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Abstract

We study a family of importance sampling estimators for the problem of
computing the probability of level crossing when the crossing level is large,
or when the intensity of the noise is small. We give general results con-
cerning centered gaussian processes with drift and develop a method which
allows to compute explicitly the asymptotics of the second order moment,
with a special mention for the fractional Brownian Motion case. The main
tools are some refined versions of classical large deviations results and, for
the fractional Brownian Motion, recent results on changes of probability
by Norros et al.
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1 Introduction
A classical problem in risk theory is the investigation of the ruin probability

P(sup(X; — @) > B) (1.1)

t>0

where X = (X¢)¢>0 is a continuous centered process starting at 0; under suitable
assumptions on the function ¢ (typically ¢ — 400 as t — +00) the probability
above is very small. Thus its computation by simulation requires a large number
of iterations in order to get a reasonable precision and becomes impossible in
practice. A natural technique to tackle this question is the importance sampling,
that is the simulation of the process under a new probability Q, for which the
event considered is not rare any more, and to compensate by taking into account
the density of P with respect to Q.

*Research performed within the project Processi Stocastici e applicazioni a Filtraggio, Con-
trollo, Sitmulazione e Finanza Matematica, Ministero dell’Universita e della Ricerca Scientifica
2001



2 P.BALDI AND B.PACCHIAROTTI

In this paper we investigate the existence of good importance sampling
distributions for this problem when the process (X;); is a fractional Brownian
Motion, but some of our results hold for a general class of gaussian processes.
We extend here the techniques developed in [1], where the case of the ordinary
Brownian Motion was investigated. The fractional Brownian Motion case has
been already investigated in Michna [8]; a comparison of the results is given in
section §4.

The starting point is to reduce the problem to the determination of the good
importance sampling distributions for the computation of the probability

de

Pe lef P(sup (eX; —¢y) > 1) (1.2)
0<t<1

as € — 0. To this goal we consider, for the computation of the level crossing
probability (1.2), the class of admissible importance distributions estimators of
the form

lir.<13Zr

where the process (X;); is simulated according to a distribution Q., obtained by
translating P with a path %’y, ~ belonging to the Reproducing Kernel Hilbert
Space of the process (X;);. Here 7. is the time at which the level 1 is attained
(possibly 7. = +00) and Z,_ is the density of P with respect to Q. up to time
Te. For the ruin problem (1.1) the class of admissible importance sampling
estimators is defined in a similar way, see §4.

The plan of the paper is as follows.

In §2 we investigate the asymptotics of the probability (1.2) as e — 0. These
results are well known, but we develop a technique which is possibly new. This
technique is also the main tool for the investigation of the importance sampling
distributions for the estimation of p., which is the object of §3. It should
be pointed out that the results in §2 and §3 hold under general assumptions:
X = (Xy); needs to be a gaussian process, continuous, centered and starting
at 0. We must also make an assumption on X (see Assumption 3.1), which
is satisfied for many gaussian processes of interest (including the fractional
Brownian Motion).

In §4 the results of §2 and §3 are used to study the importance sampling
distributions for the ruin problem for the fractional Brownian Motion and for
© of the form ¢; = ct®, ¢ > 0. We prove that an asymptotically efficient distri-
bution does not exist (at least in the class of importance sampling distributions
considered). This kind of phenomena (non existence of asymptotically efficient
changes of probability, and in particular lack of efficiency by translating with
the most likely path) have already been pointed out in the literature, see [6] and
[13]. We are however able to compute the asymptotics of the variance of the
estimator above (which, of course, depends on the choice of the path ). Also
it turns out that, al least if H > %, it is possible to find translations which are
very near to asymptotic efficiency. Even if this means that the precision goes
to zero exponentially fast as the level B goes to 400, it is natural to enquire
whether these estimators are useful in practice and to determine the translation
which produces the estimator having the smallest variance. These questions are
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of a very different nature (the first one requires the performance of numerical
experiments, the second one the resolution of a particular analytical problem)
and will be addressed in future work.

The results described so far require to overcome a certain number of tech-
nical questions. These are discussed in §5, where also some well known facts
about gaussian measures are recalled.

2 Estimates of level crossing

Let X = (X¢)i>0 be a continuous centered gaussian process starting at 0 and
let K(t,s) = Cov(X¢, X,) be its covariance function.

In this section we compute the limit lim._q &2 log p. for a fixed continuous
path ¢ € C = C([0,1],R) (the space of continuous paths vanishing at 0, endowed
with the uniform norm). We assume that the underlying probability space is
Q = C and that X = (X;); is the canonical process, that is X;(w) = wt, w € .
We define, as usual, the filtration (F;): by Fr = o(Xy, u < t).

The computation above is actually quite simple as the process t — £ X; — ¢,
satisfies a Large Deviation Principle (see §5), so that, if we denote by I its rate
function,

;i_l’)r(l)€2 logp: = — ui)Igl&I(w), (2.1)

where A denotes the set of paths {w € C;supg<;<q wy — ¢ > 1}, I being the
rate function of the process (X;)o<i<1, that is I(w) = $|w|3, if w belongs to the
Reproducing Kernel Hilbert Space (RKHS) H (see §5 again ) and I(w) = 400
otherwise.

Proposition 2.1 The infimum in (2.1) is equal to infoc1<1 %, ie.,
):_ inf (1+ @)% des

im £2 — ) > = —i :
il_r%s logP< sup (X — ) >1 oinf SK(t.1) iy (2.2)

0<t<1

Proof. Let Ay = {w € C;wy = 1 + ¢}, so that A = {w € C;supgy<q wy — @1 >
1} = Uo<t<1A¢, and

inf I(w) = inf inf I(w).

weA 0<t<1 weA;
Recall that the dual C’ of C is given by the vector space of the measures with
finite variation on [0, 1]. As recalled in §5, a set of paths which is dense in H
is the one which is formed by those paths which are barycenters of the r.v.’s
belonging to C’. That is

we = E(Xt /O 'x. da(s)) - /0 1K(t, s) da(s) (2.3)

The square of the norm, |w[%, of w in H is given by the variance of the centered
gaussian r.v. fol X da(t), that is

11
|w[%:/0 /0 K(u,v)da(u)da(v) = V(a).
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Recalling that I(w) = $|w|?,,

inf I(w) = inf V() = inf - //Kuvda w)da(v),

weA;

the infimum in the right hand side being taken among all « € C’ such that

/1 K(t,s)da(s) =1+ ¢y.
0

This is a constrained extremum problem and is easily handled by Lagrange
multipliers: we need to find a a € C’ such that

0=V« ﬂ+)\/Ktvdﬁ /Kvuda()dﬁ —|—>\/KtUdﬁ()

for some A € R and for every 8 € C’'. This gives the equation
1
/ K (u,v)da(v) + AK (t,u) =0, for every u,0 <wu < 1.
0

The solution is obviously
o= oy = —A\;
where ) is determined by the condition

Wt = —)\K(t,t)—QOt =1

that is

Therefore

inf I(w) / / K (4, v)dag (u)dag(v) = 2(;;@‘?;)) .

