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Decision Feedback Multiuser
Detection: A Systematic Approach

Mahesh K. VaranasiSenior Member, IEEE

Abstract—A systematic approach to decision feedback mul- research directions for the analysis and design of multiuser
tiuser detection is introduced for the joint detection of symbols of receivers for more complex and realistic systems that may
K S|multaneou_sly transmitting users of a sync_hronous c_orrela_ted involve noncoherent reception, symbol asynchronism, coding,
waveform multiple-access (CWMA) channel with Gaussian noise. fadi ltinath Such h will d . he desi
A new performance criterion called symmetric energy is defined a |ng,-mu tipath, etc_. UC_ research wi _ete'fm'nEt e design
which is a low-noise indicator of the joint error rate that at least ~Of receivers for practical wireless communication systems that
one user is detected erroneously. Even the best linear detectorsmust operate in the presence of interuser interference (1Ul).
can perform poorly in terms of symmetric energy compared |y| may be intentional in CWMA and bandwidth-efficient
to the maximum-likelihood detector. A general class of decision multiple-access (BEMA) systems as proposed by the author

feedback detectors is defined withD(K') implementational com- . . . .
plexity per user. The symmetric energy of arbitrary DFD'’s and and Guess in [47], or unintentional in cellular TDMA systems,

bounds on their asymptotic effective energy (AEE) performance Where it arises due to channel distortion and/or intercell

are obtained along with an exact bit-error rate and AEE analysis interference resulting from frequency reuse (cf. Haas and
for the decorrelating DFD. The optimum DFD that maximizes Rglfiore [15], Caireet al. [3]).

symmetric energy is obtained. Each one of thei’! optimum, . . h . . .
decorrelating, and conventional DFD’s, that correspond to the Tutorial articles on multiuser detection are available with

K orders in which the users can be detected, are shown to extensive reference lists (cf. Vérd[51], Duel-Hallen [8],
outperform the linear optimum, decorrelating, and conventional and Moshavi [23]). Our brief survey here offers another
detectors, respectively, in terms of symmetric energy. Moreover, perspective with a discussion of a few key results while

algorithms are obtained for determining the choice of order focysing on linear modulation and the Gaussian multiuser
of detection for the three DFD’s which guarantee that they channel

uniformly (user-wise) outperform their linear counterparts. In . .
addition to optimality in symmetric energy, it is also shown that ~ Optimum coherent multiuser detectors for the symbol-
under certain conditions, the optimum DFD achieves the AEE synchronous case can be obtained by applying the theory
fetostor for all Users. smultancously. None of the resus of 1 Tmimum_ probabily of eror. detection for simple
e . . .
this paper make the perfect feedbacl¥ assumption. The implica- hypOt.heSIS testing (cf. Poor [25], Lupas. and \er{oj).
tions of our work on power control for multiuser detection are The.|ndecc-)mp.osable upper .bound on bit-error rate C_’f the
also discussed. maximum-likelihood detector is due to Vérd49] and a bit-
error rate analysis for that detector can be found in Varanasi
and Aazhang [37]. Maximum-likelihood detection is NP-hard
[20] unless the signal correlations have a special structure as
was found for nonpositive correlations by Ulukus and Yates
. INTRODUCTION in [33]. Earlier work in multiuser detection by Etten [11]
Multiuser detection for the symbol-synchronous Gaussi@md Verdi [49] considered optimum sequence detection for
correlated waveform multiple-access (CWMA) chadnehs the asynchronous multiuser channel via the Viterbi algorithm.
already received considerable attention for over a decaleboptimal, lower complexity alternatives are the sequential
now, and justifiably so: its simplicity allows a rigorous andlecoding algorithm by Xie, Rushforth, and Short [57] and
systematic study of the subject, which in turn provides nethe cyclic decision feedback sequence detector by Fain and
Varanasi [12]. In [49], it was recognized that optimum bit-
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filter output, the multiple-access interference contributed mot in the group are unknown. The resulting group detectors
other users based on tentative decisions of the conventioimafolve projecting the received signal onto the orthogonal
(decorrelating) detector made at the first stage. Since tt@mplement of the signal subspace spanned by interfering
desired signal-to-noise ratio (SNR) is highest at the matchagsers. They were found to optimize the worst case asymptotic
filter output, it is the effect of interference doubling fromefficiency over signal energies (or complex amplitudes) of
users that are incorrectly detected at the penultimate stage, the#rs not in that group, also known as group near—far resistance
ultimately limits the performance of the multistage detectof39]. Incidentally, group detectors lend themselves to a simple
This was quantified via an error probability analysis for thmterpretation as being a cascade of a decorrelator followed by
two-stage detector for the gener&l-user channel in [35] an optimum detector for the outputs of the users in the group
and [37]. There has been considerable research on multistagénterest. The particular case of unit group size specializes
detection since then (cf. Hegarty and Vojcic [16], Gray, Kocidp the decorrelator and gave a new justification for it as a
and Brady [14], Ghazi-Moghadam, Nelson, and Kaveh [13jeneralized likelihood detector when the energies (or complex
Shi, Du, and Driessen [30], Buehrer and Woerner [2], Divsalamplitudes) of all other interfering users were unknown. As
Simon, and Raphaeli [6], and Zhang and Brady [62]). the group size is varied, group detectors achieve a performance
Meanwhile, the simple decorrelating detectors of Lupas angnging between and including those of the decorrelator and
Verdl [20] (see also Schneider [27]) for coherent detectidhe optimum detector [39] for a commensurate change in com-
and Varanasi and Aazhang [38] for differentially coherermilexity. Group sequence detection generalizes group detection
detection were obtained by optimizing near—far resistant® asynchronous channels [42]. In particular, in a cascade
among linear and bilinear detectors, respectively. Near—ftructure of a linear filter followed by a Viterbi-like sequence
resistance is defined as the worst asymptotic efficiency owmtection algorithm, the problem of optimizing the linear pre-
all the interfering users’ energies for coherent detection aedualizer with a fixed complexity of the sequence detection
over complex amplitudes for differentially coherent receptiomlgorithm was addressed therein. The idea of projecting the
Those decorrelating detectors were also found to achieve tkeeived signal onto the orthogonal complement of the interfer-
optimum near—far resistance achievable by the exponentiatyg signal subspace was also studied for synchronous channels
complex coherent maximum-likelihood detector. The lineas matched subspace detectors by Scharf and Friedlander in
detector that optimizes asymptotic efficiency was also obtaing8] and as projection receivers by Schlegel, Roy, Alexander,
in [20]. In asynchronous multiuser channels, the decorrelatiagd Xiang in [29].
detectors generalize to multi-input, multi-output equalizers thatThe idea of successive cancellation dates back to Wyner
perform the inversion of the channel transfer matrix as of6] and Cover [4], and was proposed in the context of an
tained for baseband channels by Lupas and ¥énd21] and information-theoretic study of a scalar-output Gaussian mul-
for passband channels with differentially coherent detectitiaccess channel. It involves decoding the users sequentially
by Varanasi in [40]. These equalizers were also obtained lya given order. The first user is decoded by regarding the
optimizing near—far resistance. The idea of decorrelation haserference from other users as noise. The decoded and re-
also received considerable attention in subsequent researchegotoded symbols of the first user are then subtracted from the
lltis and Mailaender [17], Tsatsanis [31], Juntti and Aazhangceived data and the second user is decoded by regarding
[18], and Wang and Poor [54]). the interference from the remaining users as noise, and so on.
Based on the more classical minimum mean-square ertoterestingly, this strategy achieves the total capacity of the
(MMSE) criterion, linear MMSE multiuser detectors were deGaussian multiaccess channel. The application of that idea to
rived and their performance was studied for both synchronoasmultiple-access channel with low-rate convolutional codes
and asynchronous channels (cf. Xie, Short, and Rushforth [58%n be found in Viterbi [52] (see also Yoon, Kohno, and Imai
Yang and Roy [60], Madhow and Honig [22], and Poor anfb1]). Following the ideas of successive cancellation and using
Verdu [26]). While achieving the same asymptotic (high-SNRhe insights on the performance of multistage detection given
performance as the decorrelator, the MMSE detector mitigaiag37], the decorrelating decision feedback detector (D-DFD)
to some extent, for low—medium SNR'’s and for systems whenes proposed by Duel-Hallen [7]. While it was described
the channel is not invertible, the interference limitedness of [7] by a pair of feedforward—feedback transformations
the decorrelator. While decorrelative and MMSE strategies amith a feedforward transformation to whiten the noise and
at once simple and attractive from a performance standponfeedback transformation to eliminate the interference from
for low—moderate waveform correlations, their performanadready detected users, the D-DFD can more fruitfully be
can degrade substantially for systems with higher bandwidtiterpreted as a detector that cancels interference from stronger
efficiencies. The problem here is that the structural constrairgers based on hard decisions of those users and from weaker
that the detector be linear, is too severe. users by decorrelation in a user-expurgated channel. The
Group detection was introduced in [39] and [43], wherkatter involves a signal-to-noise ratio penalty which is easily
a group or subset of users are jointly detected. Rather thgumntified. The former involves a penalty due to interference
pursuing an approach based on performance optimization, tlmubling from incorrect decisions which may be particularly
classical theory of detection was revisited to obtain suboptimggnificant when the stronger users are not sufficiently strong.
solutions. In particular, it was proposed that the generalizétbre recently, the maximum signal-to-interference ratio (SIR)
likelihood ratio test (cf. [25]) be applied under the assumpticfor equivalently, the minimum mean-square error) decision
(pretense) that the energies (or complex amplitudes) of usé¥sdback detector was obtained by Varanasi and Guess [48]. In
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particular, [48] considers the problem with coding and showesass of decision feedback detectors (DFD’s) that includes as
that maximum SIR equalization with successive decoding particular cases, all linear detectors, the conventional DFD (C-
the receiver achieves the total capacity at the vertices BFD), also known as the successive canceler, the decorrelating
the capacity region of the vector Gaussian multiple-acced§D (D-DFD) [7], and the maximum signal-to-interference
channel. ratio DFD (MSIR-DFD) [48]. Sections IV-B through IV-

For asynchronous channels, the multivariate decision fedd-contain several results on the D-DFD including an exact
back equalizer that minimizes total mean-square error (as wait-error rate (BER) and asymptotic effective energy (AEE)
as the geometric mean-squared error) was obtained by Yamglysis, the robustness of D-DFD in terms of symmetric
and Roy [59]. Generalizing the D-DFD of the synchronousnergy to the selection of order of detection, and an algorithm
channel, a zero-forcing multiuser decision feedback equalifer determining an order that guarantees superior user-wise
(MDFE) was obtained by Duel-Hallen in [9] based on a classhEE performance compared to the decorrelator. In Section
cal result in minimum-phase multivariate spectral factorizatidW-E, we obtain a closed-form expression for the symmetric
by Wiener and Masani [55] and Davis [5]. The noise-whiteningnergy of arbitrary DFD’s. In Section IV-F, we obtain the
approach of [9] and the total MSE performance optimizatiopptimum DFD (O-DFD) that maximizes symmetric energy
in [59] can be regarded as multivariate extensions of tlmong all DFD’s. In Section V-G, the O-DFD is shown
zero-forcing and MMSE decision feedback equalization fde be robust in terms of symmetric energy to the choice of
single-user 1SI channels. Neither of those works, howeverder of detection. Section IV-H contains a detailed study
account for the effects of error propagation in analysis of decision feedback detectors relative to optimum and linear
design. While ignoring the effects of error propagation findsptimum detectors for the two-user channel with and without
justification for single-user 1SI channels (cf. Duttweilgtral. power control. Section IV-1 gives an algorithm for determining
[10], Altekar and Beaulieu [1]), the error propagation problerthe order of detection so that the O-DFD (C-DFD) user-wise
is quite different in multiuser channels. The MDFE baseautperforms the linear optimum (conventional) detector in the
on the so-called partial spectral factorization by Duel-HalleAEE measure. Section IV-J consists of a per-user AEE analysis
[9] and the MDFE proposed by Varanasi in [44], with thef the O-DFD for the two-user channel. Sections IV-K derives
latter involving only minimum-phase spectral factorizationsufficient conditions under which the O-DFD achieves the
of certain scalar-valued spectra, address the error propagaien-user AEE performance of its genie-aided version which
issue through a careful specification of the MDFE'’s to redud@s perfect feedback. Section IV-L gives sufficient conditions
the effects of interference doubling due to imperfect feedbaakider which the O-DFD achieves the AEE performance of the
For the MDFE in [44], the problem of optimum power contromaximum-likelihood detector for every user simultaneously.
under average power constraints was solved for the two-u§&ction V concludes this paper.
case without making the assumption of perfect feedback.

