�i Z� ~gn(z)R(z;A) dz;where � = fz : j arg zj =  g for some  2 (�; �).



APPROXIMATION OF TIME DERIVATIVES 15Clearly, k~gn(1)Ik � jr(1)n�1(r(1)� 1)j � Ce�cn � Cn�1:Since jr(1)j < 1, there exist R > 0 and c > 0 such thatjr(z)j � e�c; for jzj � R;(3.3.12)which shows that the integrand has no poles when jzj � R=k1; � � j arg zj � �. In fact,using also (3.3.3), we havek~gn(z)R(z;A)k � Ce�c(n�1)(e�c + 1) � Ce�cn; for jzj � R=k1; � � j arg zj � �:(3.3.13)Thus we can replace the path of the integration by ~� = �R=kn0 [ �R=k1R=kn [ 
R=k1 . We have,since j~gn(z)j � Ce�cn for jzj � R=k1,


 Z
R=k1 ~gn(z)R(z;A) dz


 � C Z
R=k1 e�cn jdzjjzj � Cn�1:By (1.1.6) and (3.3.6), we know that, for arbitrary R,jr(z)� 1j � Cjzj; jr(z)� 1� zj � Cjzj2; for jzj � R; j arg zj �  :(3.3.14)Using this, Lemma 2.2 and tn�1=kn = (tn�1=kn�1)(kn�1=kn) � C(tn�1=kn�1) � C(n � 1),we have 


 Z�R=kn0 ~gn(z)R(z;A) dz


 � C Z R=kn0 e�ctn�1�(kn�) d��� C Z R0 e�c(tn�1=kn)x dx � C Z R0 e�cnx dx � Cn�1:Finally, we writeZ�R=k1R=kn ~gn(z)R(z;A) dz = �Z�R=kn�1R=kn + Z�R=k1R=kn�1 �~gn(z)R(z;A) dz = I + II:If n = 2, we have, by Lemma 2.2 and ln(k2=k1) � C,


 Z�R=k1R=k2 ~gn(z)R(z;A) dz


 � Z R=k1R=k2 e�ck1� d�� � C � Cn�1:If n � 3, using Lemma 2.2 and (1.1.6) and (2.2.9) with m = n � 1, we obtain, forz 2 �R=kmR=km+1 ; 1 � m � n� 2,j~gn(z)j � C��� n�1Yj=1 r(kjz)��� � Ce�ctn�1jzj � Ce�c3(n�1);which implies that, since kn�1 � kn,kIk � C Z R=kn�1R=kn e�c3(n�1) d�� � Ce�cn ln(kn=kn�1) � Ce�cn:



16 YUBIN YANFurther, by (1.1.6) and (2.2.10),j~gn(z)j � ��� n�1Yj=1 r(kjz)��� � Ce�c2(n�1)e�c4m; for z 2 �R=kmR=km+1 ; 1 � m � n� 2;which shows that, following the proof of (2.2.11),kIIk � C n�2Xm=1 Z R=kmR=km+1 e�c2(n�1)e�c4m d�� � Ce�cn:We therefore obtain


