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Abstract this featuré. The covariance nature of arrays ivA renders sub-
Subtyping testd.e., determining whether one type is a subtype of typing tests necessary in assignments to elements of arrays whose
another, are a frequent operation during the execution of object- dynamic type is unknown. Consider the following code fragment
oriented programs. The challenge is in encoding the hierarchy in a

small space, while simultaneously making sure that subtyping tests voi d f(bj ect x[]) {

have efficient implementation. We present a new scheme for encod- x[ 1] new A();

ing multiple and single inheritance hierarchies, which, in the stan-
dardized hierarchies, reduces the footprint of all previously pub-
lished schemes. The scheme is calkg@-encodingafter PQ-trees

a data structure previously used in graph theory for finding the or- |t may be a bit surprising that the assignmentfd] in f requires
derings that satisfy a collection of constraints. In particular, we a subtyping test. To understand why, consider the call to funttjon
show that in the traditional object layout model, the extra mem- iy which the argument receives a value of typB[ 3] (an array
ory requirements for single inheritance hierarchies is zero. In the ¢ three elements of typB). The function call is legal since type

PQ-encoding subtyping tests are constant time, and use only tvvoB[ 3] is a subtype obhj ect [] (an array of objects). However,
comparisons. Other than PQ-trees, PQ-encoding uses several novghe assignment

optimization techniques. These techniques are applicable also in

f(new B[3]);

improving the performance of other, previously published, encod- x[1] = new A();
ing schemes. . . . . .

is legal only if typeA s a subtype of typ8. Otherwise, the runtime
1 Introduction environment raises adv r ay St or eExcept i on exception.

One of the basic operations in the run time environment of object-
oriented (OO) programs issubtype testGiven an object and a
typed, a subtype test is to determine whether= a(o0), the type

of o, is a subtype ob, i.e., a is a descendant df in the inheri-
tance hierarchy. Such tests (also knowyge inclusiortests), oc-

cur either implicitly in type cast operations, e.dy,nam c_cast

in C++ [32], ?= in EIFFEL [29], or explicitly in the execution of
dedicated lingual constructs such asaJ's [2] i nst anceof , and
SMALLTALK 's[18]i sKi ndOF : method.

Subtyping tests are more frequent than one might think. Covari-
ant overriding of arguments inIEFEL makes it necessary to make
subtyping test in conjunction with calls to procedures which use
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Formally, ahierarchyis a partially ordered seff{,<) whereT is

a set of typesand < is a reflexive, transitive and anti-symmetric
subtype relationlf a,b are types, and < b holds, we say that they
arecomparable thata is a subtypeof b and thath is a supertype

of a. Given a hierarchyT, <), |T| = n, the subtyping problem is

to build a data structure supporting queries of the ok b. The
generation of this data structure is callttodingof the hierarchy.

The subtyping problem has enjoyed considerable attention recently
(see e.g., [21,1, 9, 20, 7, 15, 16, 26, 25, 28, 33, 30]), the challenge
being in simultaneously optimizing its four complexity measures:

Space Encoding methods associate certain data with each type. We
measure the average number of bits per type, also called the
encoding length

Instruction count This is the number of machine instructions in
thetest codeon a certain hardware architecture. There are
indications [25] that the space consumed by the test code,
which can appear many times in a program, can dominate

Lvarious mechanisms of static analysis have been proposed to elim-
inate this requirement, but none of these have been implemented.
2The distinction between type, class, interface, signature, etc., as it
may occur in various languages does not concern us here. We shall
refer to all these collectively as types.



the encodinglength. An encodingis saidto be uniforn® if
thereexists animplementatiorof the testcodein which the
instructioncountdoesnotdependnthesizeof thehierarchy
Only uniform encodingswill interestus.

Testtime Thetime complity of the testcodeis of majorinter-
est. Sincethe testcodemight containloops, the time com-
plexity maynot be constanevenin uniform encodings Our
main concernhere are constanttime encodings(which are
alwaysuniform). To improve timing performanceloops of
non-constantime encodingsnay be unrolled,giving riseto
non-constaninstructioncount, without violating the unifor-
mity condition. (Bit-vectorencoding presentedh Section4,
is an exampleof a uniform encodingwhich is non-constant
time.)

In mostusesof the subtypinglingual constructsthe super

type b, is known at compiletime. The testcode canthen
be specializedby precomputingzaluesdependingon b only

(henceforthdenotedby a “#" prefix), and emitting themas
partof thetestcode.Specializatiorthusbenefitdothinstruc-
tion countandtesttime, andmay even reducethe encoding
length.

Encoding creationtime Anotherimportantcompleity measurés
the time for generatingthe actual encoding. This task is
usually computationallydifficult, so differentcreationalgo-
rithms have beenproposedto the sameencodingscheme.
Thesealgorithmsdiffer in their runningtime and encoding
length.

Themostobvious (uniform) representatioasabinary matrix (BM)
gives constantsubtypingtests,but the encodinglengthis n. This
methodis usefulfor smallhierarchiesndis usede.qg.,for encoding
the JAvA interfaceshierarchy in CACAO 64-bitJIT compiler[19,
24]. However, for a hierarchycontaining5500typesthe total size
of the binary matrix is 3.8MB. The BM can be (non-uniformly)
implementedusing a zero encodinglength and O(n) instruction
count:relyingonspecializationthetestcodefor a X b thenchecks
whethera is amongthe possibly O(n) descendantsf . More
generally a non-uniformencodingis tantamountto representing
the encodingdatastructureas part of the testcode,andtherefore
will notinterestus.

The obsenation that standsbehindthe work on subtypingtestsis
thatthe BM representatiois in practicevery sparseandtherefore
susceptibleo massie optimization. Neverthelessthe numberof
. . i« 00(n2)

partially orderedsets(poset} with n elementsis 2 , sothe
representationf someposetsrequiresQ(n?) bits’. Thus,theen-
codinglengthis ©(n). In otherwords,for arbitraryhierarchieghe
performancef binary matrix is asymptoticallyoptimal.

Let therelation<y bethetransitivereductionof <, i.e.,aminimal
relationwhosetransitiveclosue is <. More precisely relation<4
is definedby the conditionthate <4 b if andonly if a < b,a # b,
andthereisnoc € T suchthata < ¢ < b,a # ¢ # b.

