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ELA

ON 3-COLORED DIGRAPHS WITH EXACTLY

ONE NONSINGULAR CYCLE∗

DEBAJIT KALITA†

Abstract. The class of connected 3-colored digraphs containing exactly one nonsingular cycle

is considered in this article. The main objective is to study the smallest Laplacian eigenvalue and

the corresponding eigenvectors of such graphs. It is shown that the smallest Laplacian eigenvalue

of such a graph can be realized as the algebraic connectivity (second smallest Laplacian eigenvalue)

of a suitable undirected graph. The nonsingular unicyclic 3-colored digraph on n vertices, which

minimize the smallest Laplacian eigenvalue over all such graphs is determined in this article.

Key words. Laplacian matrix, Mixed graph, Weighted directed graph, 3-Colored digraph, First

eigenvector.

AMS subject classifications. 05C50, 05C05, 15A18.

1. Introduction. All our graphs are simple. All our directed graphs have simple

underlying undirected graphs (except in Definitions 2.12 and 2.16). At times we use

V (G) (resp., E(G)) to denote the set of vertices (resp., edges) of a graphG (directed or

undirected). In the absence of any specification V (G) is assumed to be {1, 2, . . . , n}.
Let G be a directed graph. We write (i, j) ∈ E(G) to mean the existence of the

directed edge from the vertex i to the vertex j. With each edge (i, j), we associate

a complex number wij of absolute value 1 with nonnegative imaginary part, that is,

weights are chosen from the upper half part of the unit circle on the complex plane.

We call it the weight of that edge. Henceforth, we shall understand that weights are

complex numbers of unit modulus with nonnegative imaginary part, unless otherwise

specified. We call the directed graph G with such a weight function w a weighted

directed graph. The adjacency matrix A(G) of G is the matrix with (i, j)-th entry

aij =





wij if (i, j) ∈ E(G),

wji if (j, i) ∈ E(G),

0 otherwise.

Throughout this article, i =
√
−1. Note that choosing the weights only from the

“upper half part of the unit circle” is not really a restriction for the study of adjacency
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matrices. For example, if G has an edge (i, j) of weight x + yi, then we may replace

(i, j) by an edge (j, i) of weight x−yi, while the adjacency matrix remains unchanged.

Let G be a weighted directed graph. In defining subgraph, walk, path, con-

nectedness and degree of a vertex in G we focus only on the underlying unweighted

undirected graph of G. Thus, the degree di of a vertex i in a weighted directed graph

G is the number of edges incident with i. It may be viewed as the sum of the absolute

values of the weights of the edges incident with the vertex i. The Laplacian matrix

L(G) of G is defined as the matrix D(G)−A(G), where D(G) is the diagonal matrix

with di as the i-th diagonal entry.

Definition 1.1. [2] Let G be a directed graph with edges having colors red, blue,

or green. We assign a weight 1 to each red edge, a weight −1 to each blue edge, and

a weight i to each green edge in G. We call this weighted directed graph a 3-colored

digraph.

A mixed graph [1] is a graph with some directed and some undirected edges. Let

G be a 3-colored digraph. Notice that if weight of each edge in G is 1, that is, if each

edge in G has the color red, then L(G) coincides with the usual Laplacian matrix of

the underlying unweighted undirected uncolored graph of G. If the weights of the

edges in G are ±1, that is, if G does not have a green edge, then (viewing the edges

of color red as directed and the edges of color blue as undirected) L(G) coincides with

the Laplacian matrix of a mixed graph introduced by Bapat et al. [1]. Thus, a mixed

graph may be viewed as a 3-colored digraph without a green edge.

Note that with this set-up, the Laplacian matrix of a 3-colored digraph is pos-

itive semidefinite, see [2]. It was proved in [2] that unlike the Laplacian matrix of

unweighted undirected graphs, the Laplacian matrix of a 3-colored digraph is some-

times nonsingular. A 3-colored digraph is said to be singular (resp., nonsingular) if

its Laplacian matrix is singular (resp., nonsingular).

Remark 1.2. Let G be a 3-colored digraph. If an edge (i, j) of G has a color

red or color blue, then aij = aji = 1 or − 1, respectively. Thus, the adjacency (resp.,

Laplacian) matrix of G is indifferent about the orientations of the red and blue edges.

In view of this fact, we write ij ∈ E(G) to mean the existence of a red or a blue edge

between the vertices i and j in G. We write (i, j) ∈ E(G) to mean the existence of

the green edge directed from the vertex i to the vertex j in G.

Denote by λi(B) the i-th smallest eigenvalue of a Hermitian matrix B. For an

undirected graph G, λ2(L(G)) is popularly known as the algebraic connectivity of G,

denoted by a(G).

The article is organized as follows. In Section 2, we describe the structure of

3-colored digraphs containing exactly one nonsingular cycle. We show that given a
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connected 3-colored digraph G containing exactly one nonsingular cycle, there is a

graph H with a(H) = λ1(L(G)). In Section 3, we establish a monotonicity property

on the real and imaginary parts of the eigenvectors corresponding to λ1(L(G)), which

is analogous to Fiedler’s monotonicity theorem [10]. We describe the sign structure

of the real and imaginary parts of the eigenvectors corresponding to λ1(L(G)). In

Section 4, we prove that among all nonsingular unicyclic 3-colored digraphs on n

vertices, the smallest Laplacian eigenvalue is minimized by the cycle of weight ±i and

length n.

2. Smallest Laplacian eigenvalue. Let G be a 3-colored digraph and D be

a diagonal matrix with the diagonal entries dii ∈ {±1,±i}, for each i. Note that

D∗L(G)D is the Laplacian matrix of another 3-colored digraph which we denote by
DG.

Definition 2.1. Let H and G be two 3-colored digraphs on n vertices. We say

H is D-similar to G, if there exists a diagonal matrix D (with dii ∈ {±1,±i}), for
each i) such that H = DG.

Below we state a result due to Bapat et al. [2, Theorem 19] which shall be used.

Lemma 2.2. [2] Let G be a connected 3-colored digraph. Then G is singular if

and only if it is D-similar to DG with all edges red.

Definition 2.3. [2] A i1-ik-walk W in a weighted directed graph G is a finite

sequence i1, . . . , ik of vertices such that, for 1 ≤ p ≤ k− 1, either (ip, ip+1) ∈ E(G) or

(ip+1, ip) ∈ E(G). If e = (ip, ip+1) ∈ E(G), then we say e is directed along the walk,

otherwise we say e is directed opposite to the walk. We call wW = ai1i2ai2i3 · · · aik−1ik

the weight of the walk W , where aij are the entries of A(G).

The following lemma is essentially contained in [2, Theorem 23].

Lemma 2.4. Let G be a connected 3-colored digraph. Then G is nonsingular if

and only if G contains a cycle of weight other than 1.

In view of Lemma 2.4, we call a cycle C in a 3-colored digraph singular if its

weight wC = 1. Otherwise, we call it a nonsingular cycle.

The following lemmas are crucial in describing the structure of 3-colored digraphs

containing exactly one nonsingular cycle.

Lemma 2.5. Let G be a connected 3-colored digraph containing exactly one non-

singular cycle C. Then G is D-similar to DG with all edges red except one edge on C

which is either blue or green if wC = −1 or wC = ±i, respectively.

Proof. Let e be an edge on the cycle C in G. Take G′ = G − e. Since C is the
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only nonsingular cycle in G, we see that G′ does not contain a cycle of weight other

than 1. Thus, G′ is singular, by Lemma 2.4. By Lemma 2.2, each edge in DG′ has

color red, for some D. Consider DG for this D. Note that all the edges in DG except

the edge corresponding to e have color red. Since weight of a cycle does not change

in D-similar copies, we see that weight of the edge corresponding to e is wC or wC in
DG. Hence, the result holds.

Lemma 2.6. Let G be a 3-colored digraph containing exactly one nonsingular

cycle C = [1, . . . ,m, 1]. Then the subgraph induced by C is C itself.

Proof. Suppose that C has a chord joining the vertices i and j with 1 ≤ i < j ≤ m.

Take the cycles C1 = [1, . . . , i, j, . . . ,m, 1] and C2 = [i, i + 1, . . . , j, i]. Note that

wC1
wC2

= wC 6= 1, which implies one of C1 and C2 has weight other than 1. Hence,

G contains at least two nonsingular cycles, which is a contradiction.

