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Abstract

Most clustering algorithms are partitional in nature, as-
signing each data point to exactly one cluster. However, sev-
eral real world datasets have inherently overlapping clus-
tersin which a single data point can belong entirely to more
than one cluster. Thisis often the case with gene microar-
ray data since it is possible for a single gene to partici-
pate in more than one biological process. This paper deals
with a novel application of consensus clustering for detect-
ing overlapping clusters. Our approach takes advantage of
the fact that results obtained by applying different cluster-
ing algorithms to the same dataset could be different and a
consensus across these results could be used to detect over-
lapping clusters. Moreover we extend a popular model se-
lection approach called X-means[10] to detect the inherent
number of overlapping clusters in the data.

1 Introduction

Several real world domains such as bioinformatics, text
clustering and recommender systems involve data with in-
herently overlapping clusters, where some items belong en-
tirely to two or more clusters [1, 11]. This is different from
soft or fuzzy clustering where an object can be assigned to
multiple clusters with different probabilities or degrees of
membership. This paper deals with clustering microarray
data, where genes could have more than one function and
could be part of multiple metabolic pathways and hence
multiple clusters. Clustering algorithms that allow member-
ship to more than one cluster are more suitable for model-
ing the underlying structure of such datasets. The approach
we have developed to detect overlapping clusters is based
on consensus clustering, which involves combining the re-
sults of multiple base clustering algorithms to obtain the fi-
nal clustering. Existing works on consensus clustering (also
called cluster ensembles) are motivated by the possibility of
knowledge reuse [12], improved quality and robustness of
results [13], etc. and this paper presents a novel application
of this approach. Specifically, we propose both a discrimi-

native and a generative approach to the problem of using the
results of consensus clustering to obtain overlapping clus-
ters in section 4. A model selection algorithm for detecting
the natural number of overlapping clusters in the data is also
developed. These algorithms are shown to be quite effective
on microarray data in section 5.

2 Problem Definition

We assume that the individual clustering solutions, i.e.
the base clusterings that are used to form the cluster ensem-
ble are hard partitional, where a data point is assigned to
exactly one cluster. The aim in this paper is to develop a
consensus algorithm that uses such base results to perform
a clustering that allows overlapping clusters. The intuition
behind such a consensus algorithm is that if a data point
belongs completely to two (or more) clusters, the base clus-
tering algorithms will be forced to assign the point to one
of the two clusters. In the ideal case half the base clustering
algorithms will assign the point to one of the clusters and
the other half will assign it to the other cluster. A consensus
across these results will assign the gene a high membership
to both the clusters, hence it will be assigned to both. For
this approach to work, it is necessary for the base cluster-
ing solutions to be diverse, but still of good quality. These
desiderata are similar to those for regression or classifica-
tion ensembles [14]. The inputs to the overlapping cluster
detection algorithm are the dataset along with the sets of
cluster labels assigned to the data by the base clustering al-
gorithms. The final output of the algorithm is cluster mem-
berships, assigned to each data point, where a point may be
a member of more than one cluster.

3 Related Work

The problem of combining multiple partitionings of a set
of objects into a single consolidated clustering has been ad-
dressed by Strehl et al. [12]. They pose the consensus clus-
tering problem as finding a consensus function that com-
bines clustering results from a variety of sources without
using the original features or algorithms. Three computa-
tionally efficient heuristics for combining multiple cluster-



ings are proposed, each of which find an optimal clustering
that maximizes the average normalized mutual information
(ANMI) with the individual clusterings.

Consensus clustering has recently been applied to mi-
croarray data to improve the quality and robustness of the
resulting clusters. A resampling based approach is used by
Monti et al. [9], in which the agreement across the results
obtained by executing a base clustering algorithm on sev-
eral perturbations of the original dataset is used to obtain
the final clustering. Swift et al. [13] use a variety of clus-
tering algorithms on the same dataset to generate different
base clustering results and try to find clusters that are con-
sistent across all the base results using simulated annealing.
Another formulation of the consensus clustering problem is
as a median partition problem [4], where the aim is to find
a partitioning of the data points that minimizes the distance
to all the other partitionings. The authors propose greedy
heuristic solutions to find a local optimum. However, none
of these approaches take overlapping clusters into account
and find only disjoint clusters.