Remark that the minimizing path w € A; is

I+
YT K1)

K(t,s). (2.4)
|

Remark 2.2 Actually in the previous proof we assumed that in order to com-
pute the infimum of I over A; it is sufficient to consider only the paths w for
which the representation (2.3) holds whereas these are only dense in the RKHS
‘H. Actually the proof of the previous Proposition 2.1 is completed as soon as
we show that the paths of the form (2.3) and such that w; = 1 + ¢, are dense
(in the topology of H) in HN{w; = 1+ ;¢ }. But this is immediate because the
map w — wy is continuous on H: thus if w € H N {w; = 1+ ¢}, then there
exists a sequence (wy), C H of paths of the form (2.3) such that w, —" w.
This implies that wy(t) — ws = 1+ @4, so that if W, = w, (1 + ¢¢)/wn(t), then
still wy, =" w and (,), C HN{ws =1+ ¢}
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Remark 2.3 Remark that, since ¢ is supposed to be continuous, the infimum

2
infoei<i % is attained at some point t*; therefore, whatever the path ¢,

the minimizing path w is of the form const - K(t*,-), for some t* €]0, 1].

Remark 2.4 (The fractional Brownian Motion) Assume that the process (X;);
is a fractional Brownian Motion, that is

1
K(t,s) = §(t2H el

and thus K (t,t) = t*#. Assume also that o, = kt®, k > 0. Then the infimum
n (2.1) becomes

1(1 )2
inf _w.
o<t<12  t2H

The derivative is

1
ST [2kat T2 (1 4 k) — 2HE2H 71 (1 + kt*)?]

which has the same sign as
kat® — H(1 + kt*) = k(o — H)t“ — H.

If a < H, this quantity is strictly negative for every ¢ > 0. If « > H, it is
negative until

= (ﬁ)w (2.5)

and then positive. Thus, if the value in (2.5) is < 1, then the infimum (minimum
actually) is attained at t* and is equal to

) ) oo

Let us define a* so that a* K (t*,t*) = 1 4 ¢4+, that is

. L1+ Kkt k \2H/« . 2H
o= —olg) - BT
then the path at which the infimum is attained is
ws = a* K (t*, ). (2.7)

If the value t* in (2.5) is larger than 1, then the infimum is attained at ¢ = 1.
The fact that the most likely path is as in (2.7) was already obtained in
[10], but with very different approach.
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3 Importance sampling

In this section we investigate the importance sampling distributions for the
computation of the level crossing probability (1.2). We keep notations and
settings of §2. Let v € H and Z the corresponding r.v. in the space Cp (see
§5 for details). Thus, by Girsanov theorem (see again §5 for details), with

1 1
respect to the probability dQ. = eEZ_%_QM%dP, the process €X has the same
distribution as ¢ — ¢X; + 7y under P. Let ¢ : [0,1] — R be a continuous
function and define the stopping times

T(w) = inf{t;ws — @ > 1}, Te(w) = 7(ew)

with the usual understanding inf ) = +o0o. In the following we denote E and
EQ: the expectations taken with respect to P and Q. respectively. Let Z; =

1 1
EQe (eEZ_?M?H | i), so that

. dp
bdQe
Fit
The r.v.
l{ragl}Z; (3.1)

is, under @, an unbiased estimator of p. = P(sup,<;(eX; — @) > 1). We
investigate the existence of good importance sampling estimators in the class
described by (3.1). We say, as usually, that the family of probabilities (Q;)c is

asymptotically efficient if for the variances aée of these estimators it holds

lim sup £2 log 0%5 = —2i, (3.2)
e—0
(i, was defined in (2.1)). By extension we shall also say that the translation
is asymptotically efficient. The meaning of this definition is clear: the precision
of the estimator can be defined as the ratio between the quantity p. to be
estimated and the amplitude of the confidence interval; thus the precision is
proportional to the ratio between p. and oq.. The condition of asymptotic
efficiency thus ensures that the precision does not go to 0 exponentially fast as
e —0.
Since the mean of the estimator (3.1) is equal to p., thanks to Proposition
2.1 in order to have asymptotic efficiency the second order moment ms(e) =
EQ: (L. <13(Z2)%) must satisfy

lim sup % log ma () = —2i,, (3.3)
e—0
Remark that in (3.3) the left hand side is always equal to or greater than the
right hand side, as the second order moment cannot be smaller than the square
of the mean.
In order to get a reasonable representation of the martingale (Z7), remark
that, if
G =E(Z|F)
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then ((¢)¢ is a gaussian P-martingale (the o-field F; is generated by (X;)s<¢ and
((Xs)s<t, Z) is a gaussian family). Hence it has independent increments and

= 1oL
7f = e 52"y, = E(¢?)
= 1y 1
is also a P-martingale; as Z] = ez?

7 = B(ez? 2Pl | ).

Since 40
Zf = dPe )
a
it follows P
() =i =7
dQE |.7:t

and therefore ) )
7§ = e ¢t

The second order moment of the estimator (3.1) is therefore

_1

.
ma(e) = BEY (L) (Z2)%) = EP (Lncy Z5) = EP (L cqyo 5277 ) =

_/ e_%g‘re(w)'f'ge%vra(w) dP(w) = /1{T(aw)<l}e‘§%(_CT(EW)—F%T}T(S‘“))dP(w).
{re<1} B

(we used the fact that (; is a linear function of w, see §5).

Assumption 3.1 We say that the probability P satisfies the property CGM
(continuity of the gaussian martingales) if, for every r.v. Z € C},, the gaussian
martingale ((;); admits a continuous version.

The results of this section hold under Assumption 3.1. It is easy to check
that this assumption is satisfied for many gaussian processes of interest and
in particular for the Brownian Motion (of course) and the fractional Brownian
Motion. It is possible to find examples of continuous gaussian processes that
do not satisfy Assumption 3.1.
In the following we shall consider that these martingales are continuous.
In §5 we prove that, under Assumption 3.1 the functional

—(r + s (3.4)
satisfies the assumptions of Varadhan’s Lemma (Theorem 5.3). This gives
lim £? log ma(¢) = lim £2 log EP(l{TE<1}e7%<Tf+2§vTE) =
e—0 e—0 -
= sup {~G(w)+gzvr—I(w)}=sup sup {-G(w)+ g0~ lwli} =

w,T(w)<1 t<1l weH;wi—pt=1

— _inf  inf Ly L2
inf o nf - {G(w) = guet glwld
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Proposition 3.2 Let t € [0,1]. It holds

inf  {¢(w) — ju + lwlf} = —ve + (1+ ¢ +%)

weEH;wt—pr=1

1
9K (t,1)

Proof. (; = E(Z|F:) is a gaussian r.v. and the corresponding path in the
RKHS is vét) = E(Xs¢). Ifw e H, G(w) = (w,y®)y (see §5, (5.6)). Thus we
are looking for the minimum of the function F(w) = (w,v®")y + 1|w|?, on the
hyperplane w; = 1 4+ ¢;. This being, again, a constrained extremum, we use
Lagrange multipliers. Since F' is convex and tends to +00 as |w|y — +00, the
minimum exists and is certainly a critical point.

For h € H, DF(w)h = (), h)3+ (w, h)y and, if G(w) = wy, DG(w)h = hy.
Thus the Lagrange multipliers relation for a critical point is

(v WY + (w, hyp + Ahy = 0.

The only vector y € H such that (y, h)y = Ah; for every h € H is y = K(t,-).
Thus the relation (y() 4+ w, h)y = —Ah; for every h € H implies v + w =

—AK(t,-), that is ws = — o _ AK (t,s). The constraint w; = 1 + ¢; implies
= L+ +7
K(t,t)

(we use the fact that ’yt(t) = ¢). Thus, the critical path @ is
L+or+7

o= A1)
A ()

K(t,s).

