
Approximation Algorithms MinicourseDavid P. WilliamsonMay 6{10, 1996IntroductionGoalApproximation algorithms for optimization problems �nd solutions that have value provably nearthe optimal value in polynomial time. Usually such algorithms are designed for NP-hard problems,for which polynomial-time algorithms seem unlikely to exist. Although the area of approximationalgorithms has been around since the 1960s (predating the concept of NP-completeness), it hasgrown signi�cantly in just the past few years.One of the reasons the �eld has grown is that several new techniques in the design of approxi-mation algorithms have been discovered and applied. Consider the quotes below from the 1970s:One of our hopes for this thesis has failed to be realized. This was that the proofs ofour results, and the ideas involved in them, might be of use to researchers investigatingother problems. Unfortunately, the best proofs we could �nd have turned out to bequite domain dependent...D.S. Johnson (1973), Near Optimal Bin Packing AlgorithmsThe methods used for designing such [approximation] algorithms tend to be ratherproblem speci�c, although a few guiding principles have been identi�ed and can providea useful starting point.M.R. Garey and D.S. Johnson (1979), Computers and IntractabilityAs the quotes attest, many years ago the design of approximation algorithms tended to be ad hoc,and each algorithm relied heavily on the structure of the particular problem at hand. In the pastfew years, however, there have emerged certain methods for designing approximation algorithmsthat have been successfully applied to a large number of problems. The goal of this course is todescribe some of these methods, and to show recent results applying them to a wide variety ofproblems.Another reason the �eld has grown recently is because of exciting new proofs showing thatcertain kinds of approximation algorithms cannot exist unless P = NP . A second goal of thiscourse is to understand some of these results and the techniques used to derive them.1



SyllabusThe general syllabus of the course will be as follows:Monday Introduction to Approximation AlgorithmsMetric Methods (minimum multicuts, balanced cuts, minimum 
ux cuts)Tuesday Randomized Methods (maximum satis�ability, maximum cut in dense graphs)Wednesday Semide�nite Methods (maximum cut, coloring 3-colorable graphs)Thursday Primal-Dual Methods (network design problems)Friday Hardness of Approximation (maximum satis�ability, maximum cut, maximum cliques)Wrap-upThe �rst four days will concentrate on methods for designing approximation algorithms, while thelast day will describe some of the recent work proving that certain approximation algorithms cannotexist unless P = NP .Schedule and FormatThe format of the course will be a mixture of lecturing and problem solving. Each day I will handout a problem set based on that day's material. We will discuss the solution to the problems theafternoon of the following day; I will invite the students to present the solutions that they found.Obviously there are some boundary problems with this system. For this reason I will lecture foran extra hour Monday afternoon, and there will be no problem set for Friday's material. Studentsare encouraged to collaborate with each other to solve the problem sets.The daily schedule of the course is as below:09.45-10.45 lecture10.45-11.00 co�ee break11.00-12.00 lecture12.00-13.30 lunch break13.30-15.30 problem sessionThe lectures may on occasion run into the problem sessions in the afternoons.BibliographyBelow is a bibliography of the papers discussed during the minicourse. Some general resources onapproximation algorithms include an excellent survey by Shmoys [30], notes by Motwani [25], anda forthcoming book edited by Hochbaum [17].Monday: Metric MethodsThe approach to presenting the Garg, Vazirani, and Yannakakis result was drawn from Shmoys[31]. Thanks also to Se� Naor and Baruch Schieber for showing me their simpli�ed balanced cutresult.The main results covered are by Garg, Vazirani, and Yannakakis [11], Even, Naor, Rao, andSchieber [9], Aumann & Rabani [7], and Linial, London, and Rabinovich [23].2



