
CMCS'01 Preliminary Version
From Algebras and Coalgebras to DialgebrasErik Poll and Jan ZwanenburgUniversity of NijmegenToernooiveld 1, 6525 ED Nijmegen, The NetherlandsAbstra
tThis paper investigates the notion of dialgebra, whi
h generalises the notions of alge-bra and 
oalgebra. We show that many (
o)algebrai
 notions and results 
an be gen-eralised to dialgebras, and investigate the essential di�eren
es between (
o)algebrasand arbitrary dialgebras.1 Introdu
tionAn algebra is a set X together with some fun
tions that 
an be used to 
on-stru
t elements of X, i.e. fun
tions fi that have X as output type,fi : INi(X)! X;with INi a polynomial fun
tor. Algebras are widely used in (theoreti
al)
omputer s
ien
e. E.g. think of algebrai
 datatypes su
h as lists and trees, oralgebrai
 spe
i�
ations.A 
oalgebra is a set X together with some fun
tions that 
an be used toobserve elements of X, i.e. fun
tions fi that have X as input type,fi : X ! OUTi(X);with OUTi a polynomial fun
tor. Coalgebras 
an be used to des
ribe variouskinds of `dynami
al systems', e.g. automata, pro
esses, or (labelled) transitionsystems [21℄. Moreover, elements of 
oalgebras 
an viewed as obje
ts in thesense of obje
t-oriented (OO) programming [17℄, in whi
h 
ase the operationsare viewed as methods.For an introdu
tion to { and a 
omparison between { algebras and 
oal-gebras we refer to [11℄. Algebras and 
oalgebras are dual notions, and are insome intuitive sense `opposites'. However, this does not mean that algebraand 
oalgebra do not have 
ertain things in 
ommon. Indeed, the standardexample of an algebrai
 spe
i�
ation, sta
ks, also o

urs in the literature asan example of a 
oalgebrai
 spe
i�
ation!1 Email: ferikpoll,janzg�
s.kun.nlThis is a preliminary version. The �nal version will be published inEle
troni
 Notes in Theoreti
al Computer S
ien
eURL: www.elsevier.nl/lo
ate/ent
s



Poll and ZwanenburgThis paper investigates the notion of dialgebra, a straightforward general-isation of (
o)algebra: a dialgebra is a set X together with some fun
tionsfi : INi(X)! OUTi(X)with INi and OUTi polynomial fun
tors. The name `dialgebra' is taken from[4℄. Clearly all algebras and 
oalgebras are dialgebras.An example of a dialgebra that is neither an algebra nor a 
oalgebra is atype Set of sets of natural numbers with operationsempty : Setadd : Set� Nat! Setelem : Set� Nat! boolunion : Set� Set! Setmin : Set! 1 + Natsplit : Set� Nat! Set� SetHere min 
ould for instan
e return the minimum of a set, if the set is non-empty, and an element of a unit type 1 if the set is empty, and split(s,n)
ould split the set s in a pair of sets, one 
ontaining the elements of s smallerthan n and the other 
ontaining the rest. This is not an algebra, be
ause forinstan
e split and min are not `algebrai
', nor is it a 
oalgebra, be
ause forinstan
e empty and the binary operation union are not `
oalgebrai
'.Many interesting examples of dialgebras that are not (
o)algebras 
an beobtained simply by extending a 
oalgebra with an operation init : 1! X thatyields some initial state. In
luding su
h an operation is a very natural thingto do for many examples of 
oalgebras. In parti
ular, this is very naturalwhen 
onsidering obje
ts in the sense of OO: here using dialgebras ratherthan 
oalgebras makes it possible to a

ount for the 
onstru
tors as well asthe methods of a 
lass. In addition it be
omes possible to a

ount for so-
alledbinary methods.We will show that most (
o)algebrai
 notions 
an be de�ned for the moregeneral dialgebrai
 
ase, and investigate in how far properties of (
o)algebras{ in parti
ular properties of invariants and bisimulations { 
an be generalisedto arbitrary dialgebras, to get a better understanding of what the essentialdi�eren
es between algebras, 
oalgebras, and dialgebras are.2 Mathemati
al PreliminariesThroughout this paper, types will just be sets. Signatures are mappings fromtypes to types, written as type expressions 
ontaining a type variable X.De�nition 2.1 A signature �(X) is a type expression, possibly 
ontainingthe type variable X, of the form�(X) ::= X j C j �1(X) + �2(X) j �1(X)� �2(X) j �1(X)! �2(X);2



