Statistical significance of the sequence repeats
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Abstract

The aim of this work is to approximate the distribution of thenber of repeats in biological sequences modelled by
Markov chains. Because of the inaccessibility of this dtiation, we approximate it thanks to the Chen-Stein mettsiagu
the poisson distribution. The goal of the application is talfthe statistical significance of the repeats in the genofée o
biological species.

1. Introduction

Genomes are dynamic and redundant structures: over a feligetime or over generations, genomes are regularly esctbj

to mutations, deletion, duplications and inversions. Thermenon of sequence repeats can concern the genes, or the
extragenic portions of the genome. It is therefore necgssastudy the repeats in order to understand better genome
structures and how they evolve. All the algorithmic methdddicated to the detection of repeats must be accompanied by
a suitable mathematical analysis providing a statistittrpretation of the detected repeats (count, length astdhlition).

This analysis must make it possible to distinguish the §icanit repeats from those simply imputed randomly and scctire

the biological analyses.

The statistical study presented here is based on the mogl@lfithe sequences by a succession of random variables in a
Markov chain which belong to a finite alphabet.

2. Model and notations

We model the sequenée= X, - - - X, of lengthn by a stationary Markov chain of order one on the alphabet {a,c, g,t}
with a transition matriXl = (7 (a, b)), 4. We definer’(a, b) the (-step transition probability betweenandb.

2.1 Definitions

The sequence has a repeat of lengdhpositions and; if and only if the word oft letters starting at is identical to the one
starting atj :
Xi Xige—1 = X X1

We will say that a repeat starts (@t j) if there is a repeat dt, j) butnotat(i — 1,5 — 1). Thatis

Xioi #Xjo and X X = X Xy



We will be only interested here in the case of non-self-amuing repeats, that means those relating to two disjoinedre
rences in the sequenée By denotingl the index set of the possible positiotas= (i, j), we have

I={a=(,j)/1<i<i+t<j<n—t+1}.

We will neglect the edge effect, e.g. whee: 1. Fora = (i, j) € I, we consider the random indicator function that a repeat
starts atx
Yo=Yy =HXia #X; 0, Xi - Xigp 1 =X Xy}

Finally, we define the random variab® counting the number of repeats of lengthnd its expectation by :

Nt:ZYa and X =E(N,).
acl

The study of the statistical significance of the repeatgsatin the possibility of evaluating the distribution of tle@dom
variable N; in the Markov chain moded;. Unfortunately, this probability distribution is not alatle and approximation
techniques are then used.

3 Result

Proposition If n tends to infinity and it = O(log 1n) then the distribution ofV; can be approximated by a poisson
distribution with meam\. Consequently thg-value associated to the existence of at least one repeahghlt is given by :
p=P(N;>1)~1—-e?

This proposition is obtained by getting a boufid + b, + b3) of the total variation distance between the distribution of
N; and the poisson distribution with meanThe calculation of this bound relies on the Chen-Stein net{Barbouret al,
1992). The proof relies on both judicious choice of the nbmyhoods systen®, and calculation of upper bounds iof, b-
andb; that tend to zero on the condition thtat ()(log%n).

Choice of the neighborhood :We will say thate = (7, j) andg8 = (i’, j') are not neighbors if and only if the words repeated
ati andj are separated by at least letters from the words repeatediatand;j’. This is formalized in the following way

B € By & min(fi —i|,1j —|,li - §'),1j — §']) < 2t.

The error bounds for the Chen-Stein method :LetG = {(a,3) € I?| a € I , B € B,}. To calculate the error bounds,
we determine the number of ordered pairs of neighborsde.

Forb,, we show that h; = O(%). On the condition that = O(log 1 n), the bound; tends to zero when tends to infinity.
Technical calculations similarly lead to upper boundstpandbs thich tend to zero when — +oo andt = O(log 1n).

For the calculation ob,, for instance, we need to distinguish several cases depgidi the overlaps between theprepeats
starting ato and € B, . The calculation ob3 is based on the Markov property.

Expected number of repeats : Under the markovian assumption, the expected number ofsetireverlapping repeats
2

is given by = 37, 3 (01 anear ,u(b)7r(b,a1)7r(c,a1)<7r(a1,a2) , .W(at],at)> S — u = 207 (ay, €).

The using of the Chen-Stein method shows that the total ti@miagistance between the distribution 8§ and the poisson
distribution tends to zero whentends to infinity.

4 Applications

The results obtained are now used for the statistical stfithyearepeats detected over an entire genome, in order tblissta
the common or distinctive characteristics between the mlogpmes of the same organism (intra-genomic comparison) or
between the chromosomes of two different organisms (igégremic comparison). This statistical study will be impéted

and associated to the programs ForRepeat and EvoRep dedeldthin the ABISS laboratory.
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