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Abstract
Subtyping tests, i.e., determining whether one type is a subtype of
another, are a frequent operation during the execution of object-
oriented programs. The challenge is in encoding the hierarchy in a
small space, while simultaneously making sure that subtyping tests
have efficient implementation. We present a new scheme for encod-
ing multiple and single inheritance hierarchies, which, in the stan-
dardized hierarchies, reduces the footprint of all previously pub-
lished schemes. The scheme is calledPQ-encodingafterPQ-trees,
a data structure previously used in graph theory for finding the or-
derings that satisfy a collection of constraints. In particular, we
show that in the traditional object layout model, the extra mem-
ory requirements for single inheritance hierarchies is zero. In the
PQ-encoding subtyping tests are constant time, and use only two
comparisons. Other than PQ-trees, PQ-encoding uses several novel
optimization techniques. These techniques are applicable also in
improving the performance of other, previously published, encod-
ing schemes.

1. Introduction
One of the basic operations in the run time environment of object-
oriented (OO) programs is asubtype test. Given an object� and a
type � , a subtype test is to determine whether�����
	��
� , the type
of � , is a subtype of� , i.e., � is a descendant of� in the inheri-
tance hierarchy. Such tests (also known astype inclusiontests), oc-
cur either implicitly in type cast operations, e.g.,dynamic cast
in C++ [32], ?= in EIFFEL [29], or explicitly in the execution of
dedicated lingual constructs such as JAVA ’s [2] instanceof, and
SMALLTALK ’s [18] isKindOf: method.

Subtyping tests are more frequent than one might think. Covari-
ant overriding of arguments in EIFFEL makes it necessary to make
subtyping test in conjunction with calls to procedures which use�
Contact author�
Contact the authors for patent information

this feature1. The covariance nature of arrays in JAVA renders sub-
typing tests necessary in assignments to elements of arrays whose
dynamic type is unknown. Consider the following code fragment

void f(Object x[]) �
x[1] = new A();�

f(new B[3]);

It may be a bit surprising that the assignment tox[1] in f requires
a subtyping test. To understand why, consider the call to functionf,
in which the argumentx receives a value of typeB[3] (an array
of three elements of typeB). The function call is legal since type
B[3] is a subtype ofObject[] (an array of objects). However,
the assignment

x[1] = new A();

is legal only if typeA is a subtype of typeB. Otherwise, the runtime
environment raises anArrayStoreException exception.

Formally, ahierarchy is a partially ordered set (� , � ) where � is
a set of types2 and � is a reflexive, transitive and anti-symmetric
subtype relation. If � ,� are types, and����� holds, we say that they
arecomparable, that � is a subtypeof � and that� is a supertype
of � . Given a hierarchy	�������� , � ������� , the subtyping problem is
to build a data structure supporting queries of the sort���� � . The
generation of this data structure is calledencodingof the hierarchy.
The subtyping problem has enjoyed considerable attention recently
(see e.g., [21, 1, 9, 20, 7, 15, 16, 26, 25, 28, 33, 30]), the challenge
being in simultaneously optimizing its four complexity measures:

Space Encoding methods associate certain data with each type. We
measure the average number of bits per type, also called the
encoding length.

Instruction count This is the number of machine instructions in
the test code, on a certain hardware architecture. There are
indications [25] that the space consumed by the test code,
which can appear many times in a program, can dominate!

Various mechanisms of static analysis have been proposed to elim-
inate this requirement, but none of these have been implemented."
The distinction between type, class, interface, signature, etc., as it

may occur in various languages does not concern us here. We shall
refer to all these collectively as types.
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the encodinglength. An encodingis said to be uniform3 if
thereexists an implementationof the testcodein which the
instructioncountdoesnotdependonthesizeof thehierarchy.
Only uniform encodingswill interestus.

Testtime The time complexity of the testcodeis of major inter-
est. Sincethe testcodemight containloops,the time com-
plexity maynot beconstantevenin uniform encodings.Our
main concernhereare constanttime encodings(which are
alwaysuniform). To improve timing performance,loopsof
non-constanttime encodingsmaybeunrolled,giving rise to
non-constantinstructioncount,without violating theunifor-
mity condition.(Bit-vectorencoding,presentedin Section4,
is an exampleof a uniform encodingwhich is non-constant
time.)

In mostusesof the subtypinglingual constructs,the super-
type � , is known at compile time. The test codecan then
bespecialized, by precomputingvaluesdependingon � only
(henceforthdenotedby a “#” prefix), andemitting themas
partof thetestcode.Specializationthusbenefitsbothinstruc-
tion countandtesttime, andmay even reducetheencoding
length.

Encoding creation time Anotherimportantcomplexity measureis
the time for generatingthe actual encoding. This task is
usuallycomputationallydifficult, so differentcreationalgo-
rithms have beenproposedto the sameencodingscheme.
Thesealgorithmsdiffer in their running time andencoding
length.

Themostobvious(uniform)representationasabinarymatrix (BM)
givesconstantsubtypingtests,but the encodinglengthis � . This
methodis usefulfor smallhierarchiesandis usede.g.,for encoding
theJAVA interfaceshierarchy4 in CACAO 64-bit JIT compiler[19,
24]. However, for a hierarchycontaining5500typesthe total size
of the binary matrix is 3.8MB. The BM can be (non-uniformly)
implementedusing a zero encodinglength and #$	��%� instruction
count:relyingonspecialization,thetestcodefor �&���� thenchecks
whether � is amongthe possibly #$	��%� descendantsof � . More
generally, a non-uniformencodingis tantamountto representing
the encodingdatastructureaspart of the testcode,andtherefore
will not interestus.

The observation that standsbehindthe work on subtypingtestsis
thattheBM representationis in practicevery sparse,andtherefore
susceptibleto massive optimization. Nevertheless,the numberof
partially orderedsets(posets) with � elementsis ')(+*-,
.�/ , so the
representationof someposetsrequires01	�� " � bits5. Thus,theen-
codinglengthis 01	��2� . In otherwords,for arbitraryhierarchiesthe
performanceof binarymatrix is asymptoticallyoptimal.

Let therelation ��3 bethetransitivereductionof � , i.e.,a minimal
relationwhosetransitiveclosure is � . More precisely, relation � 3
is definedby theconditionthat �4� 3 � if andonly if ���&�5�6�87�9� ,
andthereis no :<;4� suchthat �=��:<���)�6�>7�?:$7�?� .@
Thetermis borrowedfrom circuit complexity. A family of circuits

for the sizedependentincarnationsof a certainproblemis called
uniform,if thisfamily canbegeneratedby asingleTuringmachine.A
Krall, personalcommunication,Feb. 2001B
Thenumberof bipartitegraphswith � elementsis clearly '
(C*D,
.E/ ,

andevery bipartitegraphis alsoaposet.

Then,anotherobvious solutionto thesubtypingproblemis DAG-
encodingthatis basedonthedirectedacyclic graph(DAG) defined
by typesas nodesand edgesfrom � 3 . Figure 1 depictsa DAG
topologyrepresentationof a hierarchywhich will serve astherun-
ning exampleof this paper. We employ the usualconventionthat
edgesaredirectedfrom thesubtypeto thesupertype,andthattypes
drawn higherin thediagramareconsideredgreaterin thesubtype
relationship.Thus,G � 3 C andH � A.