Poll and Zwanenburgwhere C 
omes from a 
olle
tion of base types. Here A� B is the Cartesianprodu
t, with proje
tions �1 : A � B ! A and �2 : A � B ! B, and A + Bthe disjoint sum, with inje
tions inl : A ! A + B and inr : B ! A + B. Thefun
tions [f1; f2℄ : A1 + A2 ! B for fi : Ai ! B, and hg1; g2i : A ! B1 � B2for gi : A! Bi are de�ned as usual.A polynomial signature is a signature of the formF (X) ::= X j C j F1(X) + F2(X) j F1(X)� F2(X):N.B. We deliberately ex
lude 
onstant exponents of the form C ! F (X)as polynomial fun
tors, be
ause we have not been able to prove our mostinteresting result, Theorem 3.20, if we in
lude these.Polynomial signatures are fun
tors, and F (f) : F (A) ! F (B) is de�nedin the usual way for f : A! B. The notions of predi
ate and relation lifting
an be de�ned not just for polynomial signature but for all signatures: we 
ande�ne predi
ate and relation lifting for arbitrary signatures.De�nition 2.2 For predi
ates P and Q we de�ne the predi
ates� (P �pred Q)(x) () P (�1(x)) ^Q(�2(x))� (P +pred Q)(x) () (x = inl(x0) ^ P (x0)) _ (x = inr(x0) ^Q(x0))� (P !pred Q)(f) () 8x 2 A: P (x)) Q(f(x)), with A the domain of P .De�nition 2.3 For relations R and S we de�ne the relations� R +rel S = f(inl(x); inl(y)) j (x; y) 2 Rg [ f(inr(x); inr(y)) j (x; y) 2 Sg� R�rel S = f(x; y) j (�1(x); �1(y)) 2 R ^ (�2(x); �2(y)) 2 Sg� R!rel S = f(f; g) j 8(x; y) 2 R: (f(x); g(y)) 2 SgDe�nition 2.4 Let �(X) be an arbitrary signature. For a predi
ate P on Xand a relation � � X � Y , the predi
ate �pred(P ) on �(X) and the relation�rel(�) � �(X) � �(Y ) are de�ned, by indu
tion on the stru
ture of �(X),as� if �(X) = X then �pred(P ) = P and �rel(�) = �,� if �(X) = C then �pred(P ) = TrueC , the 
onstant predi
ate `true' on C,and �rel(�) = IdC , the identity relation on C,� if �(X) = �1(X) + �2(X) then �pred(P ) = �1(P ) +pred �2(P ) and�rel(�) = �1(�) +rel �2(�),� if �(X) = �1(X)� �2(X) then �pred(P ) = �1(P )�pred �2(P ) and�rel(�) = �1(�)�rel �2(�),� if �(X) = �1(X)! �2(X) then �pred(P ) = �1(P )!pred �2(P ) and�rel(�) = �1(�)!rel �2(�).Of 
ourse, if we identify predi
ates with subsets, then there is no di�eren
ebetween � and �pred. The notion of relation lifting is not just used in the
oalgebrai
 literature (e.g. [10℄), but is mu
h more widely used, notably for3



Poll and Zwanenburglogi
al relations in the semanti
s of typed lambda 
al
ulus (see [12℄ for a
omprehensive overview) and to formalise the notion of parametri
ity (e.g.see [14℄).Lemma 2.5 Let �(X) be an arbitrary signature. Then(i) �pred(TrueX) = True�(X)(ii) �rel(IdX) = Id�(X)Proof. Indu
tion on the stru
ture of �(X). 2For polynomial signatures, there is a 
lose 
onne
tion between relation andfun
tion lifting:Lemma 2.6 For any polynomial signature F (X)graph(F (f)) = F rel(graph(f))where graph(f) � A�B is the fun
tion f : A! B viewed as a relation.Proof. Indu
tion on the stru
ture of F (X). 2Lemma 2.7 Let F (X) be a polynomial signature, and let i range over I.Then(i) P � Q) F pred(P ) � F pred(Q)(ii) R � S ) F rel(R) � F rel(S)(iii) Ti F pred(Pi) = F pred(Ti Pi)(iv) Ti F rel(Ri) = F rel(TiRi) if I is not empty.(v) Si F pred(Pi) � F pred(Si Pi)(vi) Si F rel(Ri) � F rel(SiRi)(vii) F rel(R;S) = F rel(R);F rel(S)Proof. All these 
an be proved by indu
tion on the stru
ture of F (X). Prop-erties 3. and 4. are also easy 
onsequen
es of 1. and 2., respe
tively. 2None of the properties in Lemma 2.7 hold for arbitrary signatures. Note thatwe have stronger properties for interse
tion, (iii) and (iv), than for union,(v) and (vi). The properties Si F pred(Pi) = F pred(Si Pi) and Si F rel(Ri) =F rel(SiRi) do not hold for all polynomial signatures F (X) (for 
ounterexam-ples, take F (X) = X �X), but do hold for some polynomial signatures:Lemma 2.8 Let F (X) be a polynomial signature with at most one o

urren
eof X. Then(i) Si F pred(Pi) = F pred(Si Pi)(ii) Si F rel(Ri) = F rel(SiRi)Proof. Indu
tion on the stru
ture of F (X). Of 
ourse, for F (X) with noo