In this paper, a new performance-optimization-based ap- Il. PRELIMINARIES
proach is introduced for decision feedback multiuser detection-l-hiS section describes the CWMA channel model. The

which includes all users’ performances at once without the ..\ iikelihood (ML), the two-stage [37], and the linear
option of power control and without making the perfec& t

) ) e ectors of [20] and their per-user bit-error rate (BER) and
feed.back assumptllon. Furthermore, while a deC|S|.on feedbaa‘jgmptotic effective energy (AEE) performances are given.
multiuser detector is usually understood as detecting the user
in the decreasing order of signal energies, this paper takes Ah
view that there are indeell! decision feedback detectors, one
for every order in which users can be detected. The order ofA discrete-time equivalent model for the matched-filter
detection is shown to be a valuable degree of freedom (with RgtPUts at the receiver is given by tt#€-length vector
counterpart in single-user ISI channels) if it can be exploited y=Hb+n 1)
properly. Finally, the issue of a comparative performance
analysis between a linear detector and its nonlinear decisiohereb € {—1, +1}* denotes thek-length vector of bits
feedback counterpart is resolved through results that take tadinsmitted by theX active users (the results in this paper
users’ performances into account at once. can be extended to arbitrary PAM signaling). The matix=

The rest of this paper is organized as follows. Sectid¥'/2RW/? is a signature waveform correlation matrix and
Il contains a brief review of multiuser detection for thes thus nonnegative definitd® is the normalized correlation
symbol-synchronous channel. In Section Ill, we define a nawatrix so thatdiag {R} = I. W is a diagonal matrix whose
performance measure calleymmetric energyvhich is an kth diagonal elementy, is the received signal energy per bit of
indicator of the overall performance of a multiuser detectohe kth user.n is a real-valued zero-mean Gaussian random
in terms of the joint error rate (JER) defined as the probabilityector with a covariance matrix that is equal ¢6H. This
that at least one user is detected erroneously. Section Hedel applies to baseband [20] and passband [43] additive
A gives a detailed study of nondecision-feedback multius&aussian noise channels. In the passband chaRnd¢pends
detectors via the symmetric energy measure for the two-user the carrier phases of all users. Models such asGb +w
channel with and without power control. It also provides theherew is zero-mean Gaussian with a full-rank correlation
motivation for the rest of this paper. Section IV is on decisiomatrix o2F can be reduced to the above form by forming the
feedback multiuser detection. In Section IV-A, we define sufficient statistic@” F~'z which admits a model identical to

eSystem Model



222 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 45, NO. 1, JANUARY 1999

thatin (1) withH = G* F*@. In particular, the Rician fading L. (¢) is thus the energy required by the matched-filter detec-
channel described in [41] reduces to the model in (1) with ther in a single-user channel to achieve in high-SNR regimes,
matrix H depending on the ratios of fading-to-additive noisthe bit-error rate of the multiuser detector for ugein the
variances in addition to the signal energies and correlationgnultiuser channel. It is equal to the product of the actual
In the examples of this paper, we consider heavily coenergy (w;) and asymptotic efficiency as defined in [20]
related signaling. Not only is it easier to clearly distinguiskwhich we denote ag;(¢)), henceEy(¢) = wipm(¢). The
between the various suboptimum detectors in this case, lexponentially complex ML detector is optimal in asymptotic
highly correlated (even linearly dependent) signals result whefficiency (and hence in AEE) for each user among all
spreading and coding are properly traded as in bandwidttetectors. The AEE for usér is equal to
efficient multiple-access (BEMA) systems [47].
Ek(d)ML) = min 6TH6. (4)
. . eC{—1,0,1}K;e,5#0
B. Optimum, Linear, and Two-Stage Detectors
This section is a brief review of [20] and [37]. A multiuserThe AEE for uselk of an arbitrary linear detector correspond-
detector for the CWMA model in (1) can be described &@ag to F, denoted ag(F'), depends od' only through itskth
a vector-valued mag: RX — {—1, +1}¥ that acts ony row f; and is given as
to produce one oplf possible bit decisions for all users
jointly according tob = ¢(y) whosekth element we denote as 1
b = ¢*(y) for k=1, 2, ---, K. For instance, the maximum-  Ex(¢(F)) = FHT max?< 0, fi hy — Z IFihil e (5)

likelihood detector [20] is the map Sl ik
A N T T
PuL: b=arg (T 1y 2y"b—b Hb (@) whereh, denotes thejth column of H.

which minimizes among all detectors the probability that not
all users’ decisions are correct. Howevex,r, is in general lll. SYMMETRIC ENERGY

exponentially complex to implement. We therefore restrict \yhen, the function of a multiuser detector is to detect all (or

attention to multiuser detectors that are easily implementableg st of) users, it is reasonable to require that its error-rate
The simplest restriction is seen in a linear detector WhiCle tormance be below a certain threshold for all such users

parameterized by a matrik, makes decisions separately foljnitaneously. We therefore base our measure on the joint
each user by taking thTe sign of an inner productTof MR orror rate (JER) which is the probability that at least one user

row of F' (denoted agf;,) qndy so thatby, = SgLL [ 9] for is detected erroneously. Such a measure accounts for all users’
k=12, K The pargcular case whet® is equal tol  horformance at once, representing an important departure
(the identity matrix), o@ = H *, or (H 4+ 0?I)~, is called from the traditional per-user performance measures such as

the Conventional, or decorrelating [20], or the minimum mea@fgnaLto_interference ratio (Cf [47]), asymptotic efficiency7
squared error (MMSE) detector [58], respectively. We denoigd near—far resistance [20].

these detectors &%, ¢p, and¢nmse. The two-stage detector

with decorrelating first stage [37], denoted @, is defined ~ Definition: Let £(¢) denote the event that the detector

according to the maps does not detect all users correctly. Let the effective energy
A i e(o, ¢) corresponding to the probability & (¢) be defined
Phs(y) =be = senfux — Y Hidh(y)] implicitly via the equation
dk
Whered){j (y) is the decision of the linear decorrelating detector Pr(&(¢)) = Q(Vela, ¢)/).
for user ;.

The symmetric energys defined as the limit of the effective

C. Asymptotic Effective Energy energye(o, ¢) ase — 0 so that

Definition: Let £(¢) denote the event (in the probabili A L. . Pr(&(9))
space in whichb and n are defined) that the detectdré/(d)) = }lﬂ% c(o; ¢) =sup ye = 0; }lﬂ% Q(Ve/o) <oor. (6)
detects uset erroneously. Let the effective energy(o, ¢)
corresponding to the probability é%.(¢) be defined implicitly

via the equation The symmetric energ¥(¢) is thus the energy required by

the matched-filter detector in a single-user channel to achieve
Pr(&x(d)) = Q(Vew(o, ¢)/o). in high-SNR regimes, the joint error rate of the multiuser
detector¢ operating in the multiuser channel.
Since the maximum-likelihood detector in (2) minimizes
Pr(&(¢)) over all detectors, it is optimal in symmetric energy

The asymptotic effective enerddAEE) for useri, which we
denote asEy(¢), is defined as

Ey.(¢) 2 lim ex(o, @) when there are no constraints on structure or complexity.
o=0 ! Therefore, the symmetric energy(¢nr) is the benchmark
= sup {C > 0; lim Pr(&.(9)) < OO}_ (3) against which all other detectors’ symmetric energies must be
=0 Q(Ve/o) compared.
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Definition: The relative symmetric energy (RSE) of a mulSimilarly, the symmetric energy of any linear detector can be
tiuser detector is the ratio of its symmetric energy to that abtained from (5) by taking the minimum AEE of tté users.
the maximume-likelihood detector expressed in decibels, i.&he linear optimal detector was obtained in [20] by optimizing
R(p, dnr) = 10 logo(E(P)/E(pmL)). m.(¢(F)) over all vectorsf, for each user and hence this

The RSE of a multiuser detector is hence a nonpositidetector also optimize&, (¢(F)) (see (5)) for every user
number that quantifies the SNR gap (in decibels) between $mparately. It follows then that the linear optimal detector also
JER and the minimum achievable JER for high SNR. Oraptimizes symmetric energy among all linear detectors. An
could also use any other detector as a benchmark, in whiakeresting property of the linear optimum detector is that for
case we haveR(¢1, ¢2) = 10 log,o(E($1)/E(¢2)), which a sufficiently strong user, it achieves the AEE of the maximum-
denotes the SNR gain (loss if negative) of deteetprover likelihood detector. In particular, it was shown in [20] that the
. kth user achieves optimum AEE if

Lemma 1: The symmetric energy of any multiuser detector 1
for the CWMA channel is equal to its minimum asymptotic Vwr > max | = Z Vwi|Ri;| |- (12)
effective energy (MAEE), i.e., i=l K [Bg] itk

E(¢)=, _min  Ei(¢). (7)  Unfortunately, if one user is sufficiently strong to satisfy

T the sufficient condition to achieve optimum AEE, the other

Proof: Note that&(¢) = UL &(¢). Since &x(¢p) € K — 1 users will not. Moreover, for sufficiently weak users,
E(p), Pr(&x(¢)) is alower bound odPr(£(¢)). We can hence the linear optimum detector coincides with the decorrelator
obtain an upper bound ali(¢) by substituting the single-event[20]. The suboptimality of the decorrelator, coupled with the
lower bound in place oPr(£(¢)) in (6). Using (3) then, we fact that it is for a weak user that the linear optimum detector

have E(¢) < Ei(¢). Moreover, since this bound is valid forcoincides with the decorrelator, results in the symmetric energy

any k = 1,2, ---, K, by choosing the best among t€ of the linear optimum detector often being equal to that of
upper bounds, we have the decorrelator. The symmetric energy of the decorrelator,
. which is also equal to that of the MMSE detector (the MMSE
E(9) < EL(9). 8 . o
() < k:ll,rzlfr.l..,z( k(@) ®) detector converges to the decorrelator in the limivas: 0),

is obtained by lettingF" = @ in (5) and taking the minimum

Since the sum of single-event probabilitBy_, Pr(£(#))is  gyer i — 1. .- K so that

an upper (union) bound oRr(£(¢)), we can obtain a lower

bound onE(¢) by substituting the union bound in place of E(pvmse) = E(ép) = min
Pr(£(¢)) in (6). In the computation of the limit of the ratio of =L 2
this union bound t@(\/é/q), the term in the union bound thatA' The Two-User Channel
corresponds to (asymptotically) the slowest rate of exponential

(in SNR) decay will dominate the union bound so that it alone A simple two-user study of the symmetric energy of the

determines the lower bound. Consequently, the lower boundiiear, two-stage, and the optimum detectors gives clear in-
sights into their relative performances with and without power

E(¢) 2 L Ei(e)- (9 control and also serves to motivate decision feedback de-
T tection. We specifyEy,(¢) for a two-user channel for the

aforementioned detectors in terms of the energigsw., and

The symmetric energy measure was introduced by tHee normalized correlatio?i2 = p. We denote the other
author in the context of power control for multiuser detectio#ser's index asj so that all formulae apply for the cases
[44] where optimum power allocations were obtained thaf; j) € {(1,2), (2, 1)}. The AEE’s of the ML, conven-
maximize symmetric energy under average power constraifigal, decorrelating, and linear optimum detector for user
for each of several multiuser detectors for Gaussian apte denoted a®i(¢c), Er(én), Ex(éro), and Ex(éwr),
fading channels. The dual concept of minimum average enefg@gpectively. Fok, j) € {(1, 2), (2, 1)}

was defined in [46] as the minimum average energy (or . ' :
equivalently, minimum sum of transmit powers of all users) Bi(frn) = min{w, wy +w; = 2ply/wpig} - (18)

Qkk]il- (12)

K[

The upper and lower bounds in (8) and (9) coincide. [

required by a multiuser detector to achieve a given symmetric Ei(pc) =max*{0, v/ur — \/wjlp|} (14)
energy performance. The problem of optimizing symmetric Ey(¢p) =wr(1 — p?) (15)
energy among decision feedback detectors without the option I i

of power control was solved (among other results) in a En(¢Lo) = { K(Pnn), wi <Il (16)
conference version of this paper [45]. Ew(¢p), otherwise.

