
Equivalen
e Based Cut-o� in the Sweep-LineMethodThomas Mailund 28th February 2001The nature of the progress measures needed for the sweep-linemethod lends itself toward in�nite state spa
es. For most rea
tive/
y
li
models, the progress in the system is 
arried over to the states resultingin in�nitely many states, only distinguished through the progress. Inthis note we examine the use of equivalen
es to fa
tor out the progress,without 
ompromising the progress property essential for the sweep-linemethod.1 Introdu
tionA major obsta
le for the pra
ti
al appli
ation of the sweep-line method [1℄ isthat most rea
tive/
y
li
 models with progress have in�nite state spa
es. Theprogress is 
arried over into the state spa
e, distinguishing otherwise identi
alstates. Equivalen
e redu
tion [3℄ 
an be used to fa
torise the in�nite numberof states, resulting from the progress, into a �nite graph. This was done for thespe
ial 
ase of timed Petri nets in [2℄.Unfortunately, 
ombining equivalen
e redu
tion and the sweep-line methodis not straightforward. If the progress measure and equivalen
e relation are
ompatible, in the sense that s 2 [s0℄)  (s) =  (s0), whi
h implies that if oneequivalen
e 
lass [s0℄ is rea
hable from another [s℄, the elements in the se
ond
lass have progress less than or equal all states in the �rst 
lass: [s℄!� [s0℄) (s) v  (s0), 
ombining the two methods are trivial. However, to be useful,the equivalen
e relation must map states with di�erent progress into the sameequivalen
e 
lass. For this to be possible, in a system with in�nite progress, theprogress measure and the equivalen
e relation 
annot be 
ompatible.The approa
h we suggest here, for systems where the relation and measureare not 
ompatible, is using equivalen
e relations to de�ne 
ut-o� points, statesfrom whi
h we 
al
ulate no further. Similarly to the equivalen
e redu
tionmethod, we store representatives for equivalen
e 
lasses that we have seen dur-ing state spa
e exploration, and when we later �nd a state in the same equiva-len
e 
lass as a previously seen state we stop pro
essing from that point. Sin
ewe have already explored the states rea
hable from an equivalent state, pro-
essing states rea
hable from the new states will bring no further information.The new method di�ers from the equivalen
e redu
tion method in the fa
tthat we do note store representatives from all states that we see during pro
ess-ing. Doing that would redu
e the 
ut-o� method to the original equivalen
eredu
tion, and if we had time/spa
e resour
es to use the equivalen
e redu
tion,



there would be no need for the sweep-line method. Instead, we only store repre-sentatives of 
lasses that we expe
t to see in ea
h in�nite o

urren
e sequen
e.2 Ba
kgroundOur model for systems is labelled transition systems:De�nition 1 (Labelled Transition System)A labelled transition system (LTS) is a tuple L = (S;�;�; sI), where S is a�nite set of states, � is a �nite set of transition labels, � � S � �� S is thetransition relation, and sI 2 S is the initial state. �The sweep-line method is based on progress measures. A progress measurespe
i�es a partial order (O;v) (i.e., a re
exsive, antisymmetri
, and transitiverelation) on progress values O of the LTS under 
onsideration, and a progressmapping  assigning a progress value  (s) 2 O to ea
h state s. We require thatthe progress measure preserves rea
hability.De�nition 2 (Progress Measure)A progress measure on an LTS L = (S;�;�; sI) is a tuple P = (O;v;  ) su
hthat (O;v) is a partial order and  : S ! O is a progress mapping from statesinto O satisfying 8s; s0 2 rea
hL(sI) : s!�L s0 )  (s) v  (s0). �The sweep-line method uses progress measures to garbage 
olle
t states, asseen in Figure 1.We will use the following notation: Let � be an equivalen
e relation over theset of states S of some model. We let S� denote the set of all equivalen
e
lasses for �. For a state s 2 S, [s℄� 2 S� denotes the equivalen
e 
lass of �
ontaining s. We will write [s℄ instead of [s℄� when � is known from 
ontext.In the more general equivalen
e redu
tion method (as the one found in [3℄) theredu
tion is spe
i�ed by both an equivalen
e relation on the set of model statesand an equivalen
e relation on the set of transitions, but for our purpose, theequivalen
e relation on transitions is not stri
tly needed. There is nothing inthe new method that prevents it though, and the only reason it has been leftout is to simplify the presentation.Not all equivalen
e relations are useful for equivalen
e redu
tion. To ensurethat the equivalen
e graph 
an be used to reason about the model, we requirethat the equivalen
e is 
onsistent with the model:De�nition 3 (Consistent, Def. 2.2 [3℄)An equivalen
e relation � � S�S is 
onsistent i� the following 
ondition holdsfor all states s1 2 S, s2 2 [s1℄�, and transitions t 2 T :s1 t! s01 ) 9s02 2 [s01℄� : s2 t! s02: �2



unpro
essed = fsIgnodes = fsIgwhile : unpro
essed.empty()s = unpro
essed.get_min_element()for ea
h t; s0 su
h that s t! s0if : nodes.
ontains(s0)nodes.add(s0)unpro
essed.add(s0)nodes.garbage_
olle
t()Figure 1: The sweep-line method. The stru
ture unpro
essedkeeps tra
k of the states for whi
h su