urren
e of X { i.e. F (X) a 
onstant { the property is trivial. 24



Poll and Zwanenburg3 DialgebrasDe�nition 3.1 A dialgebrai
 signature is a signature of the form�(X) = �1(X)� : : :� �n(X);with ea
h �i(X) of the form�i(X) = INi(X)! OUTi(X);with INi(X) and OUTi(X) polynomial signatures. �(X) is 
alled algebrai
i� OUTi(X) = X for all i, and 
oalgebrai
 i� INi(X) = X for all i.Throughout the remainder of this paper, � will be a dialgebrai
 signature ofthe form �(X) =Yi2I �i =Yi2I INi(X)! OUTi(X):In examples �(X) will usually be a labelled produ
t rather than unlabelledone; this is just synta
ti
 sugar.De�nition 3.2 A �-dialgebra is a pair (A; f) 
onsisting of a set A and a fun
-tion f 2 �(A), i.e. f = (f1; : : : ; fn) with fi 2 �i(A) = INi(A)! OUTi(A).For (
o)algebrai
 signatures, this is just the de�nition of �-(
o)algebra. Animportant di�eren
e between dialgebras and (
o)algebras is that whereas analgebra with n operations fi : Fi(X) ! X 
an be turned into a algebra withthe single operation, namely [f1; : : : ; fn℄ : F1(X) + : : : + Fn(X) ! X, and,similarly, a 
oalgebra with n operations fi : X ! Fi(X) 
an be turned intoa 
oalgebra with just one operation hf1; : : : ; fni, we 
an not do somethingsimilar for dialgebras. A pra
ti
al 
onsequen
e is that most de�nitions andproofs for dialgebras have to be `point-wise', quantifying over i.De�nition 3.3 Let (A; f) and (B; g) be �-dialgebras. A �-homomorphismh : (A; f) ! (B; g) is a fun
tion from A to B that preserves the operations,i.e. OUTi(h) Æ fi = gi Æ INi(h)for all i.For dialgebras that are (
o)algebras, this is the standard notion of (
o)algebrai
homomorphism.Lemma 3.4 (i) The identity idA is a homomorphism from (A; f) to itself.(ii) Homomorphisms are 
losed under 
omposition, i.e. if h : (A; f)! (A0; f 0)and h0 : (A0; f 0)! (A00; f 00) then h0 Æ h : (A; f)! (A00; f 00).Proof. Easy. 2Lemma 2.7 listed some properties for polynomial signatures that do not holdfor arbitrary signatures. For dialgebrai
 signatures, we 
an salvage some ofthe properties mentioned in Lemma 2.7:5



Poll and ZwanenburgLemma 3.5 Let �(X) be a dialgebrai
 signature, and let i range over I. Then(i) Ti�pred(Pi) � �pred(Ti Pi)(ii) Ti�rel(Ri) � �rel(TiRi) if I is not empty.(iii) �rel(R); �rel(S) � �rel(R;S)Proof. The proofs are quite straightforward, using Lemma 2.7. We just givethe proof of (i) for binary interse
tion; the others are similar.f 2 �(P \Q)() 8j: fj 2 �j(P \Q)() 8j: fj 2 INj(P \Q)! OUTj(P \Q)() 8j: 8x 2 INj(P \Q): fj(x) 2 OUTj(P \Q)() 8j: 8x 2 INj(P ) \ INj(Q): fj(x) 2 OUTj(P ) \ OUTj(Q)by Lemma 2.7(iii) (twi
e)( 8j: (8x 2 INj(P ): fj(x) 2 OUTj(P ))^(8x 2 INj(Q): fj(x) 2 OUTj(Q))() 8j: fj 2 INj(P )! OUTj(P ) ^ fj 2 INj(Q)! OUTj(Q)() 8j: fj 2 �j(P ) \ �j(Q)() f 2 �(P ) \ �(Q) 23.1 Invariants and sub-dialgebrasThe notion of invariant is used in the literature both for algebras and for
oalgebras. Intuitively, a predi
ate is an invariant if all the operations preserveit:De�nition 3.6 A predi
ate P on A is an invariant for a �-dialgebra (A; f)i� f 2 �pred(P ).For dialgebras that are (
o)algebras, this is the standard notion of (
o)algebrai
invariant. Given an invariant we 
an 
onstru
t a sub-dialgebra:De�nition 3.7 A sub-dialgebra of a �-dialgebra (A; f) is another �-dialgebra(A0; f) with A0 � A.For dialgebras that are (
o)algebras, this is the standard notion of sub-(
o)algebra.For (A0; f) to be a sub-dialgebra of (A; f) all the fun
tions in f have to be`
losed' under the subset A0 of A.Lemma 3.8 Invariants are 
losed under interse
tion.Proof. Follows immediately from Lemma 3.5: if f 2 �(P ) and f 2 �(Q)then f 2 �(P ) \ �(Q) � �(P \Q) by Lemma 3.5. 2As a 
onsequen
e of this lemma, we 
an de�ne the smallest invariant of a di-algebra as the interse
tion of all invariants. This strongest invariant expresses6
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tly the property of being `rea
hable' by the dialgebra operations.Invariants of dialgebras are not always 
losed under union:Example 3.9 Let T (X) = X � X ! X and 
onsider the T -(di)algebra(Z;+). The predi
ates Neg(x) = x < 0 and Pos(x) = x > 0 on Z are bothinvariants, but 
learly their union is not, be
ause the sum of a positive and anegative number may be 0.For 
oalgebras, however, we do have this property (e.g. see [21,11℄):Lemma 3.10 For 
oalgebras, invariants are 
losed under union.A useful 
onsequen
e of this lemma is that, for a 
oalgebra, given any property� there exist a largest invariant � � �, namely the union of all invariantsthat are subsets of �. We 
an slightly generalise Lemma 3.10. For this we�rst de�neDe�nition 3.11 �(X) has no binary methods if none of the INi(X) has morethan one o

urren
e of X.Clearly all 
oalgebras are dialgebras without binary methods. Many inter-esting examples of dialgebras without binary methods that are not 
oalgebras
an be obtained in the way mentioned earlier, simply by extending a 
oalgebrawith an operation that yields some initial state.Note that (
ounter)Example 3.9 involves a binary method. Binary methodsare already notorious in the theoreti
al 
omputer s
ien
e literature on obje
toriented (OO) programming; see [2℄. Some properties of 
oalgebras, that donot hold for all dialgebras, do hold for all dialgebras without binary methods,in
luding:Lemma 3.12 For dialgebras without binary methods, invariants are 
losedunder union.Proof. Let � be a signature without binary methods. It suÆ
es to provethatSi�pred(Pi) � �pred(Si Pi). The 
ru
ial property of dialgebrai
 signaturewithout binary methods needed to prove this is that, sin
e there is at most oneo