As a simple consequence of Lemma 1, the symmetric eneigy;ng (16, it can be verified that the symmetric energy of the
of dgtectors for Wh'Ch AEE's are known, are easily Obt_a'neﬁnear optimum detector is equal to that of the decorrelating
For instance, using the formula for the AEE for the maximunyaiector e E(¢ro) = E(ép) = (1 — p?) minfw,, ws).
likelihood detector in (4), we have The BER of the two-stage detector was derived for the gen-

E(pyL) = min ¢'He. (10) eral K-user problem in [37]. It was shown there that the key to
e€{~1,0,1}*—{0} the exact analysis of the BER is the statistical independence of
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Fig. 1. A symmetric energy comparison between the linear, two-stage, drig. 2. A symmetric energy comparison of linear, two-stage, and optimum

optimum detectors for a two-user channel wjth= 0.3 andw; + w2 = 1.  detectors for a two-user channel wigj = 0.9 andw; + w2 = 1. There is a

The conventional detector performs poorly even when the correlation is lgw@wning gap between the linear optimum and optimum detectors. Optimal

and the powers are balanced. power control for high-performance detectors can in general require very
disparate energies.

the residual interference (resulting from imperfect interference _
cancellation) and the additive Gaussian noise components§0s. There is a large gap between the decorrelator and

the decision statistic the ML detector in spite of the fact that the decorrelator
; (or optimal linear and MMSE) is optimum in symmetric

Dy =yr — Z Hy;ép(y)- energy among all linear detectors. Therefore, restriction to

ik linear detectors is too severe. The nonlinear two-stage detector

When the result there is specialized to the two-user case, witlso degrades significantly relative to the optimum detector
the normalized correlatiof?;» = p, the bit-error probability for this high correlation example. However, it does at least

for the kth user is as well as the decorrelating detector, improving upon the

o = 2w, decorrelator’'s performance significantly for unequal energies

Pi(d2s) = Q<—) [1 -Q <4’ )] or near—far situations. The decorrelator performs best relative
g g to the ML detector when user energies are equal and degrades

(1-pHw; (‘ /Wy — 2|p|\/w_j) in near—far conditions. Th!s may seem surprising. at first given
+Q pu Q pu - that the decorrelator achieves the near—far resistance (worst
asymptotic efficiency over energies of interfering users) of
17) the maximume-likelihood detector [20]. The problem is that
The asymptotic effective energy is easily obtained as near—far resistanc_:e is a per-user measure and a conservaf[ive
. ) one at that. Even in the rare instance where the signal energies
min{ws, (1 + 3p?)w; — 4|p|\/w;wi + wr}, have nearly worst case distribution for a particular user, so that

_ if0<, /o2 < the optimum detector for that user can perform not much better
Ey(p2s) = we = 2|p] . o
_ R _ — ) than the decorrelator, the other users can achieve significantly
min{wy, (1 - p~)w;}, it e > a3 better performance with the optimum detector than with the

(18) decorrelator for the same signal energy distribution. In other

The symmetric energ¥(¢25) = min{F1(¢25), E2(¢25)}.  words, the signal energies cannot be worst case for all users

Fig. 1 shows the symmetric energies of the conventionaimultaneouslyand designing the detector for this unrealizable
decorrelating (and hence linear optimum), two-stage, asdenario is too conservative.
optimum detectors for a low correlation ¢f = 0.3 as a Let us consider the implications of Figs. 1 and 2 when
function of the energy ratias /w; in decibels. We fixw; + power control is an option with multiuser detection. With
wz = 1. The multiuser detectors show a marked improvement, + w, = 1, we seek to distribute powers between the
over the conventional detector over the entire range. Moreoverp users so as to achieve maximum symmetric energy or
the two-stage detector uniformly outperforms the best linearinimum JER in the high-SNR regions. We see fot= 0.3
detector and, in fact, achieves optimum symmetric energfyat the power control strategy for each of the three detectors
for all energy ratiosws /w;. This property of the two-stage is one that makes the powers equal. pet 0.9, however, the
detector can be shown to remain true for @l 1/3. optimal power control for the optimum detector requires very

In Fig. 2, we consider a high correlation example witlklisparate power levels (the two-stage detector favors equal or
p = 0.9 and again we fixw; + w2 = 1. The conventional very disparate powers). Elaborate power control methods are
detector becomes interference-limited for almost all energgually implemented in CDMA systems to balance powers but
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an equipower distribution is essentialtyl hocand can be far 5 ;  E— . .
from optimal as seen from the performance of the optimum A —_ ML !
detector in Fig. 2.In general, optimum power distributions  **7 / B T pogueeter) ]
depend critically, and sometimes even in a complicated way, ,| rooy A
on the structure of the correlations between signals and the i \ / ;
detector usedSuch distributions were obtained in [44] for ss ; \ 4 v :
several detectors that maximized symmetric energy under total / | J |
(sum) power constraint for gener&l-user Gaussian as well %’ o / N ;
as fading channels. S s
Let us consider the dual problem. In practice, it is required
that each user's error-rate performance be below a certain2
threshold P. This can be assured by requiring a quality-of-
service (QoS) constraint that the symmetric energy be above”
a certain threshold® which is determined by solving the

equationP = Q(v/E/o). Suppose that we requitE = 0.5

in the two-user example of Fig. 1. This can be achieved only®s%, % &% = = o s : 5 s o0
by the optimum and two-stage detectors with optimum power w2/wl'in dB
allocation that balances powers to sef = w»; = 0.5. Fig.3. A comparison of the boundaries of the total energy above which

Similarly, for p = 0.9 in Fig. 2, a QoS specification of the optimum, two-stage, and decorrelating detectors will achieve a QoS-type
E = 0.225 for w; +w, = 1 is delivered only by the optimum |sy|m21eér|9c energy criterion (that igf = 0.2) for a two-user channel with
detector and that too with power control that tightly maintaing -

a power imbalance of nearly 5 dB between the powers of

the two users. As the QoS requirement is lowered, howeveger in the system. It is, therefore, of interest to obtain optimal
note that power control for the optimum detector need ngpwer control strategies that minimize power consumption
be very precise. For instance, wiffi = 0.1, all power ratios (say, by minimizing the sum of transmit powers) while de-
between— 9 and 9 dB will work. At this level, the two-stagelivering a symmetric energy that is above a fixed threshold
detector will also meet the specification but only with tighf. Such problems were solved for linear and some decision
power control which maintains a 9-dB power imbalarifieere feedback detectors in [46].

is thus a tradeoff between the quality of a multiuser detector

(as measured by its symmetric energy) and the accuracy of |v. DEecisioN FEEDBACK MULTIUSER DETECTION

power control neededlhe higher the quality of the multiuser
detector, the laxer are the demands placed on accurate pow
control. This motivates the search for multiuser detectors tf’{ﬁ
achieve high symmetric energy performance.

Fig. 3 corresponds to a two-user channel with= 0.9
and depicts boundaries for the sum of powers+ w. for
each detector above which that detector achieves a symmetric’
energy that is at least as large as a fixed threshold (which we .
choose here to be equal@®). It is seen that a sum of powersA' Description and Examples
that is greater thar is sufficient for the optimum detector We give a description of decision feedback detectors for
with power control that tightly maintains a power imbalancBAM signaling. A decision feedback detector (DFD) detects
of nearly 5 dB. A greater expenditure of total power (saysers in an arbitrary but fixed order (here we assume, without
1.5) allows a wider range of power distributions to achievt®ss of generality, that the users are decoded in the increasing
the QoS specification, thereby easing the requirement on @téer of their indices). It is parameterized by feedforward
accuracy of power controFor a given detector, there is thusand feedback matriceB' and B with B being strictly lower
a tradeoff between the total power expended and accurdéi@gngular. A detailed structure of a DFD is shown in Fig. 4.
of power contral The higher the total power expended, th@he decision statistic for the first user 13, = f1y which
laxer is the requirement on accuracy of power control s quantized by the PAM slicer to obtam. The decision
achieve a given QoS specificatidimilarly, there is a tradeoff statistic of the second user is formed by computing the inner
between the quality of a multiuser detector (as measured byp)mductfgy and then subtractingjrom]fglbl resulting in the
symmetric energy) and the minimum total energy required ¢cision statistid), = fgy — Bs1b; which is then quantized
achieve a given QoS specificatidrhe higher the quality of the by a PAM slicer to obtais, and so on. In forming the decision
multiuser detector, the lower is the total power expended. Thigatistic for thekth user, the inner produgﬁfy is formed after
is another motivation for the search for multiuser detectors thahich the interference from the already detected “past” users
achieve high symmetric energy performance. (i.e., usersl, ---, k— 1) is mitigated by subtracting from that

Low power consumption is critical for battery-operatethner product a linear combination of the past user’s symbols
hand-held and lap-top wireless communication devices whilg, b, - --, b;_1. The coefficients of the linear combination
maintaining a given QoS performance specification for eveaye thek — 1 nonzero elements of théth row of B. The

The motivation for considering decision feedback detection
$hree-fold. The optimum detector is exponentially complex,
Ea linear detectors perform poorly relative to the optimum
detector, and decision feedback detectors have a much greater
potential while lending themselves to analysis and optimiza-
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transformation whitens the noise and the feedback matrix is
of the form £L(FH). The D-DFD was proposed in [7]. We
will denote it as¢p-pr.

B. The D-DFD

We show that the nondecision feedback counterpart of the
D-DFD is the decorrelator. Consider tli&', B) matrix pair
(8, £L(SH)), where § is an upper triangular matrix defined
as follows: the nonzero elements of tlh row of S are
identically equal to the first row of the decorrelator defined

fi <y > fa

—Bs 2

D1

PAM-
Slicer

lin

Fig. 4. Decision feedback multiuser detection. for a user-expurgated channel consisting of only users indexed
from k to K (i.e., the first row of the inverse of the “south-
resumng decision statistic east” block of dimensiod — k +1xK—-—k+1 ofa2x?2
1 block partition of the matrixH).2
Dy =fiy— > Bib; Lemma 2: The decision feedback detectt$, £(SH)) is
=1 equivalent to the D-DFOL™Y, £(L)).
goes through a minimum Euclidean PAM slicer to produce the Proof: Let SH = G. It is easy to see thaG is a
kth user's decisioriy, according to lower triangular matrix with unit diagonal elgments. Llemg
R _ . ) the Cholesky decomposition df we haveSL" = GL -.
by = arg Jnin |Dr = fi | (19) Both 8 and L” are upper triangular and so is their product.

