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Mathematical Models Predicting Clonal
Senescence of WI-38 Cells'

G. T. Sallee, PhD?

It is the purpose of this article to show that, under very general assumptions, the observed senescence
of diploid cells in culture cannot be accounted for by assuming a constant production of any kind of
“damage.” It follows that other factors must play a role in cell senescence or that the damage is

autocatalytic.
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INCE the discovery that diploid cells in cul-

ture have a finite life span (Hayflick &
Moorhead, 1961), there has been a great deal of
research into this phenomenon (Cristofalo &
Sharf, 1973; Deamer & Gonzales, 1974; Hay-
akawa, 1969; Hayflick, 1965; Machiera-Coelho
et al.,, 1966; Merz & Ross, 1969; Smith & Hay-
flick, 1974; Smith & Lumpkin, 1980; Smith &
Whitney, 1980). In addition to the experimental
work there have been attempts to provide a
mathematical model of the phenomenon (Good,
1977, Grove & Cristofalo, 1976; Hahn, 1966;
Hurley, 1975; Jones et al., 1980; Smith & Martin,
1973, 1974). Several models assume that the
mechanism controlling the growth rate of WI-
38 cells reflects accumulating “damage” of some
form in the cells. Some assume, in addition, that
the growth rate is extremely sensitive to the
amount of damage present.

The purpose of this article is to demonstrate
that, under fairly general assumptions, it is im-
possible to account for the observed senescence
as an effect of a single kind of accumulating
damage alone. To be somewhat more precise,
this model is general enough to deal with the
effects of any kind of accumulating effect that
is not genetically programmed. Peroxidative
damage and somatic mutations are probably the
best known examples of the type of effect that
we are considering. The model is not able to
deal with genetic effects—either as directly con-
trolling senescence or indirectly by means of
genetically programmed damage. The various

! The author wishes to thank David W. Deamer for calling this problem to
his attention, patiently explaining certain aspects of cell proliferation and
bringing virtualy all of the references to his attention.
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effects considered by this article will be lumped
under the general term “damage.”

Intuitively speaking, the reason that damage
alone will not account for the observed senes-
cence (under the assumptions stated later) is that
the damage in cells attains its maximum level
very quickly (after 10 generations) and does not
change much after that. Thus, the damage pres-
ent in cells of generation 10 ought to be virtually
the same as that in cells of generation 40. But
this is known to be false and, moreover, the cells
themselves behave very differently. Expressing
these ideas in precise form constitutes the bulk
of this article. Alternative explanations are
posed at the end.

AsSUMPTIONS UNDERLYING OUR MODELS

We divide our assumptions into two general
categories. The first category consists of those
assumptions that seem to be generally accepted.

Al. Biological systems in general are not very
sensitive to small proportional differences in
cytoplasmic damage.

A2. Embryonic cells contain negligible dam-
age.

gA3. All damage in a cell at the time of mitosis
is divided between the two daughter cells (al-
though not necessarily equally).
The three other assumptions are specific to this
model. The first two seem plausible but need to
be tested. It is the third that we are trying to
show is false.

B1. The proportional distribution of damage
between the two daughter cells does not depend
on the amount of damage present.

B2. No more than 10 times the average
amount of damage produced per generation is
produced in any one generation (i.e., cells do
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not occasionally produce vast amounts of dam-
age, whereas the rest of the time produce little).

B3. Net damage occurs at a constant rate in
each generation regardless of the age of the cell
or the amount of damage already present.

In the last assumption the term “net damage”
was chosen with the underlying idea that there
may be independent mechanisms that both cre-
ate and repair damage. It does not matter to the
model nor is it particularly important whether
or not we assume that the net damage accrues
at a constant rate per generation or a constant
rate per hour. The intermitotic times are suffi-
ciently constant for many generations to make
the two assumptions interchangeable.

Our basic strategy is to show that, under the
six assumptions listed, the damage distribution
of a cell at generation 25 is essentially identical
with that for all subsequent generations. If as-
sumption Al is true, then the cells should behave
the same. But, since cells of generation 25 are
known to grow very differently from those of
generation 40, it will follow that one of our set
of assumptions is in error. As assumptions Al
to A3 are more likely to be valid, either assump-
tion B1, B2, or B3 must be false.

