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s\ bstract

In this paper we make a comparison between two composite models: lognormal-Pareto
and Weibull-Pareto. The first one was introduced by Cooray and Ananda in 2005. The
second composite distribution was constructed in the same manner as lognormal-Pareto.
Here, we prove that these models behave similarly and they could be used in insurance
bussiness for modelling actuarial data, especially in the cases where one deals with large
loss payments.
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] Introduction

In this paper we make a comparison between two composite models. The first one - the
composite lognormal-Pareto model - was introduced by Cooray and Ananda (2005). The
second one, the composite Weibull-Pareto model was constructed in Ciumara (2006), in
the same manner as in Cooray and Ananda (2005). These models could be used in
insurance for modeling actuarial data, especially when there are some larger loss
payments.

These new distributions, the composite lognormal-Pareto and Weibull-Pareto are
combinations between lognormal or Weibull distributions, respectivelly - which cover the
behaviour of small losses well - up to a threshold parameter and Pareto for the rest of the
domain.

The resulting densities of the composite lognormal-Pareto and Weibull-Pareto have
larger tails than the lognormal or Weibull densities, but smaller tails than the Pareto
density. Moreover, the shape of these composite densities are similar.
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In Section 2 we describe the composite lognormal-Pareto model and the composite
Weibull-Pareto model through densities, cumulative distribution functions and the r-th
initial moments. Afterwards, the construction of the likelihood function in both cases is
presented.

Taking into account the results of Section 2, two algorithms for estimating the parameters
of the composite models are described in Sections 3 and 4. The first algorithm is based
on maximum likelihood estimation and the second one on smooth empirical estimation of
percentiles (Klugmann et al.,1998). These algorithms are given in Cooray and Ananda
(2005) for the composite lognormal-Pareto model and in Ciumara (2006) for the
composite Weibull-Pareto model. Finally, numerical examples based on simulated data
sets are presented in Section 5.

s’ . Construction and Characteristics of the Two
Composite Models
Following Cooray and Ananda (2005), a composite density is derived from
flx) = c-fi(x) , i.f xe(O,H],
c-f(x) ,if x>0

imposing the conditions necessary to obtain a continuous and differentiable density, that
is J':f(x)dx =1, ,(0)=1£,(9) and £, (6) = £,(0).

2
For the lognormal-Pareto model, f,(x)= i(lnx—yJ J where x>0,
o

1
exp| —
XoN 27 [ 2
oc>0, peR and fz(x):%, x>0, 68>0 and a >0. Cooray and Ananda (2005)
X

derived the density of the composite lognormal-Pareto model

- g(i;)x“*l exp(— 20;:2 Inz[%j] , if xe(0,0]

af®

1+ (k)X

o (x)= (2.1)

, if x>60

where d)() is the cumulative distribution function of the standard normal distribution and

k ~0.372238898. This value of k is obtained imposing the conditions that 5 is a

0

continuous differentiable density function on (0,«], that is J ... ,H(B)=1,(6)and f;(6)=
0

"2(0).
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Initially, ffp(x) had four parameters, but imposing the conditions specified in the
beginning of this section, they reduced to two, & and &. The other two parameters

. _ k
could be obtained from the previous ones, as o =— and u =Ind—ac?. Moreover, the
o

constant ¢ that appears in the density expression is, in this case, ¢ = ;

1+ o(k)
For ¢ =0.5 and @ =50, the densities of the lognormal (dotted line), Pareto (dashed
line) and composite lognormal-Pareto (solid line) are displayed in Figure 2.1. We have to
note here that the composite lognormal-Pareto density results from f; restricted to (0,0]
and f, on (6, ) (in this case 6 = 50). Because of continuity and differentiability conditions
stated earlier, the graph of this composite density is continuous and therefore f; restricted
to (0,0] and f, on (0, «) are displayed simultaneously in the solid line. The same remark
applies for the other figures (2.3-2.6).

In Figure 2.2 we set a =1 and @ =50 for the same three densities and in Figure 2.3
a=1.5and 8=50.

Figure 2.1 Figure 2.2
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It is obvious from these graphs that the composite lognormal-Pareto fade away to zero
more quickly than Pareto (it has a smaller tail than Pareto), but, in the same time, it has a
larger tail than the lognormal. As « increases, the three densities approaches zero
faster.