Similarly, both@ and L~ are lower triangular and so is their
where is the PAM alphabet. The function of the feedforwargh,oquct. But since the products are equal, they must both be
vectors f;, is to minimize the effects of multiple-accessqual to a diagonal matrix. This diagonal matrix is denoted
interference from the as yet undecoded (*future”) usess1 a5 A, Therefore,G = AL but sincediag (G) = I, we have
to K, and the residual interference after subtraction frogasra — (diag (L))~1. Now, § = GH !, whence it follows
the already decoded (“past”) usersto k& — 1. The function 5t ¢ — (diag (L))—IL*T. It only remains to invoke the
of the feedback coefficient§ B, }i_ is to mitigate the oquivalence stated in Footnote 2. 0
interference contributed by the past users. Assuming withou
loss of generality thaf; k;, > 0 for eachk, the PAM slicerin ~ The advantage of the§, £(SH)) specification is that it is

(19) simplifies in the binary antipodal case to a sign detectdpore intuitive. The multiple-access interference is nonlinearly
canceled from users with lower indices based on hard decisions

K et S on those users’ symbols and it is canceled from users with
=2 Busbs
J=1

(/)(F, B) lAJk = sgn Z ijyj

i=1

(20) higher indices by the process of decorrelation under the
assumption that the nonlinear interference cancellation from

It is easily verified that the particular choice of the feedower indexed users was perfect. The D-DFD can therefore

back transformatioB = L(FH), where £(-) is the strictly be thought of as a decision feedback counterpart of the

lower triangular part of the matrix argument, is such that tHéecorrelator.

!nterference due_tq past users would be_ completely _cance@dBER and AEE Analysis of the D-DFD

if past-user decisions were perfect. Given an arbitr&ty

and a strictly lower triangulaB, the implementation of (20) ©One of the main difficulties in the characterization of

requires, on averag8K /2 additions and multiplications per performance of decision feedback detectors is the error propa-

user. gation problem. Easy-to-interpret upper and lower bounds on

Linear detectors are degenerate decision feedback detectdfs performance of decision feedback group detectors were
with B = 0. For instance,gc, ¢p, and ¢nse, are the obtained in [43] which we state here for the particular case
decision feedback detectors corresponding ta fieB) pairs of the D-DFD
(I,0), (H™' 0), and((H + o2I)~*, 0), respectively. . )

A simple example of a nonlinear DFD is the conventional 32 ;, i < Ei(év-pr)

DF_D (C-DFD) denpted aéc-pr. It correspon.ds to thel’, B) _ < min TCe< L2, (21)

pair (I, L(H)). This detector captures the idea of successive e€{—1,0,1}*, e, #0

cancellation that has appeared in several papers (cf. [4], [24], A

[52], and [61]). There is no attempt at mitigating interferencehere tffdf x k matrix C'is the Schur compleme = H;; —

via the feedforward matrix but the feedback matrix is sucH12H5; Hz; in a2 x 2 block-partition of H with H;; being

that the past-user interference would be completely canceleg ) — )
hen their decisions are perfect. The nondecision feedb The sequential group detector obtained in _[43] when all group sizes are

Wi > p " a&‘}ﬁal to one, reduces to a DFD corresponding to the QBirL(PH))

counterpart ofpc-pr is the conventional detector. where P = diag?(L)S. Note, however, that the DFDF, B) is equivalent

The decorrelating DFD (D-DFD) is defined by the', B) to (DF, DB) for any diagonal and positive-definite matd®. Hence, the
pair (LiT, L(L)) where H = ILis a Cholesky factoriza- (S, £L(SH)) DFD is equivalent to the sequential group detector of [43]. The

X A - - equivalence of this detector to the D-DFD proved in Lemma 2 was claimed
tion of H with L being lower triangular. The feedforwardin [43] without proof.
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the “north—west” block of dimensiok x &£ with the other (this argument was first used in the analysis of the two-stage
matrices being of compatible dimensions. The weaker of thetector with decorrelating first-stage in [37]) so that

two upper boundd.?, is the AEE of the D-DFD under the A L 4+ 0T,
assumption that past user decisions are perfect (cf. (25)). Pr(@k # bplbp—1 =br_1 —2ex_1) = Q<M>

Interesting properties of the AEE can be derived from the 7

bounds in (21). In particular, it is easily verified that the
symmetric energy of the D-DFD can be both upper-
lower-bounded byming_; o ... x L3, SO that

(25)

arUnlike the analysis of the two-stage detector in [37], however,
the second term in the product in (24) can be obtained without

. relying on multivariate Gaussian distribution functions b
E(¢p-pr) = min L3, (22) ying y

o=1,2, -, K using the chain rule for probabilities
More generally, we also have by the same argument, a cIosBd(i?k_l =bp_1 —2er_1)
form expression for the minimum of the firstusers’ AEE’s k—1 X A
(and hence a more detailed information about the performance = H Pr(by, = b — 2em|bm—1 = b1 — 2€m-1).
of the D-DFD than just its symmetric energy) as m=1
(26)
i ‘ = i 2
1:11,1121,1-1--, § E(¢p-pr) = i:117r§171.1“ § L. (23)

2

Each term in the product can be obtained by noting that

The techniques in [43] are, however, not applicable for noPI’-" = sg0 (D) Where Dip, = Lynmbim + Lo + w With

decorrelating DFD’s. In the next section, we will use another A m—1
approach to obtain generalizations of above results for arbi- In =2 Z Lyje;.
trary DFD’s. Before that, we present an exact BER and AEE i=1

analysis of the D-DFD.

The bit-error probability of the D-DFD for usef, denoted
as Pr(&x(ép-pr)), can be obtained as follows. Lé =
[b1, ---, bx]* and b, = [b1, -, bx]T be the vectors of bits
and bit decisions of the D-DFD up to usér respectively. X A
Define the error vectoe, = 21(b; — b;) and the set of Pr(b,, = by — 2em|bpm—1 = b1 — 2€5-1)
admissible error vectors correspondingbjoas <(_1)|em|+1(me + mem)) )

Again due to the fact thah has independent components,
the decisions,,,_;, and hence the residual interferertg,
are statistically independent of the additive noise term.
Therefore, it is easily shown that

Ex(br) = {ex C {1, 0, 1}*; e, = Iy 7

&epm € {bm, Okm=1,2, -, k—1}. Substituting (25) and (27) into (24) yields the bit error prob-
ability of the D-DFD as
Then, using the law of total probability L
Pr(&(pp-pr)) =2 % Y > 11
__o—k
Pr(&x(ép-pr)) =2 Z Z bre{—1,1}k excEy(by) m=1

Q((_1)|em|+1(me —i—bnlIm)). (28)

a

bke{—l,l}]" e;\,ES;\,(b;\,)
-Pr(by # belbr—1 = b1 — 2€1)
- Pr(bk_l = bk—l — Zek_l). (24)

The asymptotic effective energy corresponding to each product

The first term in the product of two probabilities can be easifyf @-function terms in the double summation in (28) is

obtained as follows: let the decision statistic k
K k—1 Z Inax2{07 (_1)|GM|+1(me + mem)}'
s A m=
Z ijyj — Z Bkjbj = Dk !
j=1 j=1 Since the term corresponding to the slowest exponential rate

o of decay dominates the error probability @as— 0, we have
For the D-DFD, substitutingy = Hb + n, we haveDy = that the asymptotic effective energy of useis

Liwby + Iy + 7y, WhereZy, is the residual interference N

k—1 E; - = min min
o223 Lige HODPE) T i B ;::1
j=1 - max*{0, (—1)|€m'|+1(me +bnZm)} (29)
andy, is thekth element of the white-noise vector= L™ n Equations (28) and (29) give exact formulas for the BER
with covariances21. Since the decisions,_; are functions and AEE of the D-DFD. Note, however, that the properties
of only the noise components,, ---, 7x_1, Which in turn of the AEE’s of the D-DFD obtained in [43], i.e., the bounds

are statistically independent d@fy, the residual interference of (21) and the equalities in (22) and (23) may be tedious to
7y due to those decisions is statistically independenfipf derive by using of the exact formula for AEE in (29).
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D. On the Choice of Order of Detection for the D-DFD where the last equality follows from the fact tha! = =

There has been considerable interest in linear and decisfdir.i- (With P such that itsnth row is thei, th unitpvticitor),
feedback multiuser detection in recent years. Convention4ich n _ul‘m IS a ?mple consequence @f = (H™ )" =
wisdom has it that decision feedback detection is a gobffHP )™ = PQP". O

idea only if the energies of the various users are sufficiently Thys the D-DFD outperforms the decorrelator no matter
disparate, and that, otherwise, linear detection is better becay$gt the distribution of energies may be, and independently
it avoids the complication of error propagation. We will showgt the order in which the users are detected. This implies that
that a careful analysis reveals otherwise. the JER of the D-DFD will always be no higher than that of the

Let P be a K x K permutation matrix where each rowgecorrelator for sufficiently high SNR. A result of independent
and column is a unit vector. The CWMA channel modehterest in algebra follows from (30).

y = Hb+ n can be permuted ag” = H'b" + n” where N - .
y” = Py and H” = PHP” andb” = Pb andn” = Pn. Lemma 3: For any positive-definite matrixd and any

The D-DFD for the permuted modef” = H'b" + nl permutation matrix P with the Cholesky factorization

is defined as the D-DFD for the permutatidd In other PHP' = iTi, and@Q = H™', we have
words, for the Cholesky factorizatiol” = L”(L")7, the
feedforward—feedback matrix pai¢L”)~*, £(L")) when  _ min I,(Ln‘)Q 2 wmin I,[Qn‘]_l, VPeP. (34)
applied to the permuted modgl” = H 5" + n” is the D- " e

DFD for the permutation. We will denote it as¢,_,p- If  The reader is invited to prove this lemma independently
the kth row of P is a unit row vector with a one in théth  of the terminology of multiuser detection. The inequality

position, then users are detected in the ordets, -- -, ix.  j2 > [),..]"%, where@Q = PH 'P” can be proved
There areK! permutations and henck! D-DFD’s. Let us a|gebrgica”y_
denote the set o(! permutation matrices &8. With the order of detection regarded adesign parameter

There does not appear to be a simple relationship betwegfe suspects that there may be stronger results. In light of
the D-DFD’s for two distinct permutations. Their BER andnpe result on the lower bound on the AEE in (21), the
AEE performances can also be quite different. However, thgllowing question is appropriate. Given a positive-definite
analysis of the previous section can be used to find theatrix H, does there exist a permutation matdX such
BER and AEE of¢f. pp for any, givenP by working with - that the matrixH” = PHP" with Cholesky factorization
the permuted modey” = H b +n”. Naturally, it is of (L”)TL” with diagonal elements oL’ in nonincreasing
interest to know what effect the choice of permutation has @pder? If it does, that permutation would correspond to a
performance. We first consider symmetric energy which givegghly desirable order of detection for the D-DFD since,
an indication of joint error rate in high SNR. for that order, the D-DFD would achieve genie-aided AEE

Proposition 1: The D-DFD for any permutatio® ¢ P performance for every user, and would the_refore be unaffected
by error propagation in high-SNR scenarios (see Theorem 3
in the next section). Unfortunately, not even the abundance of

E(¢5.pp) > E(¢p), forall P e P. (30) permutations guarantees the existence of one such permutation
A for any given positive-definite matrix. The simple two-user
. P : case suffices to produce a counterexample. Neither of the two
Proof: The symmetric energy oE(¢p-pr) iS equal to

ermutations of the two users will yield the desired property;
mity_1 o, .. (L2, )? (see (22)), wherell, is the mth & Y property

: mm/., mm - for instance, when the energy rati@ /w- lies in the interval
diagonal element oL". Note from (25) that(L{ )? is the (1- R, (1 - R2,)™Y).