B
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 D
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H
 I
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A


Figure1: A small exampleof a multiple subtyping hierarchy

In DAG-encoding,a list of parentsis storedwith eachtype,result-
ing in total spaceof 	��4F � � 3 � �
GIHKJ)LM�
N bits6. TheDAG encoding
lengthis therefore 	POQFR� � 3 � ST�%�QG�HDJ
LQ�UN . Take notethat theaver-
agenumberof parents,� � 3 � ST� , is small. We will seethat in the
standardbenchmarkhierarchies,it is alwayslessthan2. Unfortu-
nately, a subtypingtestin DAG-encodingis #$	��%� time.

The Closure-encodingpresentsanotherobvious point of tradeoff
betweenspaceandtest time. In this encoding,with eachtype we
storea sortedarrayof all of its ancestors.Thus,a subtypingtest
is thenimplementedusinga binary searchin time #$	�HKJ)LV�%� . The
encodinglengthis 	6� �W� S5�%�QG�HDJ)LV�
N .
BM-, DAG- and Closure-encodingare not very appealingtech-
niques.Previouscontributionsin this field includedmany sophis-
ticatedencodingschemeswhich comecloseto DAG-encodingin
space,while keepingthetesttimeconstantor “almost” constant.

An importantspecialcaseof theproblemis singleinheritance(SI),
which occurswhenthehierarchyDAG takesa treeor foresttopol-
ogyasmandatedby therulesof languagessuchasSMALLTALK [18]
andOBJECTIVE-C [12]. Thegeneralcaseof multiple-inheritance
(MI), is moredifficult, andwill be our main concernhere. Based
on PQ-trees[6], a techniquefor searchingan orderingsatisfying
prescribedconstraints,ourPQ-encoding(PQE)algorithmimproves
the encodinglength of all previous results,in the de facto stan-
dardbenchmarkhierarchies.Thanksto specializationandotherop-
timization techniques,PQE achieves, in a standardobject layout
model,anencodinglengthof zerofor all SI hierarchiesandevenin
someMI hierarchies.

Yetanotherdemandingconstraintis thetime for computingtheen-
coding.It is essentialthatacompilerwith wholeprograminforma-
tion will beableto finishits computationin areasonabletime. PQE
comparesfavorablyto previousresultsin this respectaswell.

Outline Theremainderof thisarticleis organizedasfollows. Sec-X
Hereandhenceforth,all logarithmsarebasedtwo.
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tion 2 makes somepertinentdefinitions. The dataset of the 13
hierarchiesusedin our benchmarkingis presentedin Section3. A
survey of prior researchis thesubjectof Section4. Thissectionde-
scribestheslicing techniqueof partitioningahierarchyfor thepur-
poseof subtypingtests.Thetechniqueis commonto many previous
algorithmsfor the problem;it alsostandsasthe basisof the PQE
algorithmwhich is describedin Section5. Section6 presentsour
new optimizationtechniques,improving instructioncount,testtime
andencodinglength.ThepenultimateSection7 presentstheresults
of runningthesealgorithmson our benchmark.Finally, someopen
problemsanddirectionsfor future researcharementionedin Sec-
tion 8.

2. Definitions
Givena type ��;�� , we definethefollowing sets:Y[Z�\6]�Z�^_Y_`5^bac\d	��e�
and `)^e]�Z�\PacJ)fc\T	��e� (which arethesubtypesandsupertypesof � , re-
spectively), aswell as ]hgeiKHKYbfcZ�^2	��e� and jk`TfcZ�^�ac\d	��_� (thesetsof all
immediatesubtypesandsupertypesof � ). Moreprecisely,

YeZE\6]�Z�^kYe`)^�ac\d	��e�ml��d�<;n� �T�1�o� �
`)^_]EZ�\PacJ)fc\T	��e�ml��d�<;n� �T����� �
]pg_iDHKY[fcZE^2	��e�ml��d�<;n� �T�1� 3 � �
j_`5fcZ�^�ac\d	��e�ml��d�<;n� �T��� 3 � �

(1)

Also for �R;�� , the value HDZ�qrZ�Hs	��e� is the length in nodesof the
longestdirected(upgoing)pathstartingfrom � . Theheightof the
hierarchyis themaximallevel amongall typesin � . The t th-level
of thehierarchyis thesetof all types� for which HKZEqrZ�Hs	��e�u�9t .

HKZEqrZ�Hv	��_�ml OQFxw=`5yz�dHDZ�qrZ�Hs	��d�{�5�<;|j_`5fcZ�^�ac\d	��e� �
g_ZEiKL)g�aT	��1�ml?w=`5y{�5HDZ�qrZEHv	��e�{�)�=;�� � (2)

(In the above definition of HDZ�qrZEHv	��e� , the maximumover an empty
set, is definedaszero. In otherwords,nodeswithout any parents
aredefinedasbeingin level 1.)

In Figure1 we have that

YeZE\6]�Z�^kYe`)^�ac\d	 A �m�}� A � C � D � F � G � H �
`)^e]�Z�\PacJ5fc\)	 F �m�}� A � B � C � F �
]pg_iDHKY[fcZE^2	 A �m�}� C � D �
j_`5fcZ�^�ac\d	 F �m�}� C �
HDZ�qrZEH~	 F �m�9�

This hierarchyhasthreelevels: with two, three,andfour types.

Thefollowing definitionswill alsobecomepertinent:

fcJ�J)ac\T	��<�+l}�T�4;�� �mj_`5fcZ�^�ac\�	��e�m�9� �
HDZd`dqrZ�\T	��<�+l}�T�4;�� �m]pg_iDHKY[fcZE^%	��e�m�9� � (3)

In our runningexamplewe have

fcJ�J)ac\T	��<�m�}� A � B �
HDZd`dqrZ�\d	��<�m�}� F � G � H � I �

3. Data Set
To benchmarkthe algorithms,we usethe 9 multiple inheritance
hierarchiesusedby Eckel andGil [14] in their benchmarkof ob-
ject layout techniques.Threenew JAVA hierarchies,andtheCecil
compilerhierarchy[10], wereaddedto this benchmark.This data
setrepresentsanarrayof largehierarchiesdrawn from variousOO
languages.In particular, the set includesall multiple-inheritance
hierarchiesusedin previous studiesof encodingschemes[28, 30,
26, 25]. The readeris referredto [14] for the detaileddescription
of thesehierarchies.Oneof thefindingsin [14] is thatmany topo-
logical propertiesof typical hierarchiesaresimilar to thoseof bal-
ancedtrees.This makesit possibleto find moreefficient encoding
for hierarchiesusedin practice.Comparisonof differentencoding
schemesis doneover these13hierarchieswhich have now become
a defactostandardbenchmark.

Somestatisticalinformationon our datasetscanbe found in Ta-
ble 1. Thenumberof typesrangesbetween66 and5,438. In total
the13hierarchiesrepresentover 19,500types.