 Z�R=k1R=kn ~gn(z)R(z;A) dz


 � Ce�cn � Cn�1; for n � 3:(3.3.15)Together these estimates complete the proof.Our next result is a nonsmooth data error estimate.Theorem 3.4. Let Un and u(tn)be the solutions of (1.1.5) and (1.1.1). Assume that Asatis�es (1.1.2) and (1.1.3), and that r(z) is accurate of order p � 1 and A(�)-stable with� 2 (�; �=2] and jr(1)j < 1. Assume further that fT g is a family of increasing quasi-quasiuniform grids. Then there is a constant C such thatk�@Un �Dtu(tn)k � Cknt�2n kvk; for tn > 0:Proof. The case n = 1 follows from the constant time step case, see Yan [13]. Here weconsider the case when n � 2.With the notation of Theorem 3.1 and since tn � nkn we need to showkGn(A)k � Cn�2; for n � 2:We set, with � = r(1),~Gn(z) = Gn(z)� �n�1(�� 1)knz=(1 + knz):(3.3.16)For the same reason as in the proof of Theorem 2.6, we havek�n�1(�� 1)knA(I + knA)�1k � Cj�jn�1 � Cn�2;and ~Gn(A) = 12�i Z� ~Gn(z)R(z;A) dz;where � = fz : j arg zj =  g for some  2 (�; �).We write ~Gn(z) =� n�1Yj=1 r(kjz)(r(knz)� 1)� �n�1(�� 1)�(3.3.17) + �n�1(�� 1)=(1 + knz)� (�knz)e�tnz:



APPROXIMATION OF TIME DERIVATIVES 17By Lemma 2.7 and j1 + knzj � jknzj for Re z � 0, we haveZ 1R=k1 j ~Gn(�e�i )j d�� � C Z 1R=k1 �e�cn(k1�)�1 + j�jn(kn�)�1 + (kn�)e�ctn�� d��� Cn�2:Using j1=(1+ knz)j � 1 for Re z � 0, we have, by (3.3.16), with Gln(z); l = 1; 2; 3, as in theproof of Theorem 3.1,Z R=kn0 j ~Gn(�e�i )j d�� � Z R=kn0 jGn(�e�i )j d�� + C Z R=kn0 j�jn�1knd�� 3Xl=1 Z R=kn0 jGlnj d�� + Cj�jn:Obviously, we have, by Lemma 2.2 and (3.3.14) and tn�1=kn � C(n� 1),Z R=kn0 (jG1nj+ jG2nj) d�� � C Z R=kn0 e�ctn�1�(kn�)2 d��(3.3.18) � Z R0 e�c(tn�1=kn)xx dx � Z R0 e�c(n�1)xx dx � Cn�2;and, by (2.2.1) with p = 1 and nkn � tn,Z R=kn0 jG3nj d�� � C Z R=kn0 (kn�)(kn�)2e�ctn�n d�� = Z R0 x2e�c(tn=kn)xn dx� C Z R0 x2e�cnxn dx � Cn�2:Thus, combining this with j�jn � Cn�2, we getZ R=kn0 j ~Gn(�e�i )j d�� � Cn�2; for n � 2:It remains to consider the integral on interval [R=kn; R=k1]. We rewrite~Gn(z) = n�1Yj=1 r(kjz)(r(knz � 1)� (�knz)e�tnz � knz1 + knz (�n � �n�1):We have, since tn� = (tn=kn)kn� � Cn for � 2 [R=kn; R=k1],Z R=k1R=kn e�tn�e�i (kn�) d�� � Z R=k1R=kn e�ctn�knd� � e�cn Z R=k1R=kn e� c2 tn�tnd�(3.3.19) � e�cn Z 10 e� c2x dx � Ce�cn � Cn�2;