Consequently, we reformulate our problem. Given that it is

outperforms the decorrelator in symmetric energy, i.e.,

AEE of userm relative to permutatio® (which is useri,,

relative to the identity permutation) under the assumption thaf, e desirable to be able to say something about performance
interference cancellation from past users 1, ---, 1 (rélative - f; aach user rather than just worst user performance, it is
to P) is perfect. According to theS, L(SH)) interpretation a4rg| to inquire about the existence of an order of detection

r 2
of the D-DFD, (L;,,,,)" is thus the AEE of a decorrelators,, \yhich the D-DFD may outperform the decorrelator for
in a fictitious user-expurgated channel consisting of USESSery user (note that the requirement posed in the previous

m, m + 1, .., K (relative to P) which must therefore be aaqranh would also ensure this user-wise dominance of the
no less than the AEE of the decorrelator for use(relative _pEpD but it is not necessary). Moreover, if such an order

to P) in the actual channel where ali’ users are active. gists can it be quickly determined since an exhaustive search

; r 1-1 r_ Py—1
Thf_f Iat2ter IS epc1ua_llt¢Q,,,m] , whereQ™ = (H")™. Thus paqeq on the AEE performance evaluationddfpp requires
(Linm)® 2 [@Qun] ™ Therefore, we have a lower bound oRy ¢ it he done for allk! permutations.

the symmetric energy given as
Theorem 1: Order users as follows: select the first user of

E(¢p-pr) = . _jmin K(Lrl:lm)Q (31) the new order (denote this user’s indexigsas one that has
o Qn ! (32) the highest AEE among all users if each one of them were to
= hml 2y i O be detected by a decorrelator. Fot= 2, -, K select thekth

= min  [Qul™" = E(¢p) (33) userofthe new order (denote this user’s in_dem‘%z)tas the user
k=1,2,-, K that has the highest AEE among the remainig &+ 1 users
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when each of them is detected by a decorrelator for the uskr-Performance Analysis of Arbitrary DFD’s
expurgated channel consisting of just those remaining User§yhen the feedforward matrix is not noise-whitening, the

(i-e., those indexed byl, ---, K} —{i1, ---, éir—1}). When ecpnique for finding the BER and AEE of the D-DFD does
users are ordered &y, ---, ik}, the D-DFD outperforms nq¢ hold. The conditional error probabilities in (25) and (27)
the decorrelator in AEE for every user. are no longer computable because the conditioning on past
Proof: The AEE of the:,th user when detected by theyecisions alters the distribution of the additive noise in the
D-DFD in the order given by the ordering algorithm is great€fy,rrent decision statistic (from prior to posterior) in a way that

than or equal to the minimum of the AEE of the previoug giticult to characterize analytically (see [36]). A different
usersi;, for j =1, - - -, k, with the,th user's AEE evaluated approach is necessary.

under the assumption of perfect cancellation of interferencery,q following theorem gives a closed-form expression

from users,y, -+, ¢;—1. In what follows, we show thatin tum, ¢ the symmetric energy of aarbitrary decision feedback

each of these quantities is greater than or equal to the AEE ki tor "More generally, it gives an exact expression for the
the decorrelator for thé.th user, thereby proving the soughtyinimum of the AEE’s of the firsk users.

result. Now, thei;th user, when detected by the D-DFD for

the order given by the ordering algorithm, has an AEE that is Theorem 2: For an arbitrary decision feedback detector, the
equal to that of the decorrelator for that user which, by virtt&mmetric energy is equal to that of the same detector which
of our ordering algorithm, is at least as high as that of tHg assisted by a genie that ensures that past user decisions
decorrelator for the,th user. Next, theé;th user forl < j < k are always correct (referred to henceforth as the genie-aided
has an AEE under the assumption of perfect cancellation @gtector). In particular

interference from users,, ---, i;,_1, that is greater than or .

equal to the AEE of thé,th usejr for the D-DFD that detects E(F, B) = érzlelgnzf Ei(F, B) (36)
users in a new order that results from exchanging ugeasd ; ]

ir, in the order dictated by our ordering algorithm, and und¥fhere £ (¥, B) denotes the AEE for uset of the genie-
the same perfect cancellation assumption, as a consequencd@gd version of the detector. More generally, the minimum
the definition of our ordering algorithm. The latter quantity®’ the AEE's of the firstk users is equal to the minimum of
which is equal to the effective energy of the decorrelator féR€ genie-aided version of that detector's AEE's for thase

the ixth user in a user-expurgated channel consisting of us&gers i-e.,

indexed by{i;, i;+1, -+, ix} IS, @s a consequence, greater .. E(F,B)= min EYF.B), k=1,2, -, K.
than or equal to the AEE of the decorrelator for thgh i=1,2,--% i=1,2,k "
user in the full K user channel. Finally, following the last (37)

argument, the AEE of th&,th user detected in the order given ; ]
by the ordering algorithm under the assumption of perfect Proof: Let C; and C7' denote the events (in the proba-

cancellation of interference from usefs - - -, ix_; is greater bility space over whiclb andn are defined) that théth user’s
than or equal to that of the decorrelator for thth user. Hence decision is correct for an arbitrary decision feedback detector
the result. O (F, B) and its genie-aided version, respectively. The simple

but remarkable set equality?_, C; = n¥_; C¢ can be deduced
The guarantee of the above theorem is not available & any choice of(F’, B). Consequently

the arrangement of users according to the nonincreasing order k k
of energies. It is easy to find a counterexample. It must also Pr <U 5¢> —Pr <U gg)
be mentioned here that the user-wise dominance of the D- im1 im1
DFD over the decorrelator is the most conservative claim that , . , L
one can make about the particular ordering rule of the abo(/&ere &/ is the error event that théth user's decision is
theorem. As a practical matter, in many instances, this rUforrect for the genie-aided version of the DFD (i.e, the
tends to also give large differences between the AEE’s faPmplement olC7). Equation (38) states that the probabilities
each user particularly as the (permuted) user indices incred8@t not all of the first: users’ decisions are correct are equal
We thus have a constructive proof of the following purel ra decision feedbac_k detector and its geme—aldgd version.
algebraic result as implied by Theorem 1. sing the argument in the proof of Lemma 1, it can be

shown that the AEE corresponding Rx (U¥_, &) is equal

Lemma 4: Given a positive-definite matri#l of dimension {0 Mmiti=1,2,..x Ei(F, B), and similarly, the AEE corre-

K, there exists a permutatiaR such that withH = PHP?, sponding toP_r(Uleé‘f") _iS equal tmnini:_1:27“':’“ EI(F, _B)'
Hence (37) is true which, fok = K, gives the equality of

symmetric energies in (36). O

(38)

© = (H)~* and with the Cholesky factorizatioHl = L I

] . A 1 The above result motivates the definition of a performance
e Li; 2 (@™ k=12, K (35 measure that is an asymptotic indicator of the joint error rate
that at least one of a subset of users is detected erroneously.
. _In the context of decision feedback detection, the subset that
where L;; anini are theith diagonal elements df and@, consists of the firstt users is of particular interest. The
respectively. asymptotic effective energy corresponding to this joint error
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rate defined as in (6) (withv*_, £(#) in place of UX | £:(¢)) Proof: Consider (37) of Theorem 2. Clearly,
will be equal to the smallest AEE from among the group of g
users{l, 2, ---, k}. E\(F, B) = E{(F, B).

Furthermore, itE{(F, B) > E5(F, B), then it can be shown

Definition: Th - tri SE) denoted
efinition e group-symmetric energ{GSE) denoted as using the equality in (37) fok = 2 that

W, (¢) for any detector for a giveh is defined as the minimum
of the firstk AEE's, i.e., Ey(F, B)=FEj(F, B).

Now suppose that;(F, B) = E/(F, B) for 1 <¢ < k — 1.
If the genie-aided AEE’s are in nonincreasing order, we can
use (37) to show thak),(F, B) = E{(F, B). The result of
Note thatWU,(¢) = E(¢) is the symmetric energy. As in the theorem follows by induction. U
the case of AEE and symmetric energy, (¥, B) denotes  \yhen the above theorem is applied to the D-DFD, the
the GSE of the DFD correspondlng té’, B). Moreover, for following corollary results.
specific detectors, we denote it ¥ (¢p), Vi (¢op-pr), €tc.

The computation ofl;(F, B) (and hence symmetric en- Corollary 2: The D-DFD will achieve its genie-aided upper
ergy) for any DFD becomes easy as a consequence of (Bpynds on AEE’s for every user if the energy ratios satisfy
because there are no error propagation issues to deal Wit inequalities

Vi(p) = min . (). (39)

1=1,2,

in the analysis of a genie-aided DFD. Moreover, the GSE wil? > weld > o, > wi L (42)
v, (F, B) serves as a very useful lower bound on the AEE . R
of an arbitrary DFD for usek. where L;; is the ith diagonal element oL which, in turn,

is the Cholesky decomposition of the normalized correlation
matrix R (note thatL = LW ~1/?).

The conditions in (42) ensure that the genie-aided AEE’s are
in nonincreasing order by requiring that the user energies be

Corollary 1: For a general DFD, we have

Ey(F, B) > W, (F, B)

—  min 1 sufficiently disparate. Note that it is difficult to verify Corollary
i=1,2,k fTHf. 2 directly from the exact AEE formulas for the D-DFD in (29).
i—1 K . H :
Example 1: Consider a three-user channel with a normal-
2 T T T
- max {0’ fihi— Z i hj — Bij| - Z |fi hﬂ'|} ized Toeplitz correlation matri® with Ry, = pl*~!. The
i=1 j=itl reader can verify that ifo; > wy > ws(1—p*)~L, the D-DFD

(40) achieves the genie-aided AEE boundg1 — p?), wy(1—p?),
andws for users 1, 2, and 3, respectively.
where theith term in the minimization ovei is equal to
EJ(F. B). F. Optimum Decision Feedback Detection (O-DFD)

When the result of Corollary 1 is applied to the D-DFD |, thjs section, we consider the optimization of symmetric

. _T .
with (F = L™°, B = £L(L)), we have the expression forenergy among all DFD’s. We seek the optimum feedforward
symmetric energy in (22) and the lower bound on AEE of (21,4 feedback matrix paitF,, B,)

and the expression for GSE in (23), all of which are based on
results obtained by using a different analysis technique in [43]. (F., B.) € arg max E(F, B). (43)

Similarly, for the C-DFD with(F = I, B = L(H)), we have S ]
Note that the above optimization includes all linear detectors

since they are degenerate cases of decision feedback detectors.
We will denote the O-DFD a®o-pr.

K
—  min InaXQ{()’ i — 1 Z |Hij|}- (41) Theorem 4: The O-DFD(F,, B,) defined in (43) is such

Ex(¢o-pr) = Yi(éc-prF)

=12, k Vwi S that 7, is upper triangular with the nonzero part of thk row
determined by coefficients of the linear optimal detector (that

Itis intuitive that if the users are detected by a D-DFD in th@Ptimizes AEE) for theith user derived for a user-expurgated
decreasing order of their energies, and their signal strengfi@nnel consisting of users indexed frero K. The nonzero
are sufficiently disparate, then error propagation effects shol@'t Of the strictly lower triangular feedback matri, is
vanish. The following theorem quantifies this statement affigntically equal tol(F.H). _
gives sufficient conditions under which a general DFD will _ Proof: The symmetric energy of an arbitrary DFD from
achieve genie-aided performance. (40) is given as

1
Theorem 3: Any DFD (F', L(FH)) achieves the AEE per- E(F, B)= min ———

; N . ; =12, K fTHT¥.
formance of its genie-aided version for every user if the =tz K f H,

genie-aided AEE’s are in nonincreasing order. i.e., i—1 K
max® 00, fhi=) | hj=Bijl= > 1fiksl . (44)

E{(F,B)> EJ(F,B) > --- > ES(F, B). i=1 j=it+l
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Note that theith term depends on the feedback matrix only The suboptimal detectors C-DFD, D-DFD, and MSIR-
through theith row of B. Moreover, it is maximized by setting DFD share with the O-DFD the common property of having
By = f;fphj forj=1,2,.--,4— 1. Therefore, for a given upper triangular feedforward matrices and the strictly lower
F, the optimum feedback matrix i§(FH). In other words, triangular part o’ H as their feedback matrices, respectively.
the intuitive rule that feedback must be such that interferent@e forgoing proof rigorously justifies the choice of an upper
from past users is completely canceled when bit decisions aiengular feedforward matrix in the case of the D-DFD and
correct, is in fact optimal. For an arbitrary DFD, with thishe MSIR-DFD and the intuitive choices of the feedback
optimum choice ofB, we have transformations in all three cases. However, neither of these
three detectors is in general optimal in symmetric energy.

