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1 Introduction 2natural element method, meshless Galerkin methods, essential boundary con-ditions1 IntroductionThe Natural Element Method (NEM) (Braun and Sambridge, 1995) is a Galerkinmethod for the solution of partial di�erential equations. In NEM, the test and trialfunctions are constructed using natural neighbor (Sibson) coordinates (Sibson, 1980).Natural neighbor coordinates are based on well-known geometric concepts such asthe Voronoi diagram and the Delaunay tessellation. The Voronoi diagram and itsdual Delaunay tessellation are the most fundamental and useful constructs to de�nean irregular set of nodes. Recent studies using the natural element method havedemonstrated its promise for the solution of partial di�erential equations that arisein two-dimensional elastostatics (Sukumar, 1998; Sukumar, Moran, and Belytschko,1998; Sukumar and Moran, 1999) and elastodynamics (Bueche, Sukumar, and Moran,2000). In a recent study (Belikov et al., 1997), a new interpolant (non-Sibsonianinterpolant) based on natural neighbors was proposed. In this paper, we present thenew implementation of NEM using the non-Sibsonian interpolant.In NEM (Sukumar et al., 1998) as well as other meshless methods (Belytschkoet al., 1996), the test and trial functions in the Galerkin implementation are con-structed on the basis of a set of scattered nodes in Rd. In these methods, the nu-merical integration of the weak form is carried out using a background cell/elementstructure. In several meshless methods, moving least squares approximants (Lan-caster and Salkauskas, 1986) are used to construct the trial and test spaces. Theproperties of interpolation of nodal data, ease of imposing essential boundary condi-tions, and neighbor relationships that are based on the local distribution and densityof nodes at a given point are some of the most important advantages of naturalneighbor interpolants over moving least squares approximants.In Belikov et al. (1997), the non-uniqueness of interpolation schemes based onnatural neighbors was shown, and the non-Sibsonian interpolant was proposed. Thelocal harmonic property and construction of higher-order interpolation schemes usingthe non-Sibsonian interpolant were introduced in Belikov and Semenov (1998). Asopposed to the Sibson interpolant which is based on the area (volume) of overlapof �rst-order Voronoi polygons (polyhedra) in R2 (R3), the non-Sibson interpolantrequires computation of Lebesgue measures of order d � 1 in Rd. Since most ofthe properties are common to both schemes, the better computational performanceand ease of implementation of the non-Sibson interpolation method over the Sibsoninterpolant renders the non-Sibson interpolant an interesting and computationallyattractive choice for the numerical solution of partial di�erential equations.The outline of this papers is as follows. In the following section, the notion ofSukumar et al.



2 Natural Neighbors 3natural neighbors is described and the Sibson and non-Sibson interpolation meth-ods are introduced. The computational algorithm used in the two methods is alsopresented. In Section 3, issues pertaining to the imposition of essential boundaryconditions using the two interpolants are discussed, and a methodology to couple thenatural element method to �nite elements is described in Section 5. In Section 6,the governing equations of elastostatics together with the Galerkin formulation forNEM are described. Numerical experiment results in two-dimensional elasticity arepresented in Section 7. We close in Section 8 with some concluding remarks on theperformance and accuracy of the natural element method.2 Natural NeighborsThe notions of natural neighbors and natural neighbor interpolation were introducedby Sibson (1980) as a means for data �tting and smoothing. The Voronoi diagramand its dual Delaunay triangulation, which are used in the construction of the naturalneighbor interpolant, are useful geometric constructs that de�ne an irregular set ofpoints (nodes). For simplicity of exposition, we consider two-dimensional Euclideanspace R2; the theory, however, is applicable in a general d-dimensional framework.Given a distribution of points (nodes) in the plane, the Delaunay simplices partitionthe convex hull 
 of the points into regions 
i such that 
 = tSi=1
i. In Delaunayinterpolation (constant strain �nite elements), a linear interpolant is constructed overeach Delaunay triangle. The Delaunay triangulation of a set of nodes is non-unique,and hence the interpolation is sensitive to geometric perturbations of the position ofthe nodes. As opposed to the Delaunay triangulation, its dual the Voronoi diagram isunique. We now formally introduce the Voronoi diagram and thereafter the de�nitionof natural neighbors.Consider a set of distinct nodes N = fn1; n2; : : : ; nMg in R2. The Voronoidiagram (or 1st-order Voronoi diagram) of the set N is a subdivision of the planeinto regions TI (closed and convex, or unbounded), where each region TI is associatedwith a node nI , such that any point in TI is closer to nI (nearest neighbor) than toany other node nJ 2 N (J 6= I)|TI is the locus of points closer to nI than to anyother node. The regions TI are the Voronoi cells of nI . In mathematical terms, theVoronoi polygon TI is de�ned as (Green and Sibson, 1978)TI = fx 2 R2 : d(x;xI) < d(x;xJ) 8 J 6= Ig; (1)where d(xI ;xJ), the Euclidean metric, is the distance between xI and xJ . The Voronoidiagram for a set N consisting of seven nodes is shown in Figures 1. The conceptof nearest neighbors and neighboring nodes is embedded in the �rst-order Voronoidiagram. By a similar extension, one can construct higher order (k-order, k > 1)Sukumar et al.



2 Natural Neighbors 4Voronoi diagrams in the plane. Of particular interest in the present context is thecase k = 2, which is the second-order Voronoi diagram. The second-order Voronoidiagram of the set of nodes N is a subdivision of the plane into cells TIJ , where eachregion TIJ is associated with a nodal-neighbor-pair (nI ; nJ ) (k-tuple for the k-orderVoronoi diagram), such that TIJ is the locus of all points that have nI as the nearestneighbor, and nJ as the second nearest neighbor. It is emphasized that the cell TIJis non-empty if and only if nI and nJ are neighbors. The second-order Voronoi cellTIJ (I 6= J) is de�ned as (Sibson, 1980)TIJ = fx 2 R2 : d(x;xI) < d(x;xJ) < d(x;xK) 8 K 6= I; Jg: (2)In order to quantify the neighbor relation for any point x introduced into the tes-
Figure 1: Voronoi diagram V (N) for a set N of seven nodes.sellation, Sibson (1980) used the concept of second-order Voronoi cells, and therebyintroduced natural neighbors and natural neighbor coordinates. The notion of neigh-boring nodes is broadened and generalized by the de�nition of natural neighbors. InFig. 2a, a point x is introduced into the Voronoi diagram of the set N shown inFig. 1. If x is considered as a node along with the set of nodes N, then the naturalneighbors of x are those nodes which form an edge of a triangle with x in the newtesselation (triangulation). A straight-forward means to arrive at the same end is touse the empty circumcircle criterion (Lawson, 1977)|if DT(nJ ; nK ; nL) is any Delau-nay triangle of the nodal set N, then the circumcircle of DT contains no other nodesof N. By doing so, we arrive at the result that if x lies within the circumcircle ofSukumar et al.