Lemma 2.7. Let G be a connected 3-colored digraph containing exactly one non-

singular cycle C. Let u be a vertex of G not on C. Then there is a vertex v on the

cycle C such that G− v is disconnected with at least two components, one containing

u and another containing the remaining vertices of C.

Proof. In view of Lemma 2.5, we assume that all the edges of G have color red

except an edge e on the cycle C. Since G is connected, let v be a vertex in the

cycle for which the distance d(v, u) is minimum. Let Puv be a shortest u-v-path in

G. Then the vertex v is on every u-w-path, for each vertex w in C. If not, suppose

G contains a u-w-path, say Puw which does not contain v, for some vertex w in C.

Let Pvw(e) be the v-w-path on the cycle C containing the edge e. Take the cycle

C′ = Puv + Pvw(e) + Puw. Note that wC′ 6= 1. So the cycle C′ is nonsingular, by

Lemma 2.4, which is a contradiction. Hence, G− v is disconnected with at least two

components, one containing u and another containing the remaining vertices of C.

The next corollary follows immediately, which generalizes Lemma 2.1 in [7].

Corollary 2.8. Let G be a connected 3-colored digraph with exactly one non-

singular cycle. If G has no cut vertex, then G is exactly the nonsingular cycle.

Definition 2.9. Let G be a connected 3-colored digraph containing exactly one

nonsingular cycle C and let i be a vertex on C. In view of Lemma 2.7, let H be the

component of G− i, which contains the remaining vertices of C. Notice that if G− i

is connected, then H = G− i. We define Gi to be the graph G− V (H).

The next lemma characterizes the structure of connected 3-colored digraphs con-

taining exactly one nonsingular cycle.

Lemma 2.10. Let G be a connected 3-colored digraph. Then the following state-

ments are equivalent.
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(a) G has exactly one nonsingular cycle C = [1, . . . ,m, 1].

(b) G is obtained from a nonsingular cycle C = [1, . . . ,m, 1] by appending a

singular connected graph Gi to the vertex i of C while identifying a vertex of

Gi with i, for each i = 1, . . . ,m.

Proof. (a) ⇒ (b). Assume that G has exactly one nonsingular cycle C =

[1, . . . ,m, 1]. By Lemma 2.6, the subgraph induced by C is C itself. In view of

Lemma 2.7, for each i = 1, . . . ,m, let Gi = G−V (Hi), where Hi is the component of

the graph containing the remaining vertices of C. As Gi does not contain a nonsin-

gular cycle, Gi is singular, for each i = 1, . . . ,m. Hence, the result holds. (b) ⇒ (a)

is trivial.

Remark 2.11. Let G be a connected 3-colored digraph with exactly one non-

singular cycle C = [1, . . . ,m, 1]. In view of Lemma 2.5 and Lemma 2.10, DG is as in

Figure 2.1 or Figure 2.2, if wC = ±i or wC = −1, respectively. We denote the graph

in Figure 2.1, by Gg and the graph in Figure 2.2, by Gb. Note that Gb is a mixed

graph.

G3

i

G2

23

G1
1

Gm-1

Gm
m

Gi
m-1

b

b

b

b

b

b

b

b

Fig. 2.1. Gg has exactly one green edge,

each Gi are connected.

G3

i

G2

23

G1
1

Gm-1

Gm
m

Gi
m-1

b

b

b

b

b

b

b

b

Fig. 2.2. Gb has exactly one blue edge,

each Gi are connected.

Let G be a connected 3-colored digraph with exactly one nonsingular cycle. In

view of Remark 2.11, in order to study the spectrum of G it is enough to study

the spectrum of Gb or Gg. Note that Gb is nothing but a nonsingular mixed graph

with exactly one nonsingular cycle. Fan has studied λ1(L(Gb)) and its corresponding

eigenvectors in [7]. He has proved that for the mixed graph Gb, there is an unweighted

undirected graph H such that a(H) = λ1(L(Gb)).

We now ask the following question: Does there exist an unweighted undirected

graph H whose algebraic connectivity a(H) = λ1(L(Gg))? In this section, we answer
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this question in the affirmative.

Definition 2.12. [13, Definition 37] Let G be an unweighted undirected graph

on vertices 1, . . . , n and F ′ be a set of pairs of nonadjacent vertices in G. Assign

some orientations to the edges obtained by joining the nonadjacent pairs of vertices

in F ′ and call it F . Let Γ denote the cycle [1, . . . , p, 1], where (i, i + 1) ∈ E(Γ) for

each i ∈ Zp = {1, . . . , p} (with addition modulo p). Consider the disjoint union of p

copies G(1), . . . , G(p) of G. The label of each vertex u in G(i) is replaced by u(i). Add

edges u(i)v(j) whenever (i, j) ∈ E(Γ) and (u, v) ∈ F . We denote the resulting graph

by Gp[F ]. We call an edge in E(Gp[F ]) \ E(G(1) ∪ · · · ∪G(p)) a pivotal edge.

Definition 2.13. [13, Definition 40] Let G and F be as defined in Definition

2.12. We may view G as a weighted directed graph where each edge has a weight 1.

The orientations of these edges are immaterial. Assign a weight ω to each edge in F .

By Gω we denote the weighted directed graph G+ F .

Example 2.14. Let G be the graph as shown in the following picture (a).

Let F = {(1, 2), (3, 5)}. The graph G4[F ] is supplied in picture (b). The dotted

edges are the pivotal edges. A weighted directed graph Gω is supplied in picture (c).

b b

bb

b
1

2

34

5

(a) G

b b

bb

b1
(1)

2(1)

3(1)4(1)

5(1)

b b

bb

b1
(2)

2(2)

3(2)4(2)

5(2)

b b

bb

b1
(3)

2(3)

3(3)4(3)

5(3)

b b

bb

b1
(4)

2(4)

3(4)4(4)

5(4)

(b) The graph G4[F ]

b b

bb

b
1

2

34

5

ω

ω

(c) Gω

By Rex and Imx we mean the real part and imaginary part of x, respectively.

We denote the vector




1
ω
...

ωp−1


 by zω, where ω is a p-th root of unity.

The following proposition is essentially contained in [13, Lemma 45, Theorem 46].

Proposition 2.15. Consider Gp[F ] as in Definition 2.12. Let ω be a p-th root
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of unity and λ be a Laplacian eigenvalue of Gω with an eigenvector x. Then the

following holds:

(a) λ is a Laplacian eigenvalue of Gp[F ] with an eigenvector x = zω ⊗ x. Fur-

thermore, if ω 6= ±1, then λ is a Laplacian eigenvalue of Gp[F ] with linearly

independent eigenvectors Rex and Imx.

(b) If ωk 6= 1, for 1 ≤ k < p, then the Laplacian spectrum of Gp[F ] is the union

of the Laplacian spectra of the weighted directed graphs Gω1 , . . . , Gωp .

Definition 2.16. Consider the 3-colored digraph Gg as shown in Figure 2.1.

Take the graphs K2[F ], and K4[F ], where K = Gg − F , F = {(1,m)}. We denote

the graph K2[F ] by G̃ (Figure 2.3) and the graph K4[F ] by Ĝ (Figure 2.4). By Gr we

denote the graph obtained from Gb changing the color of the blue edge in Gb to red.

Note that Gr is singular and Kω is nothing but Gg, Gb, or Gr if ω = i, ω = −1, or

ω = 1, respectively.

i(1)

G
(1)
2

2(1)
G

(1)
1

1(1)

G
(1)
m

m(1)

G
(1)
i

G
(2)
ii(2)m(2)

G
(2)
m

1(2)

G
(2)
1

G
(2)
2

2(2)b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

Fig. 2.3. The graph G̃.

The next result is one of our main results of this section which completely char-

acterizes the Laplacian spectrum of the graph Ĝ.

Theorem 2.17. Consider Ĝ as in Definition 2.16. Then the following holds:

(a) If λ is an eigenvalue of L(Gg) with an eigenvector x, then λ is an eigenvalue

of L(Ĝ) with linearly independent eigenvectors




Rex

− Imx

−Rex

Imx


 and




Imx

Rex

− Imx

−Rex


.