Replacing the value of w and using the relationships

<7(t)77(t)>7‘[ = E(CE) = U, <7(t)7K(t> )>7‘( ="M, <K(ta')7K(ta )>'H = K(tat)
one gets

T+ +7

(@) = (@, YD)y = —vp +n K1)

9

T+oi+v (L4 o +%)°

~12 2
= 2\ NK(tt) = 2
|W|3, = v + 2My; + (t,t) = v + 2y K1) R0

and, finally,

: 1 L2y oy ] 1),=12 _
weH;g:f_%:l{Ct(w) — U+ glwli} = G(w) — o + 5lwlx =

= —u + (1+ @ + 1)

1
2K (£, 1)
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Let us define

H,(t) := v + (14 ¢t +m)* (3.5)

1
9K (L, 1)

We shall call H, the master function associated to the translation ~y. If we
define

= f H .
p(y) = inf Hy(t), (3.6)
since, by Varadhan’s Lemma,
lim = log ma (=) = — inf (—v + R 2)=-pln).  (37)
im elog ma(e) = —inf (—v = — .
JHmelogme = t 2K (1, 1) Yt TN P\Y)s

then v is asymptotically efficient if and only if p(y) = 2i,. The next state-
ment gives information that is useful in order to determine whether v € H
is asymptotically efficient and whether asymptotically efficient translations do
exist.

Proposition 3.3 It holds, for every v € H and 0 <t <1,

(L+¢)*

Hy(t) < K1)

(3.8)

Moreover, if vy is asymptotically efficient, the infimum in (3.6) is attained at
every t* € argming<,<; (2;2?2) and  must be of the form v, = a*K(t*, s) for

s < t*, where a* = (1 + =) /K (t*,t).

Proof. One can write, for every t,

H,(t) = —v 2K(1t )(1+<Pt+’Yt)2:
_ 1 ( pt)” 1 _
= Ut SR V2 + OO t(l('l"ft)); (3.9)
LT o)

1
_(Ut_K(t t)%)_ZK( it o)+ K(t,1)

If Z is the r.v. associated to «y in Cp, then v = E(X;Z) = E(X;E(Z | F)), so
that

72 <EE(Z|F)HEX}E) = v K(t,1) (3.10)
which implies
1 2
— > 0.
“TEREH T

Therefore the first two terms in the left hand side of (3.9) are both negative,
which proves (3.8). Rewriting (3.9) for t = t*, one gets

! 1 (1 +¢e)?
Ht*:—(*— %)— 14 ope — )2 .
+(#7) TR ) 2K(t*,t*)( +or =)+ K (t*, %)
————

=2,
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Therefore a necessary condition for « to be asymptotically efficient is that both
the relations

1

2
A =0 1+ pp — e =0
K(t*,t*) K ’ o

Vpx —

hold. The second inequality implies v~ = 1 4 @+ As for the first one, a
closer look to (3.10) shows that the inequality is strict unless the r.v.’s E(Z | Fy+)
and Xy« are co-linear, that is unless v;« = AE(X2) = MK (t*,t*). The condition

Y+ = 1 + 4+ implies A = ;afi’;) = a*. Thus, if s < t*,

vs = E(XsZ) = E[XE(Z | Fi»)] = a"E(X: X)) = a" K (1%, 5)
|

Proposition 3.3 gives only a necessary condition for asymptotic efficiency and
an asymptotically efficient translation may not exist, as already pointed out in
[1], §3. In [1] one can also find a discussion about existence of asymptotically
efficient importance sampling distributions, when the process (C, (X;):, P) is a
Brownian Motion. The next example takes care of a much more complicated
situation.

Example 3.4 (Fractional Brownian Motion) Assume now that the process
(C, (Xt)i<1,P) is a fractional Brownian Motion. That is a continuous centered
gaussian process with covariance function K (t,s) = 1(t2# + s?H — |t — s2H).
The RKHS of this process is well described using the stochastic integral, whose
main features we recall here. For more details see Norros et al [9] e.g.

Assume first H > % and consider the vector space, A% of the functions

f:[0,1] — R such that

1,1
H(2H—1)/O /0 f(w) f)|u — v/ 72 dudv < +o0

endowed with the obvious scalar product. For every f € A% one can define the
stochastic integral

1
/ f(u)dX, (3.11)
0
first imposing that

1
/ F(u)dXy = Xy — Xa
0

if f=144,0<a<b<1, and then extending it to an isometry between A%,
and L?(P). In particular it holds

E(/Olf(u) qu/Olg(v) dXU> :H(ZHI)/OI /Olf(u)g(v)|uv|2H_2dudv.

If H < %, one can also define the stochastic integral with respect to the frac-
tional Brownian Motion, but in a different way, owing to lack of integrability
properties of the function (u,v) — |u — v|?=2. Again see [9] for details. It is
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clear that the r.v.’s of the form (3.11) are gaussian and belong to the gaussian
space Clp.
Norros et al [9] proved that, if

1 g g .
t— f0<s<t,
wlt,s) = {6182 (t=s) ;fs;: (3.12)
where
1

Ccl = )

T 2HT(H + L - H)
then

t
Mt:/ w(t,s)dXs
0

is a gaussian martingale (the fundamental martingale) such that E(M?) =
22721 where

3 F% —H) (3.13)

2T 9H@—2H)T(H + HI(2—2H)

Figure 1 gives the graph of ¢ as a function of H, its behaviour being relevant
in the sequel. Norros & al. prove two important properties of the fundamental

1.4 q

1.2 A

1 T T T T T T T T T 1

01 02 03 04 05 06 07 08 09 1

Figure 1 Behaviour of ¢3 as H varies. For H > %7 the values remain very close to 1.

martingale, namely, first, the representation formula

X, = /0 51, 5) dM, (3.14)

where the integral is an ordinary stochastic integral with respect to the contin-
uous square integrable martingale (M;); and

() = 20 (173 (1 — )71 —(H—§)/tuH—%(u—s)H—%du). (3.15)

S

If H> % this expression can be slightly simplified by integrating by parts,
which gives

5(t,s) = 2H(H — 1) /t w3 (u — )22 du. (3.16)
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This is Theorem 5.2 and formula (5.1) of [9]. As a consequence, the fundamental
martingale generates the filtration (F;); and every r.v. in the gaussian space
Cp can be written in the form

/1 g(s) dM; (3.17)
0

as ¢ varies in the Hilbert space L% of the functions such that fol g(s)?d(M)s =
c3(2H — 2) fol g(s)?s'2H ds < +oo (whereas, if H > 3, not every r.v. of C},
admits the representation (3.11), see [11]).