Tuesday: Randomized MethodsThe main results covered are by Goemans & Williamson [13], and Arora, Karger, and Karpinski[4]. Other papers mentioned include those by Sahni & Gonzales [29], Johnson [18], Lieberherr andSpecker [22], Raghavan & Thompson [28], Spencer (in Alon and Spencer [2]), and Yannakakis [33].Good additional resources include the book by Motwani & Raghavan [27] and the forthcomingchapter by Motwani, Naor, and Raghavan [26].Wednesday: Semide�nite MethodsThe main results covered are by Goemans & Williamson [14], and Karger, Motwani, and Sudan[19].Other papers mentioned include those by Lov�asz [24], Karlo� [20], Frieze & Jerrum [10], Alon& Kahale [1], and Goemans & Kleinberg [12].Good additional resources about the Theta function include the book by Gr�otschel, Lov�asz,and Schrijver [16], and notes by Knuth [21].Thursday: Primal-Dual MethodsThe results presented here are drawn almost entirely from the survey of Goemans & Williamson[15]. The interested reader can refer to the survey for the other papers mentioned.Friday: Hardness of ApproximationThe results in this area come from a long string of papers. I will mostly be discussing results fromArora, Lund, Motwani, Sudan, and Szegedy [6] and Bellare, Goldreich, and Sudan [8]. Some ofthe presentation is due to the survey chapter of Arora and Lund [5] and discussions with MadhuSudan.In addition to the Arora-Lund survey [5], good additional resources include the prize-winningtheses of Arora [3] and Sudan [32].References[1] N. Alon and N. Kahale. Approximating the independence number via the �-function.Manuscript, 1994.[2] N. Alon and J. H. Spencer. The Probabilistic Method. John Wiley and Sons, 1992.[3] S. Arora. Probabilistic checking of proofs and harndess of approximation problems. TechnicalReport CS-TR-476-94, Princeton University, Department of Computer Science, 1994. See alsohttp://www.cs.princeton.edu/~arora/.[4] S. Arora, D. Karger, and M. Karpinski. Polynomial time approximation schemes for denseinstances of NP-hard problems. In Proceedings of the 27th Annual ACM Symposium on Theoryof Computing, pages 284{293, 1995.[5] S. Arora and C. Lund. Hardness of approximations. In D. S. Hochbaum, editor, Approximationalgorithms for NP-hard problems. PWS Publishing Company, Boston, MA, 1996. Forthcoming.See also http://www.cs.princeton.edu/~arora/.3



[6] S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy. Proof veri�cation and hardnessof approximation problems. In Proceedings of the 33rd Annual Symposium on Foundations ofComputer Science, pages 14{23, 1992.[7] Y. Aumann and Y. Rabani. An O(log k) approximate min-cut max-
ow theorem and approx-imation algorithm. Manuscript, 1994.[8] M. Bellare, O. Goldreich, and M. Sudan. Free bits, PCPs and non-approximability { towardstight results (version 3). Technical Report TR95-024, Electronic Colloquium on ComputationalComplexity, Jan. 1996. See http://www.eccc.uni-trier.de/eccc/.[9] G. Even, J. Naor, S. Rao, and B. Schieber. Spreading metric based approximate graph parti-tioning algorithms. Manuscript, 1996.[10] A. Frieze and M. Jerrum. Improved approximation algorithms for MAX k-CUT and MAXBISECTION. In Proceedings of the Fourth MPS Conference on Integer Programming andCombinatorial Optimization. Springer-Verlag, 1995. To appear in Algorithmica.[11] N. Garg, V. V. Vazirani, and M. Yannakakis. Approximate max-
