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ON 3-COLORED DIGRAPHS WITH EXACTLY
ONE NONSINGULAR CYCLE*

DEBAJIT KALITAT

Abstract. The class of connected 3-colored digraphs containing exactly one nonsingular cycle
is considered in this article. The main objective is to study the smallest Laplacian eigenvalue and
the corresponding eigenvectors of such graphs. It is shown that the smallest Laplacian eigenvalue
of such a graph can be realized as the algebraic connectivity (second smallest Laplacian eigenvalue)
of a suitable undirected graph. The nonsingular unicyclic 3-colored digraph on n vertices, which
minimize the smallest Laplacian eigenvalue over all such graphs is determined in this article.

Key words. Laplacian matrix, Mixed graph, Weighted directed graph, 3-Colored digraph, First
eigenvector.

AMS subject classifications. 05C50, 05C05, 15A18.

1. Introduction. All our graphs are simple. All our directed graphs have simple
underlying undirected graphs (except in Definitions and 216). At times we use
V(G) (resp., E(G)) to denote the set of vertices (resp., edges) of a graph G (directed or
undirected). In the absence of any specification V(G) is assumed to be {1,2,...,n}.
Let G be a directed graph. We write (i,5) € E(G) to mean the existence of the
directed edge from the vertex i to the vertex j. With each edge (4,7), we associate
a complex number w;; of absolute value 1 with nonnegative imaginary part, that is,
weights are chosen from the upper half part of the unit circle on the complex plane.
We call it the weight of that edge. Henceforth, we shall understand that weights are
complex numbers of unit modulus with nonnegative imaginary part, unless otherwise
specified. We call the directed graph G with such a weight function w a weighted
directed graph. The adjacency matriz A(G) of G is the matrix with (i, j)-th entry

aij =< Wy if (4,1) € E(G),
0 otherwise.

Throughout this article, i = v/—1. Note that choosing the weights only from the
“upper half part of the unit circle” is not really a restriction for the study of adjacency
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matrices. For example, if G has an edge (¢, ) of weight = + yi, then we may replace
(,7) by an edge (j, i) of weight = —yi, while the adjacency matrix remains unchanged.

Let G be a weighted directed graph. In defining subgraph, walk, path, con-
nectedness and degree of a vertex in G we focus only on the underlying unweighted
undirected graph of G. Thus, the degree d; of a vertex ¢ in a weighted directed graph
G is the number of edges incident with <. It may be viewed as the sum of the absolute
values of the weights of the edges incident with the vertex ¢. The Laplacian matriz
L(G) of G is defined as the matrix D(G) — A(G), where D(G) is the diagonal matrix
with d; as the i-th diagonal entry.

DEFINITION 1.1. [2] Let G be a directed graph with edges having colors red, blue,
or green. We assign a weight 1 to each red edge, a weight —1 to each blue edge, and
a weight i to each green edge in G. We call this weighted directed graph a 3-colored
digraph.

A mized graph [I] is a graph with some directed and some undirected edges. Let
G be a 3-colored digraph. Notice that if weight of each edge in G is 1, that is, if each
edge in G has the color red, then L(G) coincides with the usual Laplacian matrix of
the underlying unweighted undirected uncolored graph of G. If the weights of the
edges in G are £1, that is, if G does not have a green edge, then (viewing the edges
of color red as directed and the edges of color blue as undirected) L(G) coincides with
the Laplacian matrix of a mixed graph introduced by Bapat et al. [I]. Thus, a mixed
graph may be viewed as a 3-colored digraph without a green edge.

Note that with this set-up, the Laplacian matrix of a 3-colored digraph is pos-
itive semidefinite, see [2]. It was proved in [2] that unlike the Laplacian matrix of
unweighted undirected graphs, the Laplacian matrix of a 3-colored digraph is some-
times nonsingular. A 3-colored digraph is said to be singular (resp., nonsingular) if
its Laplacian matrix is singular (resp., nonsingular).

REMARK 1.2. Let G be a 3-colored digraph. If an edge (i,7) of G has a color
red or color blue, then a;; = a;; =1 or — 1, respectively. Thus, the adjacency (resp.,
Laplacian) matrix of G is indifferent about the orientations of the red and blue edges.
In view of this fact, we write ij € E(G) to mean the existence of a red or a blue edge
between the vertices ¢ and j in G. We write (¢,j) € E(G) to mean the existence of
the green edge directed from the vertex ¢ to the vertex j in G.

Denote by \;(B) the i-th smallest eigenvalue of a Hermitian matrix B. For an
undirected graph G, A2(L(G)) is popularly known as the algebraic connectivity of G,
denoted by a(G).

The article is organized as follows. In Section 2, we describe the structure of
3-colored digraphs containing exactly one nonsingular cycle. We show that given a
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connected 3-colored digraph G containing exactly one nonsingular cycle, there is a
graph H with a(H) = A\ (L(G)). In Section 3, we establish a monotonicity property
on the real and imaginary parts of the eigenvectors corresponding to A1 (L(G)), which
is analogous to Fiedler’s monotonicity theorem [10]. We describe the sign structure
of the real and imaginary parts of the eigenvectors corresponding to A1 (L(G)). In
Section 4, we prove that among all nonsingular unicyclic 3-colored digraphs on n
vertices, the smallest Laplacian eigenvalue is minimized by the cycle of weight +i and
length n.

2. Smallest Laplacian eigenvalue. Let G be a 3-colored digraph and D be
a diagonal matrix with the diagonal entries d;; € {1, +i}, for each i. Note that
D*L(G)D is the Laplacian matrix of another 3-colored digraph which we denote by
ba.

DEFINITION 2.1. Let H and G be two 3-colored digraphs on n vertices. We say
H is D-similar to G, if there exists a diagonal matrix D (with d;; € {£1,£i}), for
each i) such that H = PG.

Below we state a result due to Bapat et al. [2, Theorem 19] which shall be used.

LEMMA 2.2. [2] Let G be a connected 3-colored digraph. Then G is singular if
and only if it is D-similar to PG with all edges red.

DEFINITION 2.3. [2] A i1-ig-walk W in a weighted directed graph G is a finite
sequence i1, . ..,k of vertices such that, for 1 < p < k —1, either (ip,ip+1) € E(G) or
(tp+1,1p) € E(G). If e = (ip, ipy1) € E(G), then we say e is directed along the walk,
otherwise we say e is directed opposite to the walk. We call wy = a;,4, Qiyig * = * Qip,_ i
the weight of the walk W, where a;; are the entries of A(G).

The following lemma is essentially contained in [2, Theorem 23].

LEMMA 2.4. Let G be a connected 3-colored digraph. Then G is nonsingular if
and only if G contains a cycle of weight other than 1.

In view of Lemma [Z4] we call a cycle C in a 3-colored digraph singular if its
weight wo = 1. Otherwise, we call it a nonsingular cycle.

The following lemmas are crucial in describing the structure of 3-colored digraphs
containing exactly one nonsingular cycle.

LEMMA 2.5. Let G be a connected 3-colored digraph containing exactly one non-
singular cycle C. Then G is D-similar to PG with all edges red except one edge on C
which is either blue or green if wo = —1 or wo = +i, respectively.

Proof. Let e be an edge on the cycle C' in G. Take G' = G — e. Since C' is the
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only nonsingular cycle in G, we see that G’ does not contain a cycle of weight other
than 1. Thus, G’ is singular, by Lemma 24l By Lemma 22 each edge in PG’ has
color red, for some D. Consider PG for this D. Note that all the edges in PG except
the edge corresponding to e have color red. Since weight of a cycle does not change
in D-similar copies, we see that weight of the edge corresponding to e is wo or We in
D@G. Hence, the result holds. O

LEMMA 2.6. Let G be a 3-colored digraph containing exactly one nonsingular
cycle C =[1,...,m,1]. Then the subgraph induced by C is C itself.