E(F, L(FH)) Note that determining the feedforward transformation for
_ 1 ) - K - the O-DFD requires even less computation than that for
=, THS, max’$ 0, fThi— > |fThjl ¢ the linear optimum detector since in the O-DFD, the linear

j=itl optimum detectors for each user have to be determined only for
(45) successively user-expurgated channels. While the worst case
design complexity of the algorithm that finds the optimum
linear detector and hence the O-DFD is exponential, the
implementational complexity of both detectors is linear. Once
the O-DFD is found, the detection of each user's symbol
requires onlyK additions andK multiplications. In a time-

Note that the:th term depends o' only through its:th
row so that the maximization oveF' can be performed for
each term separately. Considering the maximization ¢ver
we have from (45)

. Koo varying environment, the optimum linear detector or the
ali— Z lg* 1] O-DFD must be recomputed as often as the channel model
2 Jj=i+1 .
max max-< 0, = (46) is updated.
‘ 7 9q There is a stronger sense in which the O-DFD is optimal.

This is given in the next theorem. It rules out the possibility
where the vectoy is defined adLf;, and wherd, is the jth that, while optimal in minimum asymptoti_c effective energy,
column of L. Considering restrictions of the vectg; that "€ O-DFD may perform poorly for certain users relative to
yield a strictly positive value for the effective energy (withouPth€" DFD’s. The proof must use the more general result on
loss of generality), it is clear that in optimizing the objectivd® GSE in (37) rather than the symmetric energy in (36). The
function in (46), and owing to the lower triangularity Bf the rest of the details are the same as in the proof leading up to
vectorq must always be chosen such that its firstl elements Theorem 4.
are identically equal to zero. Using the lower triangularity of Theorem 5: The O-DED optimizes, among all decision
L again, this implies that the first— 1 elements off, are feedback detectors, the group symmetric energig&F, B).

identically equal to zero. This means that the optiméirean, |n other words, for eaclt = 1,2, ---, K
without loss of generality, be chosen to be upper triangular. ]
Define the “south—east” square block of sie— i + 1 of (Fs, B:) € arg B E(F,B).  (48)

=Li&

a 2 x 2 partition of the matrixH as H. Let the columns
of lfl(i) be indexed from to K with the jth column denoted
ash;. With F taken to be upper triangular (and the feedba
matrix equal toL(FH)}, (45) becomes Ui(po-pr) > min LZ. (49)

1<i<k
E(F, L(FH))

As a simple consequence, we can lower-bound the GSE
c(i?nd hence the symmetric energy) of the O-DFD

K G. Robustness of the O-DFD and C-DFD
— win 1‘ —maxd o, f?hi, _ Z |f?hj| to the Choice of Order
=L K g, j=it1 It was shown in Section IV-D that the D-DFD outperforms
(47) the decorrelator in symmetric energy independently of the

. order in which users are detected. We seek a similar result
wheref, is the nonzero part of, of dimensionkK —i+1 (lower for the O-DFD and C-DFD.
subvector of a two-vector partition ¢f;). Now, note that the ~ The O-DFD determined as described in Theorem 4 for
ith term in (47) depends only ofi; so that the optimization the permuted modey” = H”b" + n (see Section IV-D)
of the minimum of theK terms in (47) can be performedis defined as the O-DFD for the permutatidgh Similarly,
independently for each By comparing with (5), it is evident the feedforward—feedback matrix pdif, L(H")) is defined
that the4th term is identical to the AEE of the linear detectoas the C-DFD for the permutatioR. We will denote these
f; in a fictitious user-expurgated channel over which onlgetectors asp’,_pr and ¢&_, respectively. There aré!
usersi, i+ 1, ---, K are active and whose system correlatio®-DFD’s and C-DFD’s corresponding to each permutation in
matrix is H". The problem thus reduces to that of finding th#.
linear detector in this fictitious channel that optimizes AEE (or As in the case of the D-DFD, for two distinct orders, the
equivalently, asymptotic efficiency, see [20] for a solutionO-DFD’s are distinct. The performance of these O-DFD’s can
Hence the result. O be vastly different as well. The same is true of the C-DFD.
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In contrast, the decisions of linear detectors are independent.zs : B : .
— ML

of each other and hence the order of detection is irrelevant to - <=  Decorelator |
the performance of each user. o é—SDt'e__igDe
The following corollary then illuminates the issue of the ozf : -<-  D-DFD

relative performances of linear and decision feedback detectors . e 8&?\/’;%0”3'
according to the symmetric energy measure. B 3

=
L 0.15F

Corollary 3: The O-DFD outperforms the D-DFD in sym- &
metric energy when both use the same order of detection.‘%t
outperforms the linear optimum detector (hence the decok , .|
relator) in symmetric energindependentlyof the order of &
detection. The C-DFD outperforms the conventional detector
in symmetric energyndependentlyof the order of detection, 405

ie.,

r r : Py2

E(¢6-pr) 2 E(¢p-pF) =, un K(Lii) , foranyPeP o *
(50) w2/wl in dB

r > Fig. 5. A symmetric energy comparison of linear, two-stage, deci-
E(¢o-pr) 2 E(¢ro) = E(ép), for all P € P (51) sion-feedback, and ML detectors for a two-user channel \yith= 0.9
E(¢5.pp) > E(ép), forall Pe P (52) andw; 4+ wy = 1. The first user is detected first for all energy ratios.

Decision feedback detectors do at least as well as, and sometimes much

E(¢C-DF) 2> E(d)C)v forall P e P. (53) better than, their linear counterparts, independently of the order of detection.

Proof: The inequality in (50) and the first inequality
in (51) are true since the O-DFD is optimum in symmetri
energy. The second equality in (51) is true singe is optimal . o
in symmetric energy among all linear detectors. The thillgm{El(d)Cl’ w2}, g(d)D'DF) - ml.rtlh{%((j)ﬁl)z’éf]?}’fiﬂd
inequality was proved in Section IV-D. The last inequality (</>o—1(31F?[ N min { 1(.%01)4 w21}6w' € s ot the
is left as an exercise for the reader. Note that (51)—(53) holgEal detectors given in (14)—(16).

for all P € P since the symmetric energies of linear detecto% g(;%.aikdgggcst(;[?se f?r/r?r:ge:\:\'/g_egirrg'cehir?;é?zsth;efe r?;(.:(')sn'ogf
are independent aP. u uncti

wg/wy in decibels with|p| = 0.9 and wy + we = 1. The
The above corollary attests to a robustness of decisiepmmetric energies of the conventional, decorrelating, two-
feedback multiuser detection for high SNR to the choice atage, and optimum detectors from Fig. 2 are included for
the order of detection. If we adopt the convention that¢”’) easy comparison. Note that there is no gap between the O-
denotes the GSE of the firstusers in the permutatioR (for DFD and the optimum detector whes, < w,. In this region,
a linear or decision feedback detector, this is the minimutherefore, the O-DFD improves upon the decorrelator (or linear
of AEE’s of users indexed;, -- -, ¢, when thejth row of optimum) performance dramatically. Moreover, it uniformly
P is the ¢;th unit row vector), then the above corollary camutperforms the D-DFD (as it must) with the gap between the
also be generalized to the GSE measure (i.e., (50)—(53) hoMb being most significant at» /w; equal to— 5 dB. When
with symmetric energies(¢) replaced by the correspond-w, > w;, however, the symmetric energies of the D-DFD
ing GSE’s ¥.(#)). In the case of linear detectors, unlikeand the O-DFD coincide with that of the decorrelator. This is
symmetric energy, the GSE can be different for two distingittributable to misordering the users. However, they perform
permutations since the firgt users of the two permutationsno worse than the decorrelator (which in turn performs best
need not be the same. The symmetric energies of the lineatong linear detectors) for all choices of energy ratios, thereby
detectors in (51)—(53) must be replacedby(¢i,), ¥i(¢5), verifying the robustness of DFD’s in symmetric energy to the
and ¥ (¢L), respectively, and instead of those inequalitieshoice of order of detection. It is also noteworthy that while
reading “for all P € P” they must read “for anyP € P.” the C-DFD outperforms the conventional detector (which is
The proof uses Theorem 5 and follows as in the proof @bt saying much), with perfectly balanced poweus (uw; =

¥Ve letP =1, i.e., user 1 is detected first and user 2 last. As
a simple application of Theorem 2, we ha¥{¢c-pr) =

Corollary 3. 0 dB), it has a symmetric energy that is 20 times lower
than that of the O-DFD (or the D-DFD or ML), becoming
H. The Two-User Channel interference-limited (there is a JER floor) when > w;.

. . . .Note also that none of the DFD’s uniformly outperform the
In this subsection, we give several examples that give

valuable insights into a comparative performance analysis 8\fo-stage detector.

) - - Favorable as the result in Corollary 3 may be to decision
nonlinear decision feedback detectors and their linear countgr- T s ;
: . eedback detection, it does not imply that the selection of order
parts relative to the optimum detector and the role of power

control for multiuser detection [44], [46]. IS unimportant. On the cqr_1trary, the extent_of |mprqvement in

performance depends critically on the choice of this order. A

Example 2: Consider the symmetric energies of the Opoor ordering of the users may give a symmetric energy for
DFD, the D-DFD, and the C-DFD for a two-user channethe O-DFD, D-DFD, or C-DFD that is equal to that of their
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Fig. 6. Symmetric energy comparison of linear, two-stage, and optimulig. 7. A symmetric energy comparison of decision feedback detectors and
detectors for a two-user channel with = 0.3 and w; + w2 = 1. For the ML detector for a two-user channel wii| = 0.9 andw; +w2 = 1 when

the DFD's, the stronger user is detected first for all energy ratios. The C-DRBe stronger user is detected first. The O-DFD is virtually indistinguishable
performs poorly when powers are balanced and the two-stage detector achiéna@s the optimum detector. The C-DFD performs poorly when energies are
optimum symmetric energy for aths /wy . not very dissimilar.

corresponding linear detectors as indicated in Fig. 5 for tigé the O-DFD becomes virtually indistinguishable from that
casew; > w;. Worse still, they may have a worse performancef the ML detector over the entire range of relative signal
than their linear counterparts for some users. strengths and it uniformly dominates the performances of the
] ) C-DFD and the D-DFD as expected. The C-DFD performs
Example 3: Consider the symmetric energy of the C-DFDpqorly when the difference between the signal strengths are
D-DFD, and the O-DFD for a two-user channel when eaghy very dissimilar making it an unsuitable candidate for a
of these detectors detects the stronger user first and §&tem without power control.
weaker user last. Whem; > ws, the first user is de- | ¢t ys consider the implications of Fig. 7 when power
tected first and the symmetric energies are given in Exa@ysntrol is an option. To achieve maximum symmetric energy,

P'? 2. Whenw, > w;, we have, S_im”a”y-E(d)C-DF) = all the three DFD’s require distinctly different power imbal-
min {Ex(¢c), wi}, E(én-pr) = min{Ex(¢p), wi}, and ances so that power control algorithms must be designed for
E(¢o-pr) = min{E2(¢ro), wi}. the particular detector used. If signature waveforms can be