(b) If µ is an eigenvalue of L(Gb) with an eigenvector y, then µ is an eigenvalue

of L(Ĝ) with an eigenvector zω ⊗ y, where ω = −1.

(c) If ν is an eigenvalue of L(Gr) with an eigenvector z, then ν is an eigenvalue

of L(Ĝ) with an eigenvector zω ⊗ z, where ω = 1.
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Fig. 2.4. The graph Ĝ.

(d) The Laplacian spectrum of Ĝ is the union of the Laplacian spectra of Gg, Gb

and Gr.

Proof. Proofs of part (a) and part (d) of the theorem follows immediately from

Proposition 2.15.

(b) Let e = (1,m) be the green edge in Gg and ω = −1. Observe that L(Kω) =

L(Gb), where K = Gg − e. Note that ω = −1 is a 4-th root of unity and Ĝ = K4[F ],

where F = {(1,m)}. Hence, µ is an eigenvalue of L(Ĝ) with an eigenvector zω ⊗ y,

by first part of Proposition 2.15(a). Proof of part (c) follows similarly.

Lemma 2.18. Consider Gb as in Figure 2.2. Then λ1(L(Gb)) ≤ a(Gr).

Proof. Let e = 1m be the blue edge in Gb. Note that the principal submatrices

of L(G) and L(Gr) obtained by deleting the first row and column are the same. Let

L1 be the principal submatrix of L(G) and L(Gr) formed by deleting its first row

and column. By interlacing theorem, we have λ1(L(Gb)) ≤ λ1(L1) ≤ a(Gr). Hence,

λ1(L(Gb)) ≤ a(Gr).
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Definition 2.19. Let G be a 3-colored digraph. We call an eigenvector corre-

sponding to the eigenvalue λ1(L(G)) the first eigenvector of G.

The next lemma is essentially contained in [7, Lemma 2.4].

Lemma 2.20. Consider the mixed graph Gb as in Figure 2.2 and let x be a first

eigenvector of Gb. Then a(G̃) = λ1(L(Gb)) and

[
x

−x

]
is a Fiedler vector of G̃.

Proof. Let e = 1m be the blue edge in Gb and K = Gb−e. Note that G̃ = K2[F ],

where F = {(1,m)}. Let ω be a 2nd root of unity. Observe that L(Kω) = L(Gb) for

ω = −1 and L(Kω) = L(Gr) for ω = 1, respectively. Thus, the Laplacian spectrum of

G̃ is the union of the Laplacian spectrum of Gb and Gr, by Proposition 2.15. Since Gr

is singular, we see that a(G̃) = min{λ1(L(Gb)), a(Gr)} = λ1(L(Gb)), using Lemma

2.18. Hence,

[
x

−x

]
is a Fiedler vector of G̃, by first part of Proposition 2.15(a).

Remark 2.21. Let G be a connected 3-colored digraph with exactly one nonsin-

gular cycle C. Assume that C contains an even number of green edges. If x is a first

eigenvector of G, then

[
ReD−1y

−ReD−1y

]
,

[
ImD−1y

− ImD−1y

]
are Fiedler vectors of G̃, for some

diagonal matrix D with diagonal entries ±1,±i.

Let G be an unweighted undirected graph (3-colored digraph with all edges red)

and let Y be a Fiedler vector of G. A vertex i of G is called a characteristic vertex of G

if Y (i) = 0 and if there is a vertex j, adjacent to i, such that Y (j) 6= 0. An edge e with

end vertices i, j is called a characteristic edge of G if Y (i)Y (j) < 0. By C(G, Y ), we

denote the characteristic set of G which is the collection of all characteristic vertices

and characteristic edges of G.

Below we state a result for unweighted undirected graphs due to Bapat and Pati

[3], which shall be used.

Lemma 2.22. [3, Theorem 12] Let G be a connected graph and Y be a Fiedler

vector. Let S = C(G, Y ). Suppose S lies in the block B. Then 1 ≤ |S| ≤ NB + 1,

where NB = |E(B)| − |V (B)|+ 1.

The next lemma says the nonnegativity of first eigenvectors of Gb at the vertices

of the nonsingular cycle.

Lemma 2.23. Consider Gb as in Figure 2.2. Then Gb is D-similar to a mixed

graph Hb such that a first eigenvector of Hb is nonnegative on the vertices of the

nonsingular cycle in Hb, where Hb has all the edges red except one blue edge on the

nonsingular cycle.
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Proof. Proof is similar to that of [8, Theorem 2.9].

Lemma 2.24. Consider Gg and Gb as in Figure 2.1 and Figure 2.2, respectively.

Then λ1(L(Gg)) ≤ λ1(L(Gb)).

Proof. In view of Lemma 2.23, let x be a first eigenvector of Gb such that x is

nonnegative on the vertices of the cycle containing the blue edge e = ij and x∗x = 1.

Then

λ1(L(Gb)) = x∗L(Gb)x =
∑

uv∈E(Gb−e)

|xu − xv|2 + (xi + xj)
2

≥
∑

uv∈E(Gb−e)

|xu − xv|2 + |xi + ixj |2 ≥ min
y∗y=1

y∗L(Gg)y.

Hence, the result holds.

The following result says that the smallest Laplacian eigenvalue of Gg is nothing

but the algebraic connectivity of the unweighted undirected graph Ĝ.

Theorem 2.25. Consider Gg as in Figure 2.1. Let x be a first eigenvector of Gg.

Then a(Ĝ) = λ1(L(Gg)) and x̂ =




Rex

− Imx

−Rex

Imx


, ŷ =




Imx

Rex

− Imx

−Rex


 are linearly independent

Fiedler vectors.

Proof. By Theorem 2.17, the Laplacian spectrum of Ĝ is the union of the Laplacian

spectra of Gg, Gb and Gr. Note that a(Ĝ) is the smallest nonzero eigenvalue of

L(Ĝ) and Gr is singular. Thus, a(Ĝ) = min{λ1(L(Gg)), λ1(L(Gb)), a(Gr)}. Using

Lemma 2.24 and Lemma 2.18, we have λ1(L(Gg)) ≤ λ1(L(Gb)) ≤ a(Gr). Hence,

a(Ĝ) = λ1(L(Gg)). By Theorem 2.17, x̂ and ŷ are linearly independent Fiedler

vectors of Ĝ.

Corollary 2.26. Let G be a 3-colored digraph containing exactly one nonsin-

gular cycle C. Assume that C contains an odd number of green edges. If x is a first

eigenvector of G, then




ReD−1x

− ImD−1x

−ReD−1x

ImD−1x


 and




ImD−1x

ReD−1x

− ImD−1x

−ReD−1x


 are Fiedler vectors of Ĝ, for

some diagonal matrix D with the diagonal entries ±1,±i.

Proof. Since C contains an odd number of green edges, we see that wC = ±i.

Thus, G is D-similar to the 3-colored digraph Gg as shown in Figure 2.1, by Remark

2.11. Note that D−1L(G)D = L(Gg), which implies D−1x is a first eigenvector of

Gg. Hence, the corollary holds, by Theorem 2.25.
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3. First eigenvectors of Gg. Fan [7] has studied the structure of the first

eigenvectors of Gb. In this section, we describe the structure of the real and imaginary

parts of first eigenvectors of Gg. We prove a monotonicity property on the real and

imaginary parts of the first eigenvectors of Gg, which is analogous to the Fiedler’s

monotonicity theorem in [10]. Finally, we prove that multiplicity of λ1(L(Gg)) is one.

Below we state the Fiedler’s monotonicity theorem for unweighted undirected

graphs which shall be used.

Proposition 3.1. [10, Fiedler’s monotonicity theorem] Let G be a connected

graph and y be a Fiedler vector of G. Then exactly one of the following cases occurs:

Case A: There is exactly one block B in G which contains both positively and

negatively valuated vertices (with respect to y). Every other block has either vertices

with positive valuation only, or vertices with negative valuation only, or vertices with

zero valuation only. Every pure path P which starts at a vertex i of B and contains

no other vertex of B has the property that the valuations at points of articulation

contained in P form either an increasing, or decreasing, or a zero sequence along this

path according to whether y(i) > 0, y(i) < 0 or y(i) = 0; in the last case all vertices

in P have valuation zero.

