
Good Approximations for the Relative Neighbourhood GraphDiogo Vieira Andrade� Luiz Henrique de FigueiredoyAbstra
tThe Urquhart graph of a set of points in the plane is ob-tained by removing the longest edge from ea
h trianglein the Delaunay triangulation. We show experimentaleviden
e that the Urquhart graph is a good approxima-tion for the relative neighbourhood graph in the sensethat it 
ontains few additional edges. For random sam-ples, the Urquhart graph is typi
ally only about 2%larger than the relative neighbourhood graph, and thusmay serve equally well for 
omputational morphologytasks.1 Introdu
tionThe relative neighbourhood graph RNG(S) of a set Sof points in the plane is de�ned as follows: Two pointsp and q in S de�ne an edge of RNG(S) whend(p; q) � maxfd(p; r); d(q; r)gfor all points r in S, where d is the Eu
lidean dis-tan
e. This graph was introdu
ed by Toussaint [5℄ astool for 
omputational morphology, whi
h is the 
om-putational extra
tion of per
eptually meaningful stru
-ture from dot patterns. Like several other proximitygraphs, RNG(S) is a subgraph of the Delaunay trian-gulation DT(S) of S.If we relax the 
ondition de�ning RNG(S) by requir-ing that it only holds for the points r that are adja-
ent to p and q in DT(S), then we obtain a super-graph UG(S) of RNG(S), 
alled the Urquhart graphof S. Geometri
ally, UG(S) is obtained from DT(S) byremoving the longest edge from ea
h triangle in DT(S).Urquhart [6℄ proposed this very method for 
om-puting RNG(S) eÆ
iently, but Toussaint [4℄ gave a
ounter-example showing that in general UG(S) isstri
tly larger than RNG(S).In this note, we show experimental eviden
e thatUG(S) is a good approximation for RNG(S), in thesense that it 
ontains few additional edges. Sin
eUG(S) is easily 
omputed from DT(S), and there areseveral ex
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is likely that UG(S) may serve equally well for 
ompu-tational morphology tasks that 
urrently use RNG(S).It is easy to redu
e the 
ubi
 brute-for
e algorithmfor 
omputing RNG(S) to a quadrati
 algorithm bytesting only Delaunay edges instead of all pairs ofpoints. Supowit [3℄ gave the �rst optimal algorithm for
omputing RNG(S): it extra
ts RNG(S) from DT(S)in time O(n logn). Lingas [2℄ gave a simple algorithmthat extra
ts RNG(S) from DT(S) in time O(n), but ithas not been implemented (personal 
ommuni
ation).On the other hand, the Urquhart graph is easy to
ompute. Sin
e DT(S) has O(n) edges, it is 
lear thatUG(S) 
an be extra
ted from DT(S) time O(n). Sin
eDT(S) 
an be 
omputed in time O(n logn), this gives asimple algorithm for UG(S) with total time O(n logn).Thus, UG(S) is a good tool for 
omputational morphol-ogy tasks, be
ause it approximates RNG(S) well|asthe experiments reported below indi
ate|and 
an beextra
ted easily from DT(S).2 The experimentsTo test how well the Urquhart graph UG(S) approxi-mates the relative neighbourhood graph RNG(S), wesele
ted random samples from several regions in theplane and 
ompared the number of edges in RNG(S),UG(S), GG(S), and DT(S).We in
luded the Gabriel graph GG(S), whose edges
orrespond to pairs of points p and q of S su
h that the
ir
le having diameter pq 
ontains no other point of S,be
ause GG(S) is a well-known proximity graph thatlies between RNG(S) and DT(S). In fa
t, we have thefollowing in
lusion relations [4℄:RNG(S) � UG(S) � GG(S) � DT(S):Figures 1{4 show these graphs for a random sam-ple of 1000 points in the unit square, on a spiral, andon the boundary of two line-art pi
tures. Note thatUG(S) is very similar to RNG(S), whereas GG(S) is
learly di�erent from both RNG(S) and UG(S). InFigures 1 and 2 it is not easy to spot the additionaledges in UG(S) (22 for the square, 10 for the spiral).In Figures 3 and 4 it is easier to spot some of the addi-tional edges in UG(S)|perhaps be
ause of the visual
ontent of the pi
tures|but the additional edges arestill few (27 for the earth, 19 for the man).