Fig. 6 depicts the symmetric energies of the nondecisigsigned to make their correlations low to distinguish one user
feedback and decision feedback detectors for a low correlatiggm another, as in spread-spectrum communications, then
of p = 0.3 andw; +w, = 1 and the order of detection\yhy not implement power control to further maximize the
determined according to decreasing energies. We notedji8tinguishability between different users? Interestingly, with
Fig. 1 that the gap between linear and optimum detectorsggcurate power control, the C-DFD will outperform the D-
not very significant in this low-correlation example. We see ipFD making it a good candidate for systems where such power
this figure that the C-DFD performs poorly even in this casgontrol can be accomplished. Optimum power distributions
when the powers of the two users are not very dissimilahat maximize symmetric energy under total (sum) power
On the other hand, O-DFD and the C-DFD have identicgbnstraint were obtained in [44] for the D-DFD for the general
performances and coincide with the optimum detector for al-user synchronous Gaussian channel and for a multiuser
but nearly equal powers. When the powers of the two used¥E for the asynchronous channel proposed therein without
are balanced, the two-stage detector outperforms the O-DRRaking the assumption of perfect feedback for the two-user
This, however, does not violate the optimality of the O-DFD igase.
symmetric energy among DFD’s since the two-stage detectorFig. 8 corresponds to a two-user channel wjth= 0.9
does not belong to the class of DFD'’s. and depicts boundaries for the sum of powers+ w- for

Fig. 7 depicts the symmetric energies of the DFD’s for theach DFD above which that detector achieves a symmetric
two-user channel withp| = 0.9 andw; +w; = 1 and the order energy that is at least as large as a fixed threshold (which we
of detection determined according to decreasing energies. Noit®se here to be equal €2). This figure must be compared
the marked improvement in performance of all DFD’s for thaith Fig. 3 which shows the same information for nondeci-
casew, > w, relative to that of the DFD’s with a fixed ordersion feedback detectors. Notice the significant lowering of
of detection shown in Fig. 5. Switching the order essentialthe boundaries for the DFD’s relative to their nondecision-
symmetrizes the performance about 0 dB. This figure shofeedback counterparts. This implies that in applications where
that a proper choice of order of detection is very importapower consumption comes at a premium, as in battery-operated
for decision feedback detectors. In particular, the performandevices (mobiles), decision feedback detectors such as the O-
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realizes, for example, an SNR gain of over 2 dB relative to
the D-DFD when the second user is weaker or stronger than
the first by 5 dB. The C-DFD performs poorly when the signal
strengths are not very dissimilar with an SNR loss of as much
as 13 dB relative to the optimum detector when powers are
perfectly balanced. All nonlinear detectors (except the C-DFD)
perform uniformly better than linear detectors, by as much as
over 7 dB in near—far situations.

|. O-DFD Can User-Wise Outperform
the Linear Optimum Detector

The BER performance analysis of the two-stage detector
in [37] showed that feeding back a decorrelating (or conven-
tional) first-stage decision from a weak user can be detrimental.
Motivated by this, the simple and intuitive order of decreasing
signal strengths was proposed in [7]. The benefit of this was

. ) . _ clearly demonstrated in the symmetric energy analysis for
Fig. 8. A comparison of the boundaries of the total energy above which t

optimum- and decision feedback detectors will achieve a QoS-type symmetli two-user channel "? F'gs'7. and 9. In the geneial
energy criterion (that isE = 0.2) for a two-user channel witfp| = 0.9. user channel, however, it is not just the energies but also the

correlations that determine good ordering rules. Such rules
were proposed for decision feedback group detection (and

-2 0 2
w2/wl indB

2 T T T T T T T T T
hence for the D-DFD) in [43]. In the case of the D-DFD, we
Aty s -a—a—a—g—g—4—p—¢  Showed the existence and fast computation of an order that
5 NI N ensured that the D-DFD dominates the decorrelator in AEE
I ¥ U K \\ Pl _,f 1 for all users (see Theorem 1). We have a similar result for the
i % A '\ ! O-DFD and the C-DFD as well. Instead of the lower bound
o0 -4 X Pl 4 N ; 1
I S U A Ei(épor) 2 _min | L
= . [/ v ! A 1 T
é 8‘[’ N ’- f = “-4-4-2  the proof uses the more general version of the lower bound
& Vo on the AEE performance of Corollary 1, i.e.,
sl v
EO) man Desoromor| ‘ Eu(F,B) = U\(F,B)= _min E{(F,B)
~ ‘=¢=:-  C-DFD Vi =12,k
S12F | - o D-DFD L3 ] . . .
cem. O-DFD 3 that is applicable for arbitrary DFD’s.
R S a— : > 4+ s 8 10 Theorem 6: Order users for the O-DFD (C-DFD) as fol-

-2 o 2
w2/wlin dB lows: select the first user of the new order (denote this users

Fig. 9. RSE comparison of linear and decision feedback detectors withdex asi;) as one that has the highest AEE among all
respect to the ML detector for a two-user channel With= 0.9 andw; + w> sers if each one of them were to be detected by the linear
held constant. Decision feedback detectors are far superior to linear detectors. .
when the order of detection is chosen properly. optimum (conventional) detector. Fér = 2, ---, K select

the kth user of the new order (denote this user’s index;as
as the user that has the highest AEE among the remaining

D_FD and 'Fhe D-DFD are the obvious choices at the base stat%n_ k + 1 users, when each of them is detected by the
with or without power control.

Finally, Fig. 9 depicts the relative symmetric energies (RS%22?:12Ftcl:rg#;]s&om(/)?nﬂz:]?Eods(zer(;trcr)]rafi?]rir:heuusseerrs_e()i(zurqcﬁ:)esi
of the DFD’s for the two-user channel witp| = 0.9 and g ol g o

, : _indexed by{1, ---, K} — {i1, ---, @%x—1}). When users are
w1 +w2 held constant (the RSE’s of all detectors are mvanaré}rolereol asfir, -, ix }, the O-DFD (C-DFD) outperforms

to the _ch0|ce of t.hls constant) _and the Qrder of detecthﬂe linear optimum (conventional) detector in AEE for every
determined according to decreasing energies. For the sake of

easy comparison, the RSE’s of the decorrelator and the wor

stage detector are also included. This figure therefore displays$nteresting as the above theorem is for the O-DFD from
the information contained in Figs. 2 and 7 but in a form than existence standpoint, the problem with the determination
makes it easy to assess the precise degree of suboptimalitythe permutation of users therein is in the complexity
of the suboptimal detectors relative to the optimum detectaf computation of the AEE of the linear optimum detector
As expected, the performance of the O-DFD is virtuallfor every user in a successively user-expurgated channel.
indistinguishable from that of the ML detector over the entirEortunately, as a quick alternative, one could order users
range of relative signal strengths and it uniformly dominatescording to the ordering algorithm described for the D-DFD,
the performances of the C-DFD and the D-DFD. The O-DFBnd use that order for the O-DFD. As one might expect, the
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O-DFD will still outperform the decorrelator for every user; coincides with the decorrelator so that ugeachieves the

The proof is left to the reader. performance of the two-stage detector with decorrelating first

Corollary 4: The O-DFD outperforms the decorrelator mstage Finally, ify/w; /wy 2 1/|p], user gchle\_/es optimum
detector performance. However, the residual interference that

asymptotic effective energy for every user provided the USSsults from subtracting the interference from ugein the

are qrranged according tp the order defined in the Orde”rq%tched filter output of usek is not statistically independent
algorithm for the D-DFD in Theorem 1. . . X .
of its additive Gaussian noise component. As a result, the
The guarantees of this section are not available for td&E cannot be computed as in the case¢of. A lower
ordering of users according to the nonincreasing order bbund can, however, be obtained using (40). It can be verified

energies. It is easy to find a counterexample. that the lower bound indeed coincides wilf,(¢nr,) which
is also an upper bound by virtue of the fact that it is the
J. AEE of the O-DFD for the Two-User Channel highest achievable value. Consequently, the inequality holds
Symmetric energy is the minimum AEE and is importan‘{\”th equality and we have the last part of (55). =

when all users are to be detected as in a centralized receiveizxample 4: An interesting counterexample results for low
However, in applications where only some of the usergalues ofp. Itis left to the reader to verify that whep| < 1/3,
performance matters (as in hand-held or laptop communica;(¢o-pr) matches the two-stage detector performance when
tion devices), it is important to know the performance of §/w,;/w; > 1 whose AEE in turn is equal to the actual energy
particular user which can be obtained in terms of the AEE,. Moreover, the AEE is discontinuous gfw;/w, = 1.
measure. It continues to exhibit a discontuinity ay/w,/w, = 1 for

In this subsection, we give per-user performances in termg values of lp| < 1/2 beyond which the discontinuity
of the AEE’s of the D-DFD and the O-DFD for both usersjanishes. Consider, for instance, the equal-energy situation and
when they are detected in the decreasing signal strength orglgir< 1/3. The AEE for either user for the two-stage detector
As in (13)-(16), we specify,(¢) for userk and denote the js equal tow; so that the two-stage detector hence achieves
other user’s index ag so that all formulas apply for the casespptimum AEE for both users (see also Fig. 6). The O-DFD
(k, j) € {(1,2), (2, D} (the O-DFD is identical to the D-DFD in this case), on the

The D-DFD for the two-user channel is the decorrelatingther hand, achieves, say for= 0.3, Ey(¢o-pr) = 0.91uwy,
detector for the stronger user and the two-stage detector fgrg E;(¢o-pr) = w;. This example answers “no” to both
the weaker user so that the AEE is given as questions “does the O-DFD (with decreasing signal strength
order of detection) always outperform the two-stage detector

Ei(¢p); if 0 < i_i =1 for every user?” and “does the O-DFD always outperform
Ey(¢p-pr) = ) — (54)  the two-stage detector in symmetric energy?” This does not,
En(d2s), if (/2> 1 of course, contradict Theorem 1 since the two-stage detector

] ] does not belong to the class of DFD’s.
where Er(¢p) and Ej(¢25) are given in (15) and (18),

respectively. Proposition 3: When
Proposition 2: The AEE of the O-DFD for the two-user we/wy € [0, |p|]]U[1/]|p], o0)
channel where the stronger user is detected first and the weaker ] ]
user last is given as the O-DFD that detects the stronger user first achieves the AEE
of both users simultaneously, i.&; (¢o-pr) = E1(¢m1) and
Er(pmL), if 0< /24 < |pl Es(¢o-pr) = Ea2(Pmr). A
Proof: That E;(¢o-pr) = Ei(¢pm) follows directly
Ex(¢p), if |p| < /%<1 from Proposition 2 by consideringt, j) = (1, 2) in (55).
Ewl¢onr) = “r (55) Given the hypothesis of this proposition, it is also true that
’ - - H w 1
Filges) < < Vi /ws €0, 11U [1/lo], )
Ei(pm), if /> ﬁ so that Ex(¢o-pr) = E2(pmr) follows from (55) with
\ F o (k, 5)=(2,1). O

with Ep.(¢wmr.) and Ex(¢p) are given in (13) and (15). A jtjs of interest to extend the result of the above proposition
Proof: Consider the first two cases of (55) with < for the generalK-user problem. Sufficient conditions under

Vwj/wr <1 follow from the fact that since usek is \yhich the O-DFD achieves maximum-likelihood performance

stronger, it is detected first using the linear optimum detectgg; the K -user channel are derived in Section IV-L. The results

If 0 < \/w;/wi < [p|, the linear optimum detector achievesy, the next subsection are a prerequisite.

optimum performance and [p| < \/w;/wy < 1, it achieves

decorrelator performance (see (15)). In the other two CasRS, Achieving Genie-Aided Performance with the O-DFD

v wj/wy > 1 sothat usey is stronger and is detected first us- . )

ing the linear optimum detector and useis detected second. Notation: For a given subset ¢ 1L, ---, K}, and for

