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Abstract

Invariance has become increasingly important in computer vision. One type of invariance is viewpoint in-
variance, i.e. properties of viewed objects that are invariant under camera motion. Another important concept is
object invariance, i.e. properties of the image plane that only depend on motion and not on the viewed objects.
The epipolar constraint is such an example. This paper deals with the generalisation of the epipolar constraint
to the problem of analysing sequences of images taken by calibrated or uncaibrated cameras. It is assumed that
the correspondences between the points in the different images are known. In a previous paper it is shown how
the problem of analysing sequences of images taken by an uncalibrated camera can be simplified by choosing a
specific affine basisin each image plane. In this paper we show that this theory has remarkable similarities with
the theory for calibrated cameras.

1 Introduction

A central problemin scene analysisisthe analysis of 3D-objects from 2D-images, obtained by projections. Inthis
paper we will concentrate on the case of a sequence of images consisting of points, with known correspondences.
The objective is to calculate the shape of the object using the shapes of the images and to calculate the camera
matrices, which gives the camera movement. Traditionally this is solved by reconstructing the object and the ca-
mera motion at the same time. Recently methods have been devel oped which use invariance. Two main types of
invariance are viewpoint invariance and object invariance. Viewpoint invariant propertiesare propertieswhich are
intrinsic to the viewed object and independent of cameraposition or motion. An exampleistheclassical crossratio
of four collinear points. Such properties can be used to recognise or reconstruct objects without knowing the rela-
tive position of the camerato the object. Another type of invariancy isthe object invariant properties, i.e. properties
of images which only depend on camera motion and not on the viewed object. An example of such a property is
the epipolar constraint. These properties have twofold uses

e The constraints can be used to find further image correspondences.
e The constraints give information about the camera motion.

Thistype of invariancy has become increasingly popular and is currently under intense research. A generalisation
of the epipolar bilinear constraint for two imagesto atrilinear constraint for threeimagesispresentedin[6]. There
has also been alot of discussion on generalising this further to quadrilinear constraints in four images and so on.
It is shown in [3] that these multilinear forms do not contain anything new. The multilinear forms can always be
obtained from the bilinear and trilinear forms.

Inapreviouspaper itisshown how thisanalysis of image sequences can be simplified considerably by choosing
a specific affine basisin each image plane. In this paper we show that this theory has remarkable similarities with
the theory for calibrated cameras.

2 Problem Formulation

Given asequence of imagesour first aim isto analyse the constraints on image pointsand on cameramotion. These
constraintswill help usto determine cameramotion from image correspondenceswithout explicitly calculating the
shape of the object points.



Asour aimisto show how similar the uncalibrated and the calibrated caseis, many of the resultswill be shown
pairwise. In each subsequent displayed equation the calibrated case will be shown on the left hand side and its
uncalibrated analogue on the right. The simplifications can be achieved after choosing a particular affine basis
in each image plane as described in [3]. Thus assume that a sequence of images have been taken from different
viewpoints. Let X denote an arbitrary point in space represented as a column vector in homogeneous coordinates.
Denote by x; its projection onto thei’ thimage plane, a so in homogeneous coordinates. We assume that the camera
is described by the following standard model.

Xx

M= Nix| =R |y’| =RX, (1)
A 1Z

where B isthe 3 x 4 projection matrix and A isascalefactor (different for different points). Noticethat itisonly the
direction of x; that isimportant. One should think of the 3 x 1 column vector as defined only up to a constant. For
calibrated cameras the projection matrix P, is of a particular type, which can be expressed using a rotation matrix
R and a vector t;. The situation is more complex for uncalibrated cameras. But the analysis can be simplified
drastically by our particular choice of image coordinate system. Three object pointsare used asapartial projective
basisfor the object coordinate system. Theimage of these points are then al so used as an affine basis of eachimage
plane.

For this partial choice of coordinate system it is shown in [3] that the projection matrices P; can be expressed
using adiagona matrix D; and a vector t; in away which is analogousto the calibrated case.
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Wewill continueto write the calibrated case on the | eft of each displayed equation and the uncalibrated case on the
right. Noticethat in the uncalibrated case we still havefull freedomto changethe coordinate system, whereasin the
uncalibrated case only partial changes are allowed. Denote by M; the coordinate change from world coordinates
to the i’th camera coordinates, cf. Fig. 1,
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with this notation each camera can be considered as a coordinate transformation followed by the standard camera
matrix
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so that P = PyM;. Notice the strong similarities between the two different cases. These simplifications and simi-
larities are important by itself. However, the interpretation of the transformations are equally important. In the
calibrated case the transformation between the object coordinate system and the i’th camera coordinate system is
given by the rotation matrix R; and the tranglation vector t;. In other words the focal point of the i'th camera has
coordinates (tl') inthe object coordinate system. Inthe uncalibrated case it can be shown that the matrix D; contain
as diagonal elementsthe relative depths, cf. [7], of the three basis points. In some sense D; represent the ' orienta-
tion’ of thei’th camera with respect to the basis points. Also (t_.'L) is the projective coordinates of the i’th camera
focal point with respect to the object coordinate system.