Proof. Suppose that C' has a chord joining the vertices ¢ and j with 1 < i < j < m.
Take the cycles C1 = [1,...,4,4,...,m,1] and Co = [i,i + 1,...,5,4. Note that
we,We, = We # 1, which implies one of Cy and Cy has weight other than 1. Hence,
G contains at least two nonsingular cycles, which is a contradiction. O

LEMMA 2.7. Let G be a connected 3-colored digraph containing exactly one non-
singular cycle C. Let u be a vertex of G not on C. Then there is a verter v on the
cycle C such that G — v is disconnected with at least two components, one containing
u and another containing the remaining vertices of C.

Proof. In view of Lemma 23] we assume that all the edges of G have color red
except an edge e on the cycle C. Since G is connected, let v be a vertex in the
cycle for which the distance d(v,u) is minimum. Let P,, be a shortest u-v-path in
G. Then the vertex v is on every u-w-path, for each vertex w in C'. If not, suppose
G contains a u-w-path, say P,, which does not contain v, for some vertex w in C.
Let P,y,(e) be the v-w-path on the cycle C' containing the edge e. Take the cycle
C' = Pyy + Pyy(€e) + Pyy. Note that wer # 1. So the cycle C” is nonsingular, by
Lemma 2.4 which is a contradiction. Hence, G — v is disconnected with at least two
components, one containing u and another containing the remaining vertices of C'. O

The next corollary follows immediately, which generalizes Lemma 2.1 in [7].

COROLLARY 2.8. Let G be a connected 3-colored digraph with exactly one non-
singular cycle. If G has no cut vertex, then G is exactly the nonsingular cycle.

DEFINITION 2.9. Let G be a connected 3-colored digraph containing exactly one
nonsingular cycle C' and let ¢ be a vertex on C. In view of Lemma 27 let H be the
component of G — ¢, which contains the remaining vertices of C'. Notice that if G —1¢
is connected, then H = G — i. We define G; to be the graph G — V(H).

The next lemma characterizes the structure of connected 3-colored digraphs con-
taining exactly one nonsingular cycle.

LEMMA 2.10. Let G be a connected 3-colored digraph. Then the following state-
ments are equivalent.
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(a) G has exactly one nonsingular cycle C =1[1,...,m,1].

(b) G is obtained from a nonsingular cycle C = [1,...,m,1] by appending a
singular connected graph G; to the vertex i of C while identifying a vertex of
G; with i, for eachi=1,... m.

Proof. (a) = (b). Assume that G has exactly one nonsingular cycle C =
[1,...,m,1]. By Lemma 2.6 the subgraph induced by C is C itself. In view of
Lemma 27 for each i =1,...,m, let G; = G — V(H;), where H; is the component of
the graph containing the remaining vertices of C. As G; does not contain a nonsin-
gular cycle, G; is singular, for each i = 1,...,m. Hence, the result holds. (b) = (a)
is trivial. O

REMARK 2.11. Let G be a connected 3-colored digraph with exactly one non-
singular cycle C = [1,...,m,1]. In view of Lemma and Lemma 10, PG is as in
Figure 2.1l or Figure 2.2 if wg = +i or wg = —1, respectively. We denote the graph
in Figure 2] by G, and the graph in Figure 22 by Gp. Note that Gy is a mixed
graph.

Fi1G. 2.1. G4 has ezxactly one green edge, Fic. 2.2. Gy has ezactly one blue edge,
each G; are connected. each G; are connected.

Let G be a connected 3-colored digraph with exactly one nonsingular cycle. In
view of Remark 2-T1] in order to study the spectrum of G it is enough to study
the spectrum of Gy, or G4. Note that Gy is nothing but a nonsingular mixed graph
with exactly one nonsingular cycle. Fan has studied A1 (L(G3)) and its corresponding
eigenvectors in [7]. He has proved that for the mixed graph G, there is an unweighted
undirected graph H such that a(H) = A\ (L(Gb)).

We now ask the following question: Does there exist an unweighted undirected
graph H whose algebraic connectivity a(H) = A (L(G4))? In this section, we answer
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this question in the affirmative.

DEFINITION 2.12. [I3] Definition 37] Let G be an unweighted undirected graph
on vertices 1,...,n and F’ be a set of pairs of nonadjacent vertices in G. Assign
some orientations to the edges obtained by joining the nonadjacent pairs of vertices
in F’ and call it F. Let I" denote the cycle [1,...,p,1], where (i, + 1) € E(T') for
each i € Z, = {1,...,p} (with addition modulo p). Consider the disjoint union of p
copies G, ..., GP of G. The label of each vertex u in G is replaced by u(*. Add
edges uWvU) whenever (i,4) € E(T) and (u,v) € F. We denote the resulting graph
by G,[F]. We call an edge in E(G,[F])\ E(GM U---UG®P) a pivotal edge.

DEFINITION 2.13. [I3] Definition 40] Let G and F be as defined in Definition
We may view G as a weighted directed graph where each edge has a weight 1.
The orientations of these edges are immaterial. Assign a weight w to each edge in F.
By G, we denote the weighted directed graph G + F.

EXAMPLE 2.14. Let G be the graph as shown in the following picture (a).
Let F = {(1,2),(3,5)}. The graph G4[F] is supplied in picture (b). The dotted
edges are the pivotal edges. A weighted directed graph G, is supplied in picture (c).

1
5 2
4 3
(a) G
1
w
5 2
4 3
(c) Gw
By Rex and Imx we mean the real part and imaginary part of x, respectively.
1
w
We denote the vector . by 2., where w is a p-th root of unity.
wp.’l

The following proposition is essentially contained in [I3] Lemma 45, Theorem 46].

PROPOSITION 2.15. Consider G,[F] as in Definition 2120 Let w be a p-th root
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of unity and X\ be a Laplacian eigenvalue of G, with an eigenvector x. Then the
following holds:

(a) X is a Laplacian eigenvalue of Gp[F| with an eigenvector x = z, ® x. Fur-
thermore, if w # £1, then A is a Laplacian eigenvalue of G,[F| with linearly
independent eigenvectors Rex and Im x.

(b) If w* # 1, for 1 < k < p, then the Laplacian spectrum of G,[F) is the union
of the Laplacian spectra of the weighted directed graphs Gy, ..., Gyp.

DEFINITION 2.16. Consider the 3-colored digraph G, as shown in Figure 211
Take the graphs K»[F], and K4[F], where K = G, — F, F = {(1,m)}. We denote
the graph K»[F] by G (Figure[Z3) and the graph K4[F] by G (Figure[Z4). By G, we
denote the graph obtained from G changing the color of the blue edge in Gy to red.
Note that G, is singular and K, is nothing but Gy, Gy, or G, if w =i, w = -1, or
w = 1, respectively.

, N // \\ // \\ /,— N
(1) 1 1
Lo NG NN
~ .o ol _leg-~
o 20N /g0 @) AN
/ . 1lGl /' Gy \2\ (G(_z) \
AN 1M m® 1()I\z_ /
I
= (1 2 | TN
o e ) 1 \
I\Gi AN 1 G(l)\l | G(Q)' ‘\ ;
~_~ S m oy 1 2(2) ~_~
P s [ P S -~
/ N7 \ / \
(2)
L //- L ) Gy ) )

Fic. 2.3. The graph G.

The next result is one of our main results of this section which completely char-
acterizes the Laplacian spectrum of the graph G.