Hierarchy � �-� 3 � S5� � �W� S5� � a � b � c � ���~� S5�
IDL 66 0.98 3.83 8 6 7 15%
Laure 295 1.07 8.13 16 11 9 18%
Unidraw 613 0.78 3.02 9 8 10 4%
JDK 1.1 225 1.04 3.17 7 6 8 15%
Self 1801 1.02 29.89 40 16 11 9%
Ed 434 1.66 7.99 23 10 9 61%
LOV 436 1.71 8.50 24 9 9 62%
Eiffel4 1999 1.28 8.78 39 17 11 46%
Geode 1318 1.89 13.99 50 13 11 75%
JDK 1.18 1704 1.10 4.35 16 9 11 18%
JDK 1.22 4339 1.19 4.37 17 9 13 22%
JDK 1.30 5438 1.17 4.37 19 9 13 21%
Cecil 932 1.21 6.47 23 12 10 33%� w=`5y_�b� `)^_]EZ�\PacJ)fc\5	��e���e�5��;�� �� g_ZEiKL)g�a� G�HDJ
LQ�
N

Table1: Topologicalpropertiesof hierarchiesin our data set

We seein thattablethattheaveragenumberof parents,� � 3 � ST� , is
alwayslessthan2. On the otherhand,the averagenumberof an-
cestors,� �W� S5� , is large. In theSelf hierarchya typehasin average
almost30 ancestors!The maximalnumberof ancestorsplaysan
importantfactorin thecomplexity of someof thealgorithms.We
seethatthereexistsa typein theGeodehierarchywhichhas50an-
cestorsin total. In comparingtheheightof thehierarchywith HDJ
LQ�
weseethatthehierarchiesareshallow; theirheightis similarto that
of a balancedbinarytree.

Finally, we canlearna bit moreon the topologyof inheritancehi-
erarchyby consideringtheset � � , which canbethoughtastheMI
core of thehierarchy. Formally, a type is in thecoreif it hasa de-
scendantwith morethanoneparent.Conversely, theset ���+��� is a
collectionof maximalsubtreesdiscoveredin abottom-upsearchof
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thehierarchy. It waspreviously noticed[25] thatencodingis easier
if the core is consideredfirst, andthe bottomtreesof �R��� � are
addedto theencodinglater. In Table1 we seethat in mosthierar-
chiesthecoreis rathersmall,typically lessthanhalf thenumberof
types.Treatingthecoreandthebottomtreesseparatelywill reduce
therun timeof PQE.

4. PreviousWork
This sectiongivesan overview of variousencodingmethodspro-
posedin theliterature.We describethedatastructureusedin each
suchencoding,andhow it is decipheredto implementsubtyping
tests.Little if any attentionis devotedto describingtheactualgen-
erationof thedatastructureandthetheorybehindit.

Perhapsthemostelegantalgorithmfor encodingis relativenumber-
ing [31] (alsocalledSchubert’s numbering) which guaranteesboth
optimalencodinglengthof G�HDJ)LV�
N bits andconstanttime subtyp-
ing tests. However, theseachievementsareonly possiblein a SI
hierarchy. For a type �|;&� , let � � denoteits ordinal (i.e., an in-
teger in the range O)�������d�P� ) in a postordertraversalof � . A basic
propertyof postordertraversalis that

� � �?w=`Ty_�T� � �T����� � � (4)

Let � � bedefinedby

� � �?w�iK^k�T� � �)�=�o� � � (5)

Combining(4), (5) with the fact that in postordertraversalthede-
scendantsof any typeareassignedconsecutively, wefind that �=���
if f �

� �z� � � �
�
� � � (6)

Thus, in relative numbering,eachtype � is encodedby an inter-
val � � � �6� �)� asexemplified by Figure2. We argue that since � is
known at compiletime, thesubtypingtestcode(6) canbespecial-
ized by eliminating the memoryfetch of constants� � and � � . In
doing so, we find that the values � � neednot be stored. The to-
tal encodinglengthin our improvedversionof relative numbering
is G�HDJ
LV�
N .
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Figure2: Relative numbering in a tr eehierarchy

Relative numberingis usedin CACAO [19, 24] for representing
the JAVA classinheritancehierarchy7. (Recall that BM is usedin
CACAO for the interfaceshierarchy.) Range-compression[1], de-
scribedbelow, is ageneralizationof relative numberingfor MI.

Cohen’s algorithm [11], which can be thoughtof as a variant of
Dijkstra’s displays[13], is yet anotheralgorithminitially designed
for SI hierarchies,and later generalizedby Packed Encodingto�
Krall, personalcommunication,Feb. 2001

MI. Thealgorithm,which is implementedaspartof theDEC SRC
MODULA-3 system[8], relieson hierarchiesbeingrelatively shal-
low, andmoreso,on typeshaving a smallnumberof ancestors.As
Table1 shows, this is indeedthecaseevenin ourMI hierarchies.A
type � is allocatedwith anarray � � of size

HDZ�qrZ�Hs	��e� � � `5^_]�Z�\PacJ5fc\)	��e���
(in SI, HDZ�q
Z�H~	��e�m��� `)^_]EZ�\PacJ)fc\T	��e��� ), with entriesfor each

�<;�`5^_]�ZE\PacJ)fc\T	��e�h�
Specifically, ���?� is storedin location HDZ�q
Z�Hs	��d� in array � � . Thus,
checkingwhether���R� canbecarriedout by checkingwhether�
indeedoccursin location HDZ�q
Z�H~	���� of array � � . The encodingis
optimizedby not storing � itself in this location,but ratheran id,
which is uniqueamongall typesin its level.

Sincedifferentlevelscomein differentsizes,someiKY ’smayrequire
fewer bits thanothers.Typically, an iKY is storedin eithera single
byte or in a 16 bits word. It is even possibleto packseveral iKY ’s
into a singlebyte.As a resultof this compressiontheentriesof � � ,
which arenot of equalsize, cannotbe referencedusingordinary
arrayaccessoperations.We saythat � is a pseudoarray, anduse
thenotation� @� insteadof �e� � � for denotingarrayaccess.Notethat
if theindex � is known at compiletime, thena pseudo-arrayaccess
is the sameas recordmemberselection,and is no slower than a
non-pseudoarrayaccess.Pseudo-arraysareonly used,if in all of
their indexing operations,theindex is known atcompiletime.

Cohen’s encodingstoreswith eachtype � its level, � � ��HDZ�qrZ�Hs	��e� ,
its uniqueid within this level i�Y � , aswell asthe pseudoarray � � ,
suchthatfor each�<;n`)^_]EZ�\PacJ)fc\5	��e� ,

� � @� � �
�
iKY � � (7)

The test ������ is carriedout by checkingthat � ���
�
� � andthen

that(7) holds.Notethat � � is known atcompiletime.