3Thetermis borrovedfrom circuit complexity. A family of circuits
for the size dependenincarnationsof a certainproblemis called
uniform, if thisfamily canbegeneratedy asingleTuringmachine.
4Krall, personatommunicationFeh 2001

5Thenumberof bipartitegraphswith n elementss clearly29("2),
andevery bipartitegraphis alsoa poset.
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Then,anotherolvious solutionto the subtypingproblemis DAG-

encodinghatis basednthedirectedagyclic graph(DAG) defined
by typesas nodesand edgesfrom <. Figure 1 depictsa DAG

topologyrepresentationf a hierarchywhich will sene astherun-

ning exampleof this paper We emplg the usualcorventionthat
edgesaredirectedfrom the subtypeto the supertypeandthattypes
drawn higherin the diagramare consideredyreaterin the subtype
relationship.Thus,G <4 C andH < A.

Figure 1: A small exampleof a multiple subtyping hierarchy

In DAG-encodingallist of parentds storedwith eachtype, result-
ing in total spaceof (n + |<a|)[log n] bits’. The DAG encoding
lengthis therefore(1 + |<4|/n) [log n]. Take notethatthe aver-
agenumberof parents|<q|/n, is small. We will seethatin the
standardbenchmarkhierarchiesit is alwayslessthan2. Unfortu-
nately a subtypingtestin DAG-encodings O(n) time.

The Closue-encodingpresentsanotherobvious point of tradeof
betweenspaceandtesttime. In this encodingwith eachtype we
storea sortedarray of all of its ancestors.Thus, a subtypingtest
is thenimplementedusinga binary searchin time O(log n). The
encodingdengthis (|<|/n) [log n].

BM-, DAG- and Closure-encodingare not very appealingtech-
niques. Previous contributionsin this field includedmary sophis-
ticatedencodingschemesvhich comecloseto DAG-encodingin
spacewhile keepingthetesttime constanbr “almost” constant.

An importantspecialcaseof the problemis singleinheritanceSl),
which occurswhenthe hierarchyDAG takesa treeor foresttopol-
ogyasmandatedby therulesof languagesuchasSMALLTALK [18]
andOBJECTIVE-C [12]. The generalcaseof multiple-inheritance
(M), is moredifficult, andwill be our main concernhere. Based
on PQ-trees[6], a techniquefor searchingan orderingsatisfying
prescribedatonstraintspur PQ-encodingdPQE)algorithmimproves
the encodinglength of all previous results,in the de facto stan-
dardbenchmarkierarchiesThanksto specializatiorandotherop-
timization techniquesPQE achieses, in a standardobjectlayout
model,anencodingengthof zerofor all Sl hierarchiesandevenin
someMI hierarchies.

Yetanothedemandingonstraints thetime for computingtheen-
coding.lt is essentiathata compilerwith whole programinforma-
tionwill beableto finishits computatiorin areasonabléme. PQE
comparedavorablyto previousresultsin thisrespectaswell.

Outline Theremainderof this articleis organizedasfollows. Sec-

5Hereandhenceforthall logarithmsarebasedwo.



tion 2 makes somepertinentdefinitions. The datasetof the 13

hierarchiesusedin our benchmarkings presentedn Section3. A

suney of prior researclis the subjectof Sectiord. This sectionde-
scribesthe slicing techniqueof partitioninga hierarchyfor the pur-

poseof subtypingtests.Thetechniques commonto mary previous
algorithmsfor the problem;it alsostandsasthe basisof the PQE
algorithmwhich is describedn Section5. Section6 presentour
new optimizationtechniquesimproving instructioncount testtime

andencodingength. ThepenultimateSection7 presentsheresults
of runningthesealgorithmson our benchmarkFinally, someopen
problemsanddirectionsfor future researchare mentionedn Sec-
tion 8.

2. Definitions

Givenatypea € T, we definethefollowing sets:descendants(a)
andancestors(a) (which arethe subtypesandsupertype®f a, re-
spectiely), aswell aschildren(a) andparents(a) (the setsof all
immediatesubtypesandsupertype®f a). More precisely

descendants(a) = {b€ T | b < a}
ancestors(a) = {b €T | a < b}
@)
children(a) ={b€ T | b <4 a}
parents(a) = {b € T | a <4 b}
Also for a € T, thevaluelevel(a) is the lengthin nodesof the
longestdirected(upgoing)pathstartingfrom a. The heightof the

hierarchyis the maximallevel amongall typesin 7. The k"-level
of thehierarchyis the setof all typesa for whichlevel(a) = k.

level(a) = 1 + max {level(b) | b € parents(a)} )
height(T") = max {level(a) | a € T'} @
(In the abore definition of level(a), the maximumover an empty
set,is definedaszero. In otherwords, nodeswithout ary parents
aredefinedasbeingin level 1.)
In Figure1 we have that
descendants(A) = {A,C,D,F, G, H}
ancestors(F) = {A,B, C,F}
children(A) = {C, D}
parents(F) = {C}
level(F) =3
This hierarchyhasthreelevels: with two, three,andfour types.

Thefollowing definitionswill alsobecomepertinent:

roots(T) = {a € T | parents(a) = 0}
3)
leaves(T') = {a € T'| children(a) = 0}
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In our runningexamplewe have
roots(T') = {A,B}
leaves(T) = {F, G, H, I}

3. Data Set

To benchmarkthe algorithms,we usethe 9 multiple inheritance
hierarchiesusedby Eckel and Gil [14] in their benchmarkof ob-

jectlayouttechniques.Threenew JavA hierarchiesandthe Cecil

compilerhierarchy[10], wereaddedto this benchmark.This data
setrepresentsanarrayof large hierarchiegdravn from variousOO

languages.In particular the setincludesall multiple-inheritance
hierarchiesusedin previous studiesof encodingschemeg28, 30,

26, 25]. Thereaderis referredto [14] for the detaileddescription
of thesehierarchies Oneof thefindingsin [14] is thatmary topo-

logical propertiesof typical hierarchiesare similar to thoseof bal-

ancedtrees. This makesit possibleto find moreefficient encoding
for hierarchiesusedin practice. Comparisorof differentencoding
schemess doneover thesel3 hierarchiesvhich have now become
adefactostandardenchmark.

Somestatisticalinformation on our datasetscanbe foundin Ta-
ble 1. The numberof typesrangeshetween66 and5,438. In total
the 13 hierarchiegepresenbver 19,500types.