THEOREM 2.17. Consider G as in Definition LI6. Then the following holds:

a) If X is an eigenvalue of L(G,) with an eigenvector xz, then X\ is an eigenvalue
g

Rex Imzx
= ) ) —Imz Rex
of L(G) with linearly independent eigenvectors | Rez| @ | _\ma
Imx —Rex
(b) If pis an eigenvalue of L(Gy) with an eigenvector y, then u is an eigenvalue
of L(G) with an eigenvector z, ® y, where w = —1.

(¢) If v is an eigenvalue of L(G,) with an eigenvector z, then v is an eigenvalue
of L(G) with an eigenvector z, ® z, where w = 1.
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l/ \I ngl) \ b | l/ \I

\ VAN / \ 7\ /

~ ~ ~ /___.__/
/"\\ 2(1) \\ //"\\
o O TN 7 :\ XERy
\ 1 DY DN 7 N 4 7;4 i/
S=7 (G(ln‘ngfl)‘m() T\’/

_la N N 4 |
e \‘\Z( ) m® 1(4) TN,
le(l)/' \ (1)\ r @) 1 ]
1 Vi
‘N \Gw') |G, o(4) AR
\ N7 ~_7

//—.-\_/_/ “\ PN

| l \ 4 |

\ / l\ / ‘\GZ VRN /

~_~ ~_~ ~ 7 ~—_“

Fic. 2.4. The graph G.

(d) The Laplacian spectrum ofé is the union of the Laplacian spectra of G4, Gy
and G.,..

Proof. Proofs of part (a) and part (d) of the theorem follows immediately from

Proposition 2.15]

(b) Let e = (1,m) be the green edge in Gy and w = —1. Observe that L(K,) =

L(Gy), where K = G4 — e. Note that w = —1 is a 4-th root of unity and G= Ky [F),

o~

where F' = {(1,m)}. Hence, u is an eigenvalue of L(G) with an eigenvector z, ® v,

by first part of Proposition ZI5(a). Proof of part (c) follows similarly.d

LEMMA 2.18. Consider Gy, as in Figure[Z2 Then A (L(Gy)) < a(G,).

Proof. Let e = 1m be the blue edge in G;. Note that the principal submatrices
of L(G) and L(G,) obtained by deleting the first row and column are the same. Let
L; be the principal submatrix of L(G) and L(G,) formed by deleting its first row
and column. By interlacing theorem, we have A1 (L(Gp)) < A1(L1) < a(G,). Hence,

M (L(Gy)) <a(G,). 0O
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DEFINITION 2.19. Let G be a 3-colored digraph. We call an eigenvector corre-
sponding to the eigenvalue A\ (L(G)) the first eigenvector of G.

The next lemma is essentially contained in [7, Lemma 2.4].

LEMMA 2.20. Consider the mized graph Gy as in Figure and let x be a first

eigenvector of Gy. Then a(G) = A\ (L(Gyp)) and [ﬂ is a Fiedler vector of G.

Proof. Let e = 1m be the blue edge in Gy, and K = G, — e. Note that G = K[ F],
where F' = {(1,m)}. Let w be a 2nd root of unity. Observe that L(K,) = L(Gp) for
w = —1and L(K,) = L(G,) for w = 1, respectively. Thus, the Laplacian spectrum of
G is the union of the Laplacian spectrum of Gy, and G.,., by Proposition 2.I5l Since G.,.

is singular, we see that a(G) = min{A\ (L(Gs)),a(Gr)} = A (L(Gy)), using Lemma
218 Hence, {_ﬂ is a Fiedler vector of 6, by first part of Proposition ZI5(a). O

REMARK 2.21. Let G be a connected 3-colored digraph with exactly one nonsin-
gular cycle C. Assume that C' contains an even number of green edges. If x is a first
Re D1y ImD~ 1y
—Re Dly} ’ [— ImD~ 1y
diagonal matrix D with diagonal entries +1, 4i.

eigenvector of GG, then { } are Fiedler vectors of 6, for some

Let G be an unweighted undirected graph (3-colored digraph with all edges red)
and let Y be a Fiedler vector of G. A vertex i of G is called a characteristic vertex of G
if Y(#) = 0 and if there is a vertex j, adjacent to 7, such that Y(§) # 0. An edge e with
end vertices ¢, j is called a characteristic edge of G if Y (i)Y (j) < 0. By C(G,Y), we
denote the characteristic set of G which is the collection of all characteristic vertices
and characteristic edges of G.

Below we state a result for unweighted undirected graphs due to Bapat and Pati
[3], which shall be used.

LEMMA 2.22. [3| Theorem 12] Let G be a connected graph and 'Y be a Fiedler
vector. Let S = C(G,Y). Suppose S lies in the block B. Then 1 < |S| < N + 1,
where Ng = |E(B)| — |V(B)| + 1.

The next lemma says the nonnegativity of first eigenvectors of GG at the vertices
of the nonsingular cycle.

LEMMA 2.23. Consider Gy as in Figure 22 Then Gy is D-similar to a mized
graph Hp such that a first eigenvector of Hp is nonnegative on the vertices of the
nonsingular cycle in Hy, where Hy has all the edges red except one blue edge on the
nonsingular cycle.
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Proof. Proof is similar to that of [8, Theorem 2.9]. O

LEMMA 2.24. Consider G4 and Gy, as in Figure 211 and Figure 22, respectively.
Then Al(L(Gg)) S Al(L(Gb))

Proof. In view of Lemma [2.23] let = be a first eigenvector of Gy, such that x is
nonnegative on the vertices of the cycle containing the blue edge e = 75 and z*x = 1.
Then

ML(GY) =2"L(Gpz = Y |ou— 2> + (21 + 75)°
w€EE(Gy—e)
> Z |z, — IEv|2 + |z + iﬂ?j|2 > {ﬂi§1 y*L(Gg)y.
w€EE(Gy—e) vv=

Hence, the result holds. O

The following result says that the smallest Laplacian eigenvalue of G is nothing
but the algebraic connectivity of the unweighted undirected graph G.

THEOREM 2.25. Consider G4 as in Figure2l Let = be a first eigenvector of G.

Rezx Imz
~ N —Imz| . Rez ) )
Then a(G) = M\ (L(Gy)) and x = | Rezl' ¥ = | “imal @€ linearly independent
Imz —Rez

Fiedler vectors.

Proof. By Theorem[2Z.17] the Laplacian spectrum of G is the union of the Laplacian

~

spectra of Gg4,Gp and G,. Note that a(G) is the smallest nonzero eigenvalue of

L(G) and G, is singular. Thus, a(a) = min{A; (L(Gy)), M (L(Gs)),a(Gr)}. Using
Lemma and Lemma [ZT8 we have A\ (L(Gy)) < M(L(Gy)) < a(G,). Hence,

~

a(G) = A (L(Gy)). By Theorem 217 % and y are linearly independent Fiedler

o~

vectors of G. O

COROLLARY 2.26. Let G be a 3-colored digraph containing exactly one nonsin-
gular cycle C. Assume that C contains an odd number of green edges. If x is a first

ReD 'z ImD~ 'z
. —ImD 'z ReD 'z . ~
eigenvector of G, then | Re D~z and | Im D-1z| @€ Fiedler vectors of G, for
ImD 'z —ReD 'z

some diagonal matriz D with the diagonal entries +1, +i.