urren
e of X in the INi(X), Si F pred(INi) = F pred(Si INi) by Lemma 2.8:f 2 �(P ) [ �(Q)() 8j: fj 2 �j(P ) [ �j(Q)() 8j: fj 2 INj(P )! OUTj(P ) _ fj 2 INj(Q)! OUTj(Q)() 8j: (8x 2 INj(P ): fj(x) 2 OUTj(P ))_(8x 2 INj(Q): fj(x) 2 OUTj(Q))) 8j: 8x 2 INj(P ) [ INj(Q): fj(x) 2 OUTj(P ) [ OUTj(Q)() 8j: 8x 2 INj(P [Q): fj(x) 2 OUTj(P ) [ OUTj(Q)sin
e INj(P [Q) = INj(P ) [ INj(Q) by Lemma 2.8) 8j: 8x 2 INj(P [Q): fj(x) 2 OUTj(P [Q)sin
e OUTj(P ) [ OUTj(Q) � OUTj(P [Q) by Lemma 2.77



Poll and Zwanenburg() 8j: fj 2 INj(P [Q)! OUTj(P [Q)() 8j: fj 2 �j(P [Q)() f 2 �(P [Q) 23.2 Bisimulations, (partial) 
ongruen
es, and quotient-dialgebrasThe notion of bisimulation plays an important role in the literature on 
oalge-bras, as does the 
losely related notion of (partial) 
ongruen
e in the literatureon algebras.De�nition 3.13 A relation � � A � B is a bisimulation between two �-dialgebras (A; f) and (B; g) i� (f; g) 2 �rel(�). Dialgebras (A; f) and (B; g)are bisimilar if there exists a bisimulation between (A; f) and (B; g).For (
o)algebras one has the property that (
o)algebra homomorphisms arejust fun
tional bisimulations. This property also holds for dialgebras:Lemma 3.14 Let (A; f) and (B; g) be �-dialgebras and h be a fun
tion fromA to B. Then h : A ! B is a homomorphism i� graph(h) � A � B is abisimulation.Proof. Straightforward, using Lemma 2.6. 2Lemma 3.15 Bisimulations are 
losed under interse
tion and 
omposition.Proof. Follows immediately from Lemma 3.5. 2Bisimulations between dialgebras are not always 
losed under union. For
oalgebras this is a basi
 property (e.g. see [21,11℄):Lemma 3.16 For 
oalgebras, bisimulations are 
losed under union.An important 
onsequen
e of this property of 
oalgebras is that between anytwo 
oalgebras there exists a largest bisimulation, namely the union of allbisimulations. For arbitrary dialgebras we do not have this property.Lemma 3.17 For dialgebras without binary methods, bisimulations are 
losedunder union.Proof. Similar to Lemma 3.12. 2Of spe
ial interest are bisimulations between a dialgebra and itself:De�nition 3.18 A relation�� A�A is a (partial) 
ongruen
e on a dialgebra(A; f) i� it is a bisimulation between (A; f) and itself, { i.e. (f; f) 2 �(�) {and it is a (partial) equivalen
e relation.In [21℄, for 
oalgebras, what we 
all a 
ongruen
e here is 
alled a bisimula-tion equivalen
e. Given a (partial) 
ongruen
e we 
an 
onstru
t a quotient-dialgebra: 8



Poll and ZwanenburgDe�nition 3.19 Let� be a (partial) 
ongruen
e on (A; f). Then the quotient-dialgebra ([S℄�; [f ℄�) is the �-dialgebra ([S℄�; [f ℄�), where [S℄� is the 
olle
tionof �-equivalen
e 
lasses, and [f ℄� is the family of fun
tions on �-equivalen
e
lasses indu
ed by f .As mentioned above, bisimulations are not 
losed under union. Congruen
es,however, are, in the following sense:Theorem 3.20 Let Rj be 
ongruen
es on the �-dialgebra (A; f), for j 2 J,J 6= ;. Then (Sj Rj)� is also a 
ongruen
e relation for (A; f).Proof. See the appendix. 2So, for any dialgebra there exists a largest 
ongruen
e relation, namely (thetransitive 
losure of) the union of all 
ongruen
es. Intuitively, this is thenotion of observational equality for that dialgebra. In Se
tion 3.3 below, wedis
uss this di�eren
e between dialgebras and 
oalgebras { the existen
e oflargest 
ongruen
es vs largest bisimulations { in more detail.The property above does not hold for partial 
ongruen
es: 2Example 3.21 Let T (X) = X � X ! Z and 
onsider the T -(di)algebra(Z; f) where f is the fun
tionf(x; y) = if y < 0 then x else 23The relations R = N � N and IdZ on Z are both bisimulations, i.e.(x; x0) 2 R ^ (y; y0) 2 R=) f(x; y) = f(x0; y0)(x; x0) 2 Id ^ (y; y0) 2 Id=) f(x; y) = f(x0; y0)However, neither R [ Id nor (R [ Id)� is a bisimulation, sin
e for instan
e(4; 5) 2 R [ Id and (�1;�1) 2 R [ Id, but f(4;�1) 6= f(5;�1).3.3 Coalgebras vs dialgebras: the problem with binary methodsMoving from 
oalgebras to dialgebras we gain something, notably the possi-bility of having binary methods. The pri
e for this is that some properties arelost, namely� the existen
e of �nal 
oalgebras,� the existen
e of unique largest bisimulation between any two 
oalgebras.These two properties are intimately 
onne
ted, as the largest bisimulationrelates pre
isely those elements that have the same image under the uniquehomomorphisms to the �nal 
oalgebra. The properties are useful be
ausethey provide a 
anoni
al notion of observational equality between elementsof di�erent 
oalgebras. Two di�erent 
oalgebras (A; f) and (B; g) with the2 The property does hold for partial 
ongruen
es if these all have the same domain; insteadof the transitive and re
exive 
losure (Sj Rj)� one then has to 
onsider the transitive 
losure(Sj Rj)+. 9