essors are still to be 
al-
ulated. In ea
h iteration a new unpro
essed state is sele
ted, su
hthat this state has a minimal progress value among the states inunpro
essed. The nodes explored so far are stored in nodes, andnodes are only added to unpro
essed if they are not already innodes. After a node has been pro
essed, nodes with a progressvalue stri
tly less that the minimal progress value among the statesin unpro
essed 
an be deleted. The states are examined in anorder determined by the progress measure in order to be able togarbage 
olle
t a node as soon as possible.The equivalen
e redu
ed state spa
e of a model is then 
onstru
ted from theequivalen
e 
lasses of a 
onsistent equivalen
e relation:De�nition 4 (Equivalen
e redu
ed state spa
e, Def. 2.3 [3℄)Let � be a 
onsistent equivalen
e relation. The equivalen
e redu
ed state spa
eof a model with state spa
e (S; T;�; s0) is the tuple (S�; T;��; [s0℄�), where([s℄�; t; [s0℄�) 2 �� i� (s; t; s0) 2 �. �The equivalen
e redu
ed state spa
e has a node for ea
h rea
hable equivalen
e
lass, and it has an edge between two nodes i� there is a state in the equivalen
e
lass of the sour
e node in whi
h a transition is enabled, and whose o

urren
eleads to a state in the equivalen
e 
lass of the destination node. The algorithmfor 
onstru
ting the equivalen
e redu
ed state spa
e is shown in Fig. 2.3 The Cut-o� MethodFor the 
ut-o� method we need at predi
ate to sele
t the equivalen
e 
lasses tosave during the state spa
e sweep. We therefore require a predi
ate on statesp : S ! ftt; ffg. For states s with p(s), we store [s℄, for states s with :p(s) wedo note store [s℄.Sele
ting the right predi
ate for determining whi
h 
lasses to store is 
ru
ial forthe method. If too many 
lasses are stored, there may not be enough 
omputer3



unpro
essed = fsIgnodes = f[sI ℄gwhile : unpro
essed.empty()s = unpro
essed.get_next()for ea
h t; s0 su
h that s t! s0if : nodes.
ontains([s0℄)nodes.add([s0℄)unpro
essed.add(s0)Figure 2: Exploration of the equivalen
e redu
ed state spa
e. Thealgorithm resembles the usual state spa
e exploration algorithm,but instead of storing the previously explored nodes, the 
orre-sponding equivalen
e 
lasses are stored, and a state is only 
on-sidered unpro
essed if its equivalen
e 
lass is not stored among thenodes.resour
es to explore the state spa
e. On the other hand, if too few 
lassesare stored, there might exist rea
hable paths with no 
ut-o� point, in whi
h
ase the exploration will not terminate. We need at least one 
ut-o� point perin�nite o

urren
e path. This is 
aptured in the following de�nition:De�nition 5 (Cut-o� Predi
ate)A predi
ate p : S ! ftt; ffg is said to be a 
ut-o� predi
ate if all in�niteo

urren
e sequen
es rea
hable from the initial state 
ontains an in�nite numberof states satisfying p. �Under the assumption that there are only �nitely many equivalen
e 
lasses(a reasonable assumption given that this is the setting we are working with),this means that eventually all paths must hit upon a 
ut-o� equivalen
e 
lasspreviously seen, and exploration along that sequen
e will terminate. Givena 
ut-o� predi
ate, the 
ut-o� method 
ombines the sweep-line method andequivalen
e redu
tion as shown in Figure 3.Unfortunately, automati
ally deriving a 
ut-o� predi
ate is not immediatelypossible. Even 
he
king that a given predi
ate satisfy the property will ingeneral require analysis similar to the analysis we need the predi
ate for in the�rst pla
e. Sin
e the property is a \global" property, in the sense that \p is a
ut-o� predi
ate" 
an be expressed as ��p, abstra
tions might be a dire
tionfor 
he
king whether a predi
ate 
an be used for the method.Referen
es[1℄ S. Christensen, L.M. Kristensen, and T. Mailund, A Sweep-Line Method forState Spa
e Exploration, Pro
eedings of TACAS'01 (Tiziana Margaria andWang Yi, eds.), LNCS, vol. 2031, Springer-Verlag, 2001, pp. 450{464.4



unpro
essed = fsIgnodes = fsIgequiv_
lasses = ;if p(sI)equiv_
lasses.add([sI℄)while : unpro
essed.empty()s = unpro
essed.get_min_element()for ea
h t; s0 su
h that s t! s0if : (nodes.
ontains(s0))_ equiv_
lasses.
ontains([s0℄))nodes.add([s0℄)unpro
essed.add(s0)if p(s0)equiv_
lasses.add([s0℄)nodes.garbage_
olle
t()
Figure 3: The pro
essing of new states in the new method. Thesweep-line method is extended with a set equiv 
lasses of equiv-alen
e 
lasses, in whi
h all equivalen
e 
lasses of states satisfyingthe predi
ate p is inserted. A new node is only pro
essed if it isnot already pro
essed, nor has an equivalent 
lass whi
h is alreadypro
essed.
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