Proof. Since C' contains an odd number of green edges, we see that wo = =+i.
Thus, G is D-similar to the 3-colored digraph G as shown in Figure 2] by Remark
ZI1 Note that D7'L(G)D = L(G,), which implies D™z is a first eigenvector of
Gg4. Hence, the corollary holds, by Theorem O
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3. First eigenvectors of G,. Fan [7] has studied the structure of the first
eigenvectors of G. In this section, we describe the structure of the real and imaginary
parts of first eigenvectors of GG;. We prove a monotonicity property on the real and
imaginary parts of the first eigenvectors of G4, which is analogous to the Fiedler’s
monotonicity theorem in [10]. Finally, we prove that multiplicity of A\ (L(Gy)) is one.

Below we state the Fiedler’s monotonicity theorem for unweighted undirected
graphs which shall be used.

ProposiTION 3.1. [I0, Fiedler’s monotonicity theorem] Let G be a connected
graph and y be a Fiedler vector of G. Then exactly one of the following cases occurs:

Case A: There is exactly one block B in G which contains both positively and
negatively valuated vertices (with respect to y). Every other block has either vertices
with positive valuation only, or vertices with negative valuation only, or vertices with
zero valuation only. Every pure path P which starts at a verter i of B and contains
no other vertexr of B has the property that the valuations at points of articulation
contained in P form either an increasing, or decreasing, or a zero sequence along this
path according to whether y(i) > 0, y(i) < 0 or y(i) = 0; in the last case all vertices
in P have valuation zero.

Case B: No block of G contains both positively and negatively valuated vertices
(with respect to y). In this case, there exists a unique vertex k which has valuation
zero and is adjacent to a vertexr with nonzero valuation. This vertex k is a point
of articulation. Fach block with respect to y contains (with exception of k) either
vertices with positive valuation only, vertices with negative valuation only, or vertices
with zero valuation only. Fvery pure path P which starts at k has the property that
the valuations at its points of articulation either increase, and then all valuations of
vertices on P are (with exception of k) positive, or decrease, and then all valuations
of vertices on P are (with exception of k) negative, or all valuations of vertices on P
are zero. Every path containing both positively and negatively valued vertices passes
through k.

The next result is one of our main results of this section, which describes the
structure of a first eigenvector of Gj.

THEOREM 3.2. Consider G4 as in Figure Il Let C = [1,...,m,1] be the
nonsingular cycle with the green edge e = (1,m). Let x be a first eigenvector of Gy.
Then the following holds:

(a) The cycle C contains a nonzero valuated vertex (with respect to x) and G
satisfies Case A (with respect to X as in Theorem [2.28]) of Proposition Bl

(b) Each block B of G4 other than C has either vertices of valuations with positive
real part (resp., imaginary part) only, or vertices with negative real part (resp.,
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imaginary part) only, or vertices with zero real part (resp., imaginary part)
only.

(¢) Every path P which starts at a vertexr v of C and contains no other vertex of
C' has the property that the real parts (resp., imaginary parts) of the valua-
tions at the points of articulation contained in P form either an increasing,
decreasing, or zero sequence along this path according to whether Rex(v) > 0
(resp., Imz(v) > 0), Rexz(v) < 0 (resp., Imz(v) < 0), or Rex(v) =0 (resp.,
Imz(v) = 0), respectively. In the last case, all vertices in P have real part
(resp., imaginary part) zero.

Proof. (a) Suppose that the valuations of x at the vertices of C' are all zero.
Let Py(? denote the y"-z()-path in G corresponding to the y-z-path in Gy — e, for
i =1,2,3,4. Take the cycle

G = P 4105 4 p@ L1003 4 pE) L 13 ®) 4 p@ L (@),0)

Re x

in G. Note that X = B ::;i is a Fiedler vector of G, by Theorem Since
Imz

x(uM) = Rez(u) = —x(u®), x(u®) = —Imz(u) = —%(u?) for each vertex u of

G4, we see that the valuations of X at the vertices of C' are all zero.

Case 1: If G satisfies Case A of Proposition 3 with respect to X, then there exists
a single block By in G containing both positively and negatively valuated vertices and
each other block has either vertices with positive valuation, or negative valuation, or
vertices zero valuations only. Clearly C can not be the block By. So By must be
contained in some Ggf) (where Gy, is as in Definition 29) for some k with 1 < k < m.
Thus, G has at least four blocks containing both positively and negatively valuated
vertices (with respect to %), which is a contradiction.

Case 2: If G satisfies Case B of Proposition B with respect to X, then there
exists a unique vertex u(? in G such that %(u®) = 0 and u is adjacent to a vertex
wW) with %(w)) # 0 for some 4,5 with 1 < 4,5 < 4. So w"¥) can not be a vertex
in C. Thus, w?) must be contained in G(J) for some k with 1 < k < m From the
structure of G and G, it follows that ¢ = j, that is, u® is a vertex in G, where GU)
is as in Definition Thus, %(u®) = 0, X(w®) # 0, and u is adjacent to w®
in G for i = 1,2, 3,4, which is contradiction. Hence, the cycle C contains at least one
nonzero valuated vertex (with respect to z).

To prove the second part of (a), let z(u) # 0 for some vertex u in C. Thus, either
Rex(u) # 0 or Imz(u) # 0. Note that X(u(V)) = Rex(u) = —%x(u®) and x(u?) =
—Ima(u) = —x(u(4)) Thus, C contains both positively and negatively valuated
vertices (with respect to x). Hence, the graph G satisfies Case A of Proposition [3.1]
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with respect to X.

(b) Let B # C be a block in G, and let uy, ..., u; be the vertices of B. Then B
is contained in some G; (where G; is as in Definition ). Observe that ugl), . ,ug)
are vertices of G in BW, where BM® is a block in G corresponding to B. By part(a),
C is the only block in G containing both positively and negatively valuated vertices
(with respect to %). Since B(1) # 6, we see that B() contains the vertices either
with positive valuation only, vertices with negative valuation only, or vertices with
zero valuation only (with respect to x), that is, either f{(ugl)) > 0, &(u§1)) < 0, or
&(u§1)) =0 for each j = 1,..., k. Note that Rex(u;) = f{(ugl)) foreach j =1,... k.
Thus, the real parts of the valuations (with respect to z) at all the vertices in B are

. . . . o . 4 .
either positive, negative, or zero. With a similar argument, since ug ) are vertices of

B® and Im z(uj) = i(u§4)) for j =1,...,k, where B® is a block in G corresponding
to B, it follows that the imaginary parts of the valuations (with respect to z) at all
the vertices in B are either positive, negative, or zero.

(c) Let P and P™ be the paths corresponding to P which starts at the vertices
v and v™@, respectively in G. By part(a), G satisfies Case A of Proposition 1] with
respect to x. Thus, the points of articulation contained in P() (resp., P(4)) forms
either an increasing, decreasing, or zero sequence along this path according to whether
%(vM) > 0 (resp., x(v®) > 0), x(vV)) < 0, (resp., X(v?) < 0), or x(v(V)) = 0 (resp.,
%(v®) = 0), by Proposition Bl Note that Rex(u) = %(u), and Im z(u) = x(u®)
for any vertex u of P. Thus, the real parts (resp., imaginary parts) of the valuations
at the points of articulation contained in P form either an increasing, decreasing, or
zero sequence along this path according to whether Rexz(v) > 0 (resp., Imz(v) > 0),
Rexz(v) < 0, (resp., Imz(v) < 0), or Rex(v) =0 (resp., Imz(v) =0). O

The following example illustrates the Theorem

ExaMPLE 3.3. Consider G as shown below. Real and imaginary parts of a first
eigenvector x of G are supplied here.

Rex:[1.160 1.106 1 0.906 0.986 0.940 0.770 0.964 1.030 1.047 1.099]t

Imz:[O 0 0 —0.404 0.424 0.404 —-0.790 —-0.989 —-1.057 -1.074 71.127]”

1 2 3 4
9
5 6 7 8 10 11

REMARK 3.4. By Theorem [32] the characteristic set C(G, %) lies on the cycle C
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and by Lemma 223, |C(G,%)| < 2.