Hierarchy | n [<al/n | |=<]/n @B | ~°] |T|/n
IDL 66 098| 3.83| 8| 6| 7 15%
Laure 295 1.07 8.13|16( 11| 9 18%
Unidraw 613 0.78 3.02| 9| 8|10 4%
JDK 1.1 225 1.04 317 7| 6| 8 15%
Self 1801 1.02| 29.89| 40| 16| 11 9%
Ed 434 1.66| 7.99(23|10| 9 61%
LOV 436 1.71 850|124 9| 9 62%
Eiffel4 1999 1.28| 8.78(39|17|11 46%
Geode 1318 1.89| 13.99|50( 13| 11 75%
JDK 1.18 | 1704 1.10 435|16| 9|11 18%
JDK 1.22 | 4339 1.19 43717 9|13 22%
JDK 1.30 | 5438 1.17 4.37119| 9|13 21%
Cecil 932 1.21| 6.47|23|12|10 33%

“max{|ancestors(a)| | a € T'}

bheight

“[log n]

Table 1: Topologicalpropertiesof hierarchiesin our data set

We seein thattablethatthe averagenumberof parents|<g4|/n, is

alwayslessthan2. On the otherhand,the averagenumberof an-
cestors|<|/n, is large. In the Self hierarchya type hasin average
almost30 ancestors! The maximalnumberof ancestorplaysan
importantfactorin the compleity of someof the algorithms. We
seethatthereexistsatypein the Geodehierarchywhich has50 an-
cestorsn total. In comparingheheightof the hierarchywith log n

we seethatthehierarchiesareshallov; their heightis similarto that
of abalancedinarytree.

Finally, we canlearna bit moreon the topologyof inheritancehi-
erarchyby consideringhe setT”, which canbe thoughtasthe M
core of the hierarchy Formally, atypeis in the coreif it hasa de-
scendantvith morethanoneparent.Corversely thesetT \ T” is a
collectionof maximalsubtreesliscoseredin a bottom-upsearchof



thehierarchy It waspreviously noticed[25] thatencodings easier
if the coreis consideredirst, andthe bottomtreesof T\ 7" are
addedto the encodinglater. In Table1 we seethatin mosthierar

chiesthecoreis rathersmall, typically lessthanhalf the numberof

types.Treatingthe coreandthebottomtreesseparatelwill reduce
theruntime of PQE.

4. Previous Work

This sectiongives an overvien of variousencodingmethodspro-
posedin theliterature. We describethe datastructureusedin each
suchencoding,and how it is decipheredo implementsubtyping
tests.Little if ary attentionis devotedto describingthe actualgen-
erationof the datastructureandthe theorybehindit.

Perhapshemostelegantalgorithmfor encodings relativenumber
ing [31] (alsocalledScuberts numbering which guaranteeboth
optimal encodinglengthof [log ] bits andconstantime subtyp-
ing tests. However, theseachiezementsare only possiblein a Sl
hierarchy For atypeb € T, let r, denoteits ordinal (i.e., anin-
tegerin therangel,...,n) in a postordertraversalof T'. A basic
propertyof postordetraversalis that

ry = max{r, | a < b}. 4
Letl, bedefinedby
Iy = min{r, | a < b}. (5)

Combining(4), (5) with the factthatin postordeitraversalthe de-
scendantsf ary typeareassigneaonsecutiely, wefind thata < b
iff

#ly <ra < #rp. (6)

Thus, in relative numbering,eachtype a is encodedby an inter-

val [la, re] asexemplified by Figure2. We amguethatsinceb is

known at compiletime, the subtypingtestcode(6) canbe special-
ized by eliminating the memoryfetch of constantd, andr,. In

doing so, we find that the valuesl, neednot be stored. The to-

tal encodinglengthin our improved versionof relative numbering
is [log n].

Figure 2: Relative numbering in atreehierarchy

Relative numberingis usedin CACAO [19, 24] for representing
the JavA classinheritancehierarchy. (RecallthatBM is usedin
CACAO for theinterfaceshierarchy) Range-compressidd], de-
scribedbelaw, is ageneralizatiorof relative numberingfor MI.

Cohens algorithm [11], which can be thoughtof as a variant of
Dijkstra’s displays[13], is yet anotheralgorithminitially designed
for Sl hierarchies,and later generalizedby Packed Encodingto

"Krall, personatommunicationFeh 2001

MI. Thealgorithm,whichis implementedaspartof the DEC SRC
MoDULA-3 system[8], relieson hierarchieseingrelatively shal-
low, andmoreso, ontypeshaving a smallnumberof ancestorsAs
Tablel shaws, thisis indeedthe caseevenin our Ml hierarchiesA
typea is allocatedwith anarrayr, of size

level(a) < |ancestors(a)|
(in Sl,level(a) = |ancestors(a)|), with entriesfor each
b € ancestors(a).

Specifically b > a is storedin locationlevel(b) in arrayr,. Thus,
checkingwhetherb > a canbe carriedout by checkingwhetherb
indeedoccursin location level(b) of arrayr,. The encodingis
optimizedby not storingb itself in this location, but ratheranid,
whichis uniqgueamongall typesin its level.

Sincedifferentlevelscomein differentsizes someid’smayrequire
fewer bits thanothers. Typically, anid is storedin eithera single
byte or in a 16 bits word. It is even possibleto packseveralid’s
into asinglebyte. As aresultof this compressiorthe entriesof r,,
which are not of equalsize, cannotbe referencedusing ordinary
arrayaccesoperations.We saythatr is a pseudoarray, anduse
thenotationr @i insteadof r[4] for denotingarrayaccessNotethat
if theindex i is known at compiletime, thena pseudo-arrapccess
is the sameas recordmemberselection,andis no slower thana
non-pseudarrayaccess.Pseudo-arrayare only used,if in all of
theirindexing operationstheindex is known atcompiletime.

Cohens encodingstoreswith eachtypea its level, I, = level(a),
its uniqueid within this level id,, aswell asthe pseudoarrayr,,
suchthatfor eachb € ancestors(a),

'l"a,@lb = # ldb . (7)

Thetesta X b is carriedout by checkingthatl, > #l, andthen
that(7) holds.Notethatl, is known atcompiletime.

An exampleof theactualencodings givenin Figure3.

Figure 3: Cohen’s encodingof the treehierarchy of Figure 2

Thearrayboundarycheckl, > #l; is notelegant. We found that
it canbe eliminatedin the price of allocatingglobally uniqueid’s.
Then,it is possibleto concatenat¢he arrays,makingsurethatthe
largestarrayis atthe end. Evenif thereis anoverflow in thearray
access, [ls], thelocationfoundwill notcontainids.