Once it was realized that overlapping clusterings were
natural in several domains including bioinformatics, several
researchers devised ways of attaining such solutions outside
of the consensus framework. For example, a model for over-
lapping clustering, particularly in the context of microarray
data was introduced by Segal et al. [11], which is essen-
tially the specialization of a Probabilistic Relational Model
(PRM). Banerjee et al. present an alternative and simpler
view of this model as a mixture model of exponential den-
sity functions [1]. The main advantage of this new model is
that it is generalized to work with any Bregman divergence,
making it applicable to a wide range of distance functions.

4 Overlapping Clustering Algorithms

As is the case with classification, one can characterize
clustering approaches as being discriminative or genera-
tive (probabilistic or model based) [7]. We propose one
approach from each category in this section. Note that for
the overlapping clustering problem, neither viewpoints can
fully avoid the choice of a “threshold” be it distance or
affinity based or probability based, that governs the amount
of overlap indicated in the solution. So an important issue
is to find approaches that are relatively insensitive to the
choice of such a threshold.

Discriminative Approach: Thresholded MCLA. Of the
various discriminative approaches to consensus clustering,
we saw that the Meta-Clustering Algorithm (MCLA) [12]
offered the most natural extension for generating overlaps.
The modified thresholded MCLA algorithm outlined below
can be used to detect overlapping clusters.

1. Represent each base cluster by a hyperedge, transform-
ing the base clustering results into a hypergraph. Each

hyperedge has an indicator vector h associated with it,
with one entry for each data point such that h; = 1 if
data point ¢ belongs to the cluster, 0 otherwise.

2. Cluster related hyperedges into meta-clusters using the
hypergraph partitioning package of METIS [8].

3. Build an association vector m for each meta-cluster
which is computed by taking an element wise average
of the indicator vectors of the hyperedges belonging to
the meta-cluster. The association vector has an entry
for each data point which describes the level of asso-
ciation of that data point with the corresponding meta-
cluster.

4. Cluster Assignment- If the association of a data point
to a meta-cluster is higher than a suitable threshold, as-
sign the data point to the meta-cluster. Data points be-
longing to more than one cluster would be expected to
have a high association level with all the corresponding
meta-clusters and would be assigned to them.

Soft Kerndl K-Means (SKK) Algorithm. Most consensus
mechanisms have an intermediate step where an n x n
consensus matrix M is formed from the individual clus-
terings of n objects. For example, the elements of A can
represent the fraction of solutions in which two objects are
placed in the same cluster. If one considers M as a kernel
matrix, then a soft version of the kernel K-means algorithm
[3] can be used to detect overlapping clusters. The analysis
below assumes a mixture model of spherical Gaussians for
simplicity, but can be readily extended to components from
the broader family of exponential distributions.

Notation: ¢(z;) is the mapping of the data point z; to the
new space defined by the kernel. ¢; represents the j* clus-
ter with parameters represented by 6;. pu; , a;‘-’ and P(c;)
are the center, variance and prior for the j** cluster re-
spectively in the ¢ space. hg) is the posterior probability
P(z; = ¢;|0, z;) of the data point z; being generated from
cluster c;.

With a kernel, the EM objective func-
tion that is maximized iteratively is
S, Yoy hiilog (P(e;) P(¢(xi)]6;)).  The EM al-

gorithm requires computation of the squared Euclidean
distance of each data point z; to each cluster center p;,
dist(zi,p;) = |lzi — pjl|*. With a kernel, the center
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dist(¢(x;), pj) can now be computed as:
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|¢(z;) — p;l|* can hence be represented in terms of dot
products only. If we have a kernel matrix K, where K;; =
&(x;).¢(x;) then we can compute this distance without hav-
ing an explicit representation for ¢(z;). The dot product
terms can be replaced by the corresponding values from the
kernel matrix. The pseudo-code for SKK is as follows:

+

1. Initialize cluster membership by assigning each data
point z; (i = 1 to n) to some cluster ¢, such that hg’, =
1ifc; == co, by = 0 otherwise.

2. Compute distances of data points to cluster centers
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3. Compute the variance of each cluster
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4. Compute the prior for each cluster P(c;) =

5. Compute the probability of each data point x; being
generated from each cluster c;

pei = P@(@)l8;) P(c;)
T o P(6(x:)16;)P(c))
P(§(z) 1) = ——— exp (“2HOT ) 1),
(ZW)dU?v 20

6. If the change in the objective function is below a
threshold stop, else loop to 2.

The resulting algorithm is very similar to the EM
algorithm for a Gaussian mixture model. Steps 2, 3 and
4 correspond to the Maximization step and step 5 is the
Expectation step. The algorithm hence has the convergence
guarantees of EM, where the objective function is improved
in every iteration and finally converges to a local optimum.
For this property to hold, the consensus matrix M has to be
a valid kernel matrix, i.e. it has to be positive semi-definite.
We can ensure that M is positive semi definite by adding

a small value to all the diagonal elements [3]. Hence K
can be set to M + eI, where ¢ is a small value. After the
SKK algorithm converges, it gives for each data point z;,
the probability kg’ of that point being generated from each
mixture component ¢;. If hz, > X where ) is a suitable
threshold value, the data point z; is assigned to cluster c;.
SKK could be preceded by a model selection step to allow
the algorithm to find the best £ when it is not specified.