2.1 Sibson Interpolation 5triangle DT(nI ; nJ ; nK), then nI , nJ , and nK are natural neighbors of x. In Fig. 2b,the perpendicular bisectors from point x to its natural neighbors are constructed andthe Voronoi cell Tx (closed polygon abcd) is obtained. It is observed that x has four(n = 4) natural neighbors, namely nodes 1, 2, 3, and 4.2.1 Sibson InterpolationNatural neighbor coordinates are used as the interpolating functions in natural neigh-bor (Sibson) interpolation. We refer to Fig. 2 in order to de�ne the natural neighborcoordinates for a point x in the plane. Let �(x) be a Lebesgue measure (length, area,or volume in 1D, 2D, or 3D, respectively) of Tx, and �I(x) (I = 1{4) be that ofTxI . In two-dimensions, the measures are areas, and hence we denote A(x) � �(x)and AI(x) � �I(x). The natural neighbor coordinates of x with respect to a naturalneighbor I is de�ned as the ratio of the area of overlap of the Voronoi cells TI andTx to the total area of the Voronoi cell of x:�I(x) = AI(x)A(x) ; (3)where I ranges from 1 to n, and A(x) = PnJ=1AJ(x). The four regions shown inFig. 2b are the second-order cells, whereas their union (closed polygon abcd) is a�rst-order Voronoi cell. Referring to Fig. 2, the shape function �3(x) is given by�3(x) = A3(x)A(x) : (4)If the point x coincides with a node (x = xI), �I(x) = 1, and all other shape functionsare zero. The properties of positivity, interpolation, and partition of unity directlyfollow: 0 � �I(x) � 1; �I(xJ) = �IJ ; nXI=1 �I(x) = 1 in 
: (5)Natural neighbor shape functions also satisfy the local coordinate property (Sibson,1980), namely x = nXI=1 �I(x)xI (6)which, in conjunction with Eq. (5) imply that the natural neighbor interpolant spansthe space of linear polynomials (linear completeness).Natural neighbor interpolation has primarily been used in the area of data in-terpolation and modeling of geophysical phenomena (Watson, 1992; Jones, Owens,Sukumar et al.
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(b)Figure 2: Construction of natural neighbors. (a) Original Voronoi diagram and x,and (b) 1st-order and 2nd-order Voronoi cells about x. Sukumar et al.



2.2 Non-Sibsonian Interpolation 7and Perry, 1995; Braun, Sambridge, and McQueen, 1995). The support of the shapefunction �I(x) is the intersection of the convex hull with the union of all Delaunay cir-cumcircles that pass through node I (Farin, 1990). Natural neighbor shape functionsare C1 everywhere, except at the nodes where they are C0 (Sibson, 1980; Farin, 1990).Farin (1990) proposed a C1 natural neighbor interpolant based on Bernstein-B�eziersimplices, and Sukumar and Moran (1999) developed a computational methodologyfor its application to fourth-order elliptic PDEs. In one-dimension, natural neigh-bor interpolation is identical to linear �nite elements (Sukumar et al., 1998); in theparticular case of three natural neighbors, n-n interpolation is precisely barycentriccoordinates; and for four natural neighbors at the vertices of a rectangle, bilinearinterpolation is realized (Farin, 1990). A detailed description and discussion of theabove properties of natural neighbor interpolants can be found in Sukumar et al.(1998).2.2 Non-Sibsonian InterpolationWe give the following rigorous de�nition of the non-Sibsonian interpolant (Belikovet al., 1997). Let N = fn1; n2; : : : ; nMg be a set of distinct nodes in Rd. We denotethe Voronoi cell of node xI by TI: TI = fx 2 Rd : d(x;xI) < d(x;xJ); J 6= Ig. Inaddition, de�ne tIJ = fx 2 �TI \ �TJ ; J 6= Ig, where d(�; �) is the Euclidean metric,�TI = TI [ @TI is the closure of set TI, and tIJ may be an empty set. If d(xI ;xJ) 6= 0,then XJJ 6=I jtIJ jxJd(xI ;xJ) = xI"XJJ 6=I jtIJ jd(xI ;xJ)#; (7)where j�j denotes the Lebesgue measure in Rd�1. In terms of the notation used above,the non-Sibsonian shape function �I(x) is de�ned as�I(x) = jtxI jd(x;xI)nXJ=1 jtxJ jd(x;xJ) : (8)Consider the Voronoi diagram and a point x in the plane as shown in Fig. 2b.The point x has four natural neighbors, and in Fig. 3 the Voronoi cell of the point xand its neighbors are illustrated. The distance sI(x) is the Lebesgue measure (lengthin R2) of the Voronoi edge associated with node I, and hI(x) is the perpendiculardistance between the Voronoi edge of node I to the point x. The non-Sibsonian (nS)shape function �I(x) is de�ned as (Belikov et al., 1997):�I(x) = �I(x)PnJ=1 �J (x); �J(x) = sJ(x)hJ (x) : (9)Sukumar et al.