An exampleof theactualencodingis givenin Figure3.
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Figure3: Cohen’s encodingof the tr eehierarchy of Figure2

Thearrayboundarycheck � �4�
�
� � is not elegant. We foundthat

it canbeeliminatedin thepriceof allocatingglobally unique iKY ’s.
Then,it is possibleto concatenatethearrays,makingsurethat the
largestarrayis at theend.Evenif thereis anoverflow in thearray
access� � � � � � , thelocationfoundwill not containiKY � .
Cohen’s algorithmwasgeneralizedto MI by Vitek, Horspooland
Krall [25] into whatis calledPackedEncoding(PE)andBit-Packed
Encoding(BPE), which areboth constanttime methods.A com-
mon themeto Cohen’s algorithm, PE, BPE andour algorithm is
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slicing, in which theset � is partitionedinto disjoint slices(some-
timescalledbuckets) £ ! �����E���p£U¤ . For eachslice £U¥ westoretheen-
tire informationrequiredto answerqueriesof thesort �&���� , �=;4�
and �$;¦£U¥ , i.e., queriesin which thesupertypeis drawn from £U¥ .
Type � hasa pseudoarray � � of length t , where� � @� holdsinfor-
mationfor slice £U¥ . In essence,we store,in a very compressedfor-
mat,thesetof descendantsof eachelementin £
¥ . Thecompression
is possiblesincethereis a greatdealof sharingin thedescendants
setof differentmembersof £
¥ .
PEassociateswith eachtype �n;|� a uniqueinteger iKY � within its
slice § � , so that � is identifiedby the pair ¨v§ � �ciKY �r© . Also associ-
atedwith � is a bytearray � � , suchthat for all ��;¦`)^e]�Z�\PacJ)fc\5	��e� ,
index § � storesiKY � , i.e.,

� � � § � � �
�
i�Y � � (8)

A necessaryandsufficientconditionfor ����� to hold is then(8). It
shouldbeclearthatno two ancestorsof � canbeon thesameslice.
Thus,thenumberof slicesis at leastthesizeof thelargestancestors
set,which is describedin Table1.

Comparing(8) with (7), weseethatslicesplayarolesimilar to that
of levelsin Cohen’salgorithm.In fact,Cohen’salgorithmpartitions
the hierarchyinto g_Z�iDL
g�aT	��<� anti-chains8, while PEpartitionsthe
hierarchyinto anti-chainswhereno two elementsin an anti-chain
have a commondescendant.Fall [15], who observedthatthis tech-
niquemight beusedfor subtypingtests,notedthat it is NP-hardto
find a minimal suchpartition, andstoppedshortof finding a con-
stanttimesubtypingtest.Theheuristicsuggestedin [25] alongwith
theconstanttime subtypetestmadePEviable.

PE constrainseachslice to a maximumof 255 types,so that i�Y �
canalwaysbe representedby a singlebyte. The encodinglength
is then ª
t , where t is the numberof slices. The inventorsof PE
observedthat t is usuallythemaximalnumberof ancestorsunless
MI is heavily used.
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Figure4: PE representationof the hierarchy of Figure1

ConsiderFigure4 for anexampleof PErepresentationof thehierar-
chy of Figure1. Thetypesof thehierarchyarepartitionedinto five
differentslices: £ ! �¯� A � , £ " �¯� B � , £ @ �¯� D � , £ A ��� C � E � ,
and £ B �°� F � G � H � I � . This is the smallestpossiblenumberof
slices,sincetypeF (for example)hasfive ancestors.±
An anti-chain is asetof types,wherenotwo typesarecomparable.

Clearly, eachlevel is ananti-chain.

Theonly differencebetweenBPEandPEis thatBPEpermitstwo
slicesor more to be representedwithin a single byte. Thus, in
BPE � � is a pseudoarray, and the arrayaccessin (8) becomesa
pseudoarrayaccess:

� � @§ � �
�
i�Y � � (9)

Startingfrom Figure4 we canrepresentslices £ ! , £ " and £ @ using
a singlebit, £ A usingtwo bits, and £ B in threebits, for a total of
sevenbits,whichcanfit into a singlebyte.

Bit-vectorencodingis oneof themostexploreddirectionsin prior
art. In this scheme,eachtype � is encodedasa vector qrZ�] � of t
bits. If q
Z�] � � � � �²O thenwe saythat � hasgene � . Let ³+	��e� bethe
setof genesof � . Relation �&�´� holds iff ³+	��e��µ�³m	���� , which
canbe easilychecked by masking qrZ�] � againstqrZ�] � , specifically,
applyingthetest:

qrZ�] �
¶ qrZ�] � �9qrZ�] � � (10)

Figure5 givesan exampleof bit-vectorencodingof the hierarchy
of Figure1.
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Figure5: Bit-vector encodingof the hierarchy of Figure1.
(In eachtype weonly write the genesit addsto its parents.)

Bit-vectorencodingeffectively embedsthehierarchyin the lattice
of subsetsof �rO
�d���E���ct � . It is always possibleto do so by set-
ting t�� � andin letting q
Z�] � betherow of theBM which corre-
spondsto � . A simplecountingargumentshowsthat t mustdepend
on the size of the hierarchy. Hence,bit-vector encodingis non-
constanttime,but it is uniform. For efficiency reasons,theimplicit
loop in (10) is unrolled,giving rise to a non-constantinstruction
count.

The challengeis in finding the minimal t for which suchan em-
beddingof the hierarchyin a lattice is possible. The problemis
NP-hard[20], but severalgoodheuristicswereproposed,including
Kaci, Boyer, Lincoln, andNasr[21] work, Caseau’sCompactHier-
archical Encoding[9], later improved by Habib,Caseau,Nourine
andRaynaud[28]. Currently, NearOptimalHierarchical Encoding
(NHE) dueto Krall, Vitek andHoorspool[26], is thebestbit vector
encoding.

It is only naturalto askthenwhetherit is possibleto promisecon-
stantencodinglength, while maintaininguniformity and “almost
constant”time. An affirmative answerto this questionwasgiven
by Agrawal, Borgida andJagadish[1] in their range-compression
encodingwhich generalizesrelative numbering. Rangecompres-
sion encodeseachtype � as an integer iKY � , with its ordinal in a
postorderscanof a certainspanningforestof thehierarchy. Then,
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theset »<	��d� of iKY ’sof thedescendantsof � ,
»<	��d�u�}�TiKY � �)�=;nYeZ�\6]�ZE^kY_`5^�ac\d	��d� � � (11)

is representedby anarrayof consecutive disjoint intervals

� � � @O
�6� � @O � �T� � � @'b�c� � @' � �d�E�����d� � � @t
	��d�h�6� � @t
	��d� � �
Thus, �=�o� if f�

� � @� � iKY � �
�
� � @� (12)

holdsfor some� , O � � � t
	��d� . In SI, all descendantsof a type
are assignedconsecutive numberingin a postordertraversal,and
thereforethe set (11) can be representedusing a single interval.
Theencodingthendegeneratesto relative numbering.