The representation formula (3.17) implies that property CGM of Assump-
tion 3.1 is satisfied for the fractional Brownian Motion. Actually, if Z € Cp,
then it is of the form (3.17), so that

t
¢ = E(Z|F) —/ o(s) dM,.
0
The second important feature of the fundamental martingale is that
E(X. M) =t. (3.18)

This implies that the path 7 =t belongs to the RKHS and that |7|%( =c3.
Let us now show that an asymptotically efficient importance sampling dis-
tribution cannot exist. We consider first the case H > % Proposition 3.3 states
that the corresponding translation v should be of the form v, = a*K(t*,t) =
a*E(X;X;+), where t* is a point at which the infimum in (2.2) is attained.
We prove now that the associated master function H, has a minimum that
is strictly smaller than 2i,. This will follow from the fact that H’ (t*—) = 0,
H/(t*—) = —oo. This implies that H., is increasing in a left neighbourhood of
t*, and therefore has a minimum that is strictly smaller than H,(t*) = 2i4.
The term vy appearing in the master function is, for ¢t < t*,

vy = a**B(E(Z;-

t
F)?) =a*?(2 - 2H)c§/ Z(t*,5)2s172H (s,
0

Therefore

vl = a*?(2 — 2H) 3z (%, 1) 20
n_ 2 2 (12 OF(t, 1) _ Sk \24—2H
W =a (2—2H)c2(2t T A ) + (1= 2H)E(E 0% )

The derivative of Z(t*,t) is

D2(t*,1)

t*
=2H(H — 3 _t*H_% t*—t H7%+ H-1 W3 (u—t)3 du).
ot 2 2
t

The integral inside the parenthesis is of order (t* — t) _%, thus

D5 (t, 1)

S = —2H(H = e -
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as t ] t*. Since Z(t*,t) ~ 2Ht*H_%(t* - t)H_% and
é(t*,t)z ~ 4H2t*2H_1(t* _ t)2H717
replacing one finds v;._ = 0 (recall that H > %) Also

az(;tvt)g(t*’t) ~ *4H2(H o %)t*QHfl(t* - t)2H_2
and, finally,
v ~ —a**(2 — 2H)SH*(H — L)3(t" —)*1 2,

As for the other terms appearing in the master function, since v; = %a* (217 +

’}4 — a*H(t2H71 + (t* . ZL/)QHfl)7
v =a*H(2H — 1)(t27172 — (t* — t)2172),

Thus 7. = a*Ht**F71 whereas v/ ~ —a*H(2H — 1)(t* — t)?H=2 as t 1 t*.
Since

(1 + ¢ +7)[(@h + )t — H(1L 4 @1 + 7))
t2H+1

H.(t) = —v; +

one gets H (t*—) = 0, as v = . = H(1+ ¢p). As for the second order
derivative, denoting by ... the terms that have a finite limit in ¢*,

WigN oI (I+pt+7) 4 -~
HY(t) = —v; t—mr o =

* — * * (1 + Op + ’Yt*)
~ (1 — )2 2(a 2(2 — 2H)SH?(H — Y)3 — a* H(2H — 1) tT>

Recalling that (1 + @p + 7 )t* "2 = 2a* and replacing ¢ with its expression
(see (3.13)), we find

HI(t) ~ Ha* (1" — )21 <(2 — 2H)8H(H — 1) + 2(2H — 1)) -

3 _
= 2(2H — 1) Ha"(t" - t)2H_2(F(H i(fwg)— 2H) Y
2
=Ky

The quantity K is strictly negative for every H # % (see Figure 2). Therefore
H!/(t*—) = —oo and the master function is increasing in a left neighbourhood
of t* (see also Figure 6).

Similar computations show that, if H < %, the derivative of the master
function, H.,, of 7, = a* K (t*,t), converges to +o0o as t T ¢t*. Thus, also in this
case, an asymptotically efficient translation cannot exist.

Remark 3.5 The computations of the this section raise two questions.
e Concerning the fractional Brownian Motion, there is no importance sampling
distribution which is asymptotically efficient in the class considered. Is there
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-1 T T T T T T T T
01 02 03 04 05 06 07 O

T
8 0.9 1

Figure 2 Behaviour of the discrepancy function Ky as H varies. Kp is strictly
negative unless H = %

a reasonable, larger, class of importance sampling distributions in which an
asymptotically efficient one can be found?

e As for now, if an asymptotically efficient importance sampling distribution
does not exist, is it possible to find a i.s. distribution that is optimal in the
class considered (even if it fails to be asymptotically efficient)? In other words,
if we denote J(y) = info<;<1 H,(t), does the functional J attain a maximum as
~ varies in H? If this is the case, which are these maxima?

Remark 3.6 The use of Varadhan’s Lemma gives an intuition of the reason
why the translation using the most likely path given by the large deviations
estimates of §2 is not asymptotically efficient: the main contribution to the
asymptotics of the second order moment is given by paths which give a very
small contribution to the probability P(supg<;<;(eX¢ —¢t) > 1), as € — 0, but

Lt

1
for which the weight e = 2" is very large.

4 The ruin probability

In this section we apply the results of §2 and §3 to give an estimate of the
behaviour of the ruin probability (1.1) as B — +oc and to the determination
of good (or not bad, at least...) importance sampling distributions. Whereas
the results of §2 and §3 hold true for general gaussian processes (albeit centered
and continuous and satisfying Assumption 3.1), in this section we deal with
the fractional Brownian Motion. Let X = (X s)s>0 be a fractional Brownian
Motion and ¢ > 0, @ > 0. We want to investigate the behaviour, as B — 400,
of

P(ig%)(f(s —csY) > B) (4.1)

where 75 = inf{s > 0; Xy — s > B}, with the understanding 75 = +o00 if the
above set of times is empty. Let d be a positive number and let us first study
the behaviour as B — 400 of

P( sup (X, —es®) > B>.
0<s<(Bd)l/
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As we shall see, this term gives the main contribution to the ruin probability
(4.1), provided d is large enough. Remark that,

P( sup (X, —cs?) > B) = P( sup (Xy(gayt/o — c((Bd)Yt)™) > B) =
0<s<(Bd)!/ 0<t<1

P( sup ((Bd)% X; — cBdt®) > B) - P( sup (B~ e da X, — edt®) > 1).
0<t<1 0<t<1

Here we set X; = (Bd)ngt(Bd)l/a. By scaling, X = (X}); is again a fractional
Brownian Motion with Hurst exponent equal to H. If « > H and we set
e = B Hade and k = cd, the problem is reduced to the estimation of the
probability

Pe = P( sup (e Xy — kt*) > 1),
0<t<1

which was already considered in the previous sections. Let

s = (c(alj H))l/a

and assume that d is such that d > s**. Then

lim B2+ logP( sup (X, —es®) > B) =

B—doo 0<s<(Bd)l/o
d-%% lim B2 logP( sup (X, —cs?) > B) =
B—+4o00 0<s<(Bd)l/ 4.9
_2H . 2 ( ’ )
=d o lime logP( sup (eXy — kt*) > 1) =
¢—0 0<t<1
e (L+KtY)? g -
R e
With the assumptions made on d, it holds
t*_( H )1/04_( H )1/a<1
- \k(a— H) - \ed(a— H)
Thus the critical point t* belongs to ]0, 1] and, thanks to (2.6),
o Lo (Mo IDVE Lo yrcaHNE
2\a—H H 2\a— H H

which does not depend on d (provided that d > s**). This term gives the main

contribution to the ruin probability P(sup;>o(Xs — cs®) > B). Indeed it is
sufficient to show that

lim sup Jaeanrs logP( sup (X, —esY) > B) < —i

B—+00 s>(Bd)l/«

if d > s*“. This is a rather straightforward application of Fernique’s theorem,
as outlined in [5] (see also [1] for more details).

