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Abstract

We consider the problem of absolute stability of a feedback system composed of a linear plant and a single sector-bounded
nonlinearity. Pyatnitskiy and Rapoport used a variational approach and the Maximum Principle to derive an implicit charac-
terization of the “most destabilizing” nonlinearity. In this paper, we address the same problem using a dynamic programming
approach. We show that the corresponding value function is composed of simple building blocks which are the generalized first
integrals of appropriate linear systems. We demonstrate how the results can be used to design stabilizing switched controllers.
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1 Introduction

Consider the system

y(t) =c"x(1) (1)

where b, ¢, x(t) € R”, y(t) € R, A is an asymptotically
stable matrix, and ¢ belongs to Sy, the set of scalar time-
varying functions in the sector [0, k].' Note that we can
view (1) as the feedback connection of a linear system
and a single nonlinear function from S.

Problem 1 (Absolute stability [19, Ch. 5]) Find
the value k* := inf {k > 0:3¢* € Sy for which (1) is
not asymptotically stable}.

In other words, for k£ € [0,k*), (1) is asymptotically
stable for any ¢ € Sj. The problem is difficult because S
contains an infinite number of functions and, therefore,
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a solution must actually entail the characterization of
the “most destabilizing” nonlinearity ¢*.

Applying the idea of global linearization [5] we can re-
state Problem 1 in a more convenient form. Since ¢ € Sy,
we have ¢(t,y) = a(t,y)y, with 0 < a(t,y) < k, so (1)
becomes

x € co{A, By}x, By:= A+kbc” (2)

where co denotes convex hull. We can now restate Prob-
lem 1.

Problem 2 (Absolute stability) Findthe valuek* :=
inf {k > 0: (2) is not asymptotically stable}.

Specifying ¢* in (1) is equivalent to specifying the “most
unstable trajectory” x*(t) of (2).

Note that (2) is the relazed version [20, Ch. 2] of the
switched linear system

x(t) € {Ax(t), Byx(t)}. (3)

Stability analysis of switched linear systems is a very
active research area (see, e.g., [12]). For our purposes, (2)
and (3) are equivalent since it is well-known [15] that (2)
is asymptotically stable if and only if (3) is.

Pyatnitskiy and Rapoport [16][17] introduced the idea
of using a variational approach to describe the “most
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destabilizing” nonlinearity ¢*. Applying the Mazimum
Principle, they derived an implicit characterization of ¢*
in terms of a two-point boundary value problem.

A different approach to optimal control problems is
based on dynamic programming and the Hamilton-
Jacobi-Bellman (HJB) equation. Unlike the Mazimum
Principle, a solution to the HJB equation provides an
explicit formula for the optimal control (unfortunately,
such a solution is usually unattainable).

In this paper we address the same variational problem
studied by Pyatnitskiy and Rapoport using dynamic
programming. We show that the corresponding value
function can be constructed by concatenating the con-
tours of two generalized first integrals, and provide a
recipe for explicitly constructing these generalized first
integrals.

This new approach also provides a geometrically intu-
itive characterization of the “most unstable” trajectory.
Furthermore, for the special case n = 2, we can actually
derive an ezplicit solution to the HJB equation by show-
ing how the contours of the two generalized first integrals
are concatenated. This yields a deeper understanding of
the solution of the second-order absolute stability prob-
lem given in [13].

The remainder of this paper is organized as follows. In
Section 2, we recall several known results that will be
used later on. In Section 3, we formulate the optimal
control problem and study it using a dynamic program-
ming approach. In Section 4, we relate the generalized
first integrals of the subsystems to the solution of the
HJB equation. In Section 5, we apply our results to the
problem of designing a stabilizing switched controller.
The final section summarizes the paper. All the proofs
are placed in Appendix A.

2 Preliminaries

We say that (3) is locally asymptotically stable? if the fol-
lowing two conditions hold for any solution x(t): (1) Ve >
0, 30 > 0 such that [|x(0)|] < ¢ implies ||x(¢)|] <
€, Vt > 0; and (2) 3¢ > 0 such that ||x(0)|| < ¢ implies
lim; o ||x(2)]| = 0.