Figure6 gives a range-compressionencodingof the hierarchyof
Figure1. We have for example

»<	 B �m���rO
�h'��c�[�h¼��p½[�p¾��pª[�c¿ �
whichcanberepresentedastwo intervals �-O)�p� � and � ¼��p¿ � . Thus,� B ��rO
�h¼ � �c� B �}�T�[�p¿ � and tU	 B �u�R' .
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Figure6: Range-compressionencodingof the hierarchy of Fig-
ure 1. (Edgesof the spanningforestare in bold.)

Examining(12) we seethatonly i�Y � hasto bestoredfor a type � ,
sinceeverythingelseis specializedinto thesubtypingtestsite.The
specializationreducestheencodinglengthto GIHKJ)LV�
N , but ataprice
of increasingthe instructioncount from constantto tU	���� , which
can be in the order of � . In all of our hierarchieshowever, the
averaget
	��d� wasalwayslessthan2. Themaximal t
	��d�V� ¼
¼ was
foundin theGeodehierarchy.

Theusualstraightforwardimplementationof rangecompressionre-
quires #$	st
	��d�6� time. If tU	���� is large thena binary searchon (12)
reducesthetime to #$	�HKJ)LMt
	��d�6� . Notethat this fasterimplementa-
tion doesnothingto improvetheinstructioncountin thespecialized
implementationwhich remains01	st
	��d�6� .
Othernon-constantencodingtechniqueswereusedin large data-
andknowledge-bases,e.g.,modulationtechniques[21, 15], sparse
termsencoding[16], andrepresentationusingunionof interval or-
ders [7]. The commonobjective is a small average,rather than
worst-case,time for testing,which may be consideredunsuitable
for objectorientedapplications.

5. PQ-Encoding
This sectiondescribesPQE,an encodingschemewhich achieves
thesmallestspacerequirementsamongall previously publishedal-
gorithms.PQEcombinestheideasof relative numberingwith slic-
ing asusedin PEandBPE.Eachtype � belongsin aslice § � . Also,

for eachtype � we storeaninterval � � � �6� �)� anda pseudoarray iKY � ,
suchthat �=��� if f�

� � � iKY � @§ � �
�
� � � (13)

Since � is known at compiletime, testing(13) requiresexactly the
samenumberof RISCinstructionsasrelative numbering(6). Also,
since(13) is similar to boundariescheckin anarrayaccess,it may
befurtheroptimizedonarchitecturewith dedicatedinstructionsfor
this kind of check.

Figure7 describesa PQErepresentationof our runningexample.
Notethattheencodingusesonly oneslice.
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Figure7: PQ-encodingof the hierarchy of Figure1

A slice £xÂ¦� in PQEis asetof types,maximalwith respectto the
propertythat thereis anordering Ã of � suchthatall descendants
of any ��;�£ occur consecutivelyin Ã . This propertymakes is
possibleto representthe setof all descendantsof � usingmerely
two integers,asrequiredby (13).

ThenamePQ-encodingis derivedfrom themaintool usedin find-
ing thesemaximalslices:PQ-trees.Thisdatastructureis theinven-
tion of BoothandLeuker [6] whousedit to testfor theconsecutive
1’spropertyin binarymatricesof size�uÄ1§ andin timeO(tCF$�kF�§ )
where t is thenumberof 1’s in thematrix. Their resultgaveriseto
thefirst lineartimealgorithmfor recognizinginterval graphs.Later,
PQ-treeswereusedfor othergraph-theoreticalproblems,suchas
on-lineplanaritytesting[3, 4] andmaximumplanarembeddings[5,
22,23].

Thereare threekinds of a nodesin a PQ-tree:a leaf which rep-
resentsa memberof a given set Å , a Q-nodewhich represents
the constraintthat all of its childrenmustoccur in the order they
occur in the tree or in reverseorder, and a P-nodewhich speci-
fies that its childrenmust occur together, but in any order. As a
whole,a PQ-treeÆ representsa subsetof theorderingsof Å , de-
notedby ]EJ
^_\6iD\PacZ�^�a5	�ÆW� . The orderingof Å obtainedby a DFS
traversalof Æ , is denotedÇIfcJ)^baciDZEf5	�ÆW� . Two transformationsof Æ
preserve ]�J)^_\6iD\PacZ�^�aT	�ÆW� : swappingany two childrenof a P-node,
andreversingthe orderof the childrenof a Q-node. PQ-treesÆ !
and Æ " areequivalent( Æ ! l?Æ " ) if Æ " canbereachedfrom Æ " by
a seriesof thesetransformations.Thus,

]�J)^_\6iD\PacZ�^�aT	�ÆW�m�ÉÈ
Ç�fcJ
^�aciDZEf5	�Æ � �{�5Æ � l?Æ=Ê (14)

The universal PQ-tree, denotedÆWË , hasa P-nodeasa root anda
leaf for every memberof Å .

Let Ì be a collection of subsetsof a set Å , i.e., ÌÍÂÎ'�Ï , and
let Ð�	vÌ+� bethecollection(whichmightbeempty)of all orderingsÃ
of Å suchthatthemembersof eachÑ�;>Ì occurconsecutively in Ã .
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THEOREM 5.1 (BOOTH-LEUKER (1976)). For everycollec-
tion of constraints Ì there existsa PQ-tree Æ , andfor everytree Æ
there existsa collectionof constraints Ì such that

Ð�	vÌ+�m�?]�J
^e\6iD\PacZ�^�a)	�ÆW�h�
Constructively, thetree Æ canbegeneratedfrom Ì by letting

Æ�ÒÓÆ Ë
andmakingtheprocedurecall

reduce( Æ ,Ñ )
for eachÑ4;ÔÌ . Procedurereduce( Æ , Ñ ) first checkswhetherthere
is a ÆÕ� , ÆÕ�+l Æ , suchthat theelementsof Ñ appearconsecutively
in ÇIfcJ)^baciDZEf5	�Æ � � . Theprocedureabortsif no suchÆ � is found.Pro-
cedurereduce then conductsa bottom up traversalof the nodes
of Æ . At eachstep,oneof standardelevenPQ-treetransformations
is applied,until all elementsof Ñ appearconsecutively in all con-
sistentorderings.Thetimecomplexity is #$	c� Ñ
� � .
Algorithm 1 shows how theactualconstructionof theencodingis
carriedout. At theterminationof thefirst outerloop(lines3–9),the
PQ-treesÖm�DO � �d���d���hÖu� ×QØxO � representthe ×QØxO slicesgeneratedby
thealgorithm.Then,all thatremainsis to assignuniqueiKY ’swithin
eachslice,andto computethe iKY ’s of theright-mostandleft-mostiKY ’s amongthe descendantsof eachtype within eachslice. The
time complexity is #&	P	�×MØ�OT��� �W� � .
Theorderat which typesareinsertedinto PQ-treesin line 3 is un-
specified.This line is the main sourceof non-determinismin our
algorithm. After having tried several traversalorders,including
a randomone,we concludedthat the differencesin the encoding
lengthis small. It appearshowever thatthebestresultsareobtained
by a reversetopological-orderin which the leaveswith the largest
numberof ancestorsarevisitedfirst.

1: Öu�-O � ÒÓÆWË
// Ö is anarray of theslices(representedasPQ-trees)
// createdsofar.