Case B: No block of G contains both positively and negatively valuated vertices

(with respect to y). In this case, there exists a unique vertex k which has valuation

zero and is adjacent to a vertex with nonzero valuation. This vertex k is a point

of articulation. Each block with respect to y contains (with exception of k) either

vertices with positive valuation only, vertices with negative valuation only, or vertices

with zero valuation only. Every pure path P which starts at k has the property that

the valuations at its points of articulation either increase, and then all valuations of

vertices on P are (with exception of k) positive, or decrease, and then all valuations

of vertices on P are (with exception of k) negative, or all valuations of vertices on P

are zero. Every path containing both positively and negatively valued vertices passes

through k.

The next result is one of our main results of this section, which describes the

structure of a first eigenvector of Gg.

Theorem 3.2. Consider Gg as in Figure 2.1. Let C = [1, . . . ,m, 1] be the

nonsingular cycle with the green edge e = (1,m). Let x be a first eigenvector of Gg.

Then the following holds:

(a) The cycle C contains a nonzero valuated vertex (with respect to x) and Ĝ

satisfies Case A (with respect to x̂ as in Theorem 2.25) of Proposition 3.1.

(b) Each block B of Gg other than C has either vertices of valuations with positive

real part (resp., imaginary part) only, or vertices with negative real part (resp.,
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imaginary part) only, or vertices with zero real part (resp., imaginary part)

only.

(c) Every path P which starts at a vertex v of C and contains no other vertex of

C has the property that the real parts (resp., imaginary parts) of the valua-

tions at the points of articulation contained in P form either an increasing,

decreasing, or zero sequence along this path according to whether Rex(v) > 0

(resp., Imx(v) > 0), Rex(v) < 0 (resp., Imx(v) < 0), or Rex(v) = 0 (resp.,

Imx(v) = 0), respectively. In the last case, all vertices in P have real part

(resp., imaginary part) zero.

Proof. (a) Suppose that the valuations of x at the vertices of C are all zero.

Let P
(i)
yz denote the y(i)-z(i)-path in Ĝ corresponding to the y-z-path in Gg − e, for

i = 1, 2, 3, 4. Take the cycle

Ĉ = P
(1)
m1 + 1(1)m(2) + P

(2)
m1 + 1(2)m(3) + P

(3)
m1 + 1(3)m(4) + P

(4)
m1 + 1(4)m(1)

in Ĝ. Note that x̂ =




Rex

− Imx

−Rex

Imx


 is a Fiedler vector of Ĝ, by Theorem 2.25. Since

x̂(u(1)) = Rex(u) = −x̂(u(3)), x̂(u(2)) = − Imx(u) = −x̂(u(4)) for each vertex u of

Gg, we see that the valuations of x̂ at the vertices of Ĉ are all zero.

Case 1: If Ĝ satisfies Case A of Proposition 3.1 with respect to x̂, then there exists

a single block B0 in Ĝ containing both positively and negatively valuated vertices and

each other block has either vertices with positive valuation, or negative valuation, or

vertices zero valuations only. Clearly Ĉ can not be the block B0. So B0 must be

contained in some G
(i)
k (where Gk is as in Definition 2.9) for some k with 1 ≤ k ≤ m.

Thus, Ĝ has at least four blocks containing both positively and negatively valuated

vertices (with respect to x̂), which is a contradiction.

Case 2: If Ĝ satisfies Case B of Proposition 3.1 with respect to x̂, then there

exists a unique vertex u(i) in Ĝ such that x̂(u(i)) = 0 and u(i) is adjacent to a vertex

w(j) with x̂(w(j)) 6= 0 for some i, j with 1 ≤ i, j ≤ 4. So w(j) can not be a vertex

in Ĉ. Thus, w(j) must be contained in G
(j)
k for some k with 1 ≤ k ≤ m. From the

structure of Ĝ and Gg it follows that i = j, that is, u(i) is a vertex in G(j), where G(j)

is as in Definition 2.16. Thus, x̂(u(i)) = 0, x̂(w(i)) 6= 0, and u(i) is adjacent to w(i)

in Ĝ for i = 1, 2, 3, 4, which is contradiction. Hence, the cycle C contains at least one

nonzero valuated vertex (with respect to x).

To prove the second part of (a), let x(u) 6= 0 for some vertex u in C. Thus, either

Rex(u) 6= 0 or Imx(u) 6= 0. Note that x̂(u(1)) = Rex(u) = −x̂(u(3)) and x̂(u(2)) =

− Imx(u) = −x̂(u(4)). Thus, Ĉ contains both positively and negatively valuated

vertices (with respect to x̂). Hence, the graph Ĝ satisfies Case A of Proposition 3.1,
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with respect to x̂.

(b) Let B 6= C be a block in Gg and let u1, . . . , uk be the vertices of B. Then B

is contained in some Gi (where Gi is as in Definition 2.9). Observe that u
(1)
1 , . . . , u

(1)
k

are vertices of Ĝ in B(1), where B(1) is a block in Ĝ corresponding to B. By part(a),

Ĉ is the only block in Ĝ containing both positively and negatively valuated vertices

(with respect to x̂). Since B(1) 6= Ĉ, we see that B(1) contains the vertices either

with positive valuation only, vertices with negative valuation only, or vertices with

zero valuation only (with respect to x̂), that is, either x̂(u
(1)
j ) > 0, x̂(u

(1)
j ) < 0, or

x̂(u
(1)
j ) = 0 for each j = 1, . . . , k. Note that Rex(uj) = x̂(u

(1)
j ) for each j = 1, . . . , k.

Thus, the real parts of the valuations (with respect to x) at all the vertices in B are

either positive, negative, or zero. With a similar argument, since u
(4)
j are vertices of

B(4) and Imx(uj) = x̂(u
(4)
j ) for j = 1, . . . , k, where B(4) is a block in Ĝ corresponding

to B, it follows that the imaginary parts of the valuations (with respect to x) at all

the vertices in B are either positive, negative, or zero.

(c) Let P (1) and P (4) be the paths corresponding to P which starts at the vertices

v(1) and v(4), respectively in Ĝ. By part(a), Ĝ satisfies Case A of Proposition 3.1, with

respect to x̂. Thus, the points of articulation contained in P (1) (resp., P (4)) forms

either an increasing, decreasing, or zero sequence along this path according to whether

x̂(v(1)) > 0 (resp., x̂(v(4)) > 0), x̂(v(1)) < 0, (resp., x̂(v(4)) < 0), or x̂(v(1)) = 0 (resp.,

x̂(v(4)) = 0), by Proposition 3.1. Note that Rex(u) = x̂(u(1)), and Imx(u) = x̂(u(4))

for any vertex u of P . Thus, the real parts (resp., imaginary parts) of the valuations

at the points of articulation contained in P form either an increasing, decreasing, or

zero sequence along this path according to whether Rex(v) > 0 (resp., Imx(v) > 0),

Rex(v) < 0, (resp., Imx(v) < 0), or Rex(v) = 0 (resp., Imx(v) = 0).

The following example illustrates the Theorem 3.2.

Example 3.3. Consider G as shown below. Real and imaginary parts of a first

eigenvector x of G are supplied here.

Rex =
[
1.160 1.106 1 0.906 0.986 0.940 0.770 0.964 1.030 1.047 1.099

]t

Imx =
[
0 0 0 −0.404 0.424 0.404 −0.790 −0.989 −1.057 −1.074 −1.127

]t

1 2 3 4

5 6 7 8

9

10 11

b

b b

b

bb

b b b

b

b

Remark 3.4. By Theorem 3.2, the characteristic set C(Ĝ, x̂) lies on the cycle Ĉ
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and by Lemma 2.22, |C(Ĝ, x̂)| ≤ 2.

The next result describes the sign structure of the real and imaginary parts of

first eigenvectors of Gg.

Theorem 3.5. Consider Gg as in Figure 2.1. Let C = [1, . . . ,m, 1] be the cycle

with the green edge e = (1,m). Let x be a first eigenvector of Gg. Then x satisfies

the following properties:

(a) On the vertices of the cycle C, Rex 6= 0 and Imx 6= 0.

(b) No entry of x at the vertices of the cycle C is zero.

(c) Rex, (resp., Imx) can be zero on at most one vertex of C.

(d) If v is a vertex on C such that Rex(v) = 0 (resp., Imx(v) = 0), then Imx

(resp., Rex) is either positive or negative on the vertices of C.