2.3 Properties 8It is noted that in R2, the computational complexity of nS shape function dependsonly on the ratio of a Lebesgue measure of R divided by a linear dimension. In ageneral d-dimensional setting, the dependence is on the ratio of a Lebesgue measureof Rd�1 divided by a linear dimension. An immediate comparison with the naturalneighbor shape function reveals that the computational e�ort in Rd for the naturalneighbor interpolant is co-dimensional (d-dimensional volumes), whereas for the non-Sibsonian interpolant it is one order less �(n� 1)-dimensional volumes�.Consider an interpolation scheme for a vector-valued function u(x): 
! R2, inthe form: uh(x) = nXI=1 �I(x)uI ; (10)where uI (I = 1; 2; : : : ; n) are the vectors of nodal displacements at the n naturalneighbors, and �I(x) are the Sibson (see Eq. (3)) or the non-Sibsonian shape functionsde�ned in Eq. (9). In the natural element method, the trial and test functions areconstructed using the approximation indicated in Eq. (10).
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2Figure 3: Non-Sibsonian interpolation.2.3 PropertiesThe non-Sibsonian interpolant is based on the notion of natural neighbors, and hencemost of the properties of the natural neighbor interpolant are also shared by the non-Sukumar et al.



2.3 Properties 9Sibsonian interpolant. Properties such as partition of unity, positivity, interpolation,and support and regularity of the shape functions are common to both interpolants.In addition, due to the above properties, both interpolants ensure the boundednessof the norm of the interpolated result: kuk � max uI . Interpolants that are linearcombinations of the Sibson and non-Sibsonian interpolants are also valid naturalneighbor-based interpolants that can be used for the solution of PDEs. We address thelinear completeness of the non-Sibsonian interpolant and discuss univariate, bivariate,and higher-order interpolation within the context of non-Sibsonian interpolation.2.3.1 Linear CompletenessThe non-Sibsonian interpolant has linear precision, i.e. it spans the space of linearpolynomials in Rd (Belikov et al., 1997) . In the �nite element literature, the abilityof the interpolant to reproduce constant and linear displacement �elds is known aslinear completeness|a necessary condition for convergence for second-order ellipticPDEs such as Poisson's equation and elastostatics. The proof that the non-Sibsonianinterpolation has linear completeness follows:Proof. Consider a linear displacement �eld in the form:u(x) = �+ �Tx; (11)where � and � are constant vectors. The exact nodal displacements are given byuI = �+ �TxI; (12)where I is the index for any particular node. Consider the NEM trial function, namelyuh(x) = nXI=1 �I(x)uI ; (13)where uI is the vector of nodal displacements for node I. On using Eq. (12) in theabove equation, we obtainuh(x) = � nXI=1 �I(x) + �T nXI=1 �I(x)xI: (14)By adding and subtracting �Tx to the above equation and noting thatPI �I(x) = 1,we have uh(x) = �+ �Tx+ �T nXI=1 �I(x)(xI � x); (15)Sukumar et al.



2.3 Properties 10and hence to complete the proof it su�ces to show that the following equality holds:nXI=1 �I(x)(xI � x) = 0: (16)We �rst show that the above equality holds in the planar (two-dimensional) case. Tothis end, transforming from (x; y) in R2 to z = x + iy in the complex plane C, theabove criterion can be re-written as:nXI=1 �I(z)(zI � z) = 0; (17)which on substituting the explicit form of the non-Sibsonian shape function fromEq. (9) becomes nXI=1(zI � z) sI(z)hI(z)nXJ=1 sJ (z)hJ(z) = 0: (18)To prove the above, we note that the sides of the Dirichlet cell that contain (x; y)are the complex numbers ~zI. Since the polygon has a closed contour, the followingidentity holds: nXI=1 ~zI = 0: (19)Introducing the trigonometric form ~zI = sI(z) exp�i'I(z)�, we rearrange the aboveequation as follows:nXI=1 ~zI = nXI=1 sI(z) exp�i'I(z)� = i nXI=1 sI(z) exp�i'I(z)� i�=2� = 0; (20)and since jzI � zj = 2hI(z), we can writei nXI=1hhI(z) exp�i'I(z)� i�=2�i sI(z)hI(z) = i2 nXI=1(zI � z) sI(z)hI(z) = 0; (21)which proves Eq. (18) and henceuh(x) = �+ �Tx = u(x); (22)Sukumar et al.



2.3 Properties 11which completes the proof for the planar case.Now, we prove the same for the case of arbitrary Rd. By analogy we consider alinear displacement �eld u(x) in Rd and show that Eq. (16) holds for it identically.Following the 2-dimensional case, the criterion to be proved for the d-dimensionalcase has the following vector form:nXI=1�xI � x� sI(x)hI(x)nXJ=1 sJ(x)hJ (x) = 0: (23)To prove the above, consider the closed surface S of the Voronoi polyhedron thatencloses x 2 Rd and has the volume V . Now, consider the vector identity (Green'stheorem): ZV rf dV = IS f dS: (24)On substututing f = 1 in the above equation, we obtainZV rf dV = 0 = IS dS = nXI=1 (xI � x)sI(x)jxI � xj ; (25)and since jxI � xj = 2hI(x), we havenXI=1 (xI � x)sI(x)2hI (x) = 0; (26)which proves Eq. (23) and henceuh(x) = �+ �Tx = u(x); (27)which completes the proof for the general d-dimensional case.2.3.2 Univariate InterpolationIn 1-dimension, the non-Sibsonian shape function given in Eq. (8) is unde�ned sincethe Lebesgue measure of a point is zero. However, by considering univariate inter-polation as a limiting case of bivariate interpolation, it is readily seen that linearinterpolation is realized in 1-dimension (see Section 3.1 too). Hence the equivalencewith one-dimensional linear �nite elements is obtained, as was the case for the Sibsoninterpolant (Sukumar et al., 1998). Sukumar et al.