MATHEMATICS OF MODEL

Let X.(s) represent the probability distribu-
tion of damage present in the cells as a function
of n, the number of generations. That is, Xx(s)
denotes the probability that a cell contains an
amount of damage = s at the beginning of
generation n. As mentioned before we wish to
show that X,(s) is virtually constant when n =

The damage distribution X.(s) depends, in
turn, on two other distributions. D(z) is the
probability that a cell in one generation pro-
duces an amount of damage < z (note that this
distribution is independent of # and the amount
of damage present by assumption B3). We sup-
pose that D(z) has mean d and standard devia-
tion oz but make no assumption that the distri-
bution is normal.

We also need a probability distribution for
the dispersion of the damage between the two
daughter cells at mitosis. According to assump-
tion A3 all damage is inherited by one of the
two daughter cells. According to assumption B1
this distribution function does not depend on
the amount of damage present. Let Q(y) repre-
sent the probability that the first daughter cell
inherits a fraction of the damage in the parent

cell = y. By symmetry, Q(y) + Q(1 — y) = 1,

and so the mean of Q(y) is ¥%2. Moreover, if all
of the damage in a parent cell always went to
one daughter cell, the standard deviation would
be %. Thus, we may conclude that og, the stand-
ard deviation of Q, is < %.

We wish to compare Xzs(s) and X;o(s) to show
that they are virtually identical. In fact we will
conclude that X,(s) has essentially the same
distribution as Xos(s) for all n = 25. (If we
assume that the D and Q distributions are near
normal, then the X,(s) converge much sooner.)

Our approach is to begin with an arbitrary
embryonic cell and follow the damage distribu-
tion in one daughter cell of each generation. By
conceptually following a large number of daugh-
ter cells we may arrive at the damage distribu-
tion within the cells of any generation.

Let xo(n) denote the amount of damage pres-
ent within our specified daughter cell at the
beginning of generation n. Let x,(n) denote the
amount of damage present in that cell at the end
of generation n. (By definition, the set of xo(n)
give rise to X,.) Let d, be the amount of damage
created within the cell during generation # and
g~ 1s the fraction of the total damage within the
parent cell carried over to the specified daughter
cell in generation n + 1.

If we assume that our embryonic cell begins
with an amount of damage ¢, then for the first
three generations we have

xo(0) =€

x1(0)=dp + €

xo(1) = qodo + goe

x1(1) = di + qodo + qoe

x0(2) = qidy + qiqodo + q1qo€

x1Q2) = do + q1ds + qiqods + qi1go€
In general, we have
Xo(n) = qn-1dn-1 + Gn-1Gn—28n—2 + -+

+ Gue1gn-2 - - - qodo + Gno1gn-2 -+ qo€

Note that by assumption Bl all of the g; are
from distribution Q and by assumption B3 all
of the d; are from distribution D. So, if we look

at the aggregate of all possible daughter cells
and their damage distribution, it follows that

X.=QD+ QD+ .-+ Q"D+ Q"
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Note that if m > n the first n terms of this
equation are just those of X,,. So we may write

Xn=Xn+ Q" Xnon— Q"€ )

In particular we have Xy = Xp5 + Q®Xy5 —
0%e. Measuring the difference between Xy and
X,; means measuring the effect of the “tail”:
0%X1s — Q%e. Since ¢ is assumed to be small
(by assumption A2), we will ignore the term
involving it and concentrate on the other.

We will demonstrate that

1
w(Q® X15) = wW(Q)*u(X1s) < ﬁa! =~ 0000014

So the mean is vanishingly small. All we need
to verify is that the variance ¢*(Q*Xs) is also
small. This requires some work and will be done
later.

Using the previous results, however, we have

d
25

That is, the probability that the tail changes the
distribution by more than 1% of the average
damage is <.006. Stated in other terms, only six
times out of 1,000 would we expect the damage
distributions of cells of generation 25 and cells
of generation 40 to differ by more than 1%.

So the entire damage distribution of cells of
generation 25 and generation 40 (and not just
their means) are virtually identical 99% of the
time. But since the cells behave differently, some
other factor must be at work. This concludes the
argument except for the rather tedious calcula-
tions of the next section.