The next result describes the sign structure of the real and imaginary parts of
first eigenvectors of Gy.

THEOREM 3.5. Consider Gy as in Figure 21l Let C' =[1,...,m,1] be the cycle
with the green edge e = (1,m). Let x be a first eigenvector of G4. Then x satisfies
the following properties:

(a) On the vertices of the cycle C, Rex # 0 and Imz # 0.

(b) No entry of x at the vertices of the cycle C is zero.

(c) Rex, (resp., Ima) can be zero on at most one vertex of C.

(d) If v is a vertex on C' such that Rex(v) = 0 (resp., Imz(v) = 0), then Imx
(resp., Rex) is either positive or negative on the vertices of C.

(e) If there exist two vertices u and v on C such that Rex(u) Rez(v) < 0 (resp.,
Imz(u) Imz(v) < 0), then Imx (resp., Rex) is either positive or negative on
the vertices of C'.

(f) Let Rex(1)Rex(m) < 0 (resp., Imz(1) Ima(m) < 0). Then Imx (resp., Rex)
is either positive or negative, according as Rex(1) is negative or positive on
the vertices of C'..

(9) Let Rex(1)Rex(m) > 0 (resp., Imz(1)Imxz(m) > 0), then Rex (resp., Imx)
is either positive or negative on the vertices of C, according as Rex(1) (resp.,
Im (1)) is positive or negative, respectively.

Proof. Consider the graph G corresponding to G4 as in Definition 2.16l Note that
% (as in Theorem 2:27]) is a Fiedler vector of G. For vertices y,z on C, let PZSQ denote
the y-z()_path in G corresponding to the y-z-path in Gg—e,fori=1,...,4.

(a) Assume that Rex = 0 on the vertices of C. By Theorem [3.2] z is nonzero on
C. Let Imxz(u) # 0 for some vertex u on C. Observe that %(u(?)) = — Imz(u) # 0 and
%(u®) = Imz(u) # 0. Also, X() = Rex(j) = 0, and %(j®) = —Rexz(j) = 0 for
cach vertex j of C. Thus, the paths 1(Vm® + P2, P(2)+1(2)m(3) and 1(3)m(4)+P(4)
in G contain at least one characteristic vertex each of G. Thus, |C(G X)| > 3, a
contradiction. Similarly, we can prove that Imx # 0 on the vertices of C.

(b) Assume that u is a vertex on the cycle C such that z(u) = 0. Then Rez(u) =
0,Imz(u) = 0. By part(a), Rex # 0 on the vertices of C'. Let w be a vertex on C' such
that Rex(w) # 0. Since %(u") = Rex(u) = 0 and X(w™) = Rex(w) # 0, we see
that Pﬁu) contains at least one characteristic vertex each of G. Similarly, Pﬁ,) contains
at least one characteristic vertex each of G. Note that %(u®) = —Ima(u) = 0. Thus,
if w lies on the u-1-path in G4 — e, then the path Péjll) +1Wm@ 4 sz contains at
least one characteristic vertex of G. Thus, |C (G, X)| > 3, a contradiction. Similarly, if
w lies on the m-u-path in Gy — e, we get a contradiction.
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(¢) Assume that u and v are two vertices on C' such that Rez(u) = 0 = Rez(v),
where u < v. By part(b), Imz(u) # 0 and Imz(v) # 0. Note that w is on the
v-1-path in G, —e. Since X(u(!)) = Rex(u) = 0 and %x(v?) # 0, we see that the
path Pﬁ) + 1MWy 4 Py(n%z in G contains at least one characteristic vertex. Similarly

the path PS) +18)m@® 4+ P,(fg contains at least one characteristic vertex of G. Note
that x(u®) = —Imx(v) # 0 and %(v®) = —Rex(v) = 0. Thus, the path Pﬁ) +

1@m® 4 P contains at least one characteristic vertex of G. Hence, |C(a, X)| > 3,
a contradiction. Similarly, we can prove for Imz.

(d) Let v be a vertex on C such that Rex(v) = 0. Assume that Imz(w) = 0 for
some vertex w on C. By part(b), z(v) # 0, z(w) # 0 which implies Imx(v) # 0,
Rez(w) # 0. Note that x(v(!)) = Rex(v) = 0 and %(w") = Rex(w) # 0. Thus, the

path P{3) contains at least one characteristic vertex of G. Since %(v?) = —Imz(v) #
0 and %X(w®) = —Imx(w) = 0, we see that PL2) contains at least one characteristic

vertex of G. Similarly, we see that P&f,,) contains at least one characteristic vertex
of G. Thus, |C(G,x)| > 2, a contradiction. Similarly, if Imz(¢) Imz(j) < 0 for some
vertices ¢,j on C, we see that |C(G,X)| > 2, a contradiction. Similarly, we can prove
for Imx.

(e) Let Rex(u) Rex(v) < 0, for some vertices u, v on the cycle C. Since %(w(!)) =
Rez(w) and %(w®)) = — Rex(w) for any vertex w in G, we see that %(u(?)%(v®) < 0
for ¢ = 1,3. Thus, the paths quf,), for i = 1,3 contain at least two characteristic
elements of G. If Im x(4) = 0 for some vertex i on C, then by part (d), Re z is positive or
negative on the vertices of C, a contradiction to our hypothesis. If Im (i) Imz(j) < 0
for some vertices i, 7 on C, then Pi(f) contains at least one characteristic element of
G. Thus, |C(G,%)| > 3, a contradiction. Hence, the result holds. Similarly, we can
prove for Im x.

(f) Proof follows with similar argument.

(g) Suppose that Rex(1)Rex(m) > 0 and Rex(l) > 0. Then Rexz(m) > 0.
Since %(1M) = Rez(1) > 0 and %(m®) = —Rex(m) < 0, we see that the path
1Wm?) 4 P,fl) +1®@m®) contains at least one characteristic element of G. Further,
%(1®)) = —Rez(1) < 0 and %(m™)) = Rex(m) > 0 implies that the path 1(3)m*) +
Pr(fl) + 1@m@) contains at least one characteristic elements of G. If Re z(u) =0
for some vertex u on C, then %X(u®®) = —Rez(u) = 0. In that case, the path r)
contains a characteristic vertex of G, which implies |C(G,%)| > 3, a contradiction.
Similarly, if Rex(i) Rex(j) < 0 for some vertices ,j on C' we get a contradiction.

Similarly, we can prove for Imz. O

In our next result, we prove the nonnegativity of the real and imaginary parts on



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 23, pp. 397-421, April 2012
http://math.technion.ac.il/iic/ela

412 Debajit Kalita,

the nonsingular cycle of the first eigenvectors of G|.

THEOREM 3.6. Consider G4 as in Figure[Zl. Then G4 is D-similar to a 3-colored
digraph H , such that a first eigenvector of H has nonnegative real and imaginary parts
on the vertices of the nonsingular cycle in H.

Proof. Let x be a first eigenvector of Gy.

If Rex > 0, Imx < 0 on the vertices of C', then we take D = —il,,. If Rex < 0,
Imx > 0 on the vertices of C', then we take D = il,,. In these cases D*z is nonnegative
on the nonsingular cycle of PG,,.

First we assume that Im x is not nonnegative on C'. Let u, v be two vertices on C,
such that Imz(u) > 0 and Imz(v) < 0 with 1 <u < v < m. By Lemma [B(e), Rex
is either positive or negative on C'. Without loss of generality suppose that Rex > 0
on C.