(e) If there exist two vertices u and v on C such that Rex(u)Rex(v) < 0 (resp.,

Imx(u) Imx(v) < 0), then Imx (resp., Rex) is either positive or negative on

the vertices of C.

(f) Let Rex(1)Rex(m) < 0 (resp., Imx(1) Imx(m) < 0). Then Imx (resp., Rex)

is either positive or negative, according as Rex(1) is negative or positive on

the vertices of C..

(g) Let Rex(1)Rex(m) > 0 (resp., Imx(1) Imx(m) > 0), then Rex (resp., Imx)

is either positive or negative on the vertices of C, according as Rex(1) (resp.,

Imx(1)) is positive or negative, respectively.

Proof. Consider the graph Ĝ corresponding to Gg as in Definition 2.16. Note that

x̂ (as in Theorem 2.25) is a Fiedler vector of Ĝ. For vertices y, z on C, let P
(i)
yz denote

the y(i)-z(i)-path in Ĝ corresponding to the y-z-path in Gg − e, for i = 1, . . . , 4.

(a) Assume that Rex = 0 on the vertices of C. By Theorem 3.2, x is nonzero on

C. Let Imx(u) 6= 0 for some vertex u on C. Observe that x̂(u(2)) = − Imx(u) 6= 0 and

x̂(u(4)) = Imx(u) 6= 0. Also, x̂(j(1)) = Rex(j) = 0, and x̂(j(3)) = −Rex(j) = 0 for

each vertex j of C. Thus, the paths 1(1)m(2)+P
(2)
mu, P

(2)
u1 +1(2)m(3) and 1(3)m(4)+P

(4)
mu

in Ĝ contain at least one characteristic vertex each of Ĝ. Thus, |C(Ĝ, x̂)| ≥ 3, a

contradiction. Similarly, we can prove that Imx 6= 0 on the vertices of C.

(b) Assume that u is a vertex on the cycle C such that x(u) = 0. Then Rex(u) =

0, Imx(u) = 0. By part(a), Rex 6= 0 on the vertices of C. Let w be a vertex on C such

that Rex(w) 6= 0. Since x̂(u(1)) = Rex(u) = 0 and x̂(w(1)) = Rex(w) 6= 0, we see

that P
(1)
uw contains at least one characteristic vertex each of Ĝ. Similarly, P

(3)
uw contains

at least one characteristic vertex each of Ĝ. Note that x̂(u(2)) = − Imx(u) = 0. Thus,

if w lies on the u-1-path in Gg − e, then the path P
(1)
w1 + 1(1)m(2) + P

(2)
mu contains at

least one characteristic vertex of Ĝ. Thus, |C(Ĝ, x̂)| ≥ 3, a contradiction. Similarly, if

w lies on the m-u-path in Gg − e, we get a contradiction.
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(c) Assume that u and v are two vertices on C such that Rex(u) = 0 = Rex(v),

where u < v. By part(b), Imx(u) 6= 0 and Imx(v) 6= 0. Note that u is on the

v-1-path in Gg − e. Since x̂(u(1)) = Rex(u) = 0 and x̂(v(2)) 6= 0, we see that the

path P
(1)
u1 +1(1)m(2) +P

(2)
mv in Ĝ contains at least one characteristic vertex. Similarly

the path P
(3)
u1 + 1(3)m(4) + P

(4)
mv contains at least one characteristic vertex of Ĝ. Note

that x̂(u(2)) = − Imx(v) 6= 0 and x̂(v(3)) = −Rex(v) = 0. Thus, the path P
(2)
u1 +

1(2)m(3) + P
(3)
mv contains at least one characteristic vertex of Ĝ. Hence, |C(Ĝ, x̂)| ≥ 3,

a contradiction. Similarly, we can prove for Imx.

(d) Let v be a vertex on C such that Rex(v) = 0. Assume that Imx(w) = 0 for

some vertex w on C. By part(b), x(v) 6= 0, x(w) 6= 0 which implies Imx(v) 6= 0,

Rex(w) 6= 0. Note that x̂(v(1)) = Rex(v) = 0 and x̂(w(1)) = Rex(w) 6= 0. Thus, the

path P
(1)
vw contains at least one characteristic vertex of Ĝ. Since x̂(v(2)) = − Imx(v) 6=

0 and x̂(w(2)) = − Imx(w) = 0, we see that P
(2)
vw contains at least one characteristic

vertex of Ĝ. Similarly, we see that P
(4)
vw contains at least one characteristic vertex

of Ĝ. Thus, |C(Ĝ, x̂)| > 2, a contradiction. Similarly, if Imx(i) Im x(j) < 0 for some

vertices i, j on C, we see that |C(Ĝ, x̂)| > 2, a contradiction. Similarly, we can prove

for Imx.

(e) Let Rex(u)Rex(v) < 0, for some vertices u, v on the cycle C. Since x̂(w(1)) =

Rex(w) and x̂(w(3)) = −Rex(w) for any vertex w in G, we see that x̂(u(i))x̂(v(i)) < 0

for i = 1, 3. Thus, the paths P
(i)
uv , for i = 1, 3 contain at least two characteristic

elements of Ĝ. If Imx(i) = 0 for some vertex i on C, then by part (d), Rex is positive or

negative on the vertices of C, a contradiction to our hypothesis. If Imx(i) Im x(j) < 0

for some vertices i, j on C, then P
(2)
ij contains at least one characteristic element of

Ĝ. Thus, |C(Ĝ, x̂)| ≥ 3, a contradiction. Hence, the result holds. Similarly, we can

prove for Imx.

(f) Proof follows with similar argument.

(g) Suppose that Rex(1)Rex(m) > 0 and Rex(1) > 0. Then Rex(m) > 0.

Since x̂(1(1)) = Rex(1) > 0 and x̂(m(3)) = −Rex(m) < 0, we see that the path

1(1)m(2) + P
(2)
m1 + 1(2)m(3) contains at least one characteristic element of Ĝ. Further,

x̂(1(3)) = −Rex(1) < 0 and x̂(m(1)) = Rex(m) > 0 implies that the path 1(3)m(4) +

P
(4)
m1 + 1(4)m(1) contains at least one characteristic elements of Ĝ. If Rex(u) = 0

for some vertex u on C, then x̂(u(3)) = −Rex(u) = 0. In that case, the path P
(3)
um

contains a characteristic vertex of Ĝ, which implies |C(Ĝ, x̂)| ≥ 3, a contradiction.

Similarly, if Rex(i)Rex(j) < 0 for some vertices i, j on C we get a contradiction.

Similarly, we can prove for Imx.

In our next result, we prove the nonnegativity of the real and imaginary parts on
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the nonsingular cycle of the first eigenvectors of Gg.

Theorem 3.6. Consider Gg as in Figure 2.1. Then Gg is D-similar to a 3-colored

digraph H, such that a first eigenvector of H has nonnegative real and imaginary parts

on the vertices of the nonsingular cycle in H.

Proof. Let x be a first eigenvector of Gg.

If Rex ≥ 0, Imx ≤ 0 on the vertices of C, then we take D = −iIn. If Rex ≤ 0,

Imx ≥ 0 on the vertices of C, then we takeD = iIn. In these casesD∗x is nonnegative

on the nonsingular cycle of DGg.

First we assume that Imx is not nonnegative on C. Let u, v be two vertices on C,

such that Imx(u) > 0 and Imx(v) < 0 with 1 ≤ u < v ≤ m. By Lemma 3.5(e), Rex

is either positive or negative on C. Without loss of generality suppose that Rex > 0

on C.

Case 1: If Imx(i) 6= 0 for i = 1, . . . ,m, then the u-v-path in Gg − e has an edge f

joining vertices i0, i0+1 with Imx(i0) > 0 and Imx(i0+1) < 0. Since |C(Ĝ, x)| ≤ 2, we

see that Imx(j) > 0 for each j = 1, . . . , i0 and Imx(j) < 0 for each j = i0 + 1, . . . ,m.

Let G1 and G2 be the two components of Gb−f −e, such that G1 contains the vertex

1 and G2 contains the vertex m. Take D = −iI|V (G2)| ⊕ I|V (G1)|. Then ReD∗x and

ImD∗x are nonnegative on the vertices of C, and D∗x is a first eigenvector of DGg

with the green edge f .

