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hael Margaliot a, Rabin Gitizadeh baS
hool of Ele
tri
al Engineering, Tel Aviv University, IsraelbDepartment of Control and Simulation, IMI-ASD, Ramat Hasharon, IsraelAbstra
tWe 
onsider the problem of absolute stability of a feedba
k system 
omposed of a linear plant and a single se
tor-boundednonlinearity. Pyatnitskiy and Rapoport used a variational approa
h and the Maximum Prin
iple to derive an impli
it 
hara
-terization of the \most destabilizing" nonlinearity. In this paper, we address the same problem using a dynami
 programmingapproa
h. We show that the 
orresponding value fun
tion is 
omposed of simple building blo
ks whi
h are the generalized �rstintegrals of appropriate linear systems. We demonstrate how the results 
an be used to design stabilizing swit
hed 
ontrollers.Key words: Hamilton-Ja
obi-Bellman equation; swit
hed linear systems; hybrid systems; di�erential in
lusions.1 Introdu
tionConsider the system_x(t) =Ax(t) + b�(t; y(t))y(t) = 
Tx(t) (1)where b; 
;x(t) 2 Rn , y(t) 2 R, A is an asymptoti
allystable matrix, and � belongs to Sk, the set of s
alar time-varying fun
tions in the se
tor [0; k℄. 1 Note that we 
anview (1) as the feedba
k 
onne
tion of a linear systemand a single nonlinear fun
tion from Sk.Problem 1 (Absolute stability [19, Ch. 5℄) Findthe value k� := inf fk � 0 : 9�� 2 Sk for whi
h (1) isnot asymptoti
ally stableg.In other words, for k 2 [0; k�), (1) is asymptoti
allystable for any � 2 Sk. The problem is diÆ
ult be
ause Sk
ontains an in�nite number of fun
tions and, therefore,? This work was supported in part by the ISF un-der grant 199/03. This paper was not presented atany IFAC meeting. Corresponding author M. Margaliot.Tel. +972-3-6407768. Fax +972-3-6405027. Homepage:www.eng.tau.a
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haelmEmail addresses: mi
haelm�eng.tau.a
.il (Mi
haelMargaliot), Rabin Gi�hotmail.
o.il (Rabin Gitizadeh).1 i.e., �(t; 0) = 0 and 0 � z�(t; z) � kz2 for all t � 0.

a solution must a
tually entail the 
hara
terization ofthe \most destabilizing" nonlinearity ��.Applying the idea of global linearization [5℄ we 
an re-state Problem 1 in amore 
onvenient form. Sin
e � 2 Sk,we have �(t; y) = a(t; y)y, with 0 � a(t; y) � k, so (1)be
omes _x 2 
ofA;Bkgx; Bk := A+ kb
T (2)where 
o denotes 
onvex hull. We 
an now restate Prob-lem 1.Problem 2 (Absolute stability) Find the value k� :=inf fk � 0 : (2) is not asymptoti
ally stableg.Spe
ifying �� in (1) is equivalent to spe
ifying the \mostunstable traje
tory" x�(t) of (2).Note that (2) is the relaxed version [20, Ch. 2℄ of theswit
hed linear system_x(t) 2 fAx(t); Bkx(t)g: (3)Stability analysis of swit
hed linear systems is a verya
tive resear
h area (see, e.g., [12℄). For our purposes, (2)and (3) are equivalent sin
e it is well-known [15℄ that (2)is asymptoti
ally stable if and only if (3) is.Pyatnitskiy and Rapoport [16℄[17℄ introdu
ed the ideaof using a variational approa
h to des
ribe the \mostPreprint submitted to Automati
a 23 February 2004