Cohens algorithmwasgeneralizedo MI by Vitek, Horspooland
Krall [25] into whatis calledPacked Encoding(PE)andBit-Padked
Encoding(BPE), which are both constantime methods.A com-
mon themeto Cohens algorithm, PE, BPE and our algorithmis



slicing, in whichthe setT is partitionedinto disjoint slices(some-
timescalledbuckets)S;, . . ., Sk. For eachslice S; we storetheen-
tire informationrequiredto answerqueriesof thesorta X b,a € T
andb € S, i.e., queriesin which the supertypeds dravn from S;.
Typea hasapseudarrayr, of lengthk, wherer, @i holdsinfor-
mationfor slice S;. In essencewe store,in avery compressetbr-
mat,thesetof descendantsf eachelemenin S;. Thecompression
is possiblesincethereis a greatdealof sharingin the descendants
setof differentmemberof S;.

PE associatewiith eachtypea € T auniqueintegerid, within its
slice s,, sothata is identifiedby the pair (s,,id,). Also associ-
atedwith a is a bytearrayr,, suchthatfor all b € ancestors(a),
index s, storesidy, i.e.,

Ta [Sb] = # idb . (8)

A necessargndsuficientconditionfor a < b to holdis then(8). It
shouldbe clearthatno two ancestorsf a canbeonthesameslice.
Thus,thenumberof slicesis atleastthesizeof thelargestancestors
set,whichis describedn Tablel.

Comparing(8) with (7), we seethatslicesplay arole similarto that
of levelsin Cohensalgorithm.In fact,Cohen$ algorithmpartitions
the hierarchyinto height(T") anti-chain&, while PE partitionsthe
hierarchyinto anti-chainswhereno two elementdn an anti-chain
have acommondescendantrall [15], who obseredthatthis tech-
niguemight be usedfor subtypingtests,notedthatit is NP-hardto

find a minimal suchpartition, and stoppedshortof finding a con-
stanttime subtypingtest. Theheuristicsuggesteth [25] alongwith

the constantime subtypetestmadePEviable.

PE constrainseachslice to a maximumof 255 types,sothatid,
canalwaysbe representedy a singlebyte. The encodinglength
is then8k, wherek is the numberof slices. The inventorsof PE
obseredthatk is usuallythe maximalnumberof ancestorsinless
MI is heavily used.

Figure 4: PE representationof the hierarchy of Figure 1

ConsiderFigure4 for anexampleof PErepresentationf thehierar
chy of Figurel. Thetypesof the hierarchyarepartitionedinto five
differentslices:S1 = {A}, S2 = {B}, S3 = {D}, S4 = {C,E},
andSs = {F,G,H,I}. Thisis the smallestpossiblenumberof
slices,sincetypeF (for example)hasfive ancestors.

8 An anti-chainis asetof types wherenotwo typesarecomparable.
Clearly, eachlevel is ananti-chain.
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The only differencebetweerBPE andPE is that BPE permitstwo
slicesor more to be representedvithin a single byte. Thus, in
BPE r, is a pseudoarray andthe array accesdn (8) becomesa
pseudaarrayaccess:

ra@sb = # idb . (9)

Startingfrom Figure4 we canrepresenslicesS;, S» andSs using
a singlebit, S4 usingtwo bits, and S5 in threebits, for a total of
sevenbits, which canfit into asinglebyte.

Bit-vectorencodingis oneof the mostexploreddirectionsin prior
art. In this schemegachtype a is encodedasa vectorvec, of k
bits. If vec,[i] = 1 thenwe saythata hasgenei. Let ¢(a) bethe
setof genesof a. Relationa < b holdsiff ¢(a) D ¢(b), which
canbe easily checled by maskingvec, againstvec,, specifically
applyingthetest:

vecy A\ vec, = vecy . (10)

Figure5 givesan exampleof bit-vectorencodingof the hierarchy

of Figurel.
vec e 010000
4
OO
D

111001 111100 110110 010011
OO ONO

Figure5: Bit-vector encodingof the hierarchy of Figure 1.
(In eachtype we only write the genest addsto its parents.)

100000

111000

Bit-vectorencodingeffectively embedshe hierarchyin the lattice
of subsetsof {1,...,k}. It is always possibleto do so by set-
ting k = n andin letting vec,, betherow of the BM which corre-
sponddoa. A simplecountingargumentshavsthatk mustdepend
on the size of the hierarchy Hence,bit-vector encodingis non-
constantime, but it is uniform. For efficiency reasonstheimplicit

loop in (10) is unrolled, giving rise to a non-constantnstruction
count.

The challengeéis in finding the minimal & for which suchan em-
beddingof the hierarchyin a lattice is possible. The problemis

NP-hard[20], but severalgoodheuristicswereproposedincluding
Kaci, Boyer, Lincoln, andNasr[21] work, Caseats CompacHier-

archical Encoding[9], laterimproved by Habib, CaseauNourine
andRaynaud28]. Currently NearOptimalHierarchical Encoding
(NHE) dueto Krall, Vitek andHoorspool[26], is thebestbit vector
encoding.

It is only naturalto askthenwhetherit is possibleto promisecon-
stantencodinglength while maintaininguniformity and “almost
constant’time. An affirmative answerto this questionwas given
by Agrawal, BorgidaandJagadisH1] in their range-compession
encodingwhich generalizeselative numbering. Rangecompres-
sion encodeseachtype b as an integer id,, with its ordinal in a
postorderscanof a certainspanningforestof the hierarchy Then,



theset®(b) of id’s of thedescendantsf b,

®(b) = {ida | a € descendants(b)}, (11)
is representetly anarrayof consecutie disjointintenals

@1, r,@1], [le @2, 7, @2], . . ., [l @k (D), 7o @K(D)].
Thus,a < b iff

#L@i <ida < #rp@i (12)

holdsfor somei, 1 < ¢ < k(b). In Sl, all descendantsf a type
are assignecconsecutie numberingin a postorderraversal,and
thereforethe set (11) can be representedising a single intenal.
Theencodinghendegenerateso relative numbering.

Figure 6 gives a range-compressioancodingof the hierarchyof
Figurel. We have for example
®(B)={1,2,3,5,6,7,8,9}

whichcanberepresentedstwointervals[1, 3] and[5, 9]. Thus,ls =
{1,5},re = {3,9} andk(B) = 2.

[ly,rad[l2,r2],... [1.6]

>

. /[2,2],[5,6]
c D

Figure 6: Range-compeessionencodingof the hierarchy of Fig-
ure 1. (Edgesof the spanningforestarein bold.)