18 YUBIN YANand, since ln(kn=k1) � Cn,Z R=k1R=kn kn�1 + kn�(�n � �n�1) d�� � C�n ln(kn=k1) � Cn�2:(3.3.20)Combining this with (3.3.15) showsZ R=k1R=kn j ~Gn(�e�i )j d�� � Cn�2; for n � 2:The proof is complete.4. Approximation of time derivative | second orderIn this section we shall consider the following second order approximation of ut(tn) ofthe solution of (1.1.1),�@2Un = an �@Un + bn �@Un�1 = anUn � Un�1kn + bnUn�1 � Un�2kn�1 ;(4.4.1) an = (2kn + kn�1)=(kn + kn�1); bn = �kn=(kn + kn�1);where Un is the discrete solution of (1.1.1) de�ned by (1.1.5). Combining (4.4.1) andTheorem 3.3, we obtain the following smoothing property of discrete scheme (1.1.5).Theorem 4.1. Let Un be the solution of (1.1.5). Assume that (1.1.2) and (1.1.3) hold andthat the discretization scheme is accurate of order p � 1, and A(�)-stable with � 2 (�; �=2],and jr(1)j < 1. Assume that fT g is a family of increasing quasi-quasiuniform grids. Thenthere is a constant C such thatk�@2Unk � Ct�1n kvk; for n � 2:Note that (4.4.1) can also be written in the form�@2Un = 1kn�c0Un + c1Un�1 + c2Un�2�; for n � 2;(4.4.2)where c1 = 1 + 
n; c2 = 
2n=(1 + 
n), c0 = c1 + c2 and 
n = kn=kn�1.We shall now consider error estimates for the approximation (4.4.1). We begin with asmooth data error estimate.Theorem 4.2. Let Un and u(tn)be the solutions of (1.1.5) and (1.1.1). Assume that Asatis�es (1.1.2) and (1.1.3), and that r(z) is accurate of order p � 2, and A(�)-stable with� 2 (�; �=2]. Let kj; 1 � j � n; be increasing. Then we havek�@2Un �Dtu(tn)k � Ck2nkA3vk; for n � 2:(4.4.3)Proof. With P (x; y) = c0 + c1y�1 + c2x�1y�1 andGn(z) = nYj=1 r(kjz)P (r(kn�1z); r(knz))� (�knz)e�tnz; for n � 2;



APPROXIMATION OF TIME DERIVATIVES 19we want to prove kGn(A)(knA)�3k � C; for n � 2:Let �r(z) = �Qnj=1 r(kjz)P (r(kn�1z); r(knz))�(knz)�3. As in the proof of Theorem 2.1,applying Lemma 2.4 to the rational function �r(z) and using also Lemma 2.5 we concludeGn(A)(knA)�3 = 12�i Z
�[�� Gn(z)(knz)�3R(z;A) dz:We now show that Gn(z) = O(z3); as z ! 0:(4.4.4)In fact, we write Gn(z) = G1n(z) +G2n(z) +G3n(z); for n � 2;(4.4.5)where G1n(z) = nYj=1 r(kjz)�P (r(kn�1z); r(knz))� P (e�kn�1z; e�knz)�;and, with Fn(z) =Qnj=1 r(kjz)� e�tnz,G2n(z) = nYj=1 r(kjz)P (e�kn�1z; e�knz)� (�knz); G3n = knzFn(z):It is easy to see that there exists a small � > 0 such thatjr(kjz)j � C; for 1 � j � n; jknzj � �;(4.4.6)and jP (e�kn�1z; e�knz)� (�knz)j � Cjknzj3; for jknzj � �;(4.4.7)and jP (r(kn�1z); r(knz))� P (e�kn�1z; e�knz)j � Cjknzj3; for jknzj � �:(4.4.8)Combining this with (2.2.2) showsjGn(z)j � Cjknzj3; for jknzj � �;(4.4.9)which is (4.4.4). We remark that we can not extend (4.4.7) and (4.4.8) to jknzj �R; j arg zj �  for arbitrary R and  2 (�; �), since P (x; y) is not a polynomial forvariables x; y. Combining (3.3.3) with (4.4.9) shows that the integrand is bounded on thesmall domain with boundary 
� [ ��0, so that we may let � ! 0. It follows that, with� = fz : j arg zj =  g for some  2 (�; �),Gn(A)(knA)�3 = 12�i Z�Gn(z)(knz)�3R(z;A) dz:The remainder of the proof is similar to the proof of Theorem 3.1. The proof is complete.