2.3 Properties 122.3.3 Bivariate InterpolationCase I : n = 3 or n = 4If a point x has three neighbors, then by uniqueness argument or by consideringthe linear reproducing conditions given in Section 2.3.1, barycentric coordinates arerealized by nS interpolation. The proof is similar to that outlined in Sukumar et al.(1998) for the Sibson interpolant. For the case of four natural neighbors (n = 4) atthe vertices of a rectangle, bilinear interpolation on the rectangle is obtained. Theproof follows:Proof. Consider a point x with four natural neighbors located at the vertices of aunit square: (x1; y1) = (0; 0), (x2; y2) = (1; 0), (x3; y3) = (1; 1), and (x4; y4) = (0; 1)(Fig. 4). The �rst-order (dark line) Voronoi cell of point x is shown in Fig. 4. Byde�nition of the non-Sibsonian shape functions, we can write�I(x) = sI(x)hI(x)4XJ=1 sJ (x)hJ(x) ; (I = 1{4); (28)where sI(x) and hI (x) are indicated in Fig. 4.By recalling the de�nition of 1st-order Voronoi cells, it is clearly seen that vertexa is the center of the circle that circumscribes the triangle 412x, and proceedinglikewise, b is the circumcenter of triangle 423x, c that of 434x, and d that of 441x.These coordinates are computed to bea1 = 12 ; a2 = �x+ x2 + y22y ; (29a)b1 = 1 + y � x2 � y22(1� x) ; b2 = 12 ; (29b)c1 = 12 ; c2 = 1 + x� x2 � y22(1 � y) ; (29c)d1 = �y + x2 + y22x ; d2 = 12 : (29d)We note that s1(x) = j~abj, s2(x) = j~bcj, s3(x) = j~cdj, s4(x) = j ~daj, and 2hI = d(x;xI).Sukumar et al.
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2.3 Properties 14and hence the non-Sibsonian shape functions are�1(x) = (1 � x)(1� y); (31a)�2(x) = x(1� y); (31b)�3(x) = xy; (31c)�4(x) = y(1� x); (31d)which are bilinear �nite element shape functions. The above derivation is easilygeneralized to the rectangle (linear transformation of a square), and hence bilinearinterpolation on the rectangle is realized by the non-Sibsonian interpolant.Case II : Arbitrary nWe consider the computation of non-Sibsonian shape functions for the case in whichthe point x = (x; y) has an arbitrary number of natural neighbors. Let xm = (xm; ym)and xn = (xn; yn) be two adjacent natural neighbors for the point x, where n = m+1or n = m� 1 (Fig. 5). We assume clockwise-orientation to be the positive sense. InFig. 5a, line AB is perpendicular to xm � x and line CB is perpendicular to xn � x.Any point along the line AB has the form:�!AB : 12(xm + x) + tm(xm � x)?; (32)where tm is a scalar parameter. In addition,xm + x = (xm + x; ym + x); (33a)(xm � x)? = (xm � x; ym � y)? = (ym � y; �xm + x); (33b)where q? = q ^ e3. Now, any point along CB has the form:�!BC : 12(xn + x)� tn(xn � x)?; (34)where tn is a scalar parameter. In addition,xn + x = (xn + x; yn + y); (35a)(xn � x)? = (xn � x; yn � y)? = (yn � y; �xn + x): (35b)Now, the condition for line intersection at point B can be stated as:12(xm + x) + tm(xm � x)? = 12(xn + x)� tn(xn � x)?; (36)and hence we obtain the following system of equations for tm and tn:�(ym � y)tm � (yn � y)tn = xm � xn2 ; (37a)(xm � x)tm + (xn � x)tn = ym � yn2 : (37b)Sukumar et al.



2.3 Properties 15Solving the above system, we obtain:tm = 12 (xm � xn)(xn � x) + (ym � yn)(yn � y)(xm � x)(yn � y)� (xn � x)(ym � y) ; (38a)tn = �12 (xm � xn)(xm � x) + (ym � yn)(ym � y)(xm � x)(yn � y)� (xn � x)(ym � y) : (38b)Now, we note that j �!ABj12 jxm � xj = 2jtmj; (39)which can be readily inferred from Fig. 5a. By taking into account n = m + 1 andn = m� 1 (see the cases shown in Figs. 5b and 5c), we can compute sm=hm assmhm = jrm � lmj; (40a)where rm = (xm � xm+1)(xm+1 � x) + (ym � ym+1)(ym+1 � y)(xm � x)(ym+1 � y)� (xm+1 � x)(ym � y) ; (40b)lm = (xm � xm�1)(xm�1 � x) + (ym � ym�1)(ym�1 � y)(xm � x)(ym�1 � y)� (xm�1 � x)(ym � y) : (40c)On using the above relations for all the natural neighbors, the non-Sibsonian shapefunctions are evaluated using Eq. (9).2.3.4 Higher-Order InterpolationBelikov and Semenov (1998) proposed a compact procedure for the generation ofhigher-order interpolation using non-Sibsonian interpolants. For kth-order inter-polation at the point x, it is su�cient that u(x) satis�es the equation 4ku = 0,where 4 is the Laplacian operator. Then, for the neighbors of x, a sequence ofvalues w1; w2; : : : ; wm�1 are computed where the wi satisfy the relations 4u = w1,4w1 = w2, 4w2 = w3; : : : , 4wk�1 = wk = 0. The computation of u(x) is performedby going through the above sequence of equations in reverse order.Let us �rst consider an interpretation of non-Sibsonian interpolation. UsingEq. (10), we can write the non-Sibsonian trial function uh(x) for a scalar-valuedfunction u(x) in the form: nXI=1 uI � uh(x)2hI (x) sI(x) = 0: (41)Sukumar et al.
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2.3 Properties 18Thus, the continuous analog of the above discrete form is:IS @u@n dS = ZV 4u dV = 0; (42)or 4u = 0; 4 = @2@x21 + : : :+ @2@x2d ; (43)where Gauss's (divergence) theorem has been used to convert the surface integral intoa volume integral. Thus, Eq. (10) provides an approximate local discrete solution ofthe harmonic equation in Rd. We can refer to �I(x) as \harmonic" coordinates(Belikov and Semenov, 1998).Now, for the speci�c case of k = 2 (second-order interpolation) we obtain twoequations: 4u = w, 4w = 0, and hence the �nal formulas for the calculation of thesecond-order interpolant have the following form:wI = 1VI pIXJ=1 uJ � uIhIJ sIJ ; (44a)wh(x) = nXI=1 �I(x)wI; (44b)uh(x) = nXI=1 �I(x)uI � wh(x)V (x)nXJ=1 sJ (x)hJ(x) : (44c)Here, n is the number of natural neighbors for point x; pI is the number of naturalneighbors for point xI, and VI is the area (volume) of the corresponding Dirichletcell. In determining the natural neighbors for point xI, one considers the nodal setN � nI (see Section 2). Therefore, the natural neighbors pI for point xI are easilyseen to be those nodes which are connected to node xI in the Delaunay triangulationof the set N. First the parameters wI are evaluated using Eq. (44a), and then wh(x)is obtained from Eq. (44b) which is used in Eq. (44c) to compute uh(x) at x.For the derivation of Eq. (44), the following equalities in three di�erent forms areSukumar et al.