We assume from here on that A + k*bc” is an asymp-
totically stable matrix.?> We also assume that the
pair (A4,b) [(A4,c)] is controllable [observable]. This
assumption guarantees that if there is an unbounded

2 For switched linear systems local asymptotic stability im-
plies global (and exponential) asymptotic stability, so from
now on we use the term asymptotic stability.

® This is the “interesting” case where (3) is not asymp-
totically stable although we are still switching between two
asymptotically stable subsystems.

trajectory x(t) for some x(0), then there exists an un-
bounded trajectory for any x(0) € (R™ \ {0}) (see [16,
Lemma 1]).

For a function V : R* — (—o00,40), and q € R",

let mg((lx) = limy o w be the (one-sided)
derivative of V at x in the direction q. If V' is convex,
then this derivative always exists [18] and, furthermore,

since a convex function is differentiable almost every-

where, a‘gs‘) = Vx(x)q for almost all x.

3 An optimal control problem

Instead of studying all the possible trajectories of (3), we
would like to analyze the single “most unstable” trajec-
tory. Following the pioneering work of Pyatnitskiy and
Rapoport [16][17], we use a variational approach to char-
acterize this trajectory.

It follows from Filippov’s Selection Theorem [20, Theo-
rem 2.3.13] that (2) can be written as
x(t) = (A +u(t)beh)x(t), ue UF (4)

where U* is the set of all measurable functions map-
ping [0, c0) to [0, k].

Fixing ¢t; > 0 and an initial position x(0) = xq, we con-
sider the following (Mayer type) optimal control prob-
lem.

Problem 3 Find an admissible control that mazimizes
the cost-functional J(u,tr,xo) = ||x(ts)|| along the so-
lutions of (4).

The intuitive interpretation of Problem 3 is clear: find
the control that “pushes” x(t;) as far away from the
origin as possible®. It is possible to show that the set
of solutions of (4), equipped with the supremum norm
topology, is compact [20, Ch. 2] and, therefore, maximiz-
ing J amounts to maximizing a continuous functional
on a compact set. Hence, there exists a & € U* such
that J(a,tf,xg) = sup,cy J(u,tf,%0). We refer to @
as the worst case switching law (WCSL) and to the cor-
responding trajectory x as the worst case trajectory.

The HJB equation [20, Ch. 12] associated with Prob-
lem 3 is

Vi(t,x) =— rrél[%?l(c] {Vi(t,x)(A +rbe”)x} (5)

V(ty, x)=||x|| for all x € R"

* For other optimal control problems for switched systems,
see [2] [3, Ch. 3] [22] and the references therein.



where V : R x R — R is the value function, V; = 2,
and Vx is the row vector (Va,, ..., Vi, ).

For our purposes, it is sufficient to study the infinite-
horizon case, that is, when ¢ty — oo. In this case, (5)
formally simplifies to

Jmax, {Vi(x)(A +rbec")x} = 0. (6)

The next result relates (6) to the value k*.

Definition 1 We say that a function @ : R — [0, +oc)
is class CH if Q is convex; Q(x) > 0 with equality only
forx =0; and Q(cx) = cQ(x) for all ¢ > 0 and all x €
R™.

Theorem 1 There exists a class CH function V satis-

fying 8V ()
X
relon { 3((A + rbc’)x) } =0 (7)
if and only if k = k*.

Note that (7) is nothing but (6) with the directional
derivative replacing the classical one, as V' is not nec-
essarily differentiable. However, it follows from (7) that
at any point x where V,(x) does exist, (6) holds, so (6)
holds for all x € (R” \ E), with meas(E) = 0.

The next result provides a characterization of % in terms
of V', and shows that, almost everywhere, @ is unique,
bang-bang, state-feedback [i.e., @(t) = a(x(t))], and
without singular arcs.