Case 2: If Imx(i) = 0, for some vertex i on C. Let f be the edge on C, joining

the vertices i0, i0 + 1. Since |C(Ĝ, x)| ≤ 2, we see that Imx(j) 6= 0, for each vertex

j 6= i0 on C. Moreover, Imx(j) > 0 for each j = 1, . . . , i0− 1 and Imx(j) < 0 for each

j = i0 +1, . . . ,m. Let G1 and G2 be the two components of Gb − f − e, such that G1

contains the vertex 1 and G2 contains the vertex m. Take D = −iI|V (G2)| ⊕ I|V (G1)|.

Then ReD∗x and ImD∗x are nonnegative on the vertices of C, and D∗x is a first

eigenvector of DGg with the green edge f . The rest of the proof follows with similar

argument.

In the next theorem, we prove that λ1(L(Gg)) has multiplicity one.

Theorem 3.7. Consider Gg as in Figure 2.1. Let C = [1, . . . ,m, 1] be the cycle

in Gg with the green edge e = (1,m). Then multiplicity of λ1(L(Gg)) is one.

Proof. Let Z1, Z2 be two linearly independent first eigenvectors of Gg. By Theo-

rem 3.5(a), Z1(1) 6= 0, Z2(1) 6= 0. Let Z = αZ1+βZ2, where α = Z2(1), β = −Z1(1).

Then Z is a first eigenvector of Gg such that Z(1) = 0, a contradiction to Theorem

3.5(a).
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Next, we discuss the multiplicity of λ1(L(Gb)).

Remark 3.8. ConsiderGb as in Figure 2.2 and take G̃. Let x be a first eigenvector

of Gb. By Lemma 2.20, Y =

[
x

−x

]
is a Fiedler vector of G̃. For vertices y, z on C,

let P
(i)
yz denote the y(i)-z(i)-path in G̃ corresponding to the y-z-path in Gb − e, for

i = 1, 2. Consider the cycle C̃ = P
(1)
1m +m(1)1(2) + P

(2)
1m + m(2)1(1) in G̃. Note that

Y (j(1)) = x(j) and Y (j(2)) = −x(j) for each vertex j of Gb. If valuations of x at the

vertices of C are all zero, then the valuations of Y at the vertices of C̃ are all zero.

In that case, G̃ neither satisfies Case A nor Case B of Proposition 3.1, with respect

to Y , a contradiction. Thus, there exists a vertex u on the nonsingular cycle in Gb

such that x(u) 6= 0. Hence, the characteristic set of G̃ lies on C̃. By Lemma 2.22,

|C(G̃, Y )| ≤ 2.

The following result is a generalization of [8, Corollary 2.8].

Lemma 3.9. Consider Gb as in Figure 2.2. Let x be a first eigenvector of Gb.

Then there exists at most one vertex i on the nonsingular cycle C such that x(i) = 0.

Proof. Let C = [1, . . . ,m, 1] and e = 1m be the blue edge. Assume that there

exist two vertices u and v with u < v on C such that x(u) = x(v) = 0. By Remark

3.8, x(w) 6= 0, for some vertex w on C. By Lemma 2.20, Y =

[
x

−x

]
is a Fiedler vector

of G̃. Thus, Y (j(1)) = x(j) and Y (j(2)) = −x(j) for each vertex j of Gb. If w is on the

u-v-path in Gb−e path, then the paths P
(1)
uw , P

(2)
uw , P

(1)
wv and P

(2)
wv in G̃ contain at least

one characteristic vertex each. Thus, |C(G̃, Y )| ≥ 3, a contradiction. If w is not on the

u-v-path in Gb − e, then the paths P
(1)
u1 + 1(1)m(2) + P

(2)
mv and P

(1)
vm +m(1)1(2) + P

(2)
1u

in G̃ contain at least two characteristic vertex each, which implies |C(G̃, Y )| > 2, a

contradiction. Hence, the result holds.

In [8], the authors proved that multiplicity of λ1(L(Gb) is at most two when Gb

is unicyclic. Here Gb is not necessarily unicyclic. Hence, the following result is a

generalization of [8, Theorem 2.14].

Lemma 3.10. Consider Gb as in Figure 2.2. Then λ1(L(Gb)) has multiplicity at

most two.

Proof. Proof is similar to that of [8, Theorem 2.14] using Lemma 3.9.

4. Minimizing the smallest Laplacian eigenvalue. In this section, we con-

sider the nonsingular unicyclic 3-colored digraphs. In view of Lemma 2.5, throughout

this section, all our nonsingular unicyclic 3-colored digraphs have all edges red except

one blue or green edge on the cycle. Fan [6] has obtained the nonsingular unicyclic

mixed graphs on n vertices with a fixed girth, which minimizes the smallest Laplacian
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eigenvalue over all such graphs. The unique mixed graph which minimizes the small-

est Laplacian eigenvalue over all nonsingular unicyclic mixed graphs on n vertices was

determined in [8].

We ask the following question: Does there exist a unique nonsingular unicyclic

3-colored digraph on n vertices, which minimizes the smallest Laplacian eigenvalue

over all such graphs? In this section, we answer this question in the affirmative.

The next lemma is an immediate application of the interlacing theorem, see [12].

Lemma 4.1. Let G be a 3-colored digraph and let G′ be the graph obtained from

G by adding a pendent vertex. Then λ1(L(G
′)) ≤ λ1(L(G)).

Lemma 4.2. [5] Consider the cycle C on n vertices with wC = −1. Then the

Laplacian spectrum of C is {2[1− cos (2i−1)π
n

] : i = 1, . . . , n}.

Definition 4.3. [13] Let G be a 3-colored digraph on vertices 1, . . . , n and let

Fg be the set of green edges in G. Let G′ be a copy of G, in which we replace the

label of the vertex i by i′, for each i = 1, . . . , n. Let F ′
g denote the green edges in

G′ corresponding to Fg. Construct the mixed graph on 2n vertices obtained from

(G− Fg) ∪ (G′ − F ′
g) by inserting a red edge uv′ and a blue edge u′v, for each green

edge (u, v) ∈ Fg. We denote this graph by G[g].

Below we sate a result due to Kalita and Pati contained in [13] which shall be

used.

Lemma 4.4. Let G be a 3-colored digraph. Then the Laplacian spectrum of G,

without considering multiplicities, is the same as that of G[g]. Further, if x is an

eigenvector of G corresponding to an eigenvalue λ, then λ is an eigenvalue of G[g]

with linearly independent eigenvectors

[
Rex

− Imx

]
,

[
Imx

Rex

]
.

Lemma 4.5. Consider the cycle C on n vertices with wC = ±i. Then the

Laplacian spectrum of C is
{
2[1− cos (2i−1)π

2n ] : i = 1, . . . , n
}
.

Proof. By Lemma 4.4, the set of Laplacian eigenvalues of C is the same as that of

C[g]. Note that C[g] is a cycle of length 2n and weight −1. Hence, the result holds,

by Lemma 4.2.

Definition 4.6. Consider the 3-colored digraph obtained by appending a cycle

C = [1, . . . ,m, 1] to a pendent vertex of the undirected path on n−m vertices. Call

this 3-colored digraph a lollipop graph, b-lollipop graph, or g-lollipop graph if wC = 1,

wC = −1, or wC = ±i, respectively. By Cn,m,
bCn,m, and

gCn,m we mean a lollipop

graph, b-lollipop graph, and g-lollipop graph, respectively.

Example 4.7. The following picture is an example of a g-lollipop graph gCn,m

Electronic Journal of Linear Algebra  ISSN 1081-3810 
A publication of the International Linear Algebra Society
Volume 23, pp. 397-421, April 2012

http://math.technion.ac.il/iic/ela



ELA

On 3-Colored Digraphs With Exactly One Nonsingular Cycle 415

b

b b

b

b

b bb

b

bm-cycle

12

m m+1 n

m-1m-2

Note that Cn,m is singular and henceforth, we assume that all the edges in Cn,m

are red, in view of Theorem 2.2. Fallat, Kirkland and Pati [4] have proved that for

n ≥ 3m−1
2 and m ≥ 4, a(Cn,m) > a(Cn,m−1). Recently Guo, Shiu and Li [11] have

proved the following result.

Lemma 4.8. [11, Theorem 2.11] Let Cn,m be the lollipop graph on n vertices with

girth m. Then a(Cn,m−1) < a(Cn,m), for m ≥ 4.