2.3 Properties 19used: Continuous form: 4u = w; (45a)Integral form: IS @u@n dS = ZV wdV; (45b)Discrete form: pXJ=1 uJ � uKhKJ sKJ = wKVK ; (45c)where p is the number of natural neighbor for the point xK. Comparing the aboveto Eq. (44), we note that if xK = x, then p = n, VK = V (x), and sKJ = sJ(x) andhKJ = hJ(x); if xK = xI, then p = pI .We now proceed to re-cast the second-order non-Sibsonian interpolant in the stan-dard trial function form: uh(x) = mXI=1  I(x)uI ; (46)where  I(x) is the second-order non-Sibsonian shape function for node I at x anduI (I = 1; 2; : : : ; m) are the vectors of nodal displacements. Using Eq. (44), we canimmediately write:uh(x) = nXI=1 �I(x)�uI � �(x)wI�; �(x) = V (x)nXJ=1 sJ (x)hJ(x) : (47)Let Nx = fnx1; nx2; : : : ; nxng be a set of n natural neighbors for the point x andNI = fnI1; nI2; : : : ; nIpIg be the pI natural neighbors for the point xI (nxI =2 NI).The set ~N of all nodes in the approximation is: ~N = Nx [ nSI=1NI . The cardinalityof ~N is m. The expression for wI is given in Eq. (44a). We note that for any givennode inNx, there are two distinct sources of contribution from the second term of theabove equation. By some simple algebraic manipulations, we arrive at the following: I(x) = �I(x)"1 + �(x) 1VI pIXJ=1 sIJhIJ � �(x) pIXJ=1 1VJ sJIhJI #; nI 2 Nx; (48a) I(x) = ��(x)) nXJ=1nI2NJ �J(x)VJ sJIhJI ; nI =2 Nx; (48b)and since sJI = sIJ and hJI = hIJ , we obtain the result:uh(x) = mXI=1  I(x)uI; (49a)Sukumar et al.



2.4 Computational Algorithm 20where  I(x) = �I(x)"1 + �(x) pIXJ=1 sIJhIJ � 1VI � 1VJ �#; nI 2 Nx; (49b) I(x) = ��(x) nXJ=1nI2NJ �J (x)VJ sJIhJI ; nI =2 Nx: (49c)The above higher-order scheme is simple and computationally attractive in nu-merical calculations (Belikov and Semenov, 1997; Belikov and Semenov, 2000).2.4 Computational AlgorithmIn Sukumar et al. (1998), Watson's algorithm (Watson, 1994) was used for the com-putation of the Sibson interpolant. A drawback of Watson's algorithm is that it failsfor points that lie on the edge of a Delaunay triangle. In order to overcome this short-coming, we adopted the Bowyer-Watson algorithm (Bowyer, 1981; Watson, 1981) asthe basis for the evaluation of the Sibson and non-Sibsonian interpolants.Natural neighbor (Sibson) interpolation is based on the area (volume) of intersec-tion of polygons (polyhedrons) in R2 (R3). The polyhedron intersection problem is anon-trivial task in computational geometry, and hence easy-to-implement algorithmsthat are computationally attractive for Sibson computations are still unavailable.Owens (1992) proposed a three-dimensional algorithm for natural neighbor interpo-lation and Braun and Sambridge (1995) used Lasserre's algorithm (Lasserre, 1983) tocompute the natural neighbor shape function in their PDE application. See Aftosmis(1997) for a description of the many issues involved in the polyhedron intersectionproblem. Since the non-Sibsonian interpolant relies on the evaluation of a Lebesguemeasure of one dimension less than the Sibson interpolant, the implementation ofthe non-Sibsonian interpolant in, both, 2-dimensions and 3-dimensions is viable. Theessential ingredients of the computational algorithm for non-Sibsonian interpolationare presented in Table 1. Standard Template Library (STL) containers in C++ areused in the implementation. The STL containers map and multi-map are used, wheremap is a container that maps an integer key to another integer or 
oating-point num-ber, and multi-map is a map from an integer key to many integers or 
oating-pointnumbers. These containers provide fast sorting and searching on keys, which easesthe implementation and leads to better computational e�ciency.In Fig. 6a, a regular 5� 5 grid is shown and in Figures 6b and 6c, the Sibson andnon-Sibsonian shape function associated with node A are illustrated.Sukumar et al.



2.4 Computational Algorithm 21Table 1: Pseudo-code for computation of non-Sibsonian interpolant.� Compute natural neighbor set N and set T of deleted simplices for point x{ Find simplex t containing x and set T t{ Test all neighboring simplices ti of t. If jjx � vijj2 < R2i , then updateT fT; tig{ Set N = fnI : nI 2 ti; ti 2 Tg� Create boundary facet set F (F fg){ Let fj be a facet of ti 2 T and t̂j be its neighboring simplex. For eachti 2 T, if (t̂j =2 T or t̂j = 0) update F fF; fjg� Consider new triangles (tetrahedrons) sj 2 S formed by a facet fj 2 F and thepoint x. Each sj contains the circumcenter cji and its derivatives cji;k. Createa multi-map between nI 2 N! sj for all sj 2 S� Computations for each nI 2 N (A = 0;Ak = 0){ Using the multi-map, the set VI of Voronoi vertices vi for the node nI isobtained{ If VI :size() 6= 2, re-order the vertices in counter-clockwise orientation; inR3, the re-ordering of the vertices is carried out on the plane which containsall the vertices.{ Compute sI [length (area) in R2 (R3)] and its derivatives sI;k{ Compute hI = d(x;xI) and hI;k{ Evaluate �I = sI=hI and its derivatives �I;k{ Update A A+ �I , Ak  Ak + �I;k� Shape function �I(x) = �IPJ �J and its derivatives �I;k(x) are evaluated for allnI 2 N Sukumar et al.
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A

(a)
(b) (c)Figure 6: Sibson and non-Sibsonian shape functions. (a) Nodal grid, (b) Sibson shapefunction �SA(x); and (c) Non-Sibson shape function �nSA (x). Sukumar et al.