We now describe how the results of the previous section can be used in
order to derive information concerning the second order moment of importance
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sampling estimators. If 4 € H, then 4 = E(Zf(t), where Z belongs to the
gaussian space generated by the r.v.’s (X;);. As pointed out in Example 3.4,
a nice way of describing this gaussian space is provided by the fundamental
martingale of Norros & al. [9]. Let

t
Mt:/ w(t,s)dXs
0

where w is as in (3.12); then every r.v. belonging to the gaussian space generated
by (Xt)tS(Bd)l/o‘ iS Of the fOI'In

- (Bd)'/= -
7= / §(s) dM,
0

/o ~ ~
for some function ¢ such that fO(Bd)l G(s)?d(M)s < +0o. We denote L% the
Hilbert space of these functions, endowed with the scalar product

~ (Bd)'/ - B (Bd)1/« ~
(9, My = /0 g(s)h(s) d{M)s = (2H — 2)63/0 G(s)h(s)s 2 ds.

To every function g € E%I one can therefore associate a path 4 € ‘H by setting

7, = B(X, /0 P ) an,) =B(X, /0 i) ant, ) =
= /OS Z(s,u)g(u) d(M)u

(4.4)

Moreover the relation (4.4) between i%{ and H is one to one.

Lemma 4.1 Let X be a fractional Brownian Motion and X; = A H Xy, so
that X is still a fractional Brownian Motion. If g € L%([0,T]), then it holds

T T/A B
/ g(s)dXs = )\H/ g(As) dXs a.s.
0 0

Proof. All the r.v.’s considered belong to the gaussian space generated by (X;);.
Thus it is sufficient to prove that the two r.v.’s above have the same covariance
with respect to each of the r.v.’s X;,t > 0. Indeed, with the change of variable
U= Ar, v =\s,

T T T
E(Xt/ g(s) dXS) = H(2H — 1)/ / 1[0’t}(u)g(v)|u_v|2H—2 dudv —
0 o Jo
T/X rT/A
= )\2H(2H — 1)/ / 1[0715]()\70)9()\3)‘)\,0 _ )\S‘QH—2 drds —
0 0

2H A 2H—2
=\""H(2H — 1)/0 /0 Lio,g(Ar)g(As)|r — s| drds
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whereas
T/\ 5 _ T/ _
)\HE<Xt/ g(\s) dXs) - )\QHE<Xt/A/ g(\s) dXS> _
0 0
T/N (T/A
e - 1) [ [ gl - o2 =
0
T/X T/A
= \N"H(2H - 1)/ / Lo, (Au)g(Av)|u — o272 dudv.
0 0
N

As a consequence of the previous lemma, let us look at the transformation
leading the fundamental martingale of X to the one of X. These are defined
by

t t
Mt—/ w(t, s) dXs, Mt—/ w(t, s) dXs.
0 0
Thus

t t/x B
M, :/ w(t,s)dX, = )\H/ w(t, \s)dX, =
0 0

N

/A L L . /X
= cl)\H/ (As)2 H(t — Xs)27H dX, = clkl_H/ s
0 0

— )\liHMt/)\.

This relation is easily extended to

/ t g(s)dM, = X171 / " g(\s) dM, (4.5)
0 0

for every function g € L%{.
If X; = (Bd)ngt(Bd)l/a and k = cd, let us define as before

7. = inf{t;e Xy — kt* > 1}
with e = B~1*4da, k = cd. Then
7. = inf{t; B e de X; — kt® > 1} = inf{t; (Bd) « X, — kBt > B} =
= inf{s; X (pg1/a — kBs® > B} = inf{s; X pgy1/a — 5((Bd)/*s)* > B} =
= (Bd)"Y“inf{s; X, — ¢s® > B} = (Bd)~"Y/%7p.

Moreover, thanks to formula (4.5) with A = (Bd)~1/®,

Te (Bd)~V/*7p L B -
/ oty dM, = / g(t) dM; = (Bd)~ 20— / g(t(Bd)~Y/*) i,
0 0 0

whereas

[ awPann. = @-2ma [ gwpe 2 a -
0 0

a7
=(2—- ZH)(Bd)_é(l_QH‘H)C%/ g(s(Bd)~V)21=2H gg —

0
= (Bd) =7 /TB g(s(Bd)~Y/*)? d(M),.
0



18 P.BALDI AND B.PACCHIAROTTI

Therefore, recalling that € = B S da

1 [ 1o, B
2 [ atant g [ st aon, -

H

TB -
= Bl ad a( d)—é“—H)/ g(s(Bd)~Y/*) dM s+
0
1 75 .
g a2 [ o5 a0, =

-1, 1 ™ —1/ay 777 oo 2. 2 s —1/a\2 7/77
=—B " ad @ ; g(s(Bd) )dMS+§B ad o ; g(s(Bd) )2 d{(M)s.

1,1

Thus, if we define §p(s) = B!~ ad = g(s(Bd)~/®), the two r.v.’s

1 [ 1 [
tenes(=2 [ o+ o5 o2 don,)
i i (4.6)

B B 1 B ) B
1{%B§(3d)1/a}exp<— ; gB(s)dMs+§ ; gB(s) d(M)S)

are P-a.s. equal.
The relationship between the paths v and 4p, associated to the integrands
g and gp respectively can be made explicit. Actually

_ (Bd)l/o‘ ~ ) ) _ (Bd)l/o‘ ~
Ap(s) = E[X/O 5(s) dMS} - BladaE[Xs/O g(s(Bd)’l/a)dMs]

But

> H
@

XS == (Bd) XS(Bd)—l/a

(Bd)'/ 3 (Bd)'/« . . 1
/0 gB(s) dMs—/O G(s(Bd)~Y*)dM, = (Bd)a“—H)/O g(s) dM,

so that

1
35(5) = BE[X, g4y 1/e /0 9(s)dM,] = By(s(Bd) /) (47)

We consider the family of importance sampling estimators for the ruin proba-
bility of the form

].{7:BS(Bd)l/a}Z‘FB (48)

where 75 = inf{s; X, —cs® > B}, the r.v.’s X, are simulated under the distri-
bution, Qp, of a fractional Brownian Motion translated with a path 4p of the
form (4.7) for some v € H and (Z;); is the martingale (under Qp) that gives
the density of the change of probability, that is

7, = exp(— /Oth(s) dM + % /0th(3)2 d<M>s).

Here the function gp € I:% represents the path p as in (4.4). The second order
moment of this estimator is

ma(B) = B[y o~ [ anto)ant+ 5 [ antsr? o).
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Figure 3 The dotted line is the graph of ¢t — (1 + kt)?t~2% whereas the solid one is
the graph of I, with v, = at. It is apparent that the infimum of the latter is strictly
smaller. Thus the translation is not asymptotically efficient. Here H = 0.6, k = 3,

a = ﬁ = 4.95; the infimum of H, is equal to 14.2854 instead of 14.3588 for
2

asymptotic efficiency.

Similarly to the definition given in §3, we say that the estimators defined
through a family of paths (yp)p is asymptotically efficient if

lim sup B2+ log g (B) = —2i.
B—+o00

Thanks to (4.6), it holds

B ~ B 1 B 5
= E|:1{,7_B§(Bd)l/a} eXp<_/ gB(s) dMS + 5/ gB(S) d<M>5):| =

£ _ps
:E[l{rsél}eXp<_§/0 g(t) dM; + %/0 g(t)? d<M>t>} =
= ma(e)

and
2H

lim B? & logma(B) = d’ lim 2 log ma(e).
B—oo e—0

Comparing with (4.2) and (4.3), it is clear that the family of translations (Yp)p
is asymptotically efficient for the simulation of the probability (1.1) if and only if
the translation v is asymptotically efficient for the simulation of the probability
(1.2).

