On maximal instances for the original syntenic distance
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Abstract

The syntenic distance was introduced by Ferretti Nadeau Sawkoff as a mesure of evolutionary distance between
multichromosomal genomes in terms of rearrangements aehes level. In this work, we give a combinatorial desaipti
of the pairs of genomes, with a given number of chromosontgeames, that are at maximal syntenic distance.

1. Introduction.

In the past few years, the interest in determining evoligrdistance between species, in the framework of genomes
rearrangements, has been continuously growing. In thisegtrthe models that have been defined are at a genomic level,
where mutations take place between large pieces of DNA, dffasting the order of one or several genes within chromo-
somes. If one considers two genonggsandgs,, the distance betwed&h andg, is usually defined as the minimum number
of mutations needed to transform one genome into the other.

Depending on the mutations that are considered, this gisesa several distinct problems, like theversal distanc§?],
where mutations are described in terms of reversals of chsomes segments, or tkransposition distancgl], where a
transposition takes a segment out of a chromosome andsriattanother location in the genome. Several other models o
variants also exist, that either take or do not take into mntthe order of the genes within chromosomes.

In this work, we are interested in thsyntenic distancéntroduced by Ferretti, Nadeau and Sankoff [5]), defineldwe
For this model, we propose a combinatorial characteripaifgairs of genomes that are at maximal syntenic distaradiedc
maximal instancesThis characterization allows to decide efficiently if apafigenomes is a maximal instance.

2. Syntenic distance: definitions and previous works.

Following [5], we define ayenome; over a given set oflenesas apartition of this set of genes into an unordered col-
lection of chromosomegsometimes calledynteny sejs Hence the order among chromosomes and the order of gerges on
chromosome are not taken into account, and a gene can narapfmeseveral chromosomes. The mutations considered are
thefusionsof two chromosomes (they are joined to form one chromosothejissionsof a chromosome into two chromo-
somes and thranslocationsbetween two chromosomes (they exchange arbitrary subk#tsingenes). These mutations
never involve, either as an input or as a result, empty chemmm®s and do not cause the duplication of a chromosome.

For example le{a, b, p, q,r, z,y} be a set of genes, at] = {{a,b,c},{p,q,r},{z,y}} be a genome witB chromo-
somes. The genomék = {{a,b},{c}. {p,q,r}, {z,y}}, G = {{a,b,c,z,y}, {p,q,7}} andGs = {{a,p},{b,c,q, 7},
{z,y}} result respectively from a fission of the first chromosomg&qfa fusion of the first and third chromosomesdaf
and a translocation between the first and second chromosufiges

Given two genomeg§; andg- over the same set of genes and containing respectivelydm chromosomes (we call
such a pair of genomes &m, n)-instancg, thesyntenic distances the minimum number of mutations (fusions, fissions and
translocations) needed to transfogminto G, .

Among others, it has been shown that computing the syntesiartte between two arbitrary genomes\V&-hard [4]
and some approximation algorithms with approximationor&iare known [4, 5, 7]. However, the algorithmic issue of
approximating precisely the general syntenic distancesden two genomes still asks for a better solution, and thua fo
better understanding of the combinatorial nature of thishfgm (see [4, 7, 9]). Among the natural combinatorial rragio
related to distances over a set of objects isdl@neter that is the maximum distance between two of these objeet® (h
two genomes over the same set of genes). The diameter foyiibensc distancesiyntenic diametgrbetween pairs ofi-
chromosomes genomes has been shown to be equal,fo4, to 2n — 4 [6, 9]. The computation of the syntenic diameter



was later generalized by Pisanti and Sagot [9] who provetttieamaximal distance between archromosomes genome
and anm-chromosomes genomeris+ m — 4, forn > m > 4.

3. Characterization of maximal instances.

As a natural extension of their results on the syntenic diam&leinberg and Liben-Nowell asked for a characterazati
of those instances that are maximal (that is, paire-@hromosomes genomes at a syntenic distan@nof 4) [6]. We
provide here such a characterization, both(forn)-instances an@, m)-instances when > m.

Our results are defined in terms @dmpact representatioof an instance for the syntenic distance [5] andlofination
of an instance over a second one [7]. elt= {1,2...n} and let an instance of the syntenic distance be specified &by tw
genomes); = {T1,..., T,n} (whereT; is the set of genes of th&* chromosome) and, = {U, ..., U, } on the same set of

genes. The compact representation of this instance is ectiolh ofrm subsetd Sy, ..., S, } of [r] obtained by replacing in
the sets]q, ..., T, every geng by the indices of the chromosomes@f containingg. We call such an instancecampact
instance A compactinstancéd = {Si, ..., S, } dominates a compactinstanSe= {Si,...,S] .} if there is a permutation

i1, ..., iy Of [m'] such that for if for every € [m'], one hasS;. C S;.

Theorem 1.Letn > 6, A(n) = {A,,..., A,} be the compact instance definedly= [n]/{i} fori =1,...,n,B(n) =
{Bs,...,B,} be the compact instance definedy= [n]/{i} fori=1,...,n — 2, B,,_1 = [n]/{n — 1,n} andB,, = [n],
andB'(n) = {B},...,B,,} be the compact instance definedBy= [n]/{i} fori =1,...,n -2, B, ; = B, = [n]/

{n —1,n}. An(n,n)-instance is a maximal instance if and only if its compactespntation dominates at least one of the
instancesA(n), B(n) or B'(n).

Theorem 2. Letn > m > 6, C(m,n) = {C1,...,Cn} andD(m,n) = {Dy,..., Dy} be the instances o] defined
byC; = [n]/{i} fori =1,...,m —2andC,,—1 = C,, = [n]/{m — 1}, andD; = [n]/{i} fori = 1,...,m — 1 and
Dy, = [n]/{m,m + 1}. An(m,n)-instance is a maximal instance if and only if its compactespntation dominates at
least one of the two instancéém, n) andD(m, n).

Remark 11n [3] characterizations for maximal instances are givethmcase wheren = n <6, m <n <6 0rn < m.

Remark 2. One can deduce immediately from our two main results (Theer& and 2) a polynomial time (in + m)
algorithm deciding whether afm, n)-instance for the syntenic distance is maximal.

Remark 3.The proofs of our results rely on the importance of the tragastions and the equivalence between sequences of
translocations and a problem of communication in netwatiksincomplete gossipinff, 8]. These two points could be of
great interest to identify classes of instances for theesyintdistance that can be solved in polynomial time.
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