destabilizing" nonlinearity ��. Applying the MaximumPrin
iple, they derived an impli
it 
hara
terization of ��in terms of a two-point boundary value problem.A di�erent approa
h to optimal 
ontrol problems isbased on dynami
 programming and the Hamilton-Ja
obi-Bellman (HJB) equation. Unlike the MaximumPrin
iple, a solution to the HJB equation provides anexpli
it formula for the optimal 
ontrol (unfortunately,su
h a solution is usually unattainable).In this paper we address the same variational problemstudied by Pyatnitskiy and Rapoport using dynami
programming. We show that the 
orresponding valuefun
tion 
an be 
onstru
ted by 
on
atenating the 
on-tours of two generalized �rst integrals, and provide are
ipe for expli
itly 
onstru
ting these generalized �rstintegrals.This new approa
h also provides a geometri
ally intu-itive 
hara
terization of the \most unstable" traje
tory.Furthermore, for the spe
ial 
ase n = 2, we 
an a
tuallyderive an expli
it solution to the HJB equation by show-ing how the 
ontours of the two generalized �rst integralsare 
on
atenated. This yields a deeper understanding ofthe solution of the se
ond-order absolute stability prob-lem given in [13℄.The remainder of this paper is organized as follows. InSe
tion 2, we re
all several known results that will beused later on. In Se
tion 3, we formulate the optimal
ontrol problem and study it using a dynami
 program-ming approa
h. In Se
tion 4, we relate the generalized�rst integrals of the subsystems to the solution of theHJB equation. In Se
tion 5, we apply our results to theproblem of designing a stabilizing swit
hed 
ontroller.The �nal se
tion summarizes the paper. All the proofsare pla
ed in Appendix A.2 PreliminariesWe say that (3) is lo
ally asymptoti
ally stable 2 if the fol-lowing two 
onditions hold for any solution x(t): (1) 8� >0, 9Æ > 0 su
h that jjx(0)jj � Æ implies jjx(t)jj ��, 8t � 0; and (2) 9
 > 0 su
h that jjx(0)jj < 
 implieslimt!1 jjx(t)jj = 0.We assume from here on that A + k�b
T is an asymp-toti
ally stable matrix. 3 We also assume that thepair (A;b) [(A; 
)℄ is 
ontrollable [observable℄. Thisassumption guarantees that if there is an unbounded2 For swit
hed linear systems lo
al asymptoti
 stability im-plies global (and exponential) asymptoti
 stability, so fromnow on we use the term asymptoti
 stability.3 This is the \interesting" 
ase where (3) is not asymp-toti
ally stable although we are still swit
hing between twoasymptoti
ally stable subsystems.

traje
tory x(t) for some x(0), then there exists an un-bounded traje
tory for any x(0) 2 (Rn n f0g) (see [16,Lemma 1℄).For a fun
tion V : Rn ! (�1;+1), and q 2 Rn ,let �V (x)�q := limh#0 V (x+hq)�V (x)h be the (one-sided)derivative of V at x in the dire
tion q. If V is 
onvex,then this derivative always exists [18℄ and, furthermore,sin
e a 
onvex fun
tion is di�erentiable almost every-where, �V (x)�q = Vx(x)q for almost all x.3 An optimal 
ontrol problemInstead of studying all the possible traje
tories of (3), wewould like to analyze the single \most unstable" traje
-tory. Following the pioneering work of Pyatnitskiy andRapoport [16℄[17℄, we use a variational approa
h to 
har-a
terize this traje
tory.It follows from Filippov's Sele
tion Theorem [20, Theo-rem 2.3.13℄ that (2) 
an be written as_x(t) = (A+ u(t)b
T )x(t); u 2 Uk (4)where Uk is the set of all measurable fun
tions map-ping [0;1) to [0; k℄.Fixing tf > 0 and an initial position x(0) = x0, we 
on-sider the following (Mayer type) optimal 
ontrol prob-lem.Problem 3 Find an admissible 
ontrol that maximizesthe 
ost-fun
tional J(u; tf ;x0) := jjx(tf )jj along the so-lutions of (4).The intuitive interpretation of Problem 3 is 
lear: �ndthe 
ontrol that \pushes" x(tf ) as far away from theorigin as possible 4 . It is possible to show that the setof solutions of (4), equipped with the supremum normtopology, is 
ompa
t [20, Ch. 2℄ and, therefore, maximiz-ing J amounts to maximizing a 
ontinuous fun
tionalon a 
ompa
t set. Hen
e, there exists a ~u 2 Uk su
hthat J(~u; tf ;x0) = supu2Uk J(u; tf ;x0). We refer to ~uas the worst 
ase swit
hing law (WCSL) and to the 
or-responding traje
tory ~x as the worst 
ase traje
tory.The HJB equation [20, Ch. 12℄ asso
iated with Prob-lem 3 isVt(t;x) =� maxr2[0;k℄�Vx(t;x)(A + rb
T )x	 (5)V (tf ;x) = jjxjj for all x 2 Rn4 For other optimal 
ontrol problems for swit
hed systems,see [2℄ [3, Ch. 3℄ [22℄ and the referen
es therein.2