Case 1: If Imz(i) # 0 for i = 1,...,m, then the u-v-path in G4 — e has an edge f
joining vertices 4o, i+ 1 with Im z(ig) > 0 and Im z(ig+1) < 0. Since |C(G, z)| < 2, we
see that Ima(j) > 0 for each j =1,...,ip and Imz(j) < 0 for each j =ip+1,...,m.
Let G1 and G5 be the two components of G — f — e, such that (G; contains the vertex
1 and G2 contains the vertex m. Take D = —iljy(q,)| ® Ijv(g,)|- Then Re D*z and
Im D*z are nonnegative on the vertices of C, and D*z is a first eigenvector of PG,
with the green edge f.

Case 2: If Imz(z) = 0, for some vertex i on C. Let f be the edge on C, joining
the vertices 49,49 + 1. Since |C(6,x)| < 2, we see that Imz(j) # 0, for each vertex
j #ip on C. Moreover, Imz(j) > 0 for each j =1,...,ip— 1 and Imz(j) < 0 for each
j=1idp+1,...,m. Let Gy and G5 be the two components of G, — f — e, such that G,
contains the vertex 1 and G contains the vertex m. Take D = —il|y(a,) @ Ljv(a,))-
Then Re D*z and Im D*x are nonnegative on the vertices of C, and D*z is a first
eigenvector of DGg with the green edge f. The rest of the proof follows with similar
argument. 0

In the next theorem, we prove that A\ (L(Gg)) has multiplicity one.

THEOREM 3.7. Consider Gy as in Figure 21l Let C =[1,...,m,1] be the cycle
in G4 with the green edge e = (1,m). Then multiplicity of \i(L(Gy)) is one.

Proof. Let Z1, Z3 be two linearly independent first eigenvectors of G4. By Theo-
remB5la), Z1(1) # 0, Z2(1) # 0. Let Z = aZy + 822, where o = Z5(1), 8 = —Z1(1).

Then Z is a first eigenvector of G, such that Z(1) = 0, a contradiction to Theorem

B3a). O
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Next, we discuss the multiplicity of A1 (L(Gp)).

REMARK 3.8. Consider Gy, as in Figure[2.2 and take G. Let z be a first eigenvector
of Gp. By Lemma 220 Y = {_ﬂ is a Fiedler vector of G. For vertices y,z on C,

let Pé? denote the y®-z(D-path in G corresponding to the y-z-path in G — e, for
i = 1,2. Consider the cycle C = P{)) + m™M1@ 1 p&) ;1) in G. Note that
Y (M) = 2(j) and Y(j®) = —x(j) for each vertex j of Gy. If valuations of x at the
vertices of C are all zero, then the valuations of Y at the vertices of C are all zero.
In that case, G neither satisfies Case A nor Case B of Proposition B.1l, with respect
to Y, a contradiction. Thus, there exists a vertex u on the nonsingular cycle in G}
such that z(u) # 0. Hence, the characteristic set of G lies on C. By Lemma 2.27]
C(G,Y)| < 2.

The following result is a generalization of [8, Corollary 2.8].

LEMMA 3.9. Consider Gy as in Figure 2.2l Let = be a first eigenvector of Gy.
Then there ezists at most one vertex i on the nonsingular cycle C such that x(i) = 0.

Proof. Let C = [1,...,m,1] and e = 1m be the blue edge. Assume that there
exist two vertices u and v with u < v on C such that 2(u) = z(v) = 0. By Remark

B z(w) # 0, for some vertex w on C. By Lemma20 Y = [ﬂ is a Fiedler vector

of G. Thus, Y (jV) = z(j) and Y (j@) = —z(j) for each vertex j of Gy. If w is on the
u-v-path in G — e path, then the paths P&,) , Pﬁu), P&,) and va) in G contain at least
one characteristic vertex each. Thus, |C (6, Y)| > 3, a contradiction. If w is not on the
u-v-path in G — e, then the paths Pﬁ) +1MWm@ 4 ng and Py(},Z +mM1®) 4 Pl(z)

in G contain at least two characteristic vertex each, which implies |C(G,Y)| > 2, a
contradiction. Hence, the result holds.]

In [§], the authors proved that multiplicity of A1 (L(Gp) is at most two when Gy
is unicyclic. Here Gy is not necessarily unicyclic. Hence, the following result is a
generalization of [8, Theorem 2.14].

LEMMA 3.10. Consider Gy as in Figure 22 Then A1 (L(Gyp)) has multiplicity at
most two.

Proof. Proof is similar to that of [8, Theorem 2.14] using Lemma O

4. Minimizing the smallest Laplacian eigenvalue. In this section, we con-
sider the nonsingular unicyclic 3-colored digraphs. In view of Lemma 25 throughout
this section, all our nonsingular unicyclic 3-colored digraphs have all edges red except
one blue or green edge on the cycle. Fan [6] has obtained the nonsingular unicyclic
mixed graphs on n vertices with a fixed girth, which minimizes the smallest Laplacian
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eigenvalue over all such graphs. The unique mixed graph which minimizes the small-
est Laplacian eigenvalue over all nonsingular unicyclic mixed graphs on n vertices was
determined in [§].

We ask the following question: Does there exist a unique nonsingular unicyclic
3-colored digraph on m vertices, which minimizes the smallest Laplacian eigenvalue
over all such graphs? In this section, we answer this question in the affirmative.

The next lemma is an immediate application of the interlacing theorem, see [12].

LEMMA 4.1. Let G be a 3-colored digraph and let G’ be the graph obtained from
G by adding a pendent vertex. Then A\ (L(G")) < A (L(G)).

LEMMA 4.2. [5] Consider the cycle C' on n vertices with we = —1. Then the
Laplacian spectrum of C is {2[1 — cos @] ci=1,...,n}.
DEFINITION 4.3. [13] Let G be a 3-colored digraph on vertices 1,...,n and let

F, be the set of green edges in G. Let G’ be a copy of G, in which we replace the
label of the vertex ¢ by ¢/, for each 4 = 1,...,n. Let Fé denote the green edges in
G’ corresponding to F,. Construct the mixed graph on 2n vertices obtained from
(G — Fy) U(G" — Fy) by inserting a red edge uv’ and a blue edge u'v, for each green
edge (u,v) € Fy,. We denote this graph by G[g].

Below we sate a result due to Kalita and Pati contained in [I3] which shall be
used.

LEMMA 4.4. Let G be a 3-colored digraph. Then the Laplacian spectrum of G,
without considering multiplicities, is the same as that of Glg]. Further, if x is an
eigenvector of G corresponding to an eigenvalue X, then X\ is an eigenvalue of Glg]

I . . Rex Im 2
with linearly independent eigenvectors [ Im Z} , [Re :c] .

LemMA 4.5. Consider the cycle C' on n vertices with we = =+i. Then the
Laplacian spectrum of C' is {2[1 — €08 %] =1, .., n}

Proof. By Lemmald4] the set of Laplacian eigenvalues of C is the same as that of
Clg]. Note that Cl[g] is a cycle of length 2n and weight —1. Hence, the result holds,
by Lemma d

DEFINITION 4.6. Consider the 3-colored digraph obtained by appending a cycle

C =1[1,...,m,1] to a pendent vertex of the undirected path on n — m vertices. Call
this 3-colored digraph a lollipop graph, b-lollipop graph, or g-lollipop graph if we =1,
wc = —1, or wg = =i, respectively. By C, m, an,m, and &C, n, we mean a lollipop

graph, b-lollipop graph, and g-lollipop graph, respectively.