Baseline Model. A simple generative baseline for com-
parative studies is to employ a Gaussian mixture model as
the generative model and provide for each data point, the
probability that the data point was generated by a particular
mixture component. For allowing data points to belong to
multiple clusters, a threshold value () needs to be fixed. If
the probability of a point being generated from a particular
cluster is greater than the threshold value, the data point
is assigned to that cluster. The parameter A controls the
degree of overlap. The mixture model that we consider
consists of spherical Gaussians, with covariances of the
form o21.

Model Selection. A model selection approach for over-
lapping clusters is based on the X-means algorithm [10].
A reasonable range (kmnin t0 kmaz) 1S input to the algo-
rithm. The algorithm determines the best model for the data,
which can then be followed by an overlapping clustering al-
gorithm. The algorithm begins with a number of centers
k = kmin chosen randomly and continues adding centers
where they are needed till k,,,, is reached. At each step
of the algorithm, the threshold A allows data points to be
assigned to multiple clusters. The resulting iterative algo-
rithm consists of a parameter improvement and a structure
improvement step repeated until convergence. For further
details the reader is referred to [2].

5 Experimental Results

To evaluate the overlapping clustering algorithms,
precision, recall, and F-value are calculated over all pairs
of points, by comparing the final clustering with the true
class labels.

Datasets. The algorithms are evaluated on synthetic and
real microarray data. The synthetic data used is microarray-
like data with explicitly modeled overlapping clusters
generated as suggested by Banerjee et al. in [1] with a clear
ground truth, described in Table 1. The real dataset used is
the Gasch dataset [6] consisting of the 995 most actively
expressed genes of yeast under 173 environmental stress
conditions. A subset of 400 genes from this dataset is used
for experimentation.

Moddl Selection Results. Table 2 shows the results of the



Dataset | #genes | # conditions | # processes
(clusters)
Small 20 10 5
Medium 75 30 10
Large 200 50 30

Table 1. Synthetic Microarray Datasets

Dataset True k | Predicted k&
Small 5 3
Medium 10 7
Large 30 21
Gasch subset 33 28

Table 2. Model Selection for Microarray Data

overlapping model selection algorithm on the synthetic and
real microarray datasets, obtained over a representative run
with a fixed random seed. Figure 1 shows the plot of the
BIC score vs # of clusters for the microarray datasets. The
value of k£ at which the BIC score is the highest is selected.
From Table 2 we can observe that the predicted value of
k is reasonably close to the true k. Another observation is
that the predicted & value is consistently underestimated on
these datasets. This error can be corrected by reducing the
penalty term used in the computation of the BIC score [2].

Evaluation of Clustering Algorithms. Plots of the pre-
cision, recall and F-value of the clustering results of the
MCLA and SKK algorithms against the threshold showed
that the F-value remains relatively flat and is not very sensi-
tive to the threshold within a particular range of values [2].
Hence, the threshold can safely be fixed at a value within
this range. For the experiments in this section the threshold
for all the datasets has been set to a predetermined value
chosen accordingly.

Table 3 compares the results of the thresholded MCLA
and the SKK algorithm to other generative approaches that
detect overlapping clusters. The baseline is the Gaussian
mixture model (GMM) as described in section 4. The other
approaches compared to are the model based clustering al-
gorithms DynamicM and Least Squares (Lsq) proposed by
Banerjee et al. [1]. Both the Lsq and DynamicM ap-
proaches are initialized with K-means and both approaches
use squared loss as the loss function. SKK is initialized
using K-means. Table 3 displays in each cell the precision,
recall and F-value of the clustering results, averaged over 10
runs. Figure 2 compares the F-values of the approaches de-
scribed above on the synthetic and real microarray datasets.