Examining(12) we seethatonly id, hasto be storedfor atypea,
sinceeverythingelseis specializednto the subtypingtestsite. The
specializatiorreducesheencodingengthto [log n], butataprice
of increasingthe instructioncount from constantto k(b), which
canbe in the orderof n. In all of our hierarchieshowever, the
averagek(b) wasalwayslessthan2. The maximalk(b) = 55 was
foundin the Geodehierarchy

Theusualstraightforvardimplementatiorof rangecompressiome-
quiresO(k(b)) time. If k(b) is large thena binary searchon (12)
reduceghetime to O(log k(b)). Notethatthis fasterimplementa-
tion doesnothingto improve theinstructioncountin thespecialized
implementatiorwhichremainsQ(k(b)).

Other non-constanencodingtechniqueswvere usedin large data-
andknowledge-bases.g.,modulationtechniqueg21, 15], sparse
termsencoding[16], andrepresentatiomsingunionof interval or-
ders[7]. The commonobjective is a small average,ratherthan
worst-casefime for testing,which may be consideredunsuitable
for objectorientedapplications.

5. PQ-Encoding

This sectiondescribesPQE, an encodingschemewhich achiees
the smallestspacerequirementamongall previously publishedal-
gorithms.PQEcombinegheideasof relative numberingwith slic-
ing asusedin PEandBPE.Eachtypea belongsn aslices,. Also,
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for eachtypea we storeanintenal [1,, 7, ] anda pseudaarrayid,,
suchthata < b iff

#ly <idg @sp < F#7p. (13)

Sinceb is knowvn at compiletime, testing(13) requiresexactly the
samenumberof RISCinstructionsasrelative numbering(6). Also,
since(13)is similar to boundariexheckin anarrayaccessit may
befurtheroptimizedon architecturewith dedicatednstructionsfor
this kind of check.

Figure 7 describesa PQE representatiomf our running example.
Notethatthe encodingusesonly oneslice.

O

Figure 7: PQ-encodingof the hierarchy of Figure 1

A slice S C T in PQEis asetof types,maximalwith respecto the
propertythatthereis anorderingr of 7' suchthatall descendants
of ary a € S occurconsecutivelyn 7. This propertymalesis
possibleto representhe setof all descendantsf a usingmerely
two integers,asrequiredby (13).

ThenamePQ-encodings derived from the maintool usedin find-
ing thesemaximalslices:PQ-treesThis datastructures theinven-
tion of BoothandLeuker [6] who usedit to testfor the consecutive
1'spropertyin binarymatricef sizer x s andin time O(k+r+s)
wherek is thenumberof 1'sin thematrix. Theirresultgaveriseto
thefirstlineartimealgorithmfor recognizingnterval graphs Later,
PQ-treesvere usedfor othergraph-theoreticaproblems,suchas
on-lineplanaritytesting[3, 4] andmaximumplanarembedding$5,
22,23].

Therearethreekinds of a nodesin a PQ-tree: a leaf which rep-
resentsa memberof a given setU, a Q-nodewhich represents
the constraintthat all of its childrenmustoccurin the orderthey
occurin the treeor in reverseorder and a P-nodewhich speci-
fies thatits childrenmustoccurtogethey but in ary order As a
whole, a PQ-treeP represents subsebf the orderingsof U, de-
notedby consistent(P). The orderingof U obtainedby a DFS
traversalof P, is denotedrontier(P). Two transformation®f P
presere consistent(P): swappingary two childrenof a P-node,
andreversingthe order of the childrenof a Q-node. PQ-treesP;
and?P; areequivalent(P, = P») if P2 canbereachedrom P, by
aseriesof thesetransformationsThus,

consistent(P) = {frontier(P’) | P' = P} (14)
The univesal PQ-treg denotedP?, hasa P-nodeasa root anda
leaf for every memberof U.

Let ¢ be a collection of subsetsof a setU, i.e., ¢ C 2V and
letII(¢) bethecollection(whichmightbeempty)of all orderingsr
of U suchthatthememberof eachl € ¢ occurconsecutiely in .



THEOREM 5.1 (BOOTH-LEUKER (1976)). For everycollec-
tion of constaints ¢ there existsa PQ-tree P, andfor everytreeP
there existsa collectionof constaints ¢ sud that

I1(p) = consistent(P).

Constructvely, thetreeP canbegeneratedrom ¢ by letting

PP
andmakingthe procedurecall
reduce(P,I)

for eachl € . Procedureeduce(P,I) first checkswhetherthere
isaP’, P’ = P, suchthatthe elementf I appearconsecutiely

in frontier(P’). Theprocedureabortsif no suchP’ is found. Pro-

cedurereduce then conductsa bottom up traversalof the nodes
of P. At eachstep,oneof standarctleven PQ-treetransformations
is applied,until all elementsof I appearconsecutiely in all con-

sistentorderings.Thetime compleity is O(|I]).

Algorithm 1 shavs how the actualconstructiorof the encodingis
carriedout. At theterminationof thefirst outerloop (lines3-9),the
PQ-treesS[1], ..., S[¢ — 1] representhe? — 1 slicesgeneratedby
thealgorithm.Then,all thatremainds to assignuniqueid’s within
eachslice,andto computetheid’s of the right-mostandleft-most
id’s amongthe descendantsf eachtype within eachslice. The
time compleity is O ((£ — 1)|<]).

Theorderatwhich typesareinsertedinto PQ-treesn line 3 is un-
specified. This line is the main sourceof non-determinismn our
algorithm. After having tried several traversalorders,including
a randomone, we concludedthat the differencesin the encoding
lengthis small. It appearhowever thatthebestresultsareobtained
by areversetopological-ordeiin which the leaveswith the largest
numberof ancestorarevisitedfirst.

1: S[1] « P°?
/I S is anarray of theslices(representedis PQ-trees)
/I createdsofar.
: £ «+ 1/ Theindex of thefirstunusedPQ-treein S.
: For all @ € T do// Find a PQ-treeconsistentith typea.
Fors=1,...,£ do
reduce(S[s].descendants(a))
exit loop if reduce succeeded
Sq — S
If s=£then// Starta new univelsal PQ-tree
L L+1;S[f] « P°
:Fors=1,...,¢—1do/l Assignuniqueid’s
11: id « 1// Thefirstunusedd in theslice S[s].
12:  For all a € frontier(S[s]) do
13: idg @s « id; id «+ id +1
14: For all @ € T do// Assignanintervalto ead typea
15: D < {idy @sq | b € descendants(a)};
16: I, < min(D); r, < max(D)

COONODURWN

Algorithm 1: PQEalgorithmfor a hierarchy(T, <)

We next describeseveral optimizationstechniquedargetedat im-
proving variouscompleity measuresf theencoding.
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The first suchoptimizationreduceshe encodinglengthas gener
atedby Algorithm 1. Let

D={b|3aecSeb<a}l,

be the set of descendantsf a slice S. Then,|S| < |D|. For

someof the smallersliceswe might even have that | D| is close
to n. Thelengthoptimizationrelieson the obserationthatin these
casest is possibleto reuseid’s while numberingthe typesin D.