where V : R � Rn ! R is the value fun
tion, Vt = �V�t ,and Vx is the row ve
tor (Vx1 ; : : : ; Vxn).For our purposes, it is suÆ
ient to study the in�nite-horizon 
ase, that is, when tf ! 1. In this 
ase, (5)formally simpli�es tomaxr2[0;k℄�Vx(x)(A + rb
T )x	 = 0: (6)The next result relates (6) to the value k�.De�nition 1 We say that a fun
tion Q : Rn ! [0;+1)is 
lass CH if Q is 
onvex; Q(x) � 0 with equality onlyfor x = 0; and Q(
x) = 
Q(x) for all 
 > 0 and all x 2Rn .Theorem 1 There exists a 
lass CH fun
tion V satis-fying maxr2[0;k℄� �V (x)�((A+ rb
T )x)� = 0 (7)if and only if k = k�.Note that (7) is nothing but (6) with the dire
tionalderivative repla
ing the 
lassi
al one, as V is not ne
-essarily di�erentiable. However, it follows from (7) thatat any point x where Vx(x) does exist, (6) holds, so (6)holds for all x 2 (Rn nE), with meas(E) = 0.The next result provides a 
hara
terization of ~u in termsof V , and shows that, almost everywhere, ~u is unique,bang-bang, state-feedba
k [i.e., ~u(t) = ~u(x(t))℄, andwithout singular ar
s.Theorem 2 For k = k�, let V be the fun
tion in Theo-rem 1. De�ne p : (Rn nE)! R by p(x) := Vx(x)(b
T )x.Then, the optimal 
ontrol ~u satis�es~u(t) = �0; if p(~x(t)) < 0k; if p(~x(t)) > 0. (8)Furthermore, the zeros of p(~x(t)) are isolated.By substituting (8) in (6), we getTheorem 3 For k = k�, let V be the fun
tion inTheorem 1. For any x su
h that Vx(x)b
T x < 0, wehave Vx(x)Ax = 0. For any x su
h that Vx(x)b
Tx > 0,we have Vx(x)(A + k�b
T )x = 0.In other words, the value fun
tion V is non-in
reasing,and it is 
onstant along the optimal traje
tory. 5We now show that these results provide an intuitiveinterpretation of ~u and V . Consider the 
ase n = 2.5 this is, of 
ourse, a parti
ular 
ase of Bellman's Prin
ipleof Optimality.