Example 4.2 In [8] Z.Michna investigates the efficiency of the importance
sampling estimator for the ruin probability

P( sup (X; —ct) > B)
0<t<1
obtained by a translation with a path of the form ~; = at. He studied, using
extensive simulations, the efficiency of this kind of i.s. distributions. This choice
of a translation corresponds, with the notations introduced above, to gg = 1
and also g = 1. This importance sampling estimator is asymptotically efficient
if and only if

, . (1Rt
0221 H,y(t) = 0321 t2H
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2
Figure 4 The graph of 25—2_17 as H varies. Between % and 1 the minimum is attained
"2

at ~ 0.82 and takes a value ~ 0.9817.

Thanks to Proposition 3.3 we know that this cannot be, as in order to produce
an asymptotically efficient translation the path v must be of the form ~; =
a*K(t*,t), for t < t*. One can however investigate for the best value of a and
whether this estimator is far from asymptotical efficiency.

If v = at, v; = a’B(E(M1 | F)?) = a®?E(M?) = a?c3t?>72H . Therefore the
master function is easily computed:

_ 1
H,(t) = —a*c3t* 1 + o1+ (k+ a)t)?

and one must determine the value of a such that info<;<1 H(t) is largest. It
can be shown that in this case sup and inf can be interchanged and (for a fixed
t this is a second order polynomial in a)

& (1+kt)?
231 2H

1
max{—a%gt*w + —— (14 (k+ a)t)2}

a>0 2¢2H (4.10)

(2i§—]€§)t' The infimum of the right

hand side of (4.10) is attained at t* = C(OE 7y and we obtain, for the value of
the infimum,

the maximum being attained at a = a(t)

3 (1+kt")? A3
2c3 —1 +2H 23 —1

2.

Thus the estimator would be asymptotically efficient, but by the presence of

the factor

2
)

22 — 1

(4.11)

The graph of the function c3 given in Figure 1 tells us that, for values of H
between § and 1, c3 is very much close to 1, as well as ¢3(2¢3 —1)~! (regardless
the value of k), and the graph of H — ¢3(2c3 — 1)~! in Figure 4 confirms this
fact. Therefore, for % < H < 1, this importance sampling estimator, whereas
it is not asymptotically efficient, is not far from being so (see also Figure 3). If
H = 0.6, 3(2¢3 — 1)~ = 0.995. Unfortunately this means that the precision
of the estimator tends to 0 as € — 0 exponentially fast. It might be interesting
to check, numerically, whether this estimator is useful in practice for the usual
values of the level of B. Its performance is moreover much poorer for values of

1

H smaller than 5
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The method developed here allows also to determine the best value of a.

Actually here
N 1+ kt* k

(2¢3 — 1)t (23— 1)H

The path ~ = a*t gives rise to the lowest second moment order among the
linear paths for the simulation of the probability (1.2). The corresponding path
for the simulation of the probability (1.1) is therefore, using (4.7),

c
B(s) = By(s(Bd) ™) = m———s-

In [8], numerical evidence indicates that, for H = 0.6 and ¢ = 1, the best path
of this form is 74 = at with a between 1.5 and 1.9 (beware, we call a here what
is written 1+a in [8]). The computation above gives a = ((2c3—1)H) ™! = 1.65.

Remark 4.3 If the translation «; = at is not asymptotically efficient, one can
however investigate whether it is optimal, in the sense of the second point of
Remark 3.5. Also the answer to this question is negative, as we are able to
produce a translation vy such that infoo;<1 H,(t) is larger. Actually, let us
choose a path ~ associated to a r.v. of the form Z = a* Xy + Y, where Y is
independent of Fi«. Thus Y is of the form

1
Y=/ g(s)dM;
t*
with g € L?,. Z being of the form above, this ensures that
Yt = E(XtZ) = a*E(XtXt*) = Q*K(t*,t), t S t*.

whereas, if t* <t <1,
t
v = B(X.Z) = B[X,(a" Xio + V)] = a* K (", 1) + / 5(t, 5)g(s) d(M),

t*

Assuming for simplicity that H > %, so that we are enabled to use the simpler
form (3.16), for ¢t > t*,

1

t t
Y= a*K(t*,t)+2H(2—2H)(H—%)C%/ g(s)st=2H ds/ quﬁ(u—s)Hfg du =
t* s
t u
=a"K(t",t)+2H(2—2H)(H — %)cg/ uHé/ g(s)sldH(u—s)H*% ds.
t* t*
The corresponding conditional variance v; = E(E(Z | F;)?) takes the form

t

a*(2 — 2H)c§/ 2(t,s)%s'72H ds if ¢ <t

Ut = 0 t

vy =a" K", t")+ (2 — 2H)c§/ g2st2  ds if t > 1.
t*
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If one chooses g of the form g(s) = co(s — t*)?s*H =1 for some values of cg,
to be chosen later, one finds, making simplifications with the value of c%,

col(B+1)I(3 — H)
t I(H+ B+ 3)I(2-2H)
H-L0 _ x\H+p-1
x/t w2 (u—tY) du.

*

v =a " K(t*t) +
(4.12)

for t > t*, whereas, for the same values of ¢,
t
v =a"K(t",t") + (2 — 2H)cgc§/ (s — )22 =1 g

t*

The master function H, associated to this path can be easily computed numer-
ically. Figures 5 and 6 show that, for a good choice of ¢y and 3, the translation

16 4

15 4

14 -

T T T T 1

02 03 04 t*=0.5 06 0.7 0.8 09 1

Figure 5 Here again H = 0.6, k = 3 and the dotted line is the graph of t —
(1+ kt)2t=2H. The solid one is the graph of H., with v = a*K(t*,t) for t < t*
and defined in (4.12) for ¢ > t*. Here ¢ = 4.7 and 8 = 0.01. The infimum of H, is
now equal to 14.3527 which is very close to asymptotic efficiency (the required value

is still 14.3588). The minimum is attained at t = .526. See the next figure for more
information of the behaviour of H, near ¢*.

14.45 A

14.4

14.35

0.4 t*=0.5 0.6

Figure 6 This is an enlargement of the previous graph, in order to enhance the be-
haviour near t*. Recall that, at the left of ¢t*, the path is vy = a*K(t*,¢). It holds
H,’Y(t* —) = 0, but the graph shows clearly, as proved in Example 3.4, that the associated

master function attains a local minimum at a point ¢’ < t*.

by such a path « is closer to asymptotic efficiency than Michna’s estimator.
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5 Appendix: continuous Gaussian Processes

In this section we review some more or less well known properties of the struc-
ture of continuous gaussian processes and prove some specific facts that have
been used in the previous sections. Many references are available in the liter-
ature. We refer mainly to Lifshits’s book [7] and to §2 of de Acosta [3]. Let
C: = C(]0,t],R™) be the Banach space of real continuous paths on [0, ], en-
dowed with the uniform norm |wlt s = supg<s<; |ws|. Its dual C; is formed by
all signed measures on [0,¢] with finite variation, through the duality

t
<a,w>:/ ws das.
0

A probability P on C; is said to be gaussian if the canonical random variables
Xs : € — R, s < t, defined by X (w) = ws form a gaussian family. In
the following we shall assume that P is full, that is that it gives strictly pos-
itive probability to all open sets of C. The family (X;)s then is said to be a
(continuous) gaussian process and the function K(u,v) = Cov(X,, X,) is the
covariance function of the process. If a € Cj, it is easy to check that the r.v.’s
Xa(w) = (a,w) are also gaussian. Let C;p be the completion in L?(Cy, P) of
the r.v.’s of C. It is a closed vector space of L%(C,P), whose elements form a
gaussian family (the gaussian space of (Xy)).
For every r.v. Z € C{p let us define, for s <t,

ws = E(XZ). (5.1)

With this definition, w is a continuous path, that is w € C;. It is easy to prove
that the application Z — w is one to one. We denote by H; the set of the paths
w of this form. Endowed with the norm

def
(wlin, = 2]z,

H; is a Hilbert space, the Reproducing Kernel Hilbert Space (RKHS) of P. It is
useful to remark that the r.v.’s X,.,r < ¢, certainly belong to CQ’P and that the
corresponding path is

ws = E(X;X,) = K(r,s).