ExaMPLE 4.7. The following picture is an example of a g-lollipop graph &C, m
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2 1
|
T_\—e
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|
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Note that C, n is singular and henceforth, we assume that all the edges in C,
are red, in view of Theorem Fallat, Kirkland and Pati [4] have proved that for
n > % and m > 4, a(Cym) > a(Cym—1). Recently Guo, Shiu and Li [II] have
proved the following result.

LEMMA 4.8. [II, Theorem 2.11] Let C, m be the lollipop graph on n vertices with
girth m. Then a(Cqm—1) < a(Chm), for m > 4.

LEMMA 4.9. Let G be a unicyclic 3-colored digraph of girth m with the cycle C
of weight £i. Then A\ (L(G)) < 2(1 —cos 57=) < % Equality holds if and only if G is
a cycle of weight +i on m vertices.

Proof. Note that G can be obtained from C' by adding pendent vertices repeatedly.
By Lemma T and Lemma 5, A\ (L(G)) < 2(1 — cos &) < .

Assume that G is not a cycle. By Theorem 228, A1 (L(G)) = a(G), where G is as
in Definition 216} constructed from Gy (as in Figure [Z]) corresponding to G. Since
G has at least one pendent vertex, we see that G can be obtained from the lollipop
graph Cim41,4m by adding pendents sequentially. Thus, by Lemma 1] and 8]

a(@) < a(Came1,4m) < 2(1 — cos ) < 2(1 — cos %)

™
dm +1
Hence, A\1(L(G)) < 2(1 — cosg~). So the equality holds if and only if G has no
pendent vertices. [

LEMMA 4.10. [6l Theorem 2.6] Let G be a nonsingular unicyclic mized graph
with a fized girth m. Then A\ (L(G)) < 2(1 — cos -), where equality holds if and only
if G is a nonsingular cycle on m vertices.

REMARK 4.11. Let G be a unicyclic 3-colored digraph with fixed girth m and the
cycle contains an even number of green edges. Then G is D-similar to a nonsingular
unicyclic mixed graph. Hence, by Lemma AT0, A\ (L(G)) < 2(1 —cos §).

LEMMA 4.12. Let G be a unicyclic 3-colored digraph on n vertices with a fived
girth m. Let T be the tree on k vertices attached to a vertex j on the cycle in G. If
G’ is the unicyclic 3-colored digraph obtained from G by replacing T with the path Py,
then A\ (L(G)) > A (L(G)).
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Proof. Let i1,...,1; be the vertices T with j = i;. Let x be a normalized
eigenvector of L(G) corresponding to A1 (L(G)) with Imz(j) = 0. By Theorem [3.2]
Imz(i;) = 0, for 1 < r < k. By Theorem B5|d), we have Rexz > 0. In view of
Theorem B:2] we can arrange the vertices of T with 0 < Rexz(i1) < -+ < Rex(ig).
Thus,

ML@) = 2" LG - ED)e+ Y [a(i) - 2()
ijeE(T)
k—1
> LG~ E(D)a+ Y fe(iy) - alij)?

Jj=1

=2"'L(G - E(T) + Py)x = 2" L(G")z > \(L(G")). D

The next Lemma follows from Lemma which generalizes [6l Theorem 3.2].

LEMMA 4.13. Among all nonsingular unicyclic 3-colored digraphs on n vertices
with a fixed girth m, the smallest Laplacian eigenvalue is minimized by a nonsingular
unicyclic 3-colored digraph with girth m having the following property: there are at
most two connected components at every vertex on the cycle, and the components not
including the vertices on the cycle (if exists) is a path.

The next lemma is a generalization of [8, Lemma 3.2].

LEMMA 4.14. Let G be a nonsingular unicyclic 3-colored digraph on n vertices
with a fized girth m obtained from a cycle C by attaching at most one path to each
vertex i of C. Let P; = i,%1,%2,...,4 (r > 1) and P; = j,j1,...,7s, (s > 1) be the
paths attached to the vertex i and j on C, respectively. Let x be a first eigenvector of
G with |$(_j)| > |$(’L)| If Gi=G—1i + Jst1, then Al(L(G)) > )\1(L(G1))

Proof. Without loss of generality, we assume that Im z(¢) = 0. Then, by Theorem
BE(d), Rex > 0 and by Theorem B2 x(ix) are real for k =1,...,r and

2(i) < a(ir) < - < (i),
Let y € C™ be defined on the vertices of G such that

{y(z‘w = a(ix) + (js) — (i) for k=1,....7,
y(w) =z(v) for v # i, k=1,... 7
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Observe that *L(G)x = y*L(G1)y and

vy = > 2 ()* + > la(ix) + 2(js) — 2 (i)

veV(G)\{i1,i2,...y0r } k=1

=a*z +r|z(js) — x(i)]> + 2Re ((x(jé) - x(l)) Zm)

k=1
> a*w 4 v (|a(is) 2 + [o(i)? — 20() Rea(j) ) + 2ra(i) ( Rea(j,) - 2(4) )

> w4+ r(Jo(i) = la(i)?)

By Theorem B2 |z(i)| < |z(4)] < |z(j1)] < -+ < |2(Jjs)|- So we have y*y > z*x.
Hence,

_ x*L(GQ)x < y*L(G1)y
x*r Yy

A (L(G)) > M (L(Gy)). O

By #C, and "C, we mean a cycle of weight +i and a cycle of weight —1, on n
vertices, respectively.

In the next result, we prove that among all nonsingular unicyclic 3-colored di-
graphs on n vertices with a fixed girth m, 8C, , minimizes the smallest eigenvalue.

THEOREM 4.15. Let G be a nonsingular unicyclic 3-colored digraph on n vertices
with a fized girth m. Then A\ (L(G)) > A1 (L(8Chm)).

Proof. Let C =[1,...,m,1] be the cycle in G and let H := C’+Zf=1(wivi+Pni),
where P,,, is a path on n; vertices with pendent vertices u; and v;, w; is a vertex on
C,fori=1,....,kand n = m + Zle n;. Let x be a first eigenvector of H such
that max. |z(w;)| = |x(wo)|. Thus, by Theorem T4, A\ (L(H)) > A1 (L(H;)), where
H, z_(ﬁ — wovg) + w1vg + P,. Note that the graph H; has exactly k — 1 paths
attached to k — 1 vertices of the cycle. By Lemma 24} A1 (L(°Cym)) > A1 (L(EChm))-
Thus, with similar argument, after a finite number of steps we have

M (L(H)) > M(L(Hy)) > -+ > A (L(°Cam)) > A1 (L(ECam))-

Note that A (L(G)) > M (L(H)), by Lemma T4l Hence, the result holds. O

DEFINITION 4.16. Consider the path P,,n > 3 on vertices 1,...,n. Add the
blue colored edge joining the vertices k and n — k + 1 of P, for 1 < k < § to obtain
a mixed graph. We denote this graph by G(n, k).

EXAMPLE 4.17. Mixed graphs G(7,3) and G(8,4) are shown in the following
picture.
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5 6 7 5 6 7 8
G(7,3) G(8,2)

The following lemma is essentially contained in [§, Theorem 3.4].
LEMMA 4.18. Consider the b-lollipop graph an,m. Then the following holds:

(i) Multiplicity of the smallest Laplacian eigenvalue of °Cy m is one, for m < n.
(i) If x is a first eigenvector of °Cy m, then x(i) = —x(m—i), fori=1,...,m—1.
(ZZZ) AI(L(an,mfl)) < AI(L(an,m))) fOT’ m > 3.

DEFINITION 4.19. Let G be a 3-colored digraph. By F}., Fy, and F; we mean the
set of red edges, blue edges and green edges in G, respectively. Let x be an eigenvector
of L(G) corresponding to an eigenvalue A. By eigen-condition at a vertex i, we mean
the following equation.