We discuss now the composite Weibull-Pareto model, where

B a
fl(x):%xﬂ‘lexp{—[ﬁj ] x>0,y>0, f>1and fz(x):ﬂl, x>6,6>0 and
¥ 7 X

a > 0. From Ciumara (2006), the density of this composite distribution is

Mﬁ(ijﬂ exp{— (t +1{%)ﬂj , if xe(0,6]

to+2) x\0

| P 22)
—tO(t"”)ﬁ(ﬁ] 0 it x>0
to+2 x(x ' N

where ¢, = 0.3499764854 . Again, this value of f, is obtained imposing the conditions
that e is a continuous differentiable density function on (0, «].

As in the case of the composite lognormal-Pareto model, we have again the number of
parameters reduced from four to two, f and @. For the other two, the relations

1
areq = ft, and y = H(to +1)7. Again, the constant from the density expression from

o t, +1
the beginning is now ¢ = .
t,+2
Figure 2.4
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In the following three graphs we compare the densities of the composite Weibull-Pareto

(04
(solid line), Weibull (dotted line) and Pareto (dashed line) for different values of f =—
tO
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and @: =05 and =50 in Figure 2.4, =1 and =50 in Figure 2.5 and
a=1.5 and 8 =50 in Figure 2.6.

Figure 2.5 Figure 2.6
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It might be noticed again that the composite Weibull-Pareto density has a smaller tail
than Pareto, but longer than Weibull. This observation is useful when one has to choose
a proper model for loss payments, especially when some few losses are a lot larger than
the others.

We turn now to the comparison between the two composite models. Therefore, in the
following graphs the composite Weibull-Pareto density (solid line) and the composite
lognormal-Pareto density (dotted line), respectively, are illustrated for different & and

a
£ =— (or, equivalently, ).
t()

From Figures 2.7-2.9 one may see that if & <1 then, eventhough the shapes of the two

composite densities are similar, the mode of the composite Weibull-Pareto is less than
the mode of the composite lognormal-Pareto.

Figure 2.7 Figure 2.8
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As « increases, the shapes of the two composite densities are even more similar, as

Figures 2.11-2.14 reveal.

Figure 2.11
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The next two graphs show how the shape of densities changes — in the same manner —
when keeping € =25 and a =0.5 (solid line), =1 (dotdashed line), a =1.5
(dashed line), o =2 (dotted line) for the composite Weibull-Pareto (Figure 2.15) and
composite lognormal-Pareto (Figure 2.16), respectively.
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Finally, we keep @ =1 and let 8 =100 (solid line), & =75 (dotdashed line), & =50
(dashed line), @ =25 (dotted line) in the cases of the composite Weibull-Pareto (Figure
2.17) and the composite lognormal-Pareto (Figure 2.18). The variation of the densities’
shape is similar for these two last cases as well.

Figure 2.15 Figure 2.16
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In what concerns other characteristics of these two composite models, the cumulative
distribution function of the composite Weibull-Pareto model is given in Ciumara (2006) by

f+1 1—eX|C{—(tO +1{§jﬂJ , if x<(0,0]

ty+2
Ripl) =17 "L (23)
1- to”(gj L if x>0
th+2\ x

and
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;q{ﬁm[gjmj, if x (0,6]

Fo - W) LK (2.4

1—;(3] if x>0
1+ (k) x

is the cumulative distribution function for the composite lognormal-Pareto, given in
Cooray and Ananda (2005).

The composite Weibull-Pareto and the lognormal-Pareto are unimodal, with the mode for
the first distribution

1
cWP _ ﬂ -1 E
Xmode = g[ﬂ(to +1)]

given in Ciumara (2006) and the mode for the second one,

xCLP = exp(ln& _Z zlkzj
o

(2.5)

(2.6)

Another characteristic of the models we discuss in this article concerns the initial
moments. Thus, the initial 7 -th moment of the composite Weibull-Pareto distribution is
given in Ciumara (2006) by

E(xr):ttz_:;e{(to I\ -F(%H;to +1j+ﬂtft°_r} (2.7)

for r < ft,, where F(S;z) = J.Ozys’le’ydy is the incomplete Gamma function.

Similarly, the 7 -th initial moment of the composite lognormal-Pareto distribution is given
in Cooray and Ananda (2005) by

ottt izl ]

forr<a.

The likelihood function of the composite Weibull-Pareto model is given in Ciumara
(2006). Moreover, it is proved that in certain conditions the maximum likelihood estimates
of the two parameters of this model exists and they can be computed as the solution of
some equations. In what it follows we state the result mentioned previously.