Theorem 2 For k =k*, let V be the function in Theo-
rem 1. Definep : (R*\ E) = R by p(x) := Vi(x)(be™)x.
Then, the optimal control 4 satisfies

0, ifp(x(r) <0
“(t){k, if p(R(£) > 0. (8)

Furthermore, the zeros of p(x(t)) are isolated.
By substituting (8) in (6), we get

Theorem 3 For k = k*, let V be the function in
Theorem 1. For any x such that Vi (x)bcTx < 0, we
have Vi (x)Ax = 0. For any x such that Vi (x)bex > 0,
we have Vi (x)(A + k*beT)x = 0.

In other words, the value function V' is non-increasing,
and it is constant along the optimal trajectory.?

We now show that these results provide an intuitive
interpretation of @ and V. Consider the case n = 2.

5 this is, of course, a particular case of Bellman’s Principle
of Optimality.

Fig. 1. Geometrical explanation of 4 when Vi(x)Ax = 0
and Vi (x)be"x < 0.

Fix a point x = (z1,22)" such that Vi (x)be’x < 0,
so Vx(x)Ax = 0 (that is, Vx(x) is orthogonal to Ax)
(see Fig. 1). Then, a solution of x = Ax follows the
contour V(x) = const, whereas the solution of x =
(A + rbcT)x, for any r > 0, crosses this contour going
toward the origin. The WCSL is @(x) = 0 which indeed
corresponds to setting x = Ax. Thus, @ indeed “pushes”
the trajectory as far away from the origin as possible,
where “far” is with respect to the function V.

The geometrically intuitive interpretation of the “most
destabilizing” switching-law for the case n = 2 already
appeared in the work of Filippov [7] ¢ and, more recently,
in [6] and [21] (see also [4]). In particular, the solution of
the absolute stability problem for n = 2 in [13], can be
viewed as a special case of Theorems 1 3. The variational
approach shows that this geometric intuition carries over
to any n.

The following result shows that the value of the cost-
functional J is indeed closely related to the stability
of (2). We use the notation S" ! := {x € R" : ||x|| = 1}.

Proposition 4 Fize > 0. If k < k*, then there exists
a Ty = T1(k) such that

Vxo € S" L, Vue Uk Vi, >T.
(9)

Conversely, for any k > k* there exists a state-feedback

control @ = ii(x) € U* and a Ty = To(k) > 0 such that

J(u,ty,xq) <€

J(’a,tf,X(]) > € Vxq € S”*]7th > T, (10)

4 The generalized first integral

It follows from (6) that for 4 = 0 (& = k*), we
have Vi(x)Ax = 0 (Vix(x)Br+x = 0). Hence, V(x)
is composed of two basic building-blocks, namely, a

6 Filippov’s characterization was presented using polar co-

ordinates (r,0) := (y/x? + x2, arctan(z>/x1)) but it is equiv-
alent to our characterization (see [10]).



function H4(x) that satisfies HA(x)Ax = 0 and a
function H®(x) that satisties HZ(x)Bx = 0 (for con-
venience of notation, we use B to denote By~ ). In this
section we show how to construct such functions.

Definition 2 ([13]) Consider the system

x(t) = £(x(t)). (11)

A function HE(-) : R" — Ry is a generalized first inte-
gral of (11) if HY(x) is not constant on any open subset
of R", Hf(x(t)) is piecewise constant along the trajec-
tories of (11), and it attains a finite set of values for

allt € [0,T] (T finite).

Note that if (11) is Hamiltonian [8], then its classical
first integral is also a generalized first integral. Note also
that the definition implies that we can characterize the
trajectory x(t), t € [0,T7], of (11) as the concatenation of
a finite number of contours Hf (x) = ¢1, Hf (x) = ¢o, . ..

It was shown in [13] ([10]) how to explicitly construct
generalized first integrals for second-order linear (ho-
mogeneous) systems. We now discuss the construction
of HA(x) for the system %x(t) = Ax(t), where x(t) € R,
and n > 2. For the sake of simplicity, we assume
that n = 2k and that A is pseudo-diagnolizable [11],
that is, there exists an invertible matrix 7T such
that T-'AT = diag(D',..., D*), where each D! is
a real 2 X 2 matrix in one of two canonical forms:

o -8 A0 , )
or . Defining y = T~ 'x, we get
B a 0¢

y = diag(D',...,D")y, (12)

soif H' : R2 — R, is the generalized first integral of
the second-order linear system z = D'z, then HP (y) :=
H'(y1,92) + -+ H*(y,,_1,y,) is a generalized first in-
tegral of (12). Thus, H4(x) := HP(Ty) is a generalized
first integral of x(t) = Ax(¢).