The situation isillustrated in Fig. 1. In this figure we have aso included the change of coordinate system
between different camera coordinates M;; which we define as Mjj = M Mj—l. This block matrix can be seen to

be
_ (RR{" R(tj—t) ~_ (DiD7t Di(tj —t)
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and we define
Rj=RR* Dij =DiDj* (6)
tij = Ri(tj —t) tij = Di(tj — 1) (7)



Figure 1: A sequence of images and coordinate transformations between different camera coordinate systems and
the abject coordinate system.

ThusR;j isthe change of orientation from the j’th cameracoordinate system to the i’ th camera coordinate system.
Similarly Dj; can be shown to be the kinetic depths for to the three basis points. Through the multilinear forms,
which can be calculated from the images, we aobtain partial information about the relative coordinate transforma-
tions M;;. This partial information is often difficult to use and analyse. It istherefore natural to try to estimate the
full motion of the camerasinstead, i.e. the coordinate transformationsM;, i =1,...,n.

3 Twoimages

The epipolar constraint between two cameras can be written as
XiTEinj =0 XiTF|J'Xj =0 (8)

where x; isapointinimagei and x; isacorresponding pointinimage j. Inthe calibrated case the essential matrix
Eij isamatrix with singular values A, A and 0. In the uncalibrated case the fundamental matrix F;; issimply arank
two matrix. In[3] it is shown that with the specific choice of basis pointsthe essential matrix in the calibrated case
and the fundamental matrix in the uncalibrated case have similar decompositions,

Eij =T R Fij = Ty, Dij 9)

where T; isthe matrix representing cross product with t. The bilinear (epipolar) constraint can also be expressed
as

rank [% tj RjX] =2 rank [% tij Dijxj] =2 (10)

This can be interpreted that the direction x; after atransformation to thei’ th camera coordinate system is coplanar
with x; and the direction between the two cameras. Thisformulationwill be generalised to the multipleimage case.
The bilinear constraints can be calculated from point and/or curve correspondencesin the two images. Thus
(Rij,tij) or (Dij,tij) can be calculated, but only up to an unknown scale factor. Thisinformation can then be used
both to find further image correspondences but also as we shall see to calculate the full camera motion, up to an
unknown scale factor. In the two image case we do as follows. First we choose object coordinate system e.g. Ry
astheidentity and t; asthe origin. Then (Ry,t,) can easily be chosen in accordance with Egs. (6) and (7).

4 A Sequence of Images

The bilinear constraint between two images containsall information about the relative cameramotion between the
two images. If many images are taken the bilinear constraint can be calculated from each image pair. Thisinfor-
mation is however, cumbersome and contains to many degrees of freedom. For more than two imagesit is bet-
ter to consider the projection matrices themselves, instead of the multilinear constraints or the bilinear constraints
between each image pair.



A collection of bilinear constraints are only consistent if

Rij = RikRj Dij = DikD; (11)
tij, tik, Ritk; are coplanar tij, tik, Diktyj are coplanar (12

For general camerapositions, consistent bilinear constraints determinesthe motion uniquely up to similarity trans-
formationsin the calibrated case and uniquely up to projective transformationsin the uncalibrated case. For spe-
cial camerapositions, in particular if the cameramove along a straight line, the bilinear constraints are not enough.
They do not determinethe motion uniquely. Inthiscasethetrilinear constraint can be used to determinethe camera
motion. The trilinear constraint can be formulated as follows.
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where Xq, X, and Xz are corresponding pointsin images 1, 2 and 3 respectively. Notice the scale factor A in the
trilinear constraint. The interpretation is that not only is the direction from camera 1 to camera 2, t1,, and the
direction from camera 1 to camera 3, t;3, determined from the trilinear constraint, but also the relative depths of
camera 2 with respect to camera 3. Thuseven for degenerate cameramotion the trilinear constraints determinethe
motion (R,t),i=1,...,nor (D;,t),i=1,...,n.
Generalisations of the bilinear (epipolar) constraint and the trilinear constraint can be found. These N-linear
constraints can be formulated as

X1 t12 RpoXxo ... 0 X1 t12 DioXo ... 0
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However these N-linear constraints do not add much to the understanding of image sequences since each constraint
can be expressed in the bilinear and trilinear constraints as explained in [3]. The full camera motion is a better
parametrisation for this information.

5 Conclusions

In this paper we have demonstrated some of the similarities between the geometry of calibrated and uncalibrated
image sequences. The question of epipolar constraint versus motion is easier to understand in the calibrated case.
The strong similarities between the calibrated and the uncalibrated case makes it somewhat easier to understand
the interplay between epipolar constraints and motion in uncalibrated image sequences.
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