Let x,,x,,..., X, be arandom sample from the two-parameter composite Weibull-Pareto
model. Assuming that x, <x, <..<x, and x, <@<x the likelihood function is

given by

m+1"
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m

B
Xj
- ty +1
L(Xy, Xprees X3 3,0) = CWP - g7 @Pl-mliomm) st gyl 20 x? 2.9
(X Xy .0~ - e I

[T

i=m+1
to+1Y) 1
where C"" = 22— | (¢, +1)" 2" [ x7".
e wrae T
Moreover, if
t
m>n—2 (2.10)
t, +1
and

ZX Inx;
n—t, ZInx +Zlnx ~(m—ty(n-m))2—-—>0 (2.12)

i=m+1 i=1

.[\js

Il
=

then the maximum likelihood estimate of /3, denoted by ﬂML, is the (unique) solution of
the equation

m

> xlinx;
——tO ZInx +2Inx ~(m—ty(n-m)=——=0 (2.12)

i=m+1 Zxﬁ

and the maximum likelihood estimate of @ is

A t, +1 &

O = 0 x P 2.13

(et j 213)
Some remarks could be made in order to clarify the above result. Condition (2.10) is

equivalentto m > 0.26n. In other words, if at least one quarter of the data set consists of
"small" losses one may think that the model could be Weibull-Pareto. Otherwise, the
Pareto model seems more appropriate. Of course, if m approaches n, then a simple
Weibull or lognormal model should be chosen.

Condition (2.10) assures that the system of the likelihood equation has a unique
solution, which is the maximum of likelihood function, and condition (2.11) has to be
imposed in order to obtain > 1.
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For the composite lognormal-Pareto distribution, assuming that x, < x, <...<x, and

x, <0<x the likelihood function is given in Cooray and Ananda (2005)

m+17

. al L -a aZ 3 X
L(xy,Xg,0s X;0,0)=CF "0 ”(gx, j'eXp[_W’Zl:'“Z 7’} (2.14)
1

(H X, J(1+ oK)

—3 Algorithms to Estimate the Composite Weibull-
Pareto Parameters

where CLF =

The first algorithm is based on the maximum likelihood estimation of both parameters of
the composite Weibull-Pareto distribution. It is described in Ciumara (2006) and we shall
present it below.

tO
tr, +1

For each me{n }+ln , where [] indicates the greatest integer function, if

condition (2.11) holds, we find ﬁm the solution of equation (2.12) and then

1
s [ te+l & g e
6?’"_[m—to(n—m)Z:X"J '

i=1

if x,<6,<x then the maximum likelihood estimates of the two parameters are

m+1"

ﬁML = ﬁm éML = ém and the algorithm stops. Otherwise, we increase the value of m
with 1 and repeat the procedure.

', then, the maximum likelihood estimate of ﬁ’ denoted ,@ML, is
the solution of the equation

If, for m=mn, x, <6
n

> xfinx

n
n i—
B yinx -n i — o
R ¥
i=1

and the maximum likelihood estimate of @ is

1

- ty +1< 5 \Aw

eML ={ On zxiﬁrvu_] ML .
i=1

|| — Romanian Journal of Economic Forecasting — 2/2086 41



I Institute of Economic Forecasting

The second algorithm for estimating the parameters of the composite Weibull-Pareto
distribution is based on the smooth empirical estimate of percentiles (Klugmann et al.,
1998).

We estimate @ by
5:(1—/7)Xm +h'Xm+l’
1

where m=[(n+1)p] or m=Kn+%)p+%] h=(n+1p-m or h=(n+%)p+§—m,

p=Fip (6?) and [] is the greatest integer function. In this case, p =

to+2
Then, the estimate of ,B is the solution of the equation

Gr__ o+l <Snos
m—ty(n-m)&™"

Again, we have to impose here the conditions (2.10) and (2.11) in order to obtain a
solution in (l,oo).

If the estimate of € is closer to x, or x,, the Pareto or the Weibull distributions,
respectively, would be better models than the composite Weibull-Pareto. Moreover, if
condition (2.10) does not hold, then using a simple Pareto model is more appropriate
than using the composite one.

[——————— Algorithms to Estimate the Composite Lognormal-
Pareto Parameters
In their article, Cooray and Ananda (2006) proposed a simple and straightforward way to

compute the maximum likelihood estimates for the two parameters of the composite
lognormal-Pareto distribution.

For each m €1,n—1, calculate ¢, and 6, as follows. For m =1,

-1
. X
a, =h Zln—
a1 X1

and

k2
~ n X;
0, = xll_[ — .
i1\ X1

Otherwise,
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m n
kz{nZInx, —mZInx,]
A i1 i1 N
=
m m 2
2myIn®x; | Inx,
i=1 i=1

m n 2 m m 2
k“(nZlnx, —mZInx,J +4mnk?| mY_In? x; —(Zlnx,}

i=1 i=1

and

1
- meo\m nk?
6, = (H X,-J exp(mo?m J

If x,<6,<x,,  then the maximum likelihood estimates of the two parameters are

m+l?