(di = Na@) = > a(G)— Y z()+i Y, z@)—i Y z()

ijEF, ijEF, (i,5)€Fy (4,1)EFy

REMARK 4.20. Observe that if ¥ is an eigenvector of L(P,) corresponding

to an eigenvalue A, then we see that Y’ = [Y(n) Y(n—1) --- Y(1) }t is an
eigenvector of L(P,) corresponding to the same eigenvalue A\. Note that L(P,) has
distinct eigenvalues 2(1 — cos 72), for j = 1,...,n. Thus, Y = aY’, for some a € R,

which implies & = £1. Hence, Y (i) = £Y(n —i+ 1) for i = 1,...,n. Moreover, if T
is a tree on n vertices then a(P,) = 2(1 —cos ) < a(T), see [9].

In the next lemma, we prove that the smallest Laplacian eigenvalue of G(n, k)
for k # 1,n is simple and if n is even, then A;(L(G(n,k))) is equal to the algebraic
connectivity of P, for each k.

LEMMA 4.21. Consider the mized graph G(n, k) as in Definition ET0]

(i) M(L(G(n,k))) has multiplicity one, for each k # 1,n.
(i) If n is even, then A\ (L(G(n,k)) = a(Py).

Proof. (i) Let Y be a first eigenvector of G(n, k). Assume that Y (n) = 0. Using
Definition £19] the eigen-condition at the vertex n of G(n, k), we have

[1 =X (L(n, )Y (n) =Y (n - 1),
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which implies Y (n — 1) = 0. Similarly, using the eigen-conditions at the vertices
n—1,....,n —k+2 of G(n,k) we have Y(n —2) =0, ..., Y(n—k+1) = 0,
respectively. Thus, Y/ = [YV(1) Y(2) -+ Y(n—k+ 1)}75 is an eigenvector of
PCph—kt1.n—2kt2 corresponding to the eigenvalue A1 (L(G(n,k)). So

M (L(*Croigin—2k42)) < M(L(G(n, k))).

Note that G(n,k) can be obtained from an_k+17n_2k+2 by adding pendent vertices
sequentially. Thus, by Lemma [F.T],

M(L(G(n, k) < M (L(°Co—kt1,n—2k+2))-

Hence, A1 (L(G(n,k))) = M (L(°Ch_ki+1.n—2k+2)) and Y is an eigenvector correspond-
ing to A1(L(°Cy_kt1.n—2kt+2)). Observe that Y/(k+ 1) = —Y’(n — k + 1), by Lemma
AEI8(ii). SoY(k+1) = -Y(n—k+ 1) = 0, a contradiction to Lemma Thus,
Y(n) # 0 for any first eigenvector Y of G(n,k). Assume that there exist two lin-
early independent first eigenvectors Z1, Zs of G(n,k). Let Z = aZy + Z,, where
a = Zy(n) #0, 8 = —Z1(n) # 0. Then Z is a first eigenvector of G(n,k) with
Z(n) = 0, a contradiction. Hence, A1 (L(G(n, k))) has multiplicity one, for k # 1,n.

(ii) Let n be even. If k = 1,n, then G(n,k) = °C,. By Lemma @2 \;(L(®C,)) =
2(1 —cos T) = a(P,). Assume that k # 1,n. Let y be a Fiedler vector of P,. Then
y(k) = —y(n—k-+1). Hence, y is an eigenvector of L(G(n, k))) corresponding to a(P,).
Thus, A (L(G(n,k))) < a(P,). Assume that A\ (L(G(n,k))) < a(P,). Let z be an
eigenvector of L(G(n,k))) corresponding to the eigenvalue A\;(L(G(n,k))). Observe
that 2’ = [z2(n) z(n—1) - z(l)]t is an eigenvector of L(G(n, k))) corresponding
to the eigenvalue A1 (L(G(n,k))). By part (i), multiplicity of A\q(L(G(n,k))) is one.
Thus, z = a2’ for some o € R, which implies &« = £1. If & = 1, then 2(i) = z(n—i+1)
for each i, 1 < i < %. In that case, z is an eigenvalue of L(G'), where G’ is the graph
obtained from G(n,k) by removing the red edge joining the vertices § and 4 + 1.
Note that the underlying graph of G’ is a tree. By Lemma [24] G’ is singular. So
A2(L(G")) < M(L(G(n,k))). By LemmaZ2 PG’ has all edges red for some D. Using
Remark 20, a(P,) < a(PG") = X(L(G") < M(L(G(n,k))), a contradiction. If
a = —1, then z(k) = —z(n — k + 1). In that case, z is an eigenvector of L(P,)
corresponding to the eigenvalue A\ (L(G(n,k))). Thus, a(P,) < M (L(G(n,k))), a
contradiction. Hence, the result holds. O

The next lemma is crucial in proving our main result of this section.
LEMMA 4.22. A\ (L(8Cphm)) > A1 (L(8Cy)).

Proof. Observe that 8C,, ,, = 8C,, for n = m. Hence, the lemma holds for m = n.
Let m < n and let z € C™ be a first eigenvector of &C, n such that Imxz(m) = 0.
By Theorem B, Rexz(m) # 0 and Imz(m) = Imz(m +1) = --- = Ima(n) = 0. By
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Lemma B4, A\ (L(G[g])) = M (L(8Chm)), where G=8C, . Note that ¥ = | ani
is an eigenvector of G[g] corresponding to the eigenvalue A1 (L(8Cy m)), by Lemma [£.4]
Thus, Y is a first eigenvector of G[g]. Notice that Y(m') =Y (m'+1)=---=Y(n') =
0, where m’, ..., n' are the vertices in G[g] corresponding to the vertices m,...,n (see
Definition EE3). So A1 (L(Glg])) is an eigenvalue of L(°Cpim2m) With an eigenvector
Z =1[ya - Y(m), Y1) - Y(m’)]t7 which implies A1 (L(°Coim2m)) <

M (L(G[g])). Note that 8C,, can be obtained from an+m,2m by adding pendent
vertices sequentially. Thus, by Lemma BT} A (L(G[g])) < A1(L(°Cnim,am)). Hence,

M (L(Com)) = M (L(Glg])) = M (L(*Cosm,zm))-

Observe that G(2n,n —m + 1) can be obtained from °C,im2m by adding pendent
vertices sequentially. Thus, Al(L(an+m,2m)) > M(L(G(2n,n —m +1))) = a(Pay),
using Lemma LTl and Lemma [E2T(ii). Hence, A\1(L(8Cym)) > a(Pan) = 2(1 —cos 5-).

Since 8C, is a cycle of weight +i, we see that A\;(L(8C,)) = 2(1 — cos 5-), by Lemma
Hence, the lemma holds. O

The next lemma provides a lower bound for the smallest Laplacian eigenvalue of
unicyclic 3-colored digraphs.

LEMMA 4.23. Let G be a nonsingular unicyclic 3-colored digraph on n vertices.
Then

A (L(G)) > 2(1 — cos %)

Equality holds if and only if G is a cycle 8C,,.
Proof. Using Theorem and Lemma we have,
A (L(G)) = M(L(3Cam)) = Ai(L(3Cn)).
Note that A;(L(8C,)) = 2(1 — cos 5-), by Lemma .5 Hence, the result holds. O

The next theorem is our main result of this section which provides the unique
graph minimizing the smallest Laplacian eigenvalue over all nonsingular unicyclic
3-colored digraphs on n vertices.

THEOREM 4.24. Among all nonsingular unicyclic 3-colored digraphs on n ver-
tices, the smallest Laplacian eigenvalue is uniquely minimized by the cycle 8C,.

Proof. Proof follows from Lemma O
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