Poll and Zwanenburgsame signature � 
an be regarded as di�erent implementations for 
lasses withthe same interfa
e. The properties above then provide a 
anoni
al notion ofequality between obje
ts from these two 
lasses: an obje
t with an internalstate a 2 A { using implementation (A; f) { is observationally equal to anobje
t with an internal state b 2 B { using implementation (B; g) { i� a ' b,where a ' b is the greatest bisimulation between (A; f) and (B; g).Below a simple (
ounter)example to illustrate the fundamental problemwith the union of bisimulations 
aused by a binary method:Example 3.22 Consider �(X) = (X � X ! X) � (X ! N) and the �-dialgebras Z = (Z; (+; abs)) and L = (List; (++; length)) with List the set oflists over some type, ++ the 
on
atenation operation, and abs : Z ! N thefun
tion returning the absolute value.The relations �1 and �2,�1 = f(z; l) j z = length(l)g �2 = f(z; l) j z = �length(l)gare bisimulations between Z and L. However, �1 [ �2 is not a bisimulationbetween Z and L; for example, if l is some list with three elements, then�3(�1 [ �2)l ^ 3(�1 [ �2)l 6) �3 + 3 (�1 [ �2) l++l :The problem is that when the binary method (+ or ++) is used to observean individual element (of Z or List, respe
tively), the operation + of Z o�ersdi�erent { more { observations than the operation ++ of L.Binary methods are notorious in the literature on the theoreti
al foun-dations of obje
t-oriented programming: in the presen
e of binary methodsde�ning a satisfa
tory notion of subtyping be
omes a problem [2℄. This prob-lem is 
losely related to the fa
t that there is no 
anoni
al notion of `observa-tional equivalen
e' in the presen
e of binary methods. Indeed, the 
oalgebrai
de�nition of subtyping (see [15℄) 
ru
ially depends on the existen
e of �nal
oalgebras, or the existen
e of unique largest bisimulation between any two
oalgebras.4 Dialgebrai
 Spe
i�
ationJust like algebras provide the basis for algebrai
 spe
i�
ation, 
oalgebras havebeen used as the basis for 
oalgebrai
 spe
i�
ation, notably in the experimentalspe
i�
ation language CCSL [8,20℄. We now 
onsider a notion of dialgebrai
spe
i�
ation, de�ned in exa
tly the same way. Be
ause of la
k of spa
e, wehave to omit many details of de�nitions and proofs.For example, an equational dialgebrai
 spe
i�
ation for the dialgebrai
signature of Set mentioned in the introdu
tion 
ould in
ludeunion(s,empty) = sunion(s,t) = union(t,s)elem(add(s,n),m) = (n=m or elem(s,m))10



Poll and Zwanenburgelem(union(s,t),n) = elem(s,n) or elem(t,n)elem(empty,n) = falsemin(s) = inl(x) () s = emptymin(s) = inr(m) ) elem(s,m) = truemin(s) = inr(m) ^ elem(s,n) = true ) m � nunion(split(s,m)) = s ...A model of this dialgebrai
 spe
i�
ation would be a dialgebra providing animplementation of all the operations for whi
h these equations hold. However,instead of insisting that models satisfy the equations above, one 
ould also onlyrequire that they satisfy the equations above up to some 
ongruen
e relation.This weaker notion of model makes sense be
ause intuitively a 
ongruen
erelation provides a notion of `observational equivalen
e'.For example, 
onsider a simple implementation of the spe
i�
ation aboveusing lists, in whi
h union is implemented as 
on
atenation ++, i.e. somedialgebra L = (ListNat; (: : : ;++; : : :). This implementation does not satisfyunion(s,t) = union (t,s)as 
on
atenation is not 
ommutative, but it does satisfyunion(s,t) �perm union (t,s)where �perm is the relation on lists that relates permutations. If �perm is a
ongruen
e for L, then L 
an be regarded as a 
orre
t implementation of thespe
i�
ation.To formally introdu
e a notion of equational spe
i�
ation for dialgebras,we need to introdu
e some syntax. We �x a dialgebrai
 signature �(X) =Qi2I INi(X)! OUTi(X) and use names opi for the operations of the dialge-bra:De�nition 4.1 The type expressions are given byE ::= X j C j E1 + E2 j E1 � E2 j E1 ! E2where X stands for the 
arrier of the dialgebra, and C ranges over some
olle
tion of base types.The term expressions is given bye ::= opi j xE j 
E j �xE: e j e(e) j inlE+E(e) j inrE+E(e) j �1(e) j �2(e)where xE is a variable of type E, and 
E a 
onstant of type E not 
ontainingX. We assume an in�nite number of variables for every type E. The 
olle
tionof well-typed terms is de�ned in the obvious way.The propositions are given by� ::= :� j �1 ^ �2 j e1 =E e2 j 8xE: �where E is some type expression possibly 
ontaining X, and e1 and e2 arewell-formed expressions of type E. 11