Thus K (r,-) always belongs to H; and |K(r,-)|», = K(r,7)"/2. More generally,

if Z is of the form .
Z :/ X dag,
0

then the corresponding path in the RKHS is

ws = E(XZ) = /0 K (s,u)doy,. (5.2)

By construction, these paths are dense in H;. If w € H; and Z € CAP is the
corresponding r.v., then the r.v.

1 2 1
7Sl _ 231212,
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_ 1|2
has mean 1 with respect to P, so that dQ = eZ73lh gp is a probability
measure on Cy. Let us denote P, the probability obtained by a translation by
w: Py(A) =P(A — w). It is easy to check that, for every a € Cy,

/ el dQ(x) = / el dP, (z).

Thus, since the Laplace transforms coincide, Q = P,,.

If T"> 0 and P is a gaussian probability on Cr, let v € Hp and let Z be
the r.v. in the gaussian space C{n p corresponding to vy through (5.1). Then the
rv. Z =E(Z|F) is still gaussian, as {Z, X,,u < t} is a gaussian family. The
corresponding path 4, = E(XSZ) enjoys the property that, for s <t,

7s = B(X,Z) = B(X,Z) =

Thus it coincides with v up to time t.
Moreover, if 4 € Hr is a path coinciding with v up to time ¢, by repeating
the previous argument, its corresponding gaussian r.v., Z, must satisfy Z =
E(Z|F;) = E(Z | F,); this means that Z = Z+ W, for some r.v. W & Cr p and
independent of F;. Thus

3 = B(Z%) < E(Z%) + E(W?) = B(Z%) = [l (5.3)

Moreover in the previous relation the equal sign holds if and only if W = 0 and
if and only if ¥ = 4. We have proved the following

Proposition 5.1 If v € Hp and t < T, then there exists a unique path v €
‘Hr coinciding with ~v up to time t and such that

v\, = inf w3, (5.4)

the infimum being taken over all paths w € Hy whose restriction to [0,t] coin-
cides with 7.

The paths 'y(t) will play an important role in the following. As for now, remark
that, if we denote P the restriction of P to F;, P is a gaussian probability on C;
and another way of looking at Proposition 5.1 is to say that, if v € Hp, then its
restriction to [0,t], 7, belongs to H; and |¥|y, = inf ]w|31T, the infimum being
taken among the paths w € Hr which coincide with v up to time ¢.

Remark also that, if s < ¢, <’y(t),’y(s))HT = (7(3),7(3)>HT

The following statement gives an important, albeit elementary, consequence
of the property CGM (see Assumption 3.1).

Lemma 5.2 If the property CGM is satisfied, then the function t — ~®) is
continuous from [0,T] to Hr.

Proof.
Remark first that, since for gaussian r.v.’s the a.s. convergence implies the
convergence in L?, the mapping t — (; is continuous in L?.
Thus it is sufficient to remark that, for s < #, |y — 7(3)\3% = E[(¢G — ).
|
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In the following when speaking of the martingale ((;);, we will still understand
the continuous version whose existence is ensured by Assumption 3.1.

Let P¢ be the probability obtained by scaling with parameter e: P¢(A) =
P(%A). Then the following large deviations result is well known: for every
closed set F' C C; and every open set G C Cy,

limsup 2 log P¢(F) < — inf I(w)
e—0 weF (55>
liminf 2 log P*(G) > — inf I(w)
e—0 welG

where I(w) = %]w\%t if w € H; and I(w) = 400 otherwise. See, e.g., [7]
§12 or [4] §3.4.

Let a € C}, then the r.v. Z(z) = fg xsdag is a continuous function of the
path x. If w € H; is the path corresponding to Z through (5.1), then it is easy
to check that, if v € He, Z(v) = (w,7)#,. Conversely, if Z € C;p but Z ¢ Cj,
then Z is not a continuous function on C; (it is a.s. linear and does not belong to
C;). However Z is still quasi continuous (see Definition 4.2 in [1]) with respect
to the Large Deviations Principle (5.5), provided we define, for v € Hy,

Z(V) = <’LU, 7>Ht (56)

where w is the path in the RKHS corresponding to Z. This means that, for
every p > 0, R > 0,n > 0 there exist § > 0, g > 0 such that for every € < g

2

Pe(z;1Z(x) — Z(7)| > n,d(z,7) < §) <e f/° (5.7)

uniformly for v € {I < p}, where we denote d the distance in the uniform norm:
d(z,y) = ||z —y

Quasi-continuity is important in order to apply Varadhan’s Lemma, in the
following form

‘t,oo-

Theorem 5.3 Assume that the family of probability measures (p:)- on the
complete metric space (F,d) satisfies a Large Deviation Principle with rate
function Iand speed €%. Let ® : E — R a function which is quasi continuous
with respect to this Large Deviation Principle, that is satisfying (5.7). Assume
moreover that for every R > 0 there exists M > 0 such that

lim sup &2 log/Ee¢(x)/821{|q>(x)|>M} dps(x) < —R. (5.8)

e—0

Then
i) If F C E is a closed set, then it holds

lim sup &2 log/ @/ gy, < sup[®(z) — I(z)].
e—0 F zeF
ii) If G C E is open, then it holds

liminf €2 log/ @)/ g > sup[®(x) — I(z)].
e=0 G zeG
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Theorem 5.3 is proved, e.g., in [1] Theorems 4.3 and 4.4. Let us prove (5.7).
Actually, as C; is dense in C;p, there exists Z € Cl such that |Z — Z||;2 <
nmin((3v/2p)~ 1, R~Y/2). If b, w € H; are the paths in the RKHS corresponding
to Z, Z respectively, then, whenever I(vy) = %M%t < p,

1Z(7) = Z(7)| = [{@,7) = (w,7)| < [0 — wlpg [v#, < 4

Thus

Pe(z;|Z(x) — Z(v)] > n, d(z,y) < 6) <
<P (x;]Z(x) - Z(z)| > 3.d(x,v) < 6) + P (; |Z(x)— Z(7)| > 3.d(z,7) < 9).

By the continuity of Z, the last term in the right-hand side is equal to 0 if § is
small enough. The remaining term is easily majorized, keeping in mind that,
under P, the r.v. Z — Z is gaussian with a variance that is smaller than %82.
We now prove that the functional —(, + %UT , appearing in (3.4) satisfies
the assumptions of Theorem 5.3. First we take care of (5.8). The term v,
is bounded. If we set (* = supg<;< [(¢|, then obviously ¢* > —(;, and it is
sufficient to prove (5.8) for ® = ¢*. This is simple since ((;); is a continuous
gaussian process, so that the r.v. ¢* is finite and Borell’s inequality (see [12],
e.g.) gives
2

P(¢*>r) <27 T
for some ¢* > 0 (actually one can choose c¢* = (8E[(¢*)?])71).