Note that this provides a simple theoretical recipe for
constructing the generalized first integral for a linear
system. However, in order to solve the absolute stability
problem we need to construct the generalized first inte-
gral of x = (A + kbc”)x, and find for what value k the
contours of H*(x) and HP*(x) can be concatenated to
form the function V. However, in general, there does not
exist a closed-form formula for the eigenvectors of By in
terms of k and, therefore, we cannot expect to have a
closed-form expression for HP*(x) as a function of k.

5 Designing a switched controller

Recently, the problem of designing a control algorithm
that relies on switching between several possible con-

trollers has attracted a great deal of attention.” In this
section, we use an example to demonstrate how our re-
sults can be used to design a switching controller.

Consider the system

x=Fx+bu (13)

y:CTX

01 . 0
where F' = ,withe >0, b = cand ¢’ =
—1e 1

(1,0). Our goalis to design an output-feedback controller
that stabilizes (13).

Note that the system cannot be stabilized by a static
output-feedback controller v = f(y). Indeed, let-
ting R(x) = i + 23 — 2 [ f(p)dp, we get that the
derivative of R, along the trajectories of the closed-loop
system, is R(x(t)) = 2ez2 > 0. Since R(0) = 0, this im-
plies that for any x(0) such that R(x(0)) > 0, x(t) /4 0.
Nevertheless, Artstein [1] provided examples of switched
controllers in the form

u(t) = —q(t)y, q(t) €[0,k] (14)

that stabilize (13) for the particular case e = 0.8
We show that our results can be used to solve

Problem 4 Consider the closed-loop system given
by (138) and (14), namely,

x=Fx —q(t)be"x, q(t) € [0, k).
Determine for what values of k > 0 a stabilizing con-
troller exits.

Using the transformation 7 = —t, we see that a stabiliz-
ing switched controller exists if and only if

X € co{A, By }x (15)

with A := —F, and By := A+ kbc”, admits an un-
bounded trajectory, so we need to solve the absolute
stability problem for (15). The generalized first inte-
gral of x = Bpx is? HP*(x) = ((k + 1)a? — ex 20 +

z1VA4k+4—€2

x2)w(x; k), with w(x; k) := exp(ﬁ arctan (5
and since A = By, HA4(x) = HPo(x). Computing, we
get HA(x)Byx = 2kz122w(x;0), so sgn(H2 (x)Bpx) =

" see, e.g., [9] [14] [12] and the references therein.

¥ that is, when (13) is the harmonic oscillator with the con-
trol being the external force.

 For details on calculating HP* see [13]. Note that it is
easy to verify, by direct calculation, that HY* (x)Byx = 0.



)

Fig. 2. A contour of the function V(x).

sgn(z1z2). Now the results in Section 3 imply that
for k = k* the WCSL for (15) is

- 0, if 2120 <0
= 16
v {17 if r1To > 0. ( )

Hence, k = k* iff there exists a CH function V(x)
whose contours are scaled versions of the contour shown
schematically in Fig. 2 with s = (0,s2) and r = (rq,0).

Since V is homogeneous, we can choose s, arbitrarily,
say sy = —1. This yields: exp(At;)(0,-1)T = (r,0)T,
and exp(By-t2)(r1,0)T = (0,1)T, which together imply

exp(By-t) exp(\/ﬁarccos(eﬂ)) _<0>. (a7)

0 1

Given €, Eq. (17) can be easily solved numerically to
get the two unknowns to and k*. Fig. 3 depicts k* as a
function of e. It may be seen that k* increases with e. This
is reasonable, since as e increases, (13) becomes “less
stable”, so a larger control effort is required to stabilize
it.