2: ×�ÒÙO // Theindex of thefirst unusedPQ-treein Ö .
3: For all ��;�� do // Find a PQ-treeconsistentwith type � .
4: For §z� O
�d���E���P× do
5: reduce( Öu� § � , YeZ�\6]EZ�^kYe`)^�ac\E	��e� )
6: exit loop if reduce succeeded
7: § � ÒÚ§
8: If s= × then // Starta new universal PQ-tree
9: ×�ÒÍ×uF?O ; Öu� × � ÒÛÆ Ë

10: For §z� O
�d�����E�P×MØ�O do // Assignuniquei�Y ’s
11: iKY�ÒÙO // Thefirst unusedi�Y in theslice Öu� § � .
12: For all ��;4ÇIfcJ)^baciDZEf5	~Öu� § � � do
13: iKY � @§zÒÓiKY ; iKY�ÒÛiKY�F�O
14: For all ��;�� do // Assignan interval to each type �
15: Ü¯ÒÝ�diKY � @§ � �5�<;�Y[Z�\6]�Z�^_Y_`5^bac\d	��e� � ;
16: � � ÒÛw�iD^%	sÜn� ; � � ÒÓw=`Ty
	sÜ|�

Algorithm 1: PQEalgorithmfor a hierarchy	����d���
We next describeseveral optimizationstechniquestargetedat im-
proving variouscomplexity measuresof theencoding.

The first suchoptimizationreducesthe encodinglengthasgener-
atedby Algorithm 1. LetÞ �}�d�Õ�rßb��;|£1àk�1��� � �
be the set of descendantsof a slice £ . Then, � £�� � � Þ � . For
someof the smallersliceswe might even have that � Þ � is close
to � . The lengthoptimizationrelieson theobservationthatin these
casesit is possibleto reuseiKY ’s while numberingthe typesin

Þ
.

The critical point to noteis that two types � ! �6� " ; Þ needto be
assigneddistinct identifiersonly if there is a type �²;á£ , such
that � ! ;9Y[Z�\6]�Z�^_Y_`5^bac\d	��e� , while � " 7;?YeZ�\6]�ZE^kY_`5^�ac\d	��_� (or vice
versa).Phraseddifferently, £ partitions� into equivalenceclasses,
suchthattypes� ! and � " arein thesameequivalenceclassif

`)^e]�Z�\PacJ5fc\5	�� ! �EâV£��9`)^_]EZ�\PacJ)fc\T	�� " �EâM£C� (15)

We call this the £ -partitioning of � . Note that ã�ä>lå�}� Þ is
a singleequivalenceclass,which canbeassignedthespeciali�Y 0,
which is not containedin any interval. Theminimal range(number
of different iKY ’s) neededto encodea slice £ is exactly thenumber
of equivalenceclassesin £ -partitioningof � . We next show that
theminimal rangeis alwayslower thantwice thesizeof a slice.

Now, PQEensuresthatfor every �=;|£ thereis aninterval Ñ � which
consistsof Y[Z�\6]�Z�^_Y_`)^�ac\d	��e� . These� £{� intervalspartitionthetypes
in
Þ

into atmost '[� £{�cØ�O segments,suchthatall typesin thesame
segmentcanreceive thesameiKY .
Considerfor exampleFigure8 in which the typesin

Þ
wereini-

tially numbered�b�����d����Od¼ . Intervals Ñ ! , Ñ " and Ñ @ drawn in the
figurepartition

Þ
into ¼Õ�R'MæE�{Ø�O segments.This is themaximal

possiblenumberof segments,sinceevery typein
Þ

mustbelongto
at leastoneinterval.
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Figure8: Reducingthe range neededfor PQE

Wehave then

THEOREM 5.2. Let £RÂ � bea sliceobtainedby PQE.Then,
theintegral range requiredfor numbering� is at most

w�iD^%	v'[� £{� �5� ��� �h�
Every equivalenceclass,except ã ä , is a collection of segments,
which provedTheorem5.2. For example, ãzä�����O
�h'��dOd½ � , ã ! �
G ! , ã " � G " , ã @ � G @Që G B , and ã A � G A .
In all hierarchiesin thedataset,we foundthatall slices,exceptthe
first, wereof size128 or less. Thus, thanksto Theorem5.2, i�Y �
canberepresentedasa bytearray, with eachslice addinga single
byte to the encodinglength. The first slice receivessomespecial
handlingaswill bedescribedbelow in Section6.
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It is possibleto modify thePQEalgorithmto ensurethatall but one
slice hastheir rangeboundedby 255. An applicationof reduce
(line 5 in Algorithm 1) to a PQ-tree(otherthanthefirst) is simply
revoked if therangerequiredfor numberingexceeds255.9 Storing
the currentrequirednumberingrangeof a PQ-tree,andupdating
it with eachreduce is straightforward. Onecanalsomanagethe
equivalenceclassesof all slicesincrementallyin #$	c� �W� � total time.

Thesecondoptimizationreducesthe time of runningAlgorithm 1
by pruningin apreprocessingstageall bottom-trees(seeSection3);
a lighter machineryis thenusedto producetheencodingof those.
After thePQ-encodingof thecoreis generated,relative numbering
of eachbottom-treeis insertedinto theinterval of its root, afteran
appropriateexpansionof this interval. (SeeFigure9 for anillustra-
tion of this process.).
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Figure9: Inserting a bottom-tr eeinto an existingPQ-encoding

The third optimization,heterogeneousencoding, is an encoding-
length optimizationtechnique. Recall that in BM-encodingeach
type addsexactly onebit to the encodingof all other types. The
PQ-encodingof a small slice with txò�ª typesaddsa byte to the
array iKY � of eachother type � , which is lessefficient than using
BM-encodingfor typesin this slice. In heterogeneousencoding,
subtypingtests�9���� , where� belongsin suchasmallslice,areim-
plementedusingBM-encoding.Since � is known at compiletime,
the compilercanchoosethe appropriatecodeto plant at the sub-
typingtest.Wefoundthatheterogeneousencodingmaygive riseto
significantimprovementto theencodinglength.Ontheotherhand,
thetotalnumberof typesin smallslicesis negligible, andtherefore
we do not expecta noticeableimpacton the instructioncountand
testtime.

6. Inlining and CoalescingOptimizations
Sofar it wastacitly assumedthatin thetest �&���� thatthetype � is
givenat run time. In reality, however thetype � mustbecomputed
from a certainobject � . The traditionalobject model [17] stores
with eachobject � a pointer ó � to a memoryblock with run time
representationof the type � of � . The variousencodingschemes
storetheir auxiliary informationin this area,calledRTTI (run time
typeinformation)in theC++ jargon.Theobject-orientedparadigm
mandatesother usesto the RTTI records,including dispatching,
downcasting,andgarbagecollection.