20 YUBIN YANWe close this section with an error estimate in the nonsmooth data case.Theorem 4.3. Let Un and u(tn)be the solutions of (1.1.5) and (1.1.1). Assume that Asatis�es (1.1.2) and (1.1.3), and that r(z) is accurate of order p � 2 and A(�)-stable with� 2 (�; �=2] and jr(1)j < 1. Assume further that fT g is a family of increasing quasi-quasiuniform grids. Then there is a constant C such thatk�@2Un �Dtu(tn)k � Ck2nt�3n kvk; for n � 2:(4.4.10)Proof. With the notation of Theorem 4.2 we need to showkGn(A)k � Cn�3; for n � 2:Following the argument in the proof of Theorem 3.4, we set, with � = r(1),~Gn(z) = Gn(z)� �nP (�; �)knz=(1 + knz);(4.4.11)and we have k�nP (�; �)knA(I + knA)�1k � Cj�jn � Cn�3;and ~Gn(A) = 12�i Z� ~Gn(z)R(z;A) dz:We write ~Gn(z) =� nYj=1 r(kjz)P (r(kn�1z); r(knz))� �nP (�; �)�(4.4.12) + �nP (�; �)=(1 + knz)� (�knz)e�tnz; for n � 2:By Lemma 2.7 and j1 + knzj � jknzj for Re z � 0, we have, with � as in the proof ofTheorem 4.2,Z 1�=k1 j ~Gn(�e�i )j d�� � C Z 1�=k1 �e�cn(k1�)�1 + j�jn(kn�)�1 + (kn�)e�tn�� d��� Cn�3:Using j1=(1+ knz)j � 1 for Re z � 0, we have, by (4.4.11), with Gln(z); l = 1; 2; 3; as in theproof of Theorem 4.2,Z �=kn0 j ~Gn(�e�i )j d�� � 3Xl=1 Z �=kn0 jGlnj d�� + Cj�jn:Obviously, using Lemma 2.2, (4.4.6), (4.4.7) and (4.4.8), we haveZ �=kn0 (jG1nj+ jG2nj) d�� � Cn�3;and, by (2.2.1) with p = 2 and nkn � tn,Z �=kn0 jG3nj d�� � C Z �=kn0 (kn�)(kn�)3e�ctn�n d�� � Cn�3:



APPROXIMATION OF TIME DERIVATIVES 21Thus, combining this with j�jn � Cn�3, we getZ �=kn0 j ~Gn(�e�i )j d�� � Cn�3; for n � 2:It remains to consider the integral on the interval [�=kn; �=k1] for n � 2. If n = 2, wewrite, by (4.4.2), ~G2(z) =�c0r(k1z)r(k2z) + c1r(k1z) + c2�� (�k2z)e�t2z� k2z1 + k2z (c0�2 + c1� + c2) = I + II + III;where the integrals related to II and III can be bounded by (3.3.19) and (3.3.20), respec-tively. For I, we have


 Z��=k1�=k2�c0r(k1z)r(k2z) + c1r(k1z) + c2�R(z;A) dz


� C Z �=k1�=k2 d�� � C ln(k2=k1) � C � Cn�3:If n � 3, we write, by (4.4.2),~Gn(z) =�c0 nYj=1 r(kjz) + c1 n�1Yj=1 r(kjz) + c2 n�2Yj=1 r(kjz)� � (�knz)e�tnz� knz1 + knz (c0�n + c1�n�1 + c2�n�2) = I + II + III:We can consider the case for n = 3 as for n = 2. If n � 4, the integrals related to II andIII can be bounded by (3.3.19) and (3.3.20), respectively. Following the argument in theproof of (3.3.15), we haveZ �=k1�=kn ��� n�2Yj=1 r(kj�e�i )��� d�� � Ce�cn � Cn�3:Using this and the boundedness of r(kjz) on � we obtain the desired bound for the integralrelated to I.Together these estimates complete the proof.Acknowledgement. I wish to express my sincere gratitude to my supervisor Prof. VidarThom�ee, who suggested the topic of this paper, for his support and valuable criticism. Iam also greatly indebted to my supervisor Dr. Stig Larsson for reading the manuscriptcarefully and many valuable comments on the manuscript.
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