3 Imposition of Essential Boundary Conditions 233 Imposition of Essential Boundary ConditionsThe Sibson interpolant is precisely linear on the boundary of convex domains; how-ever, this property of linear behavior is not exactly satis�ed for the Sibson interpolantif the boundary is part of a non-convex domain (Sukumar et al., 1998). In practice,with su�cient re�nement along such a boundary, almost linear behavior is obtained.In most meshless methods that are based on moving least squares approximants, theapproximations do not interpolate nor yield precisely linear behavior on the essentialboundary which makes imposition and satisfaction of essential conditions non-trivialin these classes of meshless methods. In the following sub-sections, we discuss thebehavior of the non-Sibsonian interpolant on the boundary of convex and non-convexdomains. It is shown that the displacements are precisely linear on the essentialboundary in both cases, and hence essential boundary conditions in NEM using thenon-Sibsonian shape functions can be imposed exactly as in �nite elements.3.1 Convex DomainThe discrete model consists of a set of nodes N that describes a convex domain 
,with @
 represented by the boundary of the convex hull CH(N). On the boundary ofthe convex hull, the trial functions uh(x) are strictly linear between two nodes thatbelong to an edge of a Delaunay triangle. The proof follows:Proof. Consider a typical Delaunay triangle which has one edge (two nodes) alongthe boundary of the convex hull, and the trial functions uh(�) are to be evaluated ata point � along the edge 1{2 (Fig. 7). For simplicity and for ease of illustration, weassume that � has only three natural neighbors, namely nodes 1, 2, and 3. We usea local coordinate system � along the edge 1{2 such that � = 0 at node 1 and � = 1at node 2. The �rst-order Voronoi cell for � is shown in Fig. 7. By de�nition, thenon-Sibsonian shape functions can be written as�I(�) = sI(�)hI(�)3XJ=1 sJ (�)hJ(�) ; (I = 1{3): (50)Since the length of the Voronoi edge associated with nodes 1 and 2 on the boundaryof the convex hull is unbounded, we can express the Lebesgue measures s1(�), s2(�),and s3(�) ass1(�) = limL!1L+ �1(�); s2(�) = limL!1L + �2(�); s3(�) = �3(�); (51)Sukumar et al.



3.2 Non-Convex Domain 24where �1(�), �2(�), and �3(�) are �nite. In addition, we also have h1(�) = �=2,h2(�) = (1� �)=2, and h3(�) is �nite. On using Eq. (50), we can write�1(�) = limL!1 �L+ �1(�)�(1 � �)h3(�)�L+ �1(�)�(1� �)h3(�) + �L+ �2(�)��h3(�) + �3(�)(1 � �)� ; (52a)�2(�) = limL!1 �L+ �2(�)��h3(�)�L+ �1(�)�(1� �)h3(�) + �L+ �2(�)��h3(�) + �3(�)(1 � �)� ; (52b)�3(�) = limL!1 �3(�)(1 � �)��L+ �1(�)�(1� �)h3(�) + �L+ �2(�)��h3(�) + �3(�)(1 � �)� : (52c)Taking the limit as L!1 in the above equations, we obtain�1(�) = 1� �; �2(�) = �; �3(�) = 0; (53)and hence along the edge 1{2, the shape function contributions from only nodes 1 and2 are non-zero. The above result is in general true, even if more than three naturalneighbors are considered. This is so, since the Lebesgue measure associated with allinterior nodes is �nite|similar to �3(�) in Fig. 7. Using the above equation, the trialfunctions at the point � can be written asuh(�) = (1 � �)u1 + �u2 (54)which are linear functions, and hence the proof.3.2 Non-Convex DomainConsider a set of nodes N that describes a non-convex domain 
 � R2. Considera �1 (�1 � � = @
) which renders the domain to be non-convex. For purpose ofillustration, we choose a non-convex domain bounded by two concentric circles. Thediscrete model (one-quarter) along with the Voronoi diagram are shown in Fig. 8.It is evident that the Voronoi cells for the nodes along �i (i = 2{4) are unbounded,whereas the Voronoi cells for the nodes along �1 are bounded and therefore have�nite areas (Fig. 8b). The Sibson interpolant is strictly linear along ~� = �2 [�3[�4;however, the interpolant is not linear between adjacent nodes on the boundary �1since for x 2 �1, there exists non-zero shape function contributions at x from someinterior nodes (Sukumar et al., 1998).Let the essential boundary �u = �1. In Fig. 9, we show four contiguous nodes(nodes 1, 2, a, and b) along �u. Let � be a local coordinate system along the edge 1{2such that � = 0 at node 1 and � = 1 at node 2. We consider a point � 2 �u whichis located along the Delaunay edge 1{2. If a point x lies inside the circumcircle ofa Delaunay triangle, then the Delaunay triangle is known as the circum-triangle ofSukumar et al.
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Figure 7: Linear behavior of uh(�) along the boundary of a convex domain.point x. By the Delaunay empty circumcircle criterion, all circum-triangles of point �must have nodes 1 and 2 as its vertices. This immediately precludes the nodes along�u that are shown by open circles (Fig. 9) to be natural neighbors of �. We assumethat � has four natural neighbors, namely nodes numbered 1{4 and shown by the darkcircles in Fig. 9. The Voronoi cell for point � and the length measures sI(x) and hI(x)that appear in the de�nition of the non-Sibsonian interpolant are shown in Fig. 9. Wenote the Lebesgue measure sI(�) associated with nodes 1 and 2 are unbounded, andthose for the interior nodes 3 and 4 are �nite. It is apparent that the computationof the shape functions is now similar to the convex case, and by following similararguments (see the proof in Section 3.1), we again arrive at the conclusion that theNEM trial functions using non-Sibsonian shape functions are precisely linear alongthe edge 1-2, i.e., uh(�) = (1 � �)u1 + �u2: (55)A consequence of the above discussion is that by choosing non-Sibson shape func-tion as trial and test functions in the natural element method, essential boundaryconditions can be directly imposed on the nodes, as in the �nite element method|this is due to the interpolating property of the shape functions and the linearity ofthe approximation along the essential boundary of the domain. It is to be notedSukumar et al.
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(b)Figure 8: Linear behavior of uh(x) along the boundary of a non-convex domain. (a)Nodal discretization, and (b) Voronoi diagram. Sukumar et al.
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Figure 9: Non-Sibsonian interpolation along the boundary of a non-convex domain.that the above inference is rigorously true for convex as well as non-convex domains.The natural element method with non-Sibsonian shape functions is the only meshlessGalerkin method that we are aware of that exactly satisfy (linear) essential boundaryconditions.4 FE and NEM CouplingThe coupling between linear �nite elements and the natural element method using thenon-Sibsonian interpolant, is straight-forward. In Fig. 10, a domain 
 = 
FE [
NEMis illustrated, where 
FE is the �nite element domain and 
NEM is the NEM domain.Since the non-Sibsonian interpolant is precisely linear on the boundary of convex aswell as non-convex domains, a seamless procedure emerges to implement the coupling.By adopting `regional' interpolation, i.e., �nite element interpolation carried out inSukumar et al.