Ax
x1 V (x) = 
onstVx(x)x2 b
Tx

Fig. 1. Geometri
al explanation of ~u when Vx(x)Ax = 0and Vx(x)b
Tx < 0.Fix a point x = (x1; x2)T su
h that Vx(x)b
Tx < 0,so Vx(x)Ax = 0 (that is, Vx(x) is orthogonal to Ax)(see Fig. 1). Then, a solution of _x = Ax follows the
ontour V (x) = 
onst, whereas the solution of _x =(A + rb
T )x, for any r > 0, 
rosses this 
ontour goingtoward the origin. The WCSL is ~u(x) = 0 whi
h indeed
orresponds to setting _~x = A~x. Thus, ~u indeed \pushes"the traje
tory as far away from the origin as possible,where \far" is with respe
t to the fun
tion V .The geometri
ally intuitive interpretation of the \mostdestabilizing" swit
hing-law for the 
ase n = 2 alreadyappeared in the work of Filippov [7℄ 6 and, more re
ently,in [6℄ and [21℄ (see also [4℄). In parti
ular, the solution ofthe absolute stability problem for n = 2 in [13℄, 
an beviewed as a spe
ial 
ase of Theorems 1{3. The variationalapproa
h shows that this geometri
 intuition 
arries overto any n.The following result shows that the value of the 
ost-fun
tional J is indeed 
losely related to the stabilityof (2).We use the notation Sn�1 := fx 2 Rn : jjxjj = 1g.Proposition 4 Fix � > 0. If k < k�, then there existsa T1 = T1(k) su
h thatJ(u; tf ;x0) < � 8x0 2 Sn�1;8u 2 Uk ;8 tf � T1:(9)Conversely, for any k > k� there exists a state-feedba
k
ontrol ~u = ~u(x) 2 Uk and a T2 = T2(k) > 0 su
h thatJ(~u; tf ;x0) > � 8x0 2 Sn�1;8 tf � T2: (10)4 The generalized �rst integralIt follows from (6) that for ~u = 0 (~u = k�), wehave Vx(x)Ax = 0 (Vx(x)Bk�x = 0). Hen
e, V (x)is 
omposed of two basi
 building-blo
ks, namely, a6 Filippov's 
hara
terization was presented using polar 
o-ordinates (r; �) := (px21 + x22; ar
tan(x2=x1)) but it is equiv-alent to our 
hara
terization (see [10℄).3



fun
tion HA(x) that satis�es HAx (x)Ax = 0 and afun
tion HB(x) that satis�es HBx (x)Bx = 0 (for 
on-venien
e of notation, we use B to denote Bk�). In thisse
tion we show how to 
onstru
t su
h fun
tions.De�nition 2 ([13℄) Consider the system_x(t) = f(x(t)): (11)A fun
tion H f (�) : Rn ! R+ is a generalized �rst inte-gral of (11) if H f (x) is not 
onstant on any open subsetof Rn , H f (x(t)) is pie
ewise 
onstant along the traje
-tories of (11), and it attains a �nite set of values forall t 2 [0; T ℄ (T �nite).Note that if (11) is Hamiltonian [8℄, then its 
lassi
al�rst integral is also a generalized �rst integral. Note alsothat the de�nition implies that we 
an 
hara
terize thetraje
tory x(t), t 2 [0; T ℄, of (11) as the 
on
atenation ofa �nite number of 
ontoursH f (x) = 
1, H f (x) = 
2; : : :It was shown in [13℄ ([10℄) how to expli
itly 
onstru
tgeneralized �rst integrals for se
ond-order linear (ho-mogeneous) systems. We now dis
uss the 
onstru
tionofHA(x) for the system _x(t) = Ax(t), where x(t) 2 Rn ,and n > 2. For the sake of simpli
ity, we assumethat n = 2k and that A is pseudo-diagnolizable [11℄,that is, there exists an invertible matrix T su
hthat T�1AT = diag(D1; : : : ; Dk), where ea
h Di isa real 2 � 2 matrix in one of two 
anoni
al forms: � ��� � ! or  � 00 � !. De�ning y = T�1x, we get_y = diag(D1; : : : ; Dk)y; (12)so if H i : R2 ! R+ is the generalized �rst integral ofthe se
ond-order linear system _z = Diz, then HD(y) :=H1(y1; y2) + � � �+Hk(yn�1; yn) is a generalized �rst in-tegral of (12). Thus, HA(x) := HD(Ty) is a generalized�rst integral of _x(t) = Ax(t).Note that this provides a simple theoreti
al re
ipe for
onstru
ting the generalized �rst integral for a linearsystem. However, in order to solve the absolute stabilityproblem we need to 
onstru
t the generalized �rst inte-gral of _x = (A+ kb
T )x, and �nd for what value k the
ontours of HA(x) and HBk (x) 
an be 
on
atenated toform the fun
tion V . However, in general, there does notexist a 
losed-form formula for the eigenve
tors of Bk interms of k and, therefore, we 
annot expe
t to have a
losed-form expression for HBk(x) as a fun
tion of k.5 Designing a swit
hed 
ontrollerRe
ently, the problem of designing a 
ontrol algorithmthat relies on swit
hing between several possible 
on-