The critical point to noteis thattwo typesb;, b2 € D needto be

assigneddistinct identifiersonly if thereis atypea € S, such
thatb; € descendants(a), while b, ¢ descendants(a) (or vice

versa).Phrasedlifferently, .S partitionsT” into equivalenceclasses,
suchthattypesb; andb, arein thesameequialenceclassif

ancestors(b1)NS = ancestors(b2)NS. (15)

We call this the S-partitioning of T'. NotethatEy = T \ D is
a singleequivalenceclass,which canbe assignedhe specialid 0,
whichis not containedn ary interval. The minimal range(number
of differentid’s) neededo encodea slice S is exactly the number
of equivalenceclassesn S-partitioningof 7'. We next shav that
theminimal rangeis alwayslower thantwice the sizeof aslice.

Now, PQEensureshatfor everya € S thereis anintenal I, which
consistof descendants(a). These|S| intenals partitionthetypes
in D into atmost2|S| — 1 sggmentssuchthatall typesin thesame
segmentcanreceve the sameid.

Considerfor exampleFigure 8 in which the typesin D wereini-
tially numbereds,...,15. Intervals I;, I> and I3 drawn in the
figurepartitionD into 5 = 2 - 3 — 1 segments.Thisis themaximal
possiblenumberof segments sinceevery typein D mustbelongto
atleastoneintenal.

6 7 9 441
Tt

|
T
13 14)A 154 416
|
|

| |
\ \
0 11}112

Gs G4 Gs/ /

A

Figure 8: Reducingthe range neededfor PQE

We have then

THEOREM 5.2. LetS C T bea slice obtainedby PQE. Then,
theintegral range required for numberindT is at most

min(2|S|, |T|).

Every equvalenceclass, except Ey, is a collection of sggments,
which proved Theorem5.2. For example,Ey = {1,2,16}, E; =
Gi1, E2 = G, E3 = G3 UG5, andE4 = Gy.

In all hierarchiesn the dataset,we foundthatall slices,exceptthe
first, were of size 128 or less. Thus, thanksto Theorem5.2, id,
canberepresentedsa byte array with eachslice addinga single
byte to the encodinglength. The first slice receves somespecial
handlingaswill bedescribedelowr in Section6.



It is possibleto modify the PQEalgorithmto ensurethatall but one
slice hastheir rangeboundedby 255. An applicationof reduce
(line 5 in Algorithm 1) to a PQ-tree(otherthanthefirst) is simply
revokedif therangerequiredfor numberingexceed255° Storing
the currentrequirednumberingrangeof a PQ-tree,and updating
it with eachreduce is straightforvard. One canalsomanagehe
equivalenceclasse®f all slicesincrementallyin O(|<|) totaltime.

The secondoptimizationreduceghe time of runningAlgorithm 1

by pruningin apreprocessingtageall bottom-treegseeSection3);

a lighter machineryis thenusedto producethe encodingof those.
After the PQ-encodingf the coreis generatedielative numbering
of eachbottom-treds insertedinto theintenal of its root, afteran
appropriatesxpansionof thisinterval. (SeeFigure9 for anillustra-

tion of this process.).

I'x

Iw rw

Figure9: Inserting a bottom-tr eeinto an existing PQ-encoding

The third optimization, hetepgeneousencoding is an encoding-
length optimizationtechnique. Recallthatin BM-encodingeach
type addsexactly one bit to the encodingof all othertypes. The
PQ-encodingf a smallslicewith k£ < 8 typesaddsa byte to the
arrayid, of eachothertype a, which is lessefficient than using
BM-encodingfor typesin this slice. In heterogeneousncoding,
subtypingtestsa X b, whereb belongsn suchasmallslice,areim-

plementedusingBM-encoding.Sinceb is known at compiletime,

the compiler can choosethe appropriatecodeto plant at the sub-
typingtest. We foundthatheterogeneousncodingmaygive riseto

significantimprovementto theencodingength. Ontheotherhand,
thetotalnumberof typesin smallslicesis negligible, andtherefore
we do hot expecta noticeableimpacton the instructioncountand
testtime.

6. Inlining and CoalescingOptimizations
Sofarit wastacitly assumedhatin thetesta X b thatthetypea is
givenatruntime. In reality, however thetype a mustbe computed
from a certainobjecto. The traditional object model[17] stores
with eachobjecto a pointerp,, to a memoryblock with run time
representatiomf the type a of o. The variousencodingschemes
storetheir auxiliary informationin this area,calledRTTI (runtime
typeinformation)in the C++ jargon. The object-orientegbaradigm
mandatesther usesto the RTTI records,including dispatching,
downcastingandgarbagecollection.

Inlining optimizationmakes useof the degree of freedomin that
the compilerhasin placingtheserecordsin memory The simplest
applicationof inlining is in relatve numbering:The RTTI records
areplacedin memoryin the sameorderaspostordeitraversal. In

doingso,p, canplaythesamerole asr,. As aresult,theencoding
lengthis reducedo zeroandoneload instructionin the subtyping
testis saved.

9Notethatthis doesnot necessariljiappenwhentheslicesizehits
128.
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Similarly, in range-compressiofi2), we canusep, insteadof the
globalid,. If specializationis usedthenwe obtainan encoding
schemewith zero encodinglength, but non-constantesttime or
instructioncount.

In PQE, inlining is usedto representheid’s of typeswith respect
to thefirst slice,specificallyid, @1 for all typesa. In otherwords,
thefirst entryin the pseudaarrayid,, is encodedsp, . Thesasing

is significantsincethefirst sliceoccupieghelargestnumberof bits.

Inlining alsosaresoneload instructionin the casethattype b be-

longsin thefirst slice. Sincethefirst slice constitutesaround90%

of thetypes,we expectthis saving to leadto a noticeablesaring in

theaveragetesttime.

Thus,in PQE,therearethreekinds of slices. Thefirst sliceis in-
lined. Heterogeneousncodingbasedon binary matrix representa-
tion is usedfor the smallslices(with fewer than8 types). Eachof
theremainingslicesoccupiesasinglebytein thearrayid.