For concreteness, consider the case ¢ = 0.1. Then, (17)
yields k* = 0.3373 (to 4 decimals), so (15) has an un-
bounded trajectory if and only if

k> k* = 0.3373, (18)

and in this case the control (16) yields an unbounded tra-
jectory. Hence, we obtain a complete solution to Prob-
lem 4: a stabilizing switched controller in the form (14)
exists if and only if (18) holds, and is given by

_ 07 if X1 (t):l?z (t) <0
alt) = {k if 21 (t) 72 (t) > 0.

Fig. 3. k™ for various values of e.

Finally, note that the expressions for H4(x) and H B+* (x)
provide an explicit expression for the value func-
tion V(x) as a concatenation of contours H(x) = const
and H P+ (x) = const.

6 Summary

We characterized the “most unstable” nonlinearity in
the absolute stability problem using a dynamic program-
ming approach. We showed that the value function is
composed of two simple building-blocks which are the
generalized first integrals of the sub-systems. We also
demonstrated how these results can be applied to the
dual problem of designing switched controllers.
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A Proofs

ProoF oF THEOREM 1. Suppose that (7) holds. It fol-

lows from [20, Theorem 12.2.1] that there exists a xg #

0, and a trajectory x(t) of (2) satisfying V(x(t)) =

V(xp) for all t > 0. Hence, x(t) /4 0 and, therefore,
k> k. (A1)

Fix €,0 > O such that [ := 1 —¢ed > 0, and let A, :=
A —el. Then,

V(x+04.x)=1V(x + ?Ax)

) )
=—edV(x + 7Ax) +V(x+ 7Ax),



e . .. . AV (x) oV (x)
and it is easy to see that this implies Ax < FAx

Similarly, for B, := A + kbe” — €I, we have 22

OB.x
8(;/9(2) . It follows from (7) that V strictly decreases along

the trajectories of the system x € {A.x, B.x}, for all
e > 0. Hence, k¥ < k*. Combining this with (A.1), we
conclude that k = k*.

<

The reverse implication follows from [16, Theo-
rem 1. O

PROOF OF THEOREM 2. Eq. (8) follows immediately
from (6), so we have only to prove the last statement of
the theorem. Denote my(t) := Vi(x(t))b and msy(t) :=
cT'x(t). We will show that both m; and ms have isolated
zeros and, therefore, so does p(x(t)). Seeking a contra-
diction, assume that m2(t) = 0 on some interval of time.
Differentiating the absolutely continuous function ms,
we get

0=1na(t) = cT(A+rbe")x(t) = cTAx(t). (A.2)

It follows from (A.2) that rha (t) is absolutely continuous,
so that we can differentiate it again. Continuing in this
fashion, we get X7 (¢)[c; ATc;...;(AT)""1c] = 0, and
this contradicts the observability of (A4, c).

Using a similar reasoning, based on the fact that the
function A(t) := Vi(X(t)) satisfies, almost everywhere,
the adjoint equation A = —(A4 + abe?)T\, we get
that m; (t) has isolated zeros. O

PROOF OF PROPOSITION 4. If £ < k*, then there ex-
ist a,b > 0 such that any trajectory of (3), with x(0) €
Sn—1 satisfies ||x(¢)|| < ae~" for all ¢+ > 0. Hence, (9)
holds for Ty := max{0, ; In(a/c)}.

To prove the second part of the theorem, fix £ > k*. For
any e > 0, denote A, := A — el. Consider the absolute
stability problem (with ¢ replacing k) for the system
y € {4y, (A + 6bcT)y}. Tt follows from continuity
arguments that we can find a e > 0 such that the solution
is 6* € (k*,k). Hence, there exists a control u(y) €
19", and a function V such that V(y(t)) is constant
along the trajectories of y = (4, + abel)y = (4 +
ﬂbcT)y — ey. This implies that along the trajectories
of x = (A + abc”)x, V(x(t)) is an increasing function
of t. Furthermore, for any 5 > a > 0, there exists a T =
T(c, B) such that V(x(0)) = « implies V(x(t)) > S for
all ¢ > T'. This implies the existence of T, such that (10)
holds. O
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