If 1< \/w,/wr, <1/|p|, the linear optimum detector for userSOMe~ € 5. let 7, denote the asymptotic efficiency of
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the linear optimum detector for usér when designed for, 1.0
and employed over, a fictitious user-expurgated channel with
only users in the sef active. An algorithm that computes |
this quantity can be found in [20] fof = {1, ---, K} and 0.8 fho =05
can hence be applied to the case of nontrialDefine the
amplitude ratiosy, = \/wi /wkt1.
Corollary 5: The O-DFD will achieve its genie-aided upper 067/
bounds on AEE's for every user if the energy ratios satisfy tlge '
following inequalities forl < k£ < K — 1: :; J/
{k+1,-, K} 0.4%
’Y}% > M1, 10 ('Yg;l—la ) 'Ylsfl) (56)
kk ‘
0.2- ;
where we explicitly indicate the dependence@f"ff"”’l"} tho = 0.9 -
on the amplitude ratiosyy1, - -, Yr—1. 7 ﬁ : !
Proof: Sufficient conditions under which the O-DFD 0.0 - 5 . .
achieves the AEE performance of its genie-aided version result 90 0.2 0.4 - 0.6 0.8 1.0
Wa/w

from an application of Theorem 3 which requires that the
AEE'’s of the genie-aided O-DFD be in nonincreasing ordefig. 10. The boundaries of the energy ratios within which the O-DFD

i.e., for eachk in order fromX — 1 to 1 we need achieves genie-aided performance.
{, - }( D) 1
W T, 10 Vs » VK When |p| < e and
k41, -, K
> wk+1ﬁ;£+4£, i s e ) (87) 1
2
Y2 2
for which the conditions in (56) are sufficient because 1—p?
1, if 2> <¥< %
(K, oo, K} > [2 and~? > ’ ” (60)
Mo (Vs o ) 2 L L e A S S
(17/72),‘/5 ) ,72 - p2
the two being the asymptotic efficiencies of the linear optimu AEE’ .
and decorrelating detectors for the user-expurgated chan S aré given as
with active users:, ---, K. O Ei(¢o-pr) = E1(d10)
The weakening of the inequalities in (57) allows us to obtain w1 (1 — p?), if 1_1p2 <9< ,,%
a set of conditions that can be easily vqrified. This feature Ex(¢po-pr) = L2 —2lpl . )
emerges from the fact that unhkek Y ey i), w2
its lower bounszk is independent of the energy ratios
| : s and
v, **+, vic—1 (the independence o, being the critical prop-
erty). Note that (56) represents a set of sufficient conditions E3(¢o-pr) = ws. (61)

that require that the user energies be sufficiently disparate.
They are more stringent for the O-DFD than for the D-DFD The regions described by (58) and (60) are depicted in
in Corollary 2. Fig. 10 for various values of.

The subset ofR* ! that contains energy ratios that satisfy
f]56) is no longer a hyperquadrant (as it was in the case of the
D-DFD) because of the complicated dependence (cf. [20]) of
the linear optimum detector asymptotic efficiemif{llo K3

1 on the energy ratiosx41, - -+, vx—1. Notice, however, that
for |p| > ﬁ in spite of the complicated structure of the set of energy ratios
that satisfy (56), it is still possible to compute any set of

Example 5: Consider a three-user channel with correlatio
matrix R with Ry; = p/*~!l as in Example 1. The sufficient
conditions of Corollary 5 can be shown to be

1 1 + y2 - 2|p| Y2
2 and 2 2
Z n Z ?
2 1-— p2 ! (1 — p2)’y%

(58) energy ratios that will satisfy the sufficient conditions. The
. , key is to first determine/_; that satisfies the last condition
and the corresponding AEE's are (corresponding t& = K — 1) of (56) and then proceed to pick
B - E vk —2 that satisfies the second-last condition (corresponding to
H(¢o-pr) 1(1%0)2 5 k= K — 2) of (56), and so on, down te,. The difficulty is
E>(¢o-pF) :wQLQ@W a computational one and comes from having to compute the
(1 =97 asymptotic efficiency of linear optimum detectors as in [20].
and It can be easily circumvented if we are willing to only access

E3(¢o-pr) =ws. (59) a subset of the energy ratios characterized by (56) with the
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conditions 0.5
{k+1,---, K}
Mt opt. (VhtLs 775 VK1)
2 +1,0p
Ve 2 iQ : (62) rho=0.75
kk © rho=0.8
The term in the numerator is the optimum asymptotic effi- o5
ciency of userk + 1 in the fictitious user-expurgated channel
consisting of usergk + 1, ---, K} and is given as
k41, -, K IS
77}5:1—7 opt S}(’WH-:u S YK —1) S ?
1 = :
= min e’'He (63)
Wr41 eCEpp1 (b1, K} '
where, for a subset C {1, ---, K}, and withj € S, we f
define 0.11 :
Ejysé {6; 6j7£0, GIIOVZEE, and ‘
e €{-1,0,+1}V1 e S}. (64) 00 , i L ,
0.0 0.1 0.2 0.3 0.4 0.5
L. Achieving Optimum AEE with the O-DFD for All Users w3/w2

The O-DFD can, under certain conditions, achieve optimupy. 11. The boundaries of the energy ratios within which the O-DFD
AEE for all users simultaneously if the user energies apehieves the AEE performance of the optimum detector for all users simul-
sufficiently disparate. This is in contrast to the linear optimuff"e°usy:
detector, whose symmetric energy often coincides with that

of the decorrelator and can therefore do poorly relative to theNOt€ that the above sufficient conditions are not only easy
optimum detector. to verify for a given set of energy ratios, but they can also

be used to successively compute any set of energy ratios from
Theorem 7: Sufficient conditions for the O-DFD to achievey,._, down to~; that will satisfy them.

the AEE’s of the maximum-likelihood detector for every user

are that fork ranging from& — 1 down to1 Example 6: Let us first consider a two-user example with

normalized correlation denoted aslt is easily seen that the

min e¢'He above theorem yields the sufficient condition
2 eCEy 1 (ry1,.-, K
Vi 2 Max = ) 9 1 1
wi1 L, Y 2 MAX § T, 5 (- (67)
1—p7p

max

) < 1 K <i—"‘—1 >|R | Consider the 3-user channel of Example 5 and restrict attention
=k, e, K Kl

IR—m Z H ’Vkiz to the inFe.resting case of high correlation whga:re_> 1/@.
i=htl N\ =1 The sufficient conditions for all users to achieve optimum
(65) AEE as given by the above theorem and when applied to the
problem at hand yield

[

Proof: The conditions in (65) imply that fot < £ <

1
K -1 2
’72 2 1— pQ
) K fick—1 2 221 s
1 _
T 2 A <|R | Z < H ’Yk-l-l) |R“|> (66) and~{ > max { S 2 |p2|’y27 Pt 4—2 b }
IR kil ikt \ =1 (1= p?)v3 3

Applying the result in (11), it is easily seen that for < (68)

k < K, the above conditions ensure that #th user achieves The region described by (68) is depicted in Fig. 11 for
optimum AEE by using the linear optimum detector in thgarious values ofy.

user-expurgated channel consisting of ugérs-- -, K'}. This . . . . - .
implies that the genie-aided O-DED achieves these optim Wlt is possible to obtain a tighter set of sufficient conditions

AEE’s of successively user-expurgated channels. Next, t 1an those stated in the above theorem. The price paid is in the

conditions in (65) imply those in (62) so that the O-DELSSE of verification. From starting atK' — 1 down to1, let

AEE’s are equal to those of the genie-aided O-DFD. Since the ) 1 &L it A

T . . . 2 _ a H 1 IR,| | £ X
genie-aided O-DFD AEE’s are in turn optimal for successively & = Flknx K\ |Rej| E : Y] ij| | = Ak
user-expurgated channels, they are at least as large as the i=ktl A =1 (69)

optimal AEE’s achievable for thé& -user channel. The Iatterand
are upper bounds on the performance of any detector and hence . TH

on the O-DFD in particular. As a result, the O-DFD achieves B €

optimum AEE’s for all users provided the conditions in (65) Yi= min el He = (70)
are satisfied. O e€Ey, (k, -, K}

let
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Note that the denominator in the above expression depends o5
on . If Y3 < X, then proceed to evaluatg_; as in (69). hos0.8

EIse, defineZk as — [ho=0.8 (tighter)
L TTTTT rho=0.9
min 6TH6 0.4 - "//i\"»\ ‘‘‘‘‘ tho=0.9 (tighter)

Zk é eEEk+1,{k+j,2~~,K} (71) f},»"w' s ~
L R
- I/
and find the smallest value qﬁ in the interval[ Xy, Zi] such - 03
that Y, < Xji. This is guaranteed to happen somewhere in
the interval[ X}, Z;] because it certainly does happen wheh //

Y = Z. The proof that the above algorithm will yield a set %27
of energy ratios that will imply that the O-DFD will achieve
optimum AEE is left to the reader.

. . 0.1
Example 7: Let us consider the two-user channel again. The

above procedure yields the sufficient condition

J

(=]
N
o
w

1 0.0 T
72 max{?, 4p2}. (72) 0.0 0.1 0.4
Note that the sufficient condition (72) coincides with that
in (67) for |p] < 1/v/2. However, for higher value of

; i i o ti ig. 12. The boundaries of the energy ratios according to the tighter suffi-
the Corre.la.ltlon. coeff|C|er_1t, we haye that (72) IS tlghter thdcﬁent conditions within which the O-DFD will achieve the AEE performance
the condition in (67) with the difference between the twg the optimum detector for all users simultaneously.

conditions becoming more significant gs increases towards

unity. . iy N .
_ . sufficient conditions are significantly better for higher values
This example must be compared with the result of Propgf correlation.

sition 3. We see that the condition obtained therein for both

users to achieve optimum AEE with the O-DFD is the same

as the region defined by (72) fop| < 1/4/2. However, the V. CONCLUSIONS

region defined by Proposition 3 strictly contains that defined This paper adopts a rigorous approach to both analysis
in (72) for |p| > 1//2. Itis not clear how the analysis leadingand design of decision-feedback multiuser detectors without
to that proposition must be better generalized to Hwser relying on the perfect feedback assumption. A new perfor-

problem to obtain a tighter set of sufficient conditions thamance measure, called symmetric energy, is introduced that
those given by the algorithm at the end of Theorem 7. is an indicator of the joint error rate in high-SNR regions

Example 8: Consider again the three-user channel q8f @ multiuser detector that at least one user is detected

scribed before. In this problem, it is no longer possible t roneously. The ;ymmetric energy of an arbitrary Qecision
characterize the set of energy ratios in closed form. It edback detector is shown to be equal to the symmetric energy

possible to improve on the previous result, however. It can B the genie-aided version Of. that _detector where the genie
shown that the sufficient condition fog is given by ensures perfect feedback. Using this property, the O-DFD is
found as a solution to the problem of optimizing symmetric

w3/w2

piz, if |p| < % energy among decision feedback detectors. A comparison of
Ve > ) . . (73) several well-known linear and decision feedback detectors
4p°,, if [p] > ok including the O-DFD is given in terms of symmetric energy

which reveals that decision feedback detectors achieve at least
the performance of their linear counterparts independently
of the order in which they are detected and much higher
¥ 4 1 1 \2 and 2 2 1493 —2|p|y2 performance than their linear count.erpa_lrtslwhen users are
T el T P2 T (1-p)93 detected in well-chosen orders. The implications of our work

For any~, that satisfies the above equality, the smaltgsis
chosen as follows: defind and Z andY as

on power control for multiuser detection are detailed through
(74)  the two-user channel. Ordering algorithms are given whereby
decision feedback detectors can user-wise outperform their
For any giveny, that satisfies (73), ifX > Y, then we have linear counterparts. The usual ordering of users according to
v? > X. Else, find the smallest; in the interval[X, Z] for the nonincreasing order of energies does not guarantee this
which 4 > Y. result. Several results on the performance analysis of the
The region described by the above algorithm is showdecorrelating decision feedback detector are given including
in Fig. 12. The region described by the less stringent sexact formulas for the bit-error rate and the asymptotic ef-
of sufficient conditions of Theorem 7 given in (68) for thifective energy. It is also shown that the O-DFD can, under
example are also shown for comparison. Note that the tightartain conditions, achieve the asymptotic effective energy

a 1495 —2lplp

and Y 5
Y211, opt
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performance of the maximume-likelihood detector for everei]
user. Moreover, there are several ideas in this paper that ap'r?%
to more general settings than to linear modulation and the

synchronous CWMA channel model.
[23]
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