Lemma 4.9. Let G be a unicyclic 3-colored digraph of girth m with the cycle C

of weight ±i. Then λ1(L(G)) ≤ 2(1− cos π
2m ) < 1

2 . Equality holds if and only if G is

a cycle of weight ±i on m vertices.

Proof. Note thatG can be obtained from C by adding pendent vertices repeatedly.

By Lemma 4.1 and Lemma 4.5, λ1(L(G)) ≤ 2(1− cos π
2m ) < 1

2 .

Assume that G is not a cycle. By Theorem 2.25, λ1(L(G)) = a(Ĝ), where Ĝ is as

in Definition 2.16, constructed from Gg (as in Figure 2.1) corresponding to G. Since

G has at least one pendent vertex, we see that Ĝ can be obtained from the lollipop

graph C4m+1,4m by adding pendents sequentially. Thus, by Lemma 4.1 and 4.8,

a(Ĝ) ≤ a(C4m+1,4m) < 2(1− cos
2π

4m+ 1
) < 2(1− cos

π

2m
).

Hence, λ1(L(G)) < 2(1 − cos π
2m ). So the equality holds if and only if G has no

pendent vertices.

Lemma 4.10. [6, Theorem 2.6] Let G be a nonsingular unicyclic mixed graph

with a fixed girth m. Then λ1(L(G)) ≤ 2(1− cos π
m
), where equality holds if and only

if G is a nonsingular cycle on m vertices.

Remark 4.11. Let G be a unicyclic 3-colored digraph with fixed girth m and the

cycle contains an even number of green edges. Then G is D-similar to a nonsingular

unicyclic mixed graph. Hence, by Lemma 4.10, λ1(L(G)) ≤ 2(1− cos π
3 ).

Lemma 4.12. Let G be a unicyclic 3-colored digraph on n vertices with a fixed

girth m. Let T be the tree on k vertices attached to a vertex j on the cycle in G. If

G′ is the unicyclic 3-colored digraph obtained from G by replacing T with the path Pk,

then λ1(L(G)) ≥ λ1(L(G
′)).
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Proof. Let i1, . . . , ik be the vertices T with j = i1. Let x be a normalized

eigenvector of L(G) corresponding to λ1(L(G)) with Imx(j) = 0. By Theorem 3.2,

Imx(ir) = 0, for 1 ≤ r ≤ k. By Theorem 3.5(d), we have Rex > 0. In view of

Theorem 3.2, we can arrange the vertices of T with 0 < Rex(i1) ≤ · · · ≤ Rex(ik).

Thus,

λ1(L(G)) = x∗L(G− E(T ))x+
∑

ij∈E(T )

|x(i)− x(j)|2

≥ x∗L(G− E(T ))x+

k−1∑

j=1

|x(ij)− x(ij+1)|2

= x∗L(G− E(T ) + Pk)x = x∗L(G′)x ≥ λ1(L(G
′)).

The next Lemma follows from Lemma 4.12 which generalizes [6, Theorem 3.2].

Lemma 4.13. Among all nonsingular unicyclic 3-colored digraphs on n vertices

with a fixed girth m, the smallest Laplacian eigenvalue is minimized by a nonsingular

unicyclic 3-colored digraph with girth m having the following property: there are at

most two connected components at every vertex on the cycle, and the components not

including the vertices on the cycle (if exists) is a path.

The next lemma is a generalization of [8, Lemma 3.2].

Lemma 4.14. Let G be a nonsingular unicyclic 3-colored digraph on n vertices

with a fixed girth m obtained from a cycle C by attaching at most one path to each

vertex i of C. Let Pi = i, i1, i2, . . . , ir (r ≥ 1) and Pj = j, j1, . . . , js, (s ≥ 1) be the

paths attached to the vertex i and j on C, respectively. Let x be a first eigenvector of

G with |x(j)| ≥ |x(i)|. If G1 = G− ii1 + jsi1, then λ1(L(G)) ≥ λ1(L(G1)).

Proof. Without loss of generality, we assume that Imx(i) = 0. Then, by Theorem

3.5(d), Rex > 0 and by Theorem 3.2, x(ik) are real for k = 1, . . . , r and

x(i) ≤ x(i1) ≤ · · · ≤ x(ir).

Let y ∈ Cn be defined on the vertices of G1 such that

{
y(ik) = x(ik) + x(js)− x(i) for k = 1, . . . , r,

y(v) = x(v) for v 6= ik, k = 1, . . . , r.
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Observe that x∗L(G)x = y∗L(G1)y and

y∗y =
∑

v∈V (G)\{i1,i2,...,ir}

|x(v)|2 +
r∑

k=1

|x(ik) + x(js)− x(i)|2

= x∗x+ r |x(js)− x(i)|2 + 2Re

((
x(js)− x(i)

) r∑

k=1

x(ik)

)

≥ x∗x+ r
(
|x(js)|2 + |x(i)|2 − 2x(i)Rex(js)

)
+ 2rx(i)

(
Rex(js)− x(i)

)

≥ x∗x+ r
(
|x(js)|2 − |x(i)|2

)
.

By Theorem 3.2, |x(i)| ≤ |x(j)| ≤ |x(j1)| ≤ · · · ≤ |x(js)|. So we have y∗y ≥ x∗x.

Hence,

λ1(L(G)) =
x∗L(G)x

x∗x
≥ y∗L(G1)y

y∗y
≥ λ1(L(G1)).

By gCn and bCn we mean a cycle of weight ±i and a cycle of weight −1, on n

vertices, respectively.

In the next result, we prove that among all nonsingular unicyclic 3-colored di-

graphs on n vertices with a fixed girth m, gCn,m minimizes the smallest eigenvalue.

Theorem 4.15. Let G be a nonsingular unicyclic 3-colored digraph on n vertices

with a fixed girth m. Then λ1(L(G)) ≥ λ1(L(
gCn,m)).

Proof. Let C = [1, . . . ,m, 1] be the cycle in G and let H := C+
∑k

i=1(wivi+Pni
),

where Pni
is a path on ni vertices with pendent vertices ui and vi, wi is a vertex on

C, for i = 1, . . . , k and n = m +
∑k

i=1 ni. Let x be a first eigenvector of H such

that max
1≤i≤k

|x(wi)| = |x(w0)|. Thus, by Theorem 4.14, λ1(L(H)) ≥ λ1(L(H1)), where

H1 = (H − w0v0) + w1v0 + Pn0
. Note that the graph H1 has exactly k − 1 paths

attached to k− 1 vertices of the cycle. By Lemma 2.24, λ1(L(
bCn,m)) ≥ λ1(L(

gCn,m)).

Thus, with similar argument, after a finite number of steps we have

λ1(L(H)) ≥ λ1(L(H1)) ≥ · · · ≥ λ1(L(
bCn,m)) ≥ λ1(L(

gCn,m)).

Note that λ1(L(G)) ≥ λ1(L(H)), by Lemma 4.14. Hence, the result holds.

Definition 4.16. Consider the path Pn, n ≥ 3 on vertices 1, . . . , n. Add the

blue colored edge joining the vertices k and n− k + 1 of Pn, for 1 ≤ k < n
2 to obtain

a mixed graph. We denote this graph by G(n, k).

Example 4.17. Mixed graphs G(7, 3) and G(8, 4) are shown in the following

picture.
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The following lemma is essentially contained in [8, Theorem 3.4].

Lemma 4.18. Consider the b-lollipop graph bCn,m. Then the following holds:

(i) Multiplicity of the smallest Laplacian eigenvalue of bCn,m is one, for m < n.

(ii) If x is a first eigenvector of bCn,m, then x(i) = −x(m−i), for i = 1, . . . ,m−1.

(iii) λ1(L(
bCn,m−1)) < λ1(L(

bCn,m)), for m > 3.

Definition 4.19. Let G be a 3-colored digraph. By Fr, Fb, and Fg we mean the

set of red edges, blue edges and green edges in G, respectively. Let x be an eigenvector

of L(G) corresponding to an eigenvalue λ. By eigen-condition at a vertex i, we mean

the following equation.

(di − λ)x(i) =
∑

ij∈Fr

x(j) −
∑

ij∈Fb

x(j) + i
∑

(i,j)∈Fg

x(j)− i
∑

(j,i)∈Fg

x(j).