Poll and ZwanenburgA dialgebrai
 spe
i�
ation � is simply a 
losed proposition.Note that the de�nition above allows more propositions than usually allowedin algebrai
 spe
i�
ation; for example, it allows universal quanti�
ations overthe type X ! X.De�nition 4.2 The interpretation of a type E, term e, and proposition � inthe dialgebra (A; f), [[E ℄℄A;f , [[ e ℄℄A;f , and [[ � ℄℄A;f , are de�ned in the obviousway, by indu
tion on the stru
ture, interpreting X as A and opi : �i(X) asfi : �i(A).Be
ause terms and propositions 
an 
ontain free variables, we have tode�ne the interpretation of terms and propositions wrt. an environment �,[[ e ℄℄�A;f and [[ � ℄℄�A;f , where the environment � assigns to every free variable xEan interpretation in E(A).De�nition 4.3 A dialgebra (A; f) satis�es spe
i�
ation �, written (A; f) j=�, i� [[ � ℄℄A;f is true.Now that we have a syntax, we 
an de�ne a notion of observational equiv-alen
e:De�nition 4.4 Two �-dialgebras (A; f) and (B; g) are observationally equiv-alent i� for all 
losed expressions e of some 
losed type E (i.e. a type E not
ontaining X) the interpretation of e in (A; f) is equal to its interpretation in(B; g).As one would expe
t, bisimilar dialgebras are observationally equivalent:Theorem 4.5 Let (A; f) and (B; g) be �-dialgebras. If (A; f) and (B; g) arebisimilar then they are observationally equivalent.Proof. Let � a bisimulation between (A; f) and (B; g). For environments �and � we write � � � if (�(xE); �(xE)) 2 Erel(�) for all xE in their domains.Then we 
an prove that ([[ e ℄℄�(A;f) ; [[ e ℄℄�(B;g)) 2 Erel(�) for all e : E and for all� � �, by indu
tion on the derivation of e. 2Behavioural Satisfa
tionWe now 
onsider a weaker notion of behavioural satisfa
tion of dialgebrassatisfying spe
i�
ations `up to some 
ongruen
e relation'. First we de�ne[[ � ℄℄A;f;', the interpretation of � in the dialgebra (A; f) wrt. a 
ongruen
e ':De�nition 4.6 For ' a 
ongruen
e 3 on the dialgebra (A; f), [[ � ℄℄�A;f;' isde�ned as [[ � ℄℄�A;f , ex
ept that equality is interpreted as follows:[[ e1 =E e1 ℄℄�A;f;' = ([[ e1 ℄℄�A;f;' ; [[ e2 ℄℄�A;f;') 2 Erel(')3 One 
ould also take a partial 
ongruen
e, but then the semanti
s of types would have tobe 
hanged with [[X ℄℄ = dom('). 12



Poll and ZwanenburgNote that if X does not o

ur in E, this simply redu
es to[[ e1 =E e1 ℄℄�A;f;' = ([[ e1 ℄℄�A;f;' = [[ e2 ℄℄�A;f;')A notion of behavioural satisfa
tion 
an now be de�ned as follows:De�nition 4.7 Let (A; f) be a �-dialgebra and ' a 
ongruen
e relation forit. Then (A; f) satis�es � with respe
t to ', written (A; f) j=' �, i� [[ � ℄℄A;f;'is true.Theorem 4.8 (A; f) j=' � i� (A; f)=' j= �Proof. By indu
tion on the stru
ture of � we 
an prove that [[ � ℄℄A;f;' =[[ � ℄℄(A;f)='. To prove this we must �rst prove relations between [[E ℄℄A;f and[[E ℄℄(A;f)=', and [[ e ℄℄A;f and [[ e ℄℄(A;f)=', namely [[E ℄℄A;f =' = [[E ℄℄(A;f)=' and[[[ e ℄℄A;f ℄E(') = [[ e ℄℄(A;f)='. 2De�nitions and results similar to the ones above 
an be found in the litera-ture for algebrai
 spe
i�
ations, e.g. in [1,9,19℄. We do not know of any similarde�nitions or results in the literature on 
oalgebras or 
oalgebrai
 spe
i�
a-tions. However, given that the notion of `observability' plays a mu
h more
entral role in the 
oalgebrai
 setting than in the algebrai
 setting, we believethat a notion of behavioural satisfa
tion makes even more sense for 
oalgebrai
spe
i�
ations than for algebrai
 ones.More work would be needed to really exploit the opportunities o�ered bythe notion of behavioural satisfa
tion when reasoning about spe
i�
ations. Inparti
ular, one would want to establish that any 
onsequen
es of a spe
i�
ation{ in a parti
ular logi
 { are not just valid for models satisfying the spe
i�
ation,but also for models behaviourally satisfying the spe
i�
ation. For algebrasand algebrai
 spe
i�
ations this idea is pursued in [1,9,19℄. In a type-theoreti
setting, this idea is illustrated in [16℄ and further investigated in [23℄; theabstra
t data types 
onsidered here are more general than dialgebras.5 Related WorkSeveral ways to 
ombine algebras with 
oalgebras have been investigated overthe past few years.One way of 
ombining algebra with 
oalgebra is to 
onsider pairs 
onsistingof an algebra and a 
oalgebra, sometimes 
alled bi-algebras. This is done in[7℄ and [3℄. Dialgebras are 
learly more general than algebra-
oalgebra pairs.Using a algebra-
oalgebra pair rules out operations f : IN(X) ! OUT (X)where both INi(X) 6= X and OUTi(X) 6= X, for example a `partial' binaryoperation f : X �X ! 1 +X.In [22℄ Tews introdu
es extended polynomial fun
tors and 
oalgebras forthese extended polynomial fun
tors. This setting allows operations that arenot possible in our dialgebra-setting, be
ause a (restri
ted) use of! is possiblein output types. For example, g : X ! (C1 ! X) + C2 is a 
oalgebra13