Lemma 5.4 For every R > (0 there exists M > 0 such that

lim sup & log /c 2¢O s ary dPF(2) < —R.

e—0

Proof. First remark that the distribution of (* under P, is the same as the
distribution of (* (e -) under P, and, (; being a a.s. linear functional of the path
x, (*(ex) = e*(z) P-a.s. Therefore

1 x(y 1w (g
/Ces2< ( )1{m;C*(r)>M} dP*(x) = /Cefc ( )1{m;sC*($)>M} dP(z) < (5.9)
< P(C* > %)I/QE(egg*)l/Q. .
By Borell’s inequality,
2 % too 2 % +o0 2 1%
E(e:¢) = / P(eS >r)dr=1 —I—/ P(ezS >r)dr =
0 1

+oc0 2 e +o00
=1 +/ P(ez¢ >el)etdt =1 +/ P(¢* > St)eldt <
0 0

c*

TOO 2 [T 2 2 o 1
§1+/ e ! +tdt§1+ec*62/ e d TEa) gt =14 lewa, /1
0

— 00
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Going back to (5.9),

1« 1/2 _en? M2
e @1 vaan dPE 14+ lema, /o
/C ey dP(@) < ( VE) e

which gives

1 c*M?
- 2c* 2

lim sup &2 log/ e )1{$ «c(x)>My dPE(z) <
e—0 C
which allows to conclude.

Let us now check that the functional —(; + %’UT is quasi-continuous, so that
Varadhan’s Lemma can be applied. The functional v, is even continuous a.s.,
since T is continuous P®-a.s. for every € > 0, as proved in the next Proposition
5.8. The quasi-continuity of (; follows from the following statement. From now
on we assume t = 1 and drop the subscript ¢, in order to simplify the notations.
Thus C, C',H,. . .are as C1, C},Hq,. .. until now. Recall that {; = E(Z | %), where
Z is the gaussian r.v. associated to the path v € H and that we assume that
(Ct)¢ is continuous.

Proposition 5.5 For every p > 0, R > 0, 7 > 0 there exist g > 0, § > 0 such
that, for every w € H,

P (a3 sup |eGu(@) = (w,7 D)l =, ez — oo < 6) <e ¥/, (5.10)

0<t<1
for every e < gg, uniformly for |w|y < p.

Proof. The two-dimensional process (X, (;); takes its values in C([0, 1], R?) and
is gaussian. It is an easy matter to check that its RKHS H is formed by the
paths of the form (w,g), where w € H and g; = (w,7®)5, endowed with the
norm

|(w, 9l = |wls.

The rest of the proof consists in majorizing the quantity in (5.10) using large
deviations. Actually (5.10) is more or less equivalent to the previous large devi-
ations statement, as developed in Baldi-Sanz [2], whose arguments we reproduce
here. The large deviations result for gaussian processes, states that,

mme@swkM) (w, 7] = 1, llew — wlloo < 6) <
e—0 0<t<

) (5.11)
< —inf 3|(y, 9)[

the inﬁmum being taken among those paths (y, g) such that ||y — w|/s < ¢ and
lg — (w,¥))x|lso > 7. Let us fix R > 0. Thanks to the following Lemma 5.6,
for every n>0 there exists > 0 such, if |@|3, < 2R and ||& — w|e < 4, then
10, Y3 — (w, YN loo < 17 Thus with this choice of §, if (y, g) is such that
ly —wleo <9 and lg — (w,Y))|loe > 7, then ](y,g)\% > 2R and the right
hand side in (5.11) is smaller than —R, which completes the proof.

|
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Lemma 5.6 The application w — (t — (w,¥®)%) is continuous from Kp =
{w; I(w) < R} to C, both endowed with the || ||« topology.

Proof. Let (wy,), C Kpr such that ||w, —w|/cc — 0. Then, by Proposition 5.1,
(Wi, YV ag < Jwnlag 1Y e < Jwnlre [l < V2R |2

so that the functions <wn,7(')>H, n =1,..., are equi-bounded. Let us prove
that they are also equi-continuous:

[(wn, ¥ D)y — (i, 7)) gy = |<wn,7( ) — ’Y M| < Jwalpy® — 71y <
< V2R Y1 —4®]y
But, if s < t, it holds <’y(s),fy(t))H = <7(S),7(S))H; therefore h/(t) — fy(s)]% =
VD3, — 7)}3, and

[(wn, )2 = (wn, 7| < \/E\/W(t)ﬁ{ — [y

Since the function
t — [y\13, = E(})

is continuous and therefore uniformly continuous on [0, 1] (Proposition 5.2),
the set ((wn,7))%)n is equi-bounded and equi-continuous and by the Ascoli-
Arzela theorem, it is relatively compact. Since, by the following Lemma 5.7
<wn,’y(t)>H — <w,fy(t)>H for every t, all the limit points in C of the sequence
((wn, Y))3¢)p, must coincide with (w,~y())3; and the proof is complete.

[ |

Lemma 5.7 With the notations of Proposition 5.6, if w,w, € Kr,n=1,...
and |w, — wl||eo — 0, then (wy), converges to w in the weak topology of H.

Proof. Let v € ‘H. Assume first that w,,w,~v € H are of the form

K(t,s) dan (s K (t,s)do(s
/ . / . s>dB/ (5.12)

where o, ay,, 3 € C'.
Then, by the assumptions,

/K(-,s)dan(s) [ K(.s)da(s)

n—oo

uniformly. It follows, by the Lebesgue theorem, that

n—oo

(wn, Y)H = /K(f, s) don(s)dp(t)  — [ K(t,s)da(s)dB(t) = (w,7)n



IMPORTANCE SAMPLING FOR GAUSSIAN PROCESSES 29

As already remarked, the paths of the form (5.12) are dense in H. Let w,, 0,5
be paths of this form such that |0 — w|y < &, |W, — wp|y < &, |7 —Y|x < €.
Then, by the usual trick of adding and subtracting and the Schwartz inequality,

|<wna’7/>7'l - <w77>7'l| <
s V0| A+ [ n, ¥) e — (W, V)l +
<w);)¢/>7'l| + |<ﬁ)7:}/>7‘f - <w77>H‘ + ’<u~}77>7'l - <w7/)/>7'l| <

(wy,
< 2e([yln + R)[(n, 7)1 — (0, 7) x|

< |<wn”7>’H

which allows to conclude.

Finally we need to prove that the crossing time is a functional of the path which
is a.s. continuous. Let, for a > 0,

7a(w) = inf{t > 0; X;(w) > a}.

Proposition 5.8 7, is a functional of the path w which is P¢-a.s. continuous
for every € > 0.

Proof. 1, is not a continuous functional of the path. However it is easy to check
that it is lower semi-continuous. Similarly the stopping time

7 (w) = inf{t > 0; X¢(w) > a}

is upper semi-continuous. The statement then follows if we prove that 7, = 7,
P-a.s. Let ¢ > 0, then

Pi(ra < qg<T))= Pg(sust = a) =0
s<q
as, by Tsyrelson’s theorem (see Lifshits’s book [7], p.136) the r.v. sup,<, X
has a density. Thus the event {7, < 7.} is negligible, since

{ra <7} = U {ra <qg<Tl}.

q€Qn[0,1]
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