Table 1: Random points in the unit square.100 points 500 points 1000 points 2000 points 5000 pointsedges % edges % edges % edges % edges %RNG 119.2 1.000 621.4 1.000 1250.6 1.000 2511.6 1.000 6310.4 1.000UG 120.8 1.013 631.6 1.016 1275.8 1.020 2558.4 1.019 6432.6 1.019GG 179.6 1.507 947.2 1.524 1943.4 1.554 3902.0 1.554 9833.8 1.558DT 285.6 2.396 1479.6 2.381 2977.2 2.381 5977.2 2.380 14971.6 2.373Table 2: Random points in the unit disk.100 points 500 points 1000 points 2000 points 5000 pointsedges % edges % edges % edges % edges %RNG 119.6 1.000 621.4 1.000 1262.4 1.000 2520.4 1.000 6333.4 1.000UG 122.6 1.025 632.2 1.017 1284.4 1.017 2571.6 1.020 6452.2 1.019GG 188.4 1.575 961.4 1.547 1948.6 1.544 3937.4 1.562 9837.4 1.553DT 283.4 2.370 1476.4 2.376 2971.6 2.354 5953.0 2.362 14939.2 2.359Table 3: Random points on a spiral.100 points 500 points 1000 points 2000 points 5000 pointsedges % edges % edges % edges % edges %RNG 128.2 1.000 658.0 1.000 1304.8 1.000 2579.2 1.000 6333.2 1.000UG 129.4 1.009 661.4 1.005 1313.2 1.006 2597.2 1.007 6388.8 1.009GG 174.4 1.360 848.6 1.290 1669.6 1.280 3245.6 1.258 7951.8 1.256DT 270.8 2.112 1368.8 2.080 2750.8 2.108 5498.4 2.132 13772.8 2.175Tables 1{3 show the average results for several ran-dom samples in the unit square, in the unit disk, andon a spiral. For ea
h graph and sample size, we give theaverage number of edges in the graph and its relativesize with respe
t to the relative neighbourhood graph.3 Con
lusionThe empiri
al eviden
e indi
ates that the Urquhartgraph UG(S) approximates the relative neighbourhoodgraph RNG(S) well, being typi
ally only about 2%larger than the RNG(S) for random samples. Thus,UG(S) may serve equally well for 
omputational mor-phology tasks, while being easy to 
ompute from theDelaunay triangulation DT(S).It would be interesting to have probabilisti
 resultsabout the expe
ted number of edges in UG(S) similarto those proved by Devroye [1℄ for RNG(S) and GG(S).It would also be interesting to 
ompare a
tual imple-mentations of the algorithms by Supowit [3℄ and Lin-gas [2℄ with the extra
tion of UG(S) from DT(S).A
knowledgements. We thank G. Toussaint for his advi
eon the history of the Urquhart graph. We also thank areferee for asking about probabilisti
 results for UG(S); thisquestion lead to us to the work of Devroye [1℄.

Referen
es[1℄ L. Devroye. The expe
ted size of some graphs in
omputational geometry. Computers & Mathemat-i
s with Appli
ations, 15(1):53{64, 1988.[2℄ A. Lingas. A linear-time 
onstru
tion of the relativeneighborhood graph from the Delaunay triangula-tion. Computational Geometry, 4(4):199{208, 1994.[3℄ K. J. Supowit. The relative neighborhood graph,with an appli
ation to minimum spanning trees.J. ACM, 30(3):428{448, 1983.[4℄ G. T. Toussaint. Comment: \Algorithms for 
om-puting relative neighbourhood graph". Ele
troni
sLetters, 16(22):860{861, 1980. With a reply byR. .B. Urquhart.[5℄ G. T. Toussaint. The relative neighbourhoodgraph of a �nite planar set. Pattern Re
ognition,12(4):261{268, 1980.[6℄ R. B. Urquhart. Algorithms for 
omputation ofrelative neighbourhood graph. Ele
troni
s Letters,16(14):556{557, 1980.



S
RNG(S)
UG(S)
GG(S)
DT(S)Figure 1: The graphs for a random sample of 1000points in the unit square.
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ture.
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ture.