trollers has attra
ted a great deal of attention. 7 In thisse
tion, we use an example to demonstrate how our re-sults 
an be used to design a swit
hing 
ontroller.Consider the system_x= Fx+ bu (13)y = 
Txwhere F =  0 1�1 � !, with � � 0, b =  01!, and 
T =(1; 0).Our goal is to design an output-feedba
k 
ontrollerthat stabilizes (13).Note that the system 
annot be stabilized by a stati
output-feedba
k 
ontroller u = f(y). Indeed, let-ting R(x) := x21 + x22 � 2 R x10 f(p)dp, we get that thederivative of R, along the traje
tories of the 
losed-loopsystem, is _R(x(t)) = 2�x22 � 0. Sin
e R(0) = 0, this im-plies that for any x(0) su
h that R(x(0)) > 0, x(t) 6! 0.Nevertheless, Artstein [1℄ provided examples of swit
hed
ontrollers in the formu(t) = �q(t)y; q(t) 2 [0; k℄ (14)that stabilize (13) for the parti
ular 
ase � = 0. 8We show that our results 
an be used to solveProblem 4 Consider the 
losed-loop system givenby (13) and (14), namely,_x = Fx� q(t)b
Tx; q(t) 2 [0; k℄:Determine for what values of k � 0 a stabilizing 
on-troller exits.Using the transformation � = �t, we see that a stabiliz-ing swit
hed 
ontroller exists if and only if_x 2 
ofA;Bkgx (15)with A := �F , and Bk := A + kb
T , admits an un-bounded traje
tory, so we need to solve the absolutestability problem for (15). The generalized �rst inte-gral of _x = Bkx is 9 HBk(x) = ((k + 1)x21 � �x1x2 +x22)w(x; k), withw(x; k) := exp( �2�p4k+4��2 ar
tan(x1p4k+4��22x2��x1 )),and sin
e A = B0, HA(x) = HB0(x). Computing, weget HAx (x)Bkx = 2kx1x2w(x; 0), so sgn(HAx (x)Bkx) =7 see, e.g., [9℄ [14℄ [12℄ and the referen
es therein.8 that is, when (13) is the harmoni
 os
illator with the 
on-trol being the external for
e.9 For details on 
al
ulating HBk , see [13℄. Note that it iseasy to verify, by dire
t 
al
ulation, that HBkx (x)Bkx = 0.4



�s
r_x = Bk�x

_x = Ax�r
s

x2
x1

Fig. 2. A 
ontour of the fun
tion V (x).sgn(x1x2). Now the results in Se
tion 3 imply thatfor k = k� the WCSL for (15) is~u = �0; if x1x2 < 01; if x1x2 > 0. (16)Hen
e, k = k� i� there exists a CH fun
tion V (x)whose 
ontours are s
aled versions of the 
ontour showns
hemati
ally in Fig. 2 with s = (0; s2) and r = (r1; 0).Sin
e V is homogeneous, we 
an 
hoose s2 arbitrarily,say s2 = �1. This yields: exp(At1)(0;�1)T = (r1; 0)T ,and exp(Bk�t2)(r1; 0)T = (0; 1)T , whi
h together implyexp(Bk�t2)0� exp( ��p4��2 ar