Poll and Zwanenburgfor some extended polynomial fun
tor, but 
annot be an operation of anydialgebra. However, whereas our notion of dialgebras subsumes algebras, thesetting of [22℄ does not; this setting is still stri
tly 
oalgebrai
 and does notallow algebrai
 operations, not even one as simple as g : C ! X. In OOterminology, the setting of [22℄ allows binary methods but not 
onstru
tors.As for our dialgebras, for the 
oalgebras in [22℄ bisimulations turn out tobe 
losed under interse
tion and 
omposition, but not under union. It wouldbe interesting to see if a result similar to Theorem 3.20, i.e. 
losure underunion for 
ongruen
es, 
ould be proved for extended polynomial fun
tors.Dialgebras and dialgebrai
 spe
i�
ations 
an be regarded as spe
ial 
asesof the abstra
t data types and the spe
i�
ations for abstra
t data types 
on-sidered in a type-theoreti
 setting in [16,23℄. Su
h a type-theoreti
 setting isalso used in [5,6℄. The 
ru
ial observation to link dialgebras with type theoryis that dialgebras { and hen
e algebras and 
oalgebras { 
an be regarded asabstra
t datatypes. Abstra
t datatypes 
an be elegantly des
ribed in typetheory using so-
alled existential types [13℄, and the logi
 for the notion ofparametri
ity des
ribed in [14℄ then o�ers the expe
ted proof rule for theseexistential types, namely that two implementations of an abstra
t datatypeare equal if there exists a bisimulation between them.This type-theoreti
 setting allows mu
h wilder signatures than the dial-gebrai
 signatures 
onsidered in this paper. This suggests further generalisa-tions, for example with� operations with higher-order types, e.g.map : SetNat � (Nat! Nat)! SetNat, or� polymorphi
 operations, i.e. operations with type parameters, e.g.polymorphi
Map : SetNat ! 8�:(Nat! �)! Set� .Finally, one of the referees drew our attention to [18℄, whi
h introdu
es anotion of `nested sket
hes' that support operations with arbitrarily stru
turedin- and output types and seem more general than our dialgebras.6 Con
lusionsWe have shown that the notion of dialgebra is a well-behaved generalisationof the notions of algebra and 
oalgebra. Dialgebras are more general thanboth algebras and 
oalgebras. The 
oalgebrai
 setting does for instan
e notallow `binary methods', i.e. operations of type f : X �X ! X, or operationsreturning an initial state i.e. operations of type f : 1 ! X. The algebrai
setting does not allow operations with 
ompli
ated return types, e.g. `partial'operations f : X ! 1 +X.We have shown that many notions used in the �elds of algebra and 
oalge-bra are essentially identi
al, and 
an already be de�ned for the more generaldialgebrai
 
ase: the (
o)algebrai
 notions of homomorphism, invariant, bisim-14



Poll and Zwanenburgulation, and (partial) 
ongruen
e 
an all be extended to dialgebras, preservingmany of the essential properties.We have also shown that dialgebrai
 spe
i�
ation provide a generalisationof (
o)algebrai
 spe
i�
ation, and indi
ated how the notion of behaviouralsatisfa
tion, used in the �eld algebrai
 spe
i�
ation, 
an be extended to dial-gebrai
 spe
i�
ations (and hen
e also to 
oalgebrai
 spe
i�
ations).Given that (
o)algebras are spe
ial 
ases of dialgebras, it is to be expe
tedthat some properties are lost when moving from algebras or 
oalgebras todialgebras.Most obviously, we no longer have the existen
e of initial 
.q. �nal mod-els. However, as far as dialgebrai
 spe
i�
ations are 
on
erned losing theseproperties maybe is not too bad, given that one is usually interested in loosesemanti
s anyway.In addition to this, useful properties of 
oalgebras that do not hold forarbitrary dialgebras are 
losure under union for invariants and bisimulations(Lemmas 3.10 and 3.16). The fa
t that we do not have these 
losure properties
an be tra
ed ba
k to so-
alled binary methods, whi
h are already notorious inthe literature on obje
t-oriented programming be
ause of the problems they
ause with subtyping (see [2℄). For dialgebras without binary methods we dostill have the properties that invariants and bisimulations are 
losed underunion.For a given fun
tor there exists a 
anoni
al notion of `observational equal-ity' between elements of di�erent 
oalgebras for that fun
tor. An important
onsequen
e of the fa
t that for arbitrary dialgebras bisimulations are not
losed under union, is that for a dialgebrai
 signature su
h a notion may notexist, as dis
ussed in Se
tion 3.3. However, in the dialgebrai
 setting we dostill have a 
anoni
al notion of equality between elements of a single dialgebra,thanks to Theorem 3.20.Future WorkGiven the duality between algebras and 
oalgebras it is surprising that, whereaswe did 
ome a
ross properties of 
oalgebras that do not hold for arbitrary di-algebras (namely 
losure properties for union, Lemmas 3.10 and 3.16), wedid not 
ome a
ross (dual) properties of algebras that do not hold for arbi-trary dialgebras. Carefully dualising Lemmas 3.10 and 3.16 might reveal su
hproperties.Another dire
tion for future work is to further investigate whi
h notionsand results from the �elds of algebra and 
oalgebra { notably the well-developed�eld of algebrai
 spe
i�
ations { 
ould be generalised to dialgebras.Finally, the notion of dialgebra we have introdu
ed is fairly ad-ho
 andvery synta
ti
. The motivation behind the de�nition of dialgebra was thatit is the natural `uni�
ation' of the de�nitions of algebra and 
oalgebra. Itwould be interesting to investigate more semanti
al 
hara
terisations of some15