We couldthink of no straightforvardway for applyinginlining nei-
therfor bit-vectorencodingsor for Cohens algorithmandits gen-
eralizationsPEandBPE.

Anotherintricacy which is often overlooked in subtypingtestsis
thatevenfetchingthepointerp, from theobjecto, maynotbetriv-

ial. In the presence®f multiple inheritancetraditionalobjectlayout
schemesreinclinedto storeseveral pointersin anobjectto various
RTTI records.Thereasoris aphenomenosometimegalledt hi s

adjustmenbccurringin upcastsn amultiple inheritancehierarchy
After sucha cast,a pointerto an objectdoesnot necessarilyoint
to its start.

For the sale of concretenesdget us usethe object layout model
of C++. In this model, thereare various pointers,called VPTRs
to the dispatchingtables,called VTBLs. No matterwhatt hi s-
adjustmentook place,it is alwayspossibleto fetcha VPTR from
anobject. Thedifficulty in applyinginlining in this model,is that
thereis nouniquevaluep, for atypea.

Obsenethatthesubtypeestsof relative numbering6), rangecom-
pression(12),andPQE(13), checkfor inequalityratherthanequal-
ity. Thus,inlining canbedoneevenif p, is notuniqueby allocating
a rangeof memoryaddressesatherthana single addressasthe
valuer, (asin (6)) or theid (asin (12) and(13)).

Yet anotherintricagy posedby C++ is the locationin memory of
the subtypedataasgeneratedy the encodingalgorithm. If there
areseveral VTBLSs, thenanimplementerfacesthe dilemmaof ei-
ther duplicatingthis datain eachVTBL, or usinganotherevel of
indirectionfrom all the VTBLs of a certainclassto a sharedsub-
typing encoding. Not only sharingincurs a run time penalty it
alsoincreaseshe memoryoverheadby a pointerfor eachVTBL
of eachclass.With the reductionin encodingength,asofferedby
algorithmssuchasPQE,the alternative of duplicationseemanore
appealing. In consideringthe tradeof, it shouldbe remembered
thatthenumberof VTBLs maybein theorderof thenumberof an-
cestord17]. Empiricaldataon thenumberof VTBLs canbefound
in [14].

If thesharingalternatveis chosenthenanothereductionin theen-
codinglengthcanbe achieved by coalescingheid arraysof PQE.



We now turn to describingCoalesced®Q-Encoding CPQE).

Recallthat the first entry of the pseudoarrayid, hasanimplicit
representatioueto inlining. Let id), denotethe arrayid, after
truncatingits first entry andlet p, denotethepointertoid;, (which
is storedin all VTBLs of typea). If severalid’ arraysbelongingto
differenttypesareidentical,they canbe storedonly once. All the
distinctarraysid’ arestoredin onelarge arraydenotedZ. We also
notethatif the numberof differentid’ arraysis small,thenp, can
bereplacedy theindex of id, in thelargearray Z.

01 02 (g, 04
B R I R
’1] VTBL Hl|VTBLHl| VTBL HGIVTBL‘ 6|VTBL ’6| VTBL ‘
5 Z_ WL "
Slice2 | 3 2 5
Slice3 | 6 8 61 ... |
Slice4 | 7 9 7 ]

Figure 10: An exampleof the memory layout in CPQE

An exampleof the memorylayoutin CPQEis in Figure10. In the
figure, we seetwo instances; ando, of type A. Eachof these
objectshastwo pointersto the two VTBLs of classA. Eachof
theseVTBLs storeg;, which pointsto thearrayid,. Sincethetotal
numberof differentid’ arraysis small,insteadof storinga pointer
toidj, the VTBLs storetheindex of id}, in thelargerarray Z.

Objectos of type B hasa single VPTR to the VTBL of B. Ar-
raysidy andidj areidentical,andhencethe VTBLs of bothtypes
storea referenceto the sameentry of array Z, i.e., p» = pg. Fi-
nally, objecto4 of typeC hasthreeVPTRs. TheVTBL of C stores
theindex of the arrayid; in Z. We alsoseethatos andos have
undegonet hi s adjustment.

In the samefashionwe inlined the first slice by using p,, instead
of id, @1, we cannow inline the secondslice by usingp;, instead
of id, @2. The secondinlining is possiblesincethereis againa
degreeof freedomin the orderin which arraysid’ arestoredin Z.
In thetesta X b, if it is found that b belongsin slice S», then
insteadof usingid, @2 in the test(13), the compiler emits code
for comparingp,, with the valuesl, andry, which are, asusual,
specializednto the testcode. The entriesin array Z arethenthe
arraysid” producedy truncatingthefirst two entriesof arrayid.

Figure 11 depictsCPQE after the secondinlining. Note that the
arraysid” arenotnecessarilglistinct. Theentriesin arrayZ where
reorderedsosSlice 2 couldbeinlinedinto the VTBLs. For example,
thefirst entryin Figure10is now in position3.

Finding all coalescingopportunitiesamongthe arraysid’ canbe
doneusing bucket sort (in time linear in the total size of all ar
rays). We canalsoshav thatthe numberof distinctarraysid’ is
exactly the numberof equivalenceclassesn G-partitioningof T',
whereG = T\ Si. Furthermorethis numberis alwayssmalleror
equalto thesizeof thecore.
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Figure 11: An exampleof CPQE of Figure 10 after the second
inlining

We finally notethat CPQEis notlimited to C++, norto the VTBLs
implementation. It is possibleto storethe encodingof eachtype
usingthistwo levelsschemeln doingso,we presumejustasin all
previously publishedalgorithms thatthe uniquepointerp, canbe
produceddeusex macina from the objecto. Thenp, pointsto p,
which pointsto arrayid.,. This two levelsschemds similar to the
onedepictedn Figurell,only eachtypehasasingleVTBL.

It shouldbestressedhatthetwo-level structurenakesCPQEslowver
thanPQE.Theslowdown is justifiedin the C++ sharingalternatve.

In other objectlayout models,the time penaltyof the extra indi-

rectionhasto be weighedagainstthe potentialsaving in encoding
lengthof CPQE.

7. Results

Table 2 compareghe encodinglengthin bits of PQEand CPQE
with thatof otheralgorithms.PQE,andits variant CPQE ,arepre-
sentedwith all optimizations,including length-optimization het-
erogeneougncodingand the nenly suggestednlining optimiza-
tion.