ow min-(multi)cut theoremsand their applications. In Proceedings of the 25th Annual ACM Symposium on Theory ofComputing, pages 698{707, 1993.[12] M. X. Goemans and J. Kleinberg. The Lovasz theta function and a semide�nite programmingrelaxation of vertex cover. To appear in SIAM Journal on Discrete Mathematics. See alsohttp://theory.lcs.mit.edu/~kleinber/, 1995.[13] M. X. Goemans and D. P. Williamson. New 3/4-approximation algorithms for the maximumsatis�ability problem. SIAM Journal on Discrete Mathematics, 7:656{666, 1994.[14] M. X. Goemans and D. P. Williamson. Improved approximation algorithms for maximum cutand satis�ability problems using semide�nite programming. Journal of the ACM, 42:1115{1145, 1995.[15] M. X. Goemans and D. P. Williamson. The primal-dual method for approximation algorithmsand its application to network design problems. In D. S. Hochbaum, editor, Approximationalgorithms for NP-hard problems. PWS Publishing Company, Boston, MA, 1996. Forthcoming.See also http://theory.lcs.mit.edu/~goemans/#pubs.[16] M. Gr�otschel, L. Lov�asz, and A. Schrijver. Geometric Algorithms and Combinatorial Opti-mization. Springer-Verlag, Berlin, 1988.[17] D. S. Hochbaum, editor. Approximation algorithms for NP-hard problems. PWS PublishingCompany, Boston, MA, 1996. Forthcoming.[18] D. S. Johnson. Approximation algorithms for combinatorial problems. Journal of Computerand System Sciences, 9:256{278, 1974.[19] D. Karger, R. Motwani, and M. Sudan. Approximate graph coloring by semide�nite program-ming. In Proceedings of the 35th Annual Symposium on Foundations of Computer Science,pages 2{13, 1994.[20] H. Karlo�. How good is the Goemans-Williamson MAX CUT algorithm? To appear in theProceedings of the 28th Annual ACM Symposium on the Theory of Computing, 1996.4



[21] D. Knuth. The sandwich theorem. The Electronic Journal of Combinatorics, 1, 1994. Availableon http://ejc.math.gatech.edu:8080/Journal/Volume 1/cover.html.[22] K. Lieberherr and E. Specker. Complexity of partial satisfaction. Journal of the ACM,28(2):411{421, 1981.[23] N. Linial, E. London, and Y. Rabinovich. The geometry of graphs and some of its algorithmicapplications. Combinatorica, 15:215{245, 1995.[24] L. Lov�asz. On the Shannon capacity of a graph. IEEE Transactions on Information Theory,IT-25:1{7, 1979.[25] R. Motwani. Lecture notes on approximation algorithms. Technical Report STAN-CS-92-1435,Stanford University, Department of Computer Science, 1992.[26] R. Motwani, J. Naor, and P. Raghavan. Randomized approximation algorithms in combinato-rial optimization. In D. S. Hochbaum, editor, Approximation algorithms for NP-hard problems.PWS Publishing Company, Boston, MA, 1996. Forthcoming.[27] R. Motwani and P. Raghavan. Randomized Algorithms. Cambridge University Press, NewYork, NY, 1995.[28] P. Raghavan and C. Thompson. Randomized rounding: a technique for provably good algo-rithms and algorithmic proofs. Combinatorica, 7:365{374, 1987.[29] S. Sahni and T. Gonzalez. P-complete approximation problems. Journal of the ACM, 23:555{565, 1976.[30] D. B. Shmoys. Computing near-optimal solutions to combinatorial optimization problems.Technical Report ORIE TR-1120, Cornell University, School of Operations Research, Ithaca,NY, 1994. Available on http://www.orie.cornell.edu/~shmoys/.[31] D. B. Shmoys. Cut problems and their application to divide-and-conquer. In D. S. Hochbaum,editor, Approximation algorithms for NP-hard problems. PWS Publishing Company, Boston,MA, 1996. Forthcoming. See also http://www.orie.cornell.edu:80/~shmoys/.[32] M. Sudan. E�cient Checking of Polynomials and Proofs and the Hardness of ApproximationProblems. Number 1001 in Lecture Notes in Computer Science. Springer-Verlag, Berlin, 1995.See also http://www.cs.columbia.edu/~madhu/.[33] M. Yannakakis. On the approximation of maximum satis�ability. Journal of Algorithms,17:475{502, 1994.
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