Poll and Zwanenburgnotion of dialgebra, and to investigate in how far the restri
tion to polynomialfun
tors 
ould be relaxed, e.g. allowing the extended polynomial fun
tors of[22℄.A
knowledgmentsWe would like to thank Bart Ja
obs and Hendrik Tews for 
omments on earlierversions of this paper.
7 Appendix: Proof of Theorem 3.20Lemma 7.1 Basi
 properties of the operations + and � on relations are:(i) (R + S); (R0 + S 0) = (R;R0) + (S;S 0)(ii) (R� S); (R0 � S 0) = (R;R0)� (S;S 0)(iii) R+ + S+ = (R + S)+(iv) R+ � S+ = (R � S)+ if R and S are partially re
exive.Here R+ denotes the transitive 
losure of R, and R is partially re
exive i�8(x; y) 2 R: (x; x) 2 R ^ (y; y) 2 R.Proof. Easy. 2Lemma 7.2 Let F be a polynomial signature. Then F (R+) = F (R)+ if R ispartially re
exive.Proof. Indu
tion on the stru
ture of F , using Lemmas 7.1(iii) and 7.1(iv).2Lemma 7.3 Let i and j range over I and J, respe
tively.(i) SiRi +Sj Sj = Si;j Ri + Sj if I and J are not empty.(ii) SiRi �Sj Sj = Si;j Ri � SjLemma 7.4 Let F be a polynomial signature. Let Rj be a equivalen
e relationon A, for all j 2 J, J 6= ;. Then F �Sj Rj� � �Sj F (Rj)�+.Proof. Indu
tion on the stru
ture of F .� F (X) = C or F (X) = X: trivial. 16



Poll and Zwanenburg� F (X) = F1(X) + F2(X):F1(Ri) + F2(Rj)= F1(Ri; IdA) + F2(IdA;Rj)= (F1(Ri);F1(IdA)) + (F2(IdA);F2(Rj)) by Lemma 2.7= (F1(Ri) + F2(IdA)) ; (F1(IdA) + F2(Rj)) by Lemma 7.1(i)� (F1(Ri) + F2(Ri)) ; (F1(Rj) + F2(Rj))sin
e IdA � Ri, so Fk(IdA) � Fk(Ri)= F (Ri) ; F (Rj)so F �Sj Rj� = F1 �Sj Rj� + F2 �Sj Rj�� �Sj F1(Rj)�+ + �Sj F2(Rj)�+ by IH= �Sj F1(Rj) + Sj F2(Rj)�+ by Lemma 7.1(iii)= �Si;j F1(Ri) + F2(Rj)�+ by Lemma 7.3(i)� �Si;j F (Ri) ; F (Rj)�+ by the result above= �(Sj F (Rj)) ; (Sj F (Rj))�+ by Lemma 7.1(i)� �(Sj F (Rj))�+ by de�nition of +.� F (X) = F1(X)� F2(X): Analogous. 2Lemma 7.5 (Closure of 
ongruen
es under union)Let Rj be 
ongruen
es on the �-dialgebra (A; f), for all j 2 J, J 6= ;. Then�Sj Rj�+ is a 
ongruen
e on (A; f).Proof. We just do the proof for binary union.Let R and S be 
ongruen
es on (A; f), i.e. R and S are equivalen
e re-lations, (f; f) 2 �(R), and (f; f) 2 �(S). To prove: (f; f) 2 � ((R [ S)+),i.e. (fi; fi) 2 �i((R [ S)+) = INi �(R [ S)+�! OUTi �(R [ S)+�for all i.Let (x; x0) 2 INi ((R [ S)+). To prove (fi(x); fi(x0)) 2 OUTi ((R [ S)+).INi ((R [ S)+) = (INi(R [ S))+ by Lemma 7.2� �(INi(R) [ INi(S))+�+ by Lemma 7.4= (INi(R) [ INi(S))+ by de�nition of +.17



Poll and ZwanenburgSo (x; x0) 2 (INi(R) [ INi(S))+, ie. there exist x1 : : : ; xn su
h that(x; x1); (x1; x2); : : : ; (xn; x0) 2 INi(R) [ INi(S) :Sin
e R and S are bisimulations it then follows that(fi(x); fi(x1)); (fi(x1); fi(x2)); : : : ; (fi(xn); fi(x0))2 OUTi(R) [ OUTi(S)� OUTi(R [ S) by Lemma 2.7and hen
e (fi(x); fi(x0)) 2 (OUTi(R [ S))+= OUTi ((R [ S)+) by Lemma 7.2 2Referen
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