We seethat PQE encodinglengthimproveson all previously pub-
lished algorithms. As explainedabove, the memoryrequirements
of PQEis zerofor all Sl hierarchies.As canbe seenin the table,
zeromemoryfootprint occursevenin IDL, which is MI. The me-
dianimprovementwith the next bestalgorithm, NHE, is by 37%,
while theaveragemprovementis 50%.

In addition,PQEtesttimeis constantwhereadNHE, whichis based
onbit-vectorencodingjs non-constantln theEiffel4 hierarchythe
constantBPE hasa total spacerequirementof 39KB, compared
to 16KB in PQE.Thesedifferencesaresignificantsincesubtyping
testsarefrequent,sotheencodingdatashouldbe cached.

If PQEis not optimizedby inlining, thenits encodinglengthwill

increaseby 16 bits. Without this optimization,PQEis betterthan
NHE in 8 out of the 13 hierarchies.In two hierarchieqLOV and
Geode) the encodinglengthof NHE is 1 bit shorterthan PQE,in
two hierarchy(Self and JDK 1.18)it is 2 bits shorter andin one
hierarchy(Eiffel4) it is 9 bits shorter

We seethatin thefirst four hierarchiesCPQEis not asefficient as
PQE.Thereasoris thatits two-level structuremposesanencoding
lengthof 8 bits evenin very degeneratéiierarchies.

Let m denotethe numberof distinctarraysid’ in CPQE.Then,we
foundthatwith the exceptionof Eiffel4, Geode,andJDK 1.30,m
waslessthan256. Thus,in all thesehierarchiesp, canberepre-
sentedasa singlebyte. We seethat CPQEimprovesthe encoding



Hierarchy | CPQE | PQE | NHE | BPE | PE | DAG® | Closur@ | BM

IDL 8 0 17 32| 96 7 27 66
Laure 8 6 23 63 | 128 10 74| 295
Unidraw 8 2 30 63| 96 8 31| 613
JDK1.1 8 1 19 32| 64 9 26 | 225
Self 9 39 53| 126 | 344 12 329 | 1801
Ed 17 36 54 94 | 216 15 72| 434
LOV 21 42 57 94 | 216 16 77| 436
Eiffel4 27 65 72 | 157 | 312 15 97 | 1999
Geode 39 80 95| 157 | 408 21 154 | 1318
JDK 1.18 9 25 39 94 | 128 13 48 | 1704
JDK 1.22 10 36 62 | 157 | 184 16 57 | 4339
JDK 1.30 18 41 65| 188 | 216 16 57 | 5438
Cecll 10 22 58 94 | 192 13 65| 932

*(|<a|[log n])/n
*(I=INog n1)/n

Table 2: The encodinglength of differ ent algorithms

lengthof PQEby factorsrangingbetweer? and4.3.

Table3 compareshe encodingcreationtime of CPQEwith thatof
NHE and BPE. The creationtime of PQE and PE is the sameas
CPQEandBPE,respectiely.

Hierarchy | (C)PQE? | NHEP® | (B)PE®
IDL 1 - 5
Laure 4 21 9
Unidraw 1 93 10
JDK 1.1 1 19 10
Self 122 | 1367 22
Ed 77 136 12
LoV 95 168 10
Eiffel4 299 - 29
Geode 668 | 1902 28
JDK 1.18 29 - 26
JDK 1.22 140 - 77
JDK 1.30 187 - 90
Cecil 50 - 13

2266 Mhz Pentiumil

®500Mhz 21164Alpha

¢750Mhz Pentiumill, usertimein Linux

Table 3: Encoding creationtime in millisecondsof differ ent al-
gorithms

The comparisoris not easy sincethe algorithmswererun on dif-
ferent machines. Algorithm 1 was written in C++ basedon the
PQ-treeimplementatiorof Leipert[27]. More experimentations
requiredbeforea faithful and fair comparisonis possible. It ap-
pearsasif PQE,whichis basedn alinearalgorithm,outperforms
the quadraticNHE-algorithm. PE and BPE, which usea fastim-
plementatiorof setunionsandintersectionaisingbit-vectoroper
ations,seemto be thefastest.The Geodehierarchyis toughestor
PQEandNHE. In this hierarchy the averagetime for processing
atypeis lessthanonemillisecondin PQE.In all benchmarkshe
time for computingthe PQ-encodings lessthana second.

Table 4 presentssaluesof someinternal parametersn the execu-
tion of PQE and CPQE.The total numberof distinct slicesis k.

The numberof typesin the first slice is denotedby n., while n

is the numberof typesin sliceswhosesizeis smallerthan8. The
valuek’ < k is the numberof slicesnot which do notfall in these
two cateyories.

Hierarchy| k| mi/n|n2/n|n2| m]| ¥
IDL 1| 100.0%| 0.0%| O 0| O
Laure 2| 98.0%| 20%| 6 71 0
Unidraw 2| 99.7%| 0.3% | 2 2|1 0
JDK1.1 2| 99.6%| 04%| 1 1|10
Self 13| 97.2%| 1.7%| 31| 63| 1
Ed 10| 87.8%| 46% | 20| 145| 2
LOV 12| 86.2%| 6.0% | 26| 164 | 2
Eiffel4 11| 89.1%| 0.5%| 9| 376| 7
Geode 16 | 86.0%| 1.8% | 24| 419| 7
JDK1.18 | 6| 975%| 05%| 9| 74| 2
JDK1.22 | 8| 97.6%| 0.3%| 12| 235| 3
JDK1.30 | 8| 97.7%| 0.3% | 17| 286| 3

Table4: Inter nal parametersof PQE and CPQE

We seein thetablethatavery significantportionof all typesfall in
thefirst slice; very smallfraction of typesfall into the smallslices.
Theencodingengthof PQEis 8%’ + n2. In CPQEthetotal sizeof
arrayZ is (8(k' — 1) + n2) x m (recallthatasecondnlining was
performed) andthe encodingengthis therefore

(8(k' —1)+n2) x m/n+[log m].

8. Conclusionsand Future Reseach

The PQE algorithmimproves the encodinglength, creationtime,
testtime and instructioncount of NHE, the most spaceefficient
previously publishedencodingalgorithm. The CPQEvariant, es-
peciallytailoredfor objectlayoutlike the onein C++, reduceghe
encodingengthevenfurther.

The main problemwhich this paperleavesopenis anincremental
algorithmfor the subtypingproblem,asrequiredby languagesuch
asJava, in whichtypesmaybeaddedasleavesatruntime. It turns
outthatthe PQ-datastructures not susceptibldo efficient updates
of thissort.
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Onthetheoreticakide,it would be very interestingto seeary non-
trivial lower boundfor theencodindength.
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