Inlining optimizationmakes useof the degreeof freedomin that
thecompilerhasin placingtheserecordsin memory. Thesimplest
applicationof inlining is in relative numbering:TheRTTI records
areplacedin memoryin thesameorderaspostordertraversal. In
doingso, ó � canplay thesameroleas � � . As aresult,theencoding
lengthis reducedto zeroandoneload instructionin thesubtyping
testis saved.ô
Notethatthisdoesnotnecessarilyhappenwhentheslicesizehits

128.

Similarly, in range-compression(12),we canuseó � insteadof the
global i�Y � . If specializationis usedthen we obtain an encoding
schemewith zero encodinglength, but non-constanttest time or
instructioncount.

In PQE,inlining is usedto representthe iKY ’s of typeswith respect
to thefirst slice,specifically, iKY � @O for all types� . In otherwords,
thefirst entryin thepseudoarray iKY � , is encodedasó � . Thesaving
is significantsincethefirst sliceoccupiesthelargestnumberof bits.
Inlining alsosavesoneload instructionin the casethat type � be-
longsin thefirst slice. Sincethefirst sliceconstitutesaround90%
of thetypes,we expectthis saving to leadto a noticeablesaving in
theaveragetesttime.

Thus,in PQE,therearethreekinds of slices. Thefirst slice is in-
lined. Heterogeneousencodingbasedon binarymatrix representa-
tion is usedfor thesmallslices(with fewer than8 types).Eachof
theremainingslicesoccupiesa singlebytein thearray iKY .
Wecouldthink of nostraightforwardwayfor applyinginlining nei-
therfor bit-vectorencodingsnor for Cohen’salgorithmandits gen-
eralizations,PEandBPE.

Another intricacy which is often overlooked in subtypingtestsis
thatevenfetchingthepointeró � from theobject � , maynotbetriv-
ial. In thepresenceof multiple inheritance,traditionalobjectlayout
schemesareinclinedto storeseveralpointersin anobjectto various
RTTI records.Thereasonis aphenomenonsometimescalledthis
adjustmentoccurringin upcastsin amultiple inheritancehierarchy.
After sucha cast,a pointerto anobjectdoesnot necessarilypoint
to its start.

For the sake of concreteness,let us usethe object layout model
of C++. In this model, thereare variouspointers,called VPTRs
to the dispatchingtables,called VTBLs. No matterwhat this-
adjustmenttook place,it is alwayspossibleto fetcha VPTR from
anobject. Thedifficulty in applyinginlining in this model,is that
thereis nouniquevalueó � for a type � .
Observethatthesubtypetestsof relativenumbering(6), rangecom-
pression(12),andPQE(13),checkfor inequalityratherthanequal-
ity. Thus,inlining canbedoneevenif ó � is notuniqueby allocating
a rangeof memoryaddresses,ratherthana singleaddress,asthe
value � � (asin (6)) or the i�Y (asin (12)and(13)).

Yet anotherintricacy posedby C++ is the location in memoryof
the subtypedataasgeneratedby the encodingalgorithm. If there
areseveral VTBLs, thenan implementerfacesthedilemmaof ei-
therduplicatingthis datain eachVTBL, or usinganotherlevel of
indirectionfrom all the VTBLs of a certainclassto a sharedsub-
typing encoding. Not only sharingincurs a run time penalty, it
also increasesthe memoryoverheadby a pointer for eachVTBL
of eachclass.With thereductionin encodinglength,asofferedby
algorithmssuchasPQE,thealternative of duplicationseemsmore
appealing. In consideringthe tradeoff, it shouldbe remembered
thatthenumberof VTBLs maybein theorderof thenumberof an-
cestors[17]. Empiricaldataon thenumberof VTBLs canbefound
in [14].

If thesharingalternativeis chosen,thenanotherreductionin theen-
codinglengthcanbeachievedby coalescingthe iKY arraysof PQE.
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We now turn to describingCoalescedPQ-Encoding(CPQE).

Recall that the first entry of the pseudoarray iKY � hasan implicit
representationdue to inlining. Let iKY �� denotethe array iKY � after
truncatingits first entry, andlet ók�� denotethepointerto i�Y[�� (which
is storedin all VTBLs of type � ). If several iKY � arraysbelongingto
differenttypesareidentical,they canbestoredonly once. All the
distinctarraysiKY � arestoredin onelargearraydenotedõ . We also
notethat if thenumberof different iKY � arraysis small, then ó �� can
bereplacedby theindex of i�Y[�� in thelargearray õ .
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Figure10: An exampleof the memory layout in CPQE

An exampleof thememorylayout in CPQEis in Figure10. In the
figure, we seetwo instances� ! and � " of type A. Eachof these
objectshastwo pointersto the two VTBLs of classA. Eachof
theseVTBLs storesók�A whichpointsto thearray iKY[�A. Sincethetotal
numberof different iKY � arraysis small, insteadof storinga pointer
to iKY �A, theVTBLs storetheindex of iKY �A in thelargerarray õ .

Object � @ of type B hasa single VPTR to the VTBL of B. Ar-
rays iKY �B and iKY �A areidentical,andhencetheVTBLs of both types
storea referenceto the sameentry of array õ , i.e., ó �A ��ó �B. Fi-
nally, object � A of typeC hasthreeVPTRs.TheVTBL of C stores
the index of the array iKY �C in õ . We alsoseethat � " and � A have
undergonethis adjustment.

In the samefashionwe inlined the first slice by using ó � instead
of iKY � @O , we cannow inline thesecondsliceby using ó �� instead
of iKY � @' . The secondinlining is possiblesincethereis againa
degreeof freedomin theorderin which arraysi�Y � arestoredin õ .
In the test �û��Û� , if it is found that � belongsin slice £ " , then
insteadof using i�Y � @' in the test (13), the compileremitscode
for comparingó �� with the values � � and � � , which are,asusual,
specializedinto the testcode. The entriesin array õ arethenthe
arraysiKY � � producedby truncatingthefirst two entriesof array iKY .
Figure 11 depictsCPQEafter the secondinlining. Note that the
arraysi�Y � � arenotnecessarilydistinct.Theentriesin array õ where
reordered,soSlice 2 couldbeinlinedinto theVTBLs. For example,
thefirst entryin Figure10 is now in position3.

Finding all coalescingopportunitiesamongthe arrays iKY � can be
doneusing bucket sort (in time linear in the total size of all ar-
rays). We canalsoshow that the numberof distinct arrays i�Y � is
exactly the numberof equivalenceclassesin ü -partitioningof � ,
where ü}�9�x�z£ ! . Furthermore,this numberis alwayssmalleror
equalto thesizeof thecore.
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Figure 11: An exampleof CPQE of Figure 10 after the second
inlining

Wefinally notethatCPQEis not limited to C++,nor to theVTBLs
implementation.It is possibleto storethe encodingof eachtype
usingthis two levelsscheme.In doingso,wepresume,justasin all
previously publishedalgorithms,that theuniquepointer ó � canbe
produceddeusex machina from theobject � . Thenó � pointsto ók��
which pointsto array i�Y � �� . This two levelsschemeis similar to the
onedepictedin Figure11,only eachtypehasa singleVTBL.