5 Governing equations 28
FE and NEM interpolation in 
NEM, the trial function in the domain 
 is given byuh(x) = 8<:PI �FEI (x)uI if x 2 
FEPI �NEMI (x)uI if x 2 
NEM ; (56)which completes the coupling. As opposed to coupling �nite elements to other mesh-less methods (see Belytschko, Organ, and Krongauz (1995) for instance), in thepresent implementation, the coupling is natural with no need for a blending domainnor modi�ed shape functions.
FEΩ FE

Γ

Ω

NEM Domain

Finite Element
Domain

NEM

NEM

Γ

Figure 10: Finite element and natural element method coupling.5 Governing equationsIn this section, we present the governing equations of linear elastostatics, togetherwith the weak form and the discrete system for the natural element method.5.1 Strong FormConsider a body which is described by an open bounded domain 
 � R2, withboundary �. The boundary � is composed of the sets �u and �t, such that � = �u[�tSukumar et al.



5.2 Weak Form 29and �u \ �t = ;. The �eld equations of elastostatics are:r � � + b = 0 in 
; (57a)� = C : ("� "�); (57b)" =rsu; (57c)where rs is the symmetric gradient operator, b is the body force vector per unitvolume, " is the small strain tensor, "� is an imposed eigenstrain tensor, and C isthe material moduli tensor for a homogeneous isotropic material. The eigenstraintensor is included in the formulation to permit the treatment of a transformationstrain problem that appears in Section 6.2.Displacement (essential) boundary conditions are imposed on �u and traction(natural) boundary condition on �t. The essential and natural boundary conditionsare: u = �u on �u; (58a)� � n = �t on �t; (58b)where n is the unit outward normal to 
, and �u and �t are prescribed displacementsand tractions, respectively.5.2 Weak FormLet u be the displacement solution for the stated elastostatic boundary value problem,with �(u) the corresponding Cauchy stress tensor. Let u 2 V be the displacementtrial solution, and v 2 V0 be any set of kinematically admissible test functions(virtual displacements). The space V = H1(
) is the Sobolev space of functionswith square-integrable �rst derivatives in 
, and V0 = H10(
) is the Sobolev spaceof functions with square-integrable �rst derivatives in 
 and vanishing values on theessential boundary �u. The weak form of the governing equation and associatedboundary conditions can be written asFind u 2 V such thatZ
 �(u) : "(v) d
 = Z
 b � v d
 + Z�t �t � v d� 8 v 2 V0: (59)5.3 Discrete SystemConsider the Bubnov-Galerkin implementation for NEM in two-dimensional linearelasticity. In NEM, �nite-dimensional subspaces Vh � V and Vh0 � V0 are used asSukumar et al.



6 Numerical Results 30the approximating trial and test spaces. The weak form for the discrete problem canbe stated as: Find uh 2 Vh � V such thatZ
h �(uh) : "(vh) = Z
h b � v d
 + Z�ht �t � v d� 8 vh 2 Vh0 � V0: (60)In a Bubnov-Galerkin procedure, the trial functions uh as well as the test functionsvh are represented as linear combinations of the same shape functions. The trial andtest functions are: uh(x) =XI �I(x)uI ; vh(x) =XI �I(x)vI ; (61)where �I(x) are the NEM shape functions.On substituting the trial and test functions from Eq. (61) in Eq. (60), and usingthe arbitrariness of nodal variations, the following discrete system of linear equationsis obtained: Kd = f ; (62)where KIJ = Z
h BTICBJ d
; (63a)fI = Z�ht �I�t d� + Z
h �Ib d
 + Z
h BTI C"� d
; (63b)where C is the constitutive matrix for an isotropic linear elastic material, and BI isthe matrix of shape function derivatives which is given byBI = 24�I;x 00 �I;y�I;y �I;x35 : (64)6 Numerical ResultsThe application of the natural element method to an inclusion problem in small dis-placement two-dimensional elastostatics, in the absence of body forces, is presented.First, we conduct an eigenanalysis to study the properties of the Sibson and non-Sibsonian interpolating spaces. Numerical integration is carried out using symmetricquadrature rules for a triangle. In this paper, three point quadrature rule is used inthe numerical integration of the weak form. Sukumar et al.



6.1 Eigenanalysis 316.1 EigenanalysisIn order to study the properties of the approximation spaces of NEM, we considerthe linear independence of the shape functions (Strang and Fix, 1973). To this end,we consider the following discrete eigenvalue problem:Mhdh = �hdh; (65)where dh and �h are the eigenvectors and eigenvalues of Mh, and Mh is the massmatrix which is given by MhIJ = Z
h �I�J d
: (66)The condition number �(Mh) of the matrixMh is de�ned as the ratio of the maximumeigenvalue �max to that of the minimumeigenvalue �min. The condition number is usedas a measure of the linear independence of the shape functions, with � = 1 indicatingoptimality. The EISPACK (Smith, Boyle, Garbow, Ikebe, Klema, and Moler, 1974)eigensolver package is used to solve the eigenvalue problem. In Table 2, the conditionnumber is computed for three di�erent nodal discretizations. The condition numberis computed for a regular nodal grid (Fig. 11a) and uniform re�nements of the samegrid; in addition, results are also computed for a grid with random location of nodes(Fig. 11b), and for the irregular focused grid shown in Fig. 11c. The conditionnumbers obtained for NEM using the Sibson and non-Sibson interpolants are of thesame order. The NEM results for both uniform and non-uniform nodal discretizationsare better than those obtained using constant strain �nite elements which indicatesthat the matrix system is well-conditioned and the NEM approximation spaces arelinearly independent.6.2 In�nite Plate with an InclusionWe consider the problem of an inclusion (�-phase) with a constant eigenstrain "�� inan in�nite matrix (�-phase). In Fig. 12, a graphical representation of the problem isillustrated. The exact displacement vector solution in polar coordinates is given by(Mura, 1987) ur(r) =8<:C1r r � R;C1R2r r � R; (67a)u� = 0; (67b)where C1 = (�� + ��)�"���� + �� + �� : (68)Sukumar et al.
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(a)