Oy =0, éML = ém and the algorithm stops. Otherwise, we increase the value of m
with 1 and repeat the procedure.

If,form=n, x, < én , then, the maximum likelihood estimate of « , denoted O?ML, is

nk

gL =

and

1

R n n k2

O = (H Xi} eXp(A—j .
i=1 o

As in section 3, we describe below the second algorithm based on the smooth empirical
estimates of percentiles (Cooray and Ananda, 2005). For x; < x, <...< x,, we estimate

0 by
5:(1—h)~xm +h- X1,
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where m =[(n+1)p] or m={(n+%)p+%}, h=(n+1)p-m or h:(n+%)p+%—m,

. . . . Dk
p= FLCP(B) and [] is the greatest integer function. In this case, p = 1+<(D(3<) Then, the

estimate of « is given by

n 2 m n
KIS+ ankY e X k2%
<~ g ~ 5 o

b Numerical Examples

Example 5.1 (Ciumara, 2006). We estimate the two parameters of the Weibull-Pareto
composite model using a data set that was simulated from this model with

1
p= o 2.85, 8 =1000 and n =50. The true value of m is, in this case, 20.

tO tO
Furthermore, we compare the estimation results obtained by considering the two
composite models, Weibull-Pareto and lognormal-Pareto, and we expect similar results
on estimation.

The following table presents the values of the parameters estimates, the value of the log-
likelihood function (denoted by L-L), the Kolmogorov-Smirnov test statistic (K-S in the

table), and the value of N? goodness-of-fit test, together with its p-value (losifescu,
Mihoc, Theodorescu, 1966). In order to estimate the parameters, we apply the two
algorithms presented in Section 3 for the composite Weibull-Pareto model, denoted in the
table by "W-P algl' and "W-P alg2', respectively. In what concerns the parameters of the
lognormal-Pareto with density given in (2.1), we used again two algorithms presented in
Cooray and Ananda (2005) and in Section 4. We have to mention here that the first
algorithm is derived from the maximum likelihood estimation (L-P algl) and the second
one is a combination between the smooth empirical estimate of percentiles and the
maximum likelihood estimation (L-P alg2).

Parameter estimates L-L K-S N2 | p-value
W-P algl = 21:0 = 1143.08; 3 = 2.10 -458.4 | 0.049 [ 1.99 | 0.73
W-P alg2 A=210=1172.12; =194 -458.6 | 0.069 | 2.64 | 0.61
L-P algl it =20:0 =1025.79:@ = 0.56 -461.27 | 0.102 | 4.87 | 0.3
L-P alg2 i =19:0 =997.97:4 = 0.57 -461.28 | 0.095 | 4.83 | 0.3

At the 95% level of significance, the critical value of the Kolmogorov-Smirnov test is
0.1923 and the one of N’ goodness-of-fit test with 4 degrees of freedom is 9.49. Taking
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into account the obtained values, we could decide that the Weibull-Pareto is a better fit
for this data set, as it was expected. One has to notice, however, the very good estimates
obtained when applying the lognormal-Pareto model as well.

Example 5.2 Now, we simulated a data set starting from the composite lognormal-

Pareto distribution with =1 (S = tﬁ = ti =2.85), 6=1000 and n=50. The true

0 0
value of m s, in this case, 19. Again, we compare the estimation results obtained by
considering the two composite models, the Weibull-Pareto and the lognormal-Pareto.

Parameter estimates L-L K-S N2 p-value

L-P alg2 = 19;é =979.70;4 = 0.77 -457.91 0.122 2.52 0.64

Again, we obtained similar results on estimation. The differences between the acuracy of
the two models are given by the values of the test statistics employed.

A remark on the estimation results concerns the second algorithm. Here, in the case of
the composite Weibull-Pareto model, for a certain n we will obtain the same m, no
matter what data set is used. The same is true for the composite lognormal-Pareto model
as well.

Finally, we generate 50 data sets starting from the composite Weibull-Pareto model with
the same parameters as before [ = tﬁ = ti =2.85, #=1000 and n=50. Applying

0 0
the second algorithm to estimate the parameters of the composite Weibull-Pareto

parameters, we find an average of the estimate for the first parameter 6 =1450.11 and
for the second one /§ =1.94, while applying the first algorithm, we get better results (in

average) 6 =1271.53 and ,l§ =247 .
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