BOUNDING THE VARIANCE OF THE TAIL

We need the following standard facts for in-
dependent random variables 4 and B (where p
denotes mean and o® denotes variance).

wA + B) = u(4) + w(B) (3)
o%(4 + B) = ¢’(4) + ¢*(B) @
wWAB) = w(A)u(B) )

*(AB) + u*(4B)
(6)
= [o*(4) + p*(4))[o*(B) + 1*(B)]

Recalling that 4(Q) = 4 and w(D) = d, from

Equations 1, 3, and 5, we see that
. 1 1 2 1 n 1 n
}‘L(Xn =5d+ E d+ ... + -2- dE €
0]

1 €
= l — — —
d( 2n) o5

Again, since assumption A2 asserts that e is
negligible, our last equation says that for n =
10, u(X,) lies in the range .999d to 1.0004, so the
means converge very quickly to a fixed value
virtually equal to the average amount of damage
produced in one generation.

Let 7(S) denote the sum o*(S) + u*(S) for any
random variable S. Then, by induction on Equa-
tion 6 we see that

Q") =7(Q) @®
Thus, again using Equation 6
Q" Xp) = (Q)7(Xp) )
and, hence
(0" X,) = T(Q)T(Xp) — KT (QI(X,)  (10)
In particular, Equation 9 tells us that
7(Q"Xis) = 7(Q)7(X15)
an
= [0¢" + B)'I"1(Xi5) < 7(X15)/2"

Thus, if we can bound 7(Xis), we will have
evaluated the variance we need.

It turns out to be simpler to bound o*(Xy5). By
Equations 1 and 4

0*(Xy) = *(Xa-1) + Q"' X)) (12)
Repeating this argument shows

0'2(Xn) = 02(X1) + OZ(QX1)
+ .o+ 0(QX)  (13)
So, by Equation 10
FX) = 3 Q) ~ QW)

n—1

n—-1
=7(X) § 740) ~ #(X) T #4(0)
J=! J=

d
But since 7(Q) < §, u(@) = 4 u(Xy) = and
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d2
(X)) = 7+ op® it follows that

H(X) < (d; + 602)(2) - 5;[;( 1 - G))]

and hence,

2 2 2

da* d d
oz(X,.)52002+-2——?= 2002+? (14

Thus, by Equation 7

d? 1\
*(X») < 200 + Y d2(1 - —)
(15)
7
<20p% + 3 d?

At this point it seems worthwhile to express
op = 8d. Recall what these symbols mean. op is
the standard deviation of the damage production
variable, and d is the mean. Thus § measures the
ratio of the standard deviation to the mean.
Since d is in arbitrary units, we set d = 1. Since
the random variable D always takes positive
values (negative damage cannot be produced)
and the mean is 1, § cannot be too large in real
cases.

In any event, Equation 15 may be rewritten
as

7
() < 28 + (16)

Hence,
*(Q%X15) < <282 + %) / 2% )

At this juncture we apply Chebyshev’s Ine-
quality (Feller, 1957, p. 219). In our case, it is

P[Q%Xis — Q% Xis) < 1] < o*(QP Xus)/ 1

Or, in other terms: the probability that the dif-
ference between the variable of interest (gstls)
aznd its mean exceeds the value ¢ is 02(Q °X15)/
e

Recalling that w(Q*Xys) < d/2® = }®, this
mean is so small we may safely ignore it.

Now apply Chebyshev’s Inequality with ¢ =
.01 (using the fact d = 1):

It is at this point that we use assumption B2 that
implies that § =< 3. Hence, the probability that
the tail is more than 1% of the average damage
is <.006.

This is the fact used to establish Equation 2.

CONCLUSIONS

What possibilities remain as explanations of
cell senescence? One, of course, is genetic, in
any of a myriad of forms ranging from genetic
determination of number of generations to some
genetically programmed damage.

The other major hypothesis is that cells will
reproduce in culture forever if some sort of
damage is not produced that eventually inter-
feres with the cells’ reproductive mechanisms. If
this damage occurs as an integral part of cellular
activity, this article demonstrates that the dam-
age cannot be produced at a constant rate (as-
suming assumption B1 is true).

Two other damage hypothesis possibilities re-
main that the author is investigating. First, the
damage may be autocatalytic. A very simple
mathematical model of autocatalytic damage fits
some of the current data very well. It is hoped
that a more sophisticated model will fit all of the
known data.

The second possibility is that two (or more)
separate damage factors interact in a currently
unsuspected fashion to produce senescence.
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