(b) Sukumar et al.
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(c)Figure 11: Nodal grids for eigenanalysis. (a) Uniform grid (25 nodes), (b) Randomset (70 nodes), and (c) Irregular focused grid (278 nodes).
Sukumar et al.



6.2 In�nite Plate with an Inclusion 34Table 2: Linear independence of NEM shape functions.�hGrids Nodes �hDSibson Non-Sibson FEM25 3.83 3.57 7.00Uniform 289 3.83 3.57 7.004225 3.83 3.57 7.0070 35.65 40.80 43.17Non-uniform 278 2146.44 1887.29 3422.31In the above equation, � and � are the Lam�e constants of the respective phases, andthe eigenstrain �"�� is a constant dilatational strain. The material properties used inthe numerical computation are (Cordes and Moran, 1996): �� = 497:16, �� = 390:63in the �-phase, and the constants in the �-phase are �� = 656:79, �� = 338:35.These correspond to E� = 1000, �� = 0:28, E� = 900, and �� = 0:33. A constantdilatational eigenstrain �"�� = 0:01 is assumed in the analysis, and the associatedeigenstrain tensor is "�� = �"��(e1e1 + e2e2).The numerical model (quarter symmetry) is shown in Fig. 13, where the nodaldiscretization consists of 647 nodes, with 114 nodes in the inclusion, 520 nodes in thematrix, and 13 nodes along the interface r = R. The outer radius R0 = 200 is su�-ciently large in comparison to the radius of the inclusion R = 5, so as to adequatelyrepresent the in�nite matrix. Essential boundary conditions are imposed along thelines of symmetry, and the outer radius R0 = 200 is traction-free. Plane strain condi-tions are assumed in the numerical computations. The numerical computations arecarried out using the Sibson interpolant, non-Sibsonian interpolant, and the FE{NEMSukumar et al.
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Figure 12: Inclusion embedded in an in�nite matrix.coupling procedure outlined in Section 4. The NEM solution recovered the cylindricalsymmetry in the solution, and hence results are presented as a function of only theradial distance. The numerical results using the Sibson interpolant, non-Sibsonianinterpolant, and the FE{NEM coupling technique compare favorably to each other.In Fig. 14, a comparison of the numerical and exact solution is presented. The resultsshown in Fig. 14 are computed along a radial line (r = 0 to r = 25) at � = 30�.Along the radial line, 30 equi-spaced output points are chosen within the inclusion,and 30 equi-spaced points in the matrix. Excellent agreement between the NEM andthe analytical solution is observed. The strains as well as the stresses are in goodagreement with the exact solution. The oscillations in the radial and hoop strains arenegligible; they are, however, a bit more pronounced in the stress solutions.In order to show the linear behavior of the non-Sibsonian interpolant along theboundary ��, we consider two nodes A and B along �� (Fig. 15a). In Fig. 15b,the non-Sibsonian shape functions �A and �B are plotted along the element edge,with � a local coordinate along A{B. The numerical results are computed along theline ~xA to xB, where ~xA = (xA + �; yA) with � = 10�12 being a small tolerance.The tolerance is required in the numerical computations since for a point x 2 ��,the length of the Voronoi edges associated with nodes A and B is unbounded. Itis seen from Fig. 15 that a linear displacement approximation along A{B is realizedin the numerical computations, which supports the theoretical proof presented inSection 3.2. This shows that essential boundary conditions in NEM using the non-Sibsonian interpolant can be prescribed exactly as in �nite elements. In addition,these numerical results validate the FE{NEM coupling technique that is described inSection 4. Sukumar et al.
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(a)
(b)Figure 13: Nodal discretization for inclusion in an in�nite matrix problem. (a) Quar-ter model, (b) Inclusion (� phase). Sukumar et al.
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7 Conclusions 417 ConclusionsIn this paper, we introduced the use of natural neighbor-based interpolants (Sibsonand non-Sibsonian) for the solution of elliptic partial di�erential equations. Thenumerical implementation of these interpolants in a Galerkin method is known asthe Natural Element Method (NEM). The notion of natural neighbors relies on theVoronoi diagram which is unique for a given set of scattered nodes in Rd. The localdensity and spatial location of nodes is taken into account in the construction ofthe natural neighbor based interpolants. Some of the most important properties ofthe non-Sibsonian interpolant were reviewed and new results on the imposition ofessential boundary conditions were presented.An eigenanalysis of the Sibson and non-Sibsonian interpolants was carried out,and the meshless interpolating spaces were found to be uniformly linearly indepen-dent. The computational e�ciency of the non-Sibsonian interpolants over the Sibsoninterpolant was demonstrated and a versatile algorithm for 2- and 3-dimensionalnon-Sibsonian computations was presented. The NEM results for the problem of aninclusion with a constant eigenstrain, embedded in an in�nite matrix, were foundto be in good agreement with the exact solution. Essential boundary conditions inNEM using the non-Sibsonian interpolants can be imposed as in �nite elements, forboth, convex, and non-convex domains. A rigorous proof to this fact was presented,which was numerically veri�ed. A simple technique to couple �nite elements to thenatural element method was also described. The robust and appealing propertiesof natural neighbor-based interpolants, together with the seamless means to coupleNEM to FEM and the ease of modeling material interfaces opens up many excitingareas of mechanics research that can be explored by this new technique.AcknowledgmentsThe authors are grateful for the research support of the National Science Foundationthrough contract CMS{9732319.ReferencesAftosmis, A. F. (1997). Solution adaptive cartesian grid methods for aerodynamic
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