os(�=2))0 1A= 01! : (17)Given �, Eq. (17) 
an be easily solved numeri
ally toget the two unknowns t2 and k�. Fig. 3 depi
ts k� as afun
tion of �. It may be seen that k� in
reaseswith �. Thisis reasonable, sin
e as � in
reases, (13) be
omes \lessstable", so a larger 
ontrol e�ort is required to stabilizeit.For 
on
reteness, 
onsider the 
ase � = 0:1. Then, (17)yields k� = 0:3373 (to 4 de
imals), so (15) has an un-bounded traje
tory if and only ifk > k� = 0:3373; (18)and in this 
ase the 
ontrol (16) yields an unbounded tra-je
tory. Hen
e, we obtain a 
omplete solution to Prob-lem 4: a stabilizing swit
hed 
ontroller in the form (14)exists if and only if (18) holds, and is given byq(t) = �0; if x1(t)x2(t) < 0k; if x1(t)x2(t) > 0.
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εFig. 3. k� for various values of �.Finally, note that the expressions forHA(x) andHBk� (x)provide an expli
it expression for the value fun
-tion V (x) as a 
on
atenation of 
ontoursHA(x) = 
onstand HBk� (x) = 
onst.6 SummaryWe 
hara
terized the \most unstable" nonlinearity inthe absolute stability problem using a dynami
 program-ming approa
h. We showed that the value fun
tion is
omposed of two simple building-blo
ks whi
h are thegeneralized �rst integrals of the sub-systems. We alsodemonstrated how these results 
an be applied to thedual problem of designing swit
hed 
ontrollers.A
knowledgementsWe thank the anonymous reviewers for their detailedand illuminating 
omments.A ProofsProof of Theorem 1. Suppose that (7) holds. It fol-lows from [20, Theorem 12.2.1℄ that there exists a x0 6=0, and a traje
tory x(t) of (2) satisfying V (x(t)) �V (x0) for all t � 0. Hen
e, x(t) 6! 0 and, therefore,k � k�: (A.1)Fix �; Æ > 0 su
h that l := 1 � �Æ > 0, and let A� :=A� �I . Then,V (x + ÆA�x) = lV (x + Æl Ax)=��ÆV (x+ Æl Ax) + V (x+ Æl Ax);5



and it is easy to see that this implies �V (x)�A�x < �V (x)�Ax .Similarly, for B� := A + kb
T � �I , we have �V (x)�B�x <�V (x)�Bx . It follows from (7) that V stri
tly de
reases alongthe traje
tories of the system _x 2 fA�x; B�xg, for all� > 0. Hen
e, k � k�. Combining this with (A.1), we
on
lude that k = k�.The reverse impli
ation follows from [16, Theo-rem 1℄. 2Proof of Theorem 2. Eq. (8) follows immediatelyfrom (6), so we have only to prove the last statement ofthe theorem. Denote m1(t) := Vx(~x(t))b and m2(t) :=
T ~x(t). We will show that bothm1 andm2 have isolatedzeros and, therefore, so does p(~x(t)). Seeking a 
ontra-di
tion, assume thatm2(t) � 0 on some interval of time.Di�erentiating the absolutely 
ontinuous fun
tion m2,we get0 = _m2(t) = 
T (A+ rb
T )~x(t) = 
TA~x(t): (A.2)It follows from (A.2) that _m2(t) is absolutely 
ontinuous,so that we 
an di�erentiate it again. Continuing in thisfashion, we get ~xT (t)[
;AT 
; : : : ; (AT )n�1
℄ = 0; andthis 
ontradi
ts the observability of (A; 
).Using a similar reasoning, based on the fa
t that thefun
tion �(t) := Vx(~x(t)) satis�es, almost everywhere,the adjoint equation _� = �(A + ~ub
T )T�, we getthat m1(t) has isolated zeros. 2Proof of Proposition 4. If k < k�, then there ex-ist a; b > 0 su
h that any traje
tory of (3), with x(0) 2Sn�1, satis�es jjx(t)jj � ae�bt for all t � 0. Hen
e, (9)holds for T1 := maxf0; 1b ln(a=
)g.To prove the se
ond part of the theorem, �x k > k�. Forany e > 0, denote Ae := A � eI . Consider the absolutestability problem (with Æ repla
ing k) for the system_y 2 fAey; (Ae + Æb
T )yg: It follows from 
ontinuityarguments that we 
an �nd a e > 0 su
h that the solutionis Æ� 2 (k�; k). Hen
e, there exists a 
ontrol ~u(y) 2UÆ� , and a fun
tion V su
h that V (y(t)) is 
onstantalong the traje
tories of _y = (Ae + ~ub
T )y = (A +~ub
T )y � ey: This implies that along the traje
toriesof _x = (A + ~ub
T )x; V (x(t)) is an in
reasing fun
tionof t. Furthermore, for any � � � > 0, there exists a T =T (�; �) su
h that V (x(0)) = � implies V (x(t)) > � forall t > T . This implies the existen
e of T2 su
h that (10)holds. 2Referen
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