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Assign T at randomWhile CU 6= �1. Select C 2 CU2. if there is a free variable u 2 Cchoose a free variable uelse choose any u 2 C3. T TbuendThe question we want answered is whether WALKSAT is complete; that is,is it true that for every satis�able instance and for every initial assignment Tthere exists a sequence of selections which leads to some solution? If so thenWALKSAT will succeed on satis�able instances \eventually".Notice that the only restriction on the algorithm's choices occurs when itselects an unsatis�ed clause with a free variable. Without this restriction, it iseasy to see that the algorithm is complete, since it can always set a variable toits �nal value until all clauses are satis�ed.Given a model (or solution) Tm (i.e. an assignment that satis�es all C) wede�ne the Hamming distance h = h(T;Tm) to be the number of variables whoseassignments di�er under T and Tm.For purposes of simplifying the proof, we modify the selection rules by furtherconstraining the algorithm to select u such that h is reduced in step 3 when-ever possible. Clearly if this modi�ed program is complete, then WALKSAT iscomplete.To make the presentation more succinct we assume that Tm(u) = true;8u 2U. If there is an instance which showsWALKSAT incomplete, then we can createan equivalent instance with this property by complementing the appropriateliterals throughout.We introduce some notation. Each evaluated literal for a variable u we referto in any clause will be in one of the following formsincorrect false ufxcorrect true utccorrect false bufcincorrect true butxThe correct (c) indicates the variable has the value assigned (true) in Tm whilex means it does not; true (t) means the literal in the clause evaluates to true,while f means it does not. Note there is a certain redundancy in the notation.Lemma1. For all C 2 C, for all T, there is some variable u such that eitherutc 2 C or ufx 2 C. In particular, the latter case must hold for all C 2 CU .Proof. Tm must make every clause true.



Note that h is just the number of incorrect variables.We de�ne a setup as a solvable instance S and an assignment T for whichthere is no selection sequence leading to a solution. If a setup exists, then everyT reachable from it is also a setup. Furthermore, it a setup exists then theremust be some minimum value h0 of h, where h0 > 0, among all the setups. Wedesignate one such minimal setup state by T�.We proceed to prove that WALKSAT is complete for 2-SAT by showing acontradiction on the minimality of T�.Consider the state T�.Lemma2. For each C 2 CU at T�, there exists one bufc 2 C such that u is freeand the other vfx 2 C with v not free.Proof. Since 
ipping the assignment of a variable changes h and we start withh0 being the minimum over all states, every 
ip we are allowed to make mustincrease h. Thus, the 
ips must involve correct variables, and since C in CUthe current values of these literals must be false. By lemma 1 the other literalmust be vfx . If v were also free, or u was not free, then we could choose to 
ip vreducing h < h0, a contradiction.Lemma 2 says that we must climb up from the h well. However, we cannotclimb too far, or we would satisfy all the clauses in T�, which would contradictthe claim that it is a setup. In fact, the next lemma proves that we can be forcedto make at most one increase in h before having available a decreasing movewhich leads to another minimal state.Lemma3. From a T� state, there exists free variables bafc 2 C1 and bbfc 2 C2,C1; C2 2 CU , such that choosing to 
ip a makes b not free.Proof. Let F = faj9C 2 CU ;bafc 2 Cg, the set of free variables at T�. If we wereto 
ip all a 2 F then we would satisfy all clauses that were in CU at T�. Sincethis is a setup, it must be that at some point in the sequence of 
ips we createanother unsatis�ed clause. By de�nition, this is only possible if at some pointone of the free variables becomes not free.Suppose after a (possibly empty) sequence of 
ips of variables in F a stateT is reached where 
ipping free variable a makes b change from free to not free.This means there is a clause, call it C 0 at T containing a and b which has twoliterals evaluating to true, but after the 
ip has only one. Since bafc 2 C1 andbbfc 2 C2 at T it follows the clause C 0 must be hatc _ btci at T. Since we have only
ipped free variables, and since after 
ipping the variables no longer occur in afalse clause, this must also have been the status of C 0 at T�. But then at T� wecould choose to 
ip a, making b not free as claimed.We are now in a position to complete the proof ofTheorem4. WALKSAT is complete for 2-SAT.



Proof. Consider again T� and consider two clauses in CU , C1 = 
bafc _ dfx� andC2 = Dbbfc _ efxE with the property as described in lemma 3. First we 
ip amaking b not free. Then, since we now have the choice, we 
ip e. (Note that e isnot a since they have complementary settings at T�). We now have a new stateT0 with h = h0.Since e was not free at T� there must be a clause C3 2 CS ; C3 = 
betx _ gfx� atT�. It must be gfx 2 C3 by lemma 1 and the fact that only the literal on e madethe clause true else e would be free. Furthermore, since g is originally incorrect,it could not be a. So the status of C3 at T2 is 
befc _ gfx� with e not free. (Thevariable most recently 
ipped cannot be free since 
ipping is only possible if itoccurred in a false clause.)But this means we can now 
ip g to its correct value, getting a new statewith h = h0 � 1, a contradiction.The only critical usage we have made of 2-SAT is in lemma 3.This proof fails for 3-SAT because at T� we can have three unsatis�ed clauseswith free variables, and one other clause containing all three free variables com-plemented. This forces at least two upward steps in h before a downward step,and in this space many complications can be introduced. To prove completenesswill require considerably more, and in fact we are not convinced even informallyWALKSAT is complete on 3-SAT. Half or more of our time is currently beingspent trying to �nd a setup for 3-SAT.WALKSAT is only one of a set of possible random walk algorithms usinga heuristic to attempt to improve the search. Another possibility is that af-ter choosing an unsatis�ed clause, select the variable in the clause that min-imizes the number of satis�ed clauses that become unsatis�ed. Let us de�ne� 2 [�1; 0; 1; : : : ;1] as a parameter to the following algorithm.Assign T at randomWhile CU 6= �1. Select C 2 CU2. Set chosen false3. For i = 0 to � and not chosen doif there is a u 2 C which causesi clauses in CS to move to CUchoose uchosen true4. if not chosenchoose u at random from C5. T TbuendSetting � = �1 for this algorithm will allow a free choice of variable at everystep. Since there is a variable ufx in every clause in CU the algorithm can justselect this variable and move directly to the solution.



Setting � = 0 is equivalent to the WALKSAT algorithm.Setting � = 1, the following is an example showing that the algorithm isincomplete on 2-SAT. 
a _ cfx�
ba _ cfx�
bctx _ dfx�
bctx _ efx�Our proof shows that at any time WalkSAT can reduce the Hamming dis-tance to a solution with non-zero probability independent of the time run sofar. Thus at any time the algorithm has a non-zero probability of walking tothesolution. This implies the stronger property of `probabilistically approximatelycompleteness' de�ned by Hoos [1]. That is, the algorithm will almost certainly�nd a solution (if one exists) if left to run inde�nitely. This property, directlyonly of theoretical interest, might have practical importance if it also means thatin practice WalkSAT does not ever need to restart. Of course, our result will onlybe relevant to more practical application of WalkSAT if it can be extended tothe NP-complete case of 3-SAT.References1. Holger Hoos. On the run-time behaviour of stochastic local search algorithms forsat. In Proceedings of AAAI-99, 1999.2. D. McAllester, B. Selman, and H. Kautz. Evidence for invariants in local search.In Proceedings of AAAI-97, pages 321{326, 1997.
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