Figure 2 indicates that the thresholded MCLA algorithm
does significantly better than the simple GMM approach on
all of the above datasets and consistently outperforms most
of the other algorithms. SKK (k known) also does signif-
icantly better than the baseline GMM algorithm and Dy-

BIC score
BIC score

K (# of clusters) K (# of clusters)

(a) Dataset: Small (b) Dataset: Medium

BIC score
BIC

K (# of clusters) K (# of clusters)

(c) Dataset: Large (d) Dataset: Gasch

Figure 1. BIC plots for Model Selection
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Figure 2. F-value Comparison

namicM on all the synthetic microarray datasets. SKK (k
predicted) does only slightly worse than SKK (k¥ known)
but still does better than GMM, on an average on the syn-
thetic microarray datasets. On the medium dataset, the Lsq
approach outperforms the others with very high precision
and recall. However on other datasets, Lsq has very high
precision but low recall and hence a lower F-value as seen
in Table 3. SKK does not do as well on the Gasch dataset
since its precision is comparable to the other algorithm but
it has a much lower recall. The reason for the low recall
of SKK on Gasch is that on this dataset the SKK algorithm
converges very quickly to a mixture of very low variance,
peaked Gaussian components. This causes the probabili-
ties of data points being generated from the mixture com-
ponents to be very close to either 0 or 1. The threshold does
not make a difference in this case and very few overlap-



Dataset GMM MCLA SKK SKK DynamicM Lsq
(k known) (k pred.)
0.067 £ 0.017 | 0.402 £ 0.048 0.225 £ 0.032 0.218 £0.071 0.109 £+ 0.034 0.252 +£0.144
Small 0.507 £ 0.148 0.553 £ 0.070 0.560 £ 0.046 0.800 £+ 0.251 0.487 + 0.147 0.467 £ 0.104
0.118 £ 0.029 | 0.461 +0.033 | 0.321 £ 0.040 0.321 £ 0.066 0.176 £+ 0.051 0.293 £ 0.100
0.176 + 0.041 | 0.521 £ 0.060 0.484 4+ 0.069 0.335 +0.093 0.245 £ 0.053 | 0.597 + 0.099
Medium | 0.543 £+ 0.124 0.572 £0.028 0.492 £ 0.028 0.581 £+ 0.054 0.672 +0.121 0.621 £ 0.061
0.262 £ 0.049 0.544 £ 0.043 0.487 £ 0.049 0.416 £+ 0.071 0.357 £0.070 0.605 £+ 0.067
0.257 +0.010 | 0.428 +0.131 0.275 + 0.003 0.296 + 0.022 0.552 £ 0.065 | 0.731 £+ 0.051
Large 0.758 + 0.092 0.544 + 0.228 0.876 + 0.046 0.616 £ 0.172 0.281 £ 0.040 0.145 £ 0.017
0.383 +0.021 | 0.427 £0.029 | 0.419 +0.006 0.391 +0.023 0.369 + 0.034 0.242 +0.024
0.139 + 0.004 | 0.133 £0.008 0.140 + 0.008 0.151 £ 0.005 0.133 £0.002 | 0.168 +0.016
Gasch 0.349 £+ 0.053 | 0.634 +0.240 0.162 £ 0.032 0.177 £ 0.021 0.254 £+ 0.022 0.088 £+ 0.024
0.198 £+ 0.007 | 0.212 £+ 0.014 0.148 £ 0.013 0.162 £ 0.010 0.175 £ 0.006 0.113 £0.019

Table 3. Precision, Recall, F-value Comparison.

ping memberships are detected, leading to low recall. This
problem probably occurs due to poor initialization which is
currently done using a non overlapping, partitional cluster
assignment with K-means.

6 Conclusions and Future Work

The experimental results demonstrate the effectiveness
of the thresholded MCLA and the SKK algorithms on both,
real and synthetic microarray data. Model selection for
overlapping clusters consistently finds a model that is close
to the true model. One of the main strengths of the de-
veloped approaches is that only the consensus matrix is re-
quired to obtain the final cluster assignments. The original
dataset does not have to be stored, which is beneficial in
case of very large datasets.

The SKK algorithm is based on the EM algorithm and
is hence prone to poor initialization and poor local optima.
Better initialization techniques that take overlapping cluster
membership into account and local search techniques could
improve the stability and accuracy of this algorithm. In this
paper, we clustered all the data, so that the results could
be compared to other partitional based approaches. For mi-
croarray analysis typically there are some genes that do not
participate in any of the processes, and thus one may want
to cluster only a part of the data [5]. We plan to investigate
this aspect in the near future.
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