It shouldbestressedthatthetwo-level structuremakesCPQEslower
thanPQE.Theslowdown is justifiedin theC++sharingalternative.
In otherobject layout models,the time penaltyof the extra indi-
rectionhasto beweighedagainstthepotentialsaving in encoding
lengthof CPQE.

7. Results
Table2 comparesthe encodinglength in bits of PQEandCPQE
with thatof otheralgorithms.PQE,andits variantCPQE,arepre-
sentedwith all optimizations,including length-optimization,het-
erogeneousencodingand the newly suggestedinlining optimiza-
tion.

We seethatPQEencodinglengthimproveson all previously pub-
lishedalgorithms. As explainedabove, the memoryrequirements
of PQEis zerofor all SI hierarchies.As canbe seenin the table,
zeromemoryfootprint occurseven in IDL, which is MI. Theme-
dian improvementwith the next bestalgorithm,NHE, is by 37%,
while theaverageimprovementis 50%.

In addition,PQEtesttimeisconstant,whereasNHE,whichisbased
onbit-vectorencoding,is non-constant.In theEiffel4 hierarchythe
constantBPE hasa total spacerequirementsof 39KB, compared
to 16KB in PQE.Thesedifferencesaresignificantsincesubtyping
testsarefrequent,sotheencodingdatashouldbecached.

If PQEis not optimizedby inlining, thenits encodinglengthwill
increaseby 16 bits. Without this optimization,PQEis betterthan
NHE in 8 out of the13 hierarchies.In two hierarchies(LOV and
Geode),theencodinglengthof NHE is 1 bit shorterthanPQE,in
two hierarchy(Self andJDK 1.18) it is 2 bits shorter, andin one
hierarchy(Eiffel4) it is 9 bits shorter.

We seethat in thefirst four hierarchiesCPQEis not asefficient as
PQE.Thereasonis thatits two-level structureimposesanencoding
lengthof 8 bits evenin verydegeneratehierarchies.

Let � denotethenumberof distinctarraysiKY � in CPQE.Then,we
foundthatwith theexceptionof Eiffel4, Geode,andJDK 1.30, �
waslessthan256. Thus,in all thesehierarchies,ók�� canberepre-
sentedasa singlebyte. We seethatCPQEimprovestheencoding
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Hierarchy CPQE PQE NHE BPE PE DAGa Closureb BM
IDL 8 0 17 32 96 7 27 66
Laure 8 6 23 63 128 10 74 295
Unidraw 8 2 30 63 96 8 31 613
JDK 1.1 8 1 19 32 64 9 26 225
Self 9 39 53 126 344 12 329 1801
Ed 17 36 54 94 216 15 72 434
LOV 21 42 57 94 216 16 77 436
Eiffel4 27 65 72 157 312 15 97 1999
Geode 39 80 95 157 408 21 154 1318
JDK 1.18 9 25 39 94 128 13 48 1704
JDK 1.22 10 36 62 157 184 16 57 4339
JDK 1.30 18 41 65 188 216 16 57 5438
Cecil 10 22 58 94 192 13 65 932� 	c� � 3 ��G�HDJ)LV�
NT�6S5�� 	c� �W�sGIHKJ)LV�
NT�6ST�

Table2: The encodinglength of differ ent algorithms

lengthof PQEby factorsrangingbetween2 and4.3.

Table3 comparestheencodingcreationtime of CPQEwith thatof
NHE andBPE. The creationtime of PQEandPE is the sameas
CPQEandBPE,respectively.

Hierarchy (C)PQEa NHE b (B)PEc

IDL 1 - 5
Laure 4 21 9
Unidraw 1 93 10
JDK 1.1 1 19 10
Self 122 1367 22
Ed 77 136 12
LOV 95 168 10
Eiffel4 299 - 29
Geode 668 1902 28
JDK 1.18 29 - 26
JDK 1.22 140 - 77
JDK 1.30 187 - 90
Cecil 50 - 13�
266Mhz PentiumII�
500Mhz 21164Alpha�
750Mhz PentiumIII, usertime in Linux

Table 3: Encoding creation time in millisecondsof differ ent al-
gorithms

Thecomparisonis not easy, sincethealgorithmswererun on dif-
ferent machines. Algorithm 1 was written in C++ basedon the
PQ-treeimplementationof Leipert [27]. More experimentationis
requiredbeforea faithful and fair comparisonis possible. It ap-
pearsasif PQE,which is basedon a linearalgorithm,outperforms
the quadraticNHE-algorithm. PE andBPE, which usea fast im-
plementationof setunionsandintersectionsusingbit-vectoroper-
ations,seemto bethefastest.TheGeodehierarchyis toughestfor
PQEandNHE. In this hierarchy, the averagetime for processing
a type is lessthanonemillisecondin PQE.In all benchmarksthe
time for computingthePQ-encodingis lessthanasecond.

Table4 presentsvaluesof someinternalparametersin the execu-
tion of PQE andCPQE.The total numberof distinct slicesis t .

The numberof typesin the first slice is denotedby � ! , while � "
is thenumberof typesin sliceswhosesizeis smallerthan8. The
value t � ò}t is thenumberof slicesnot which do not fall in these
two categories.

Hierarchy t � ! ST� � " ST� � " � t[�
IDL 1 100.0% 0.0% 0 0 0
Laure 2 98.0% 2.0% 6 7 0
Unidraw 2 99.7% 0.3% 2 2 0
JDK 1.1 2 99.6% 0.4% 1 1 0
Self 13 97.2% 1.7% 31 63 1
Ed 10 87.8% 4.6% 20 145 2
LOV 12 86.2% 6.0% 26 164 2
Eiffel4 11 89.1% 0.5% 9 376 7
Geode 16 86.0% 1.8% 24 419 7
JDK 1.18 6 97.5% 0.5% 9 74 2
JDK 1.22 8 97.6% 0.3% 12 235 3
JDK 1.30 8 97.7% 0.3% 17 286 3

Table4: Inter nal parametersof PQE and CPQE

Weseein thetablethataverysignificantportionof all typesfall in
thefirst slice;very smallfractionof typesfall into thesmallslices.
Theencodinglengthof PQEis ª
t � F�� " . In CPQEthetotal sizeof
array õ is 	sª[	st[�[Ø�Od�
F8� " �VÄ�� (recallthatasecondinlining was
performed),andtheencodinglengthis therefore

	sªe	st � Ø=OT�TF$� " �kÄ��|S5�VFxGIHKJ)L��4N
�
8. Conclusionsand Future Research
The PQEalgorithm improves the encodinglength,creationtime,
test time and instructioncount of NHE, the most spaceefficient
previously publishedencodingalgorithm. The CPQEvariant,es-
pecially tailoredfor objectlayout like theonein C++, reducesthe
encodinglengthevenfurther.

Themainproblemwhich this paperleavesopenis an incremental
algorithmfor thesubtypingproblem,asrequiredby languagessuch
asJAVA, in which typesmaybeaddedasleavesat runtime. It turns
out thatthePQ-datastructureis not susceptibleto efficient updates
of this sort.

105



Onthetheoreticalside,it wouldbevery interestingto seeany non-
trivial lower boundfor theencodinglength.
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