Remark 4.20. Observe that if Y is an eigenvector of L(Pn) corresponding

to an eigenvalue λ, then we see that Y ′ =
[
Y (n) Y (n− 1) · · · Y (1)

]t
is an

eigenvector of L(Pn) corresponding to the same eigenvalue λ. Note that L(Pn) has

distinct eigenvalues 2(1− cos πj

n
), for j = 1, . . . , n. Thus, Y = αY ′, for some α ∈ R,

which implies α = ±1. Hence, Y (i) = ±Y (n− i + 1) for i = 1, . . . , n. Moreover, if T

is a tree on n vertices then a(Pn) = 2(1− cos π
n
) ≤ a(T ), see [9].

In the next lemma, we prove that the smallest Laplacian eigenvalue of G(n, k)

for k 6= 1, n is simple and if n is even, then λ1(L(G(n, k))) is equal to the algebraic

connectivity of Pn for each k.

Lemma 4.21. Consider the mixed graph G(n, k) as in Definition 4.16

(i) λ1(L(G(n, k))) has multiplicity one, for each k 6= 1, n.

(ii) If n is even, then λ1(L(G(n, k)) = a(Pn).

Proof. (i) Let Y be a first eigenvector of G(n, k). Assume that Y (n) = 0. Using

Definition 4.19, the eigen-condition at the vertex n of G(n, k), we have

[1− λ1(L(n, k))]Y (n) = Y (n− 1),
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which implies Y (n − 1) = 0. Similarly, using the eigen-conditions at the vertices

n − 1, . . . , n − k + 2 of G(n, k) we have Y (n − 2) = 0, . . . , Y (n − k + 1) = 0,

respectively. Thus, Y ′ =
[
Y (1) Y (2) · · · Y (n− k + 1)

]t
is an eigenvector of

bCn−k+1,n−2k+2 corresponding to the eigenvalue λ1(L(G(n, k)). So

λ1(L(
bCn−k+1,n−2k+2)) ≤ λ1(L(G(n, k))).

Note that G(n, k) can be obtained from bCn−k+1,n−2k+2 by adding pendent vertices

sequentially. Thus, by Lemma 4.1,

λ1(L(G(n, k))) ≤ λ1(L(
bCn−k+1,n−2k+2)).

Hence, λ1(L(G(n, k))) = λ1(L(
bCn−k+1,n−2k+2)) and Y ′ is an eigenvector correspond-

ing to λ1(L(
bCn−k+1,n−2k+2)). Observe that Y ′(k + 1) = −Y ′(n− k + 1), by Lemma

4.18(ii). So Y (k + 1) = −Y (n − k + 1) = 0, a contradiction to Lemma 3.9. Thus,

Y (n) 6= 0 for any first eigenvector Y of G(n, k). Assume that there exist two lin-

early independent first eigenvectors Z1, Z2 of G(n, k). Let Z = αZ1 + βZ2, where

α = Z2(n) 6= 0, β = −Z1(n) 6= 0. Then Z is a first eigenvector of G(n, k) with

Z(n) = 0, a contradiction. Hence, λ1(L(G(n, k))) has multiplicity one, for k 6= 1, n.

(ii) Let n be even. If k = 1, n, then G(n, k) = bCn. By Lemma 4.2, λ1(L(
bCn)) =

2(1 − cos π
n
) = a(Pn). Assume that k 6= 1, n. Let y be a Fiedler vector of Pn. Then

y(k) = −y(n−k+1). Hence, y is an eigenvector of L(G(n, k))) corresponding to a(Pn).

Thus, λ1(L(G(n, k))) ≤ a(Pn). Assume that λ1(L(G(n, k))) < a(Pn). Let z be an

eigenvector of L(G(n, k))) corresponding to the eigenvalue λ1(L(G(n, k))). Observe

that z′ =
[
z(n) z(n− 1) · · · z(1)

]t
is an eigenvector of L(G(n, k))) corresponding

to the eigenvalue λ1(L(G(n, k))). By part (i), multiplicity of λ1(L(G(n, k))) is one.

Thus, z = αz′ for some α ∈ R, which implies α = ±1. If α = 1, then z(i) = z(n−i+1)

for each i, 1 ≤ i ≤ n
2 . In that case, z is an eigenvalue of L(G′), where G′ is the graph

obtained from G(n, k) by removing the red edge joining the vertices n
2 and n

2 + 1.

Note that the underlying graph of G′ is a tree. By Lemma 2.4, G′ is singular. So

λ2(L(G
′)) ≤ λ1(L(G(n, k))). By Lemma 2.2, DG′ has all edges red for some D. Using

Remark 4.20, a(Pn) ≤ a(DG′) = λ2(L(G
′)) ≤ λ1(L(G(n, k))), a contradiction. If

α = −1, then z(k) = −z(n − k + 1). In that case, z is an eigenvector of L(Pn)

corresponding to the eigenvalue λ1(L(G(n, k))). Thus, a(Pn) ≤ λ1(L(G(n, k))), a

contradiction. Hence, the result holds.

The next lemma is crucial in proving our main result of this section.

Lemma 4.22. λ1(L(
gCn,m)) ≥ λ1(L(

gCn)).

Proof. Observe that gCn,m = gCn for n = m. Hence, the lemma holds for m = n.

Let m < n and let x ∈ Cn be a first eigenvector of gCn,m such that Imx(m) = 0.

By Theorem 3.5, Rex(m) 6= 0 and Imx(m) = Imx(m + 1) = · · · = Imx(n) = 0. By
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Lemma 4.4, λ1(L(G[g])) = λ1(L(
gCn,m)), where G=gCn,m. Note that Y =

[
Rex

− Imx

]

is an eigenvector of G[g] corresponding to the eigenvalue λ1(L(
gCn,m)), by Lemma 4.4.

Thus, Y is a first eigenvector of G[g]. Notice that Y (m′) = Y (m′+1) = · · · = Y (n′) =

0, where m′, . . . , n′ are the vertices in G[g] corresponding to the vertices m, . . . , n (see

Definition 4.3). So λ1(L(G[g])) is an eigenvalue of L(bCn+m,2m) with an eigenvector

Z =
[
Y (1) · · · Y (n), Y (1′) · · · Y (m′)

]t
, which implies λ1(L(

bCn+m,2m)) ≤
λ1(L(G[g])). Note that gCn,m can be obtained from bCn+m,2m by adding pendent

vertices sequentially. Thus, by Lemma 4.1, λ1(L(G[g])) ≤ λ1(L(
bCn+m,2m)). Hence,

λ1(L(
gCn,m)) = λ1(L(G[g])) = λ1(L(

bCn+m,2m)).

Observe that G(2n, n − m + 1) can be obtained from bCn+m,2m by adding pendent

vertices sequentially. Thus, λ1(L(
bCn+m,2m)) ≥ λ1(L(G(2n, n − m + 1))) = a(P2n),

using Lemma 4.1 and Lemma 4.21(ii). Hence, λ1(L(
gCn,m)) ≥ a(P2n) = 2(1− cos π

2n ).

Since gCn is a cycle of weight ±i, we see that λ1(L(
gCn)) = 2(1− cos π

2n ), by Lemma

4.5. Hence, the lemma holds.

The next lemma provides a lower bound for the smallest Laplacian eigenvalue of

unicyclic 3-colored digraphs.

Lemma 4.23. Let G be a nonsingular unicyclic 3-colored digraph on n vertices.

Then

λ1(L(G)) ≥ 2(1− cos
π

2n
).

Equality holds if and only if G is a cycle gCn.

Proof. Using Theorem 4.15 and Lemma 4.22 we have,

λ1(L(G)) ≥ λ1(L(
gCn,m)) ≥ λ1(L(

gCn)).

Note that λ1(L(
gCn)) = 2(1− cos π

2n ), by Lemma 4.5. Hence, the result holds.

The next theorem is our main result of this section which provides the unique

graph minimizing the smallest Laplacian eigenvalue over all nonsingular unicyclic

3-colored digraphs on n vertices.

Theorem 4.24. Among all nonsingular unicyclic 3-colored digraphs on n ver-

tices, the smallest Laplacian eigenvalue is uniquely minimized by the cycle gCn.

Proof. Proof follows from Lemma 4.23.
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