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Abstract

We present a new and simple approach to deviation inequalities for
non-product measures, i.e., for dependent random variables. Our method
is based on coupling. We illustrate our abstract results with chains with
complete connections and Gibbsian random fields, both at high and low
temperature.
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1 Introduction

By now, deviation and concentration inequalities for product measures have be-
come a standard and powerful tool in many areas of probability and statistics,”
such as density estimation [5], geometric probability [20], etc. A recent mono-
graph about this area is [11] where the reader can find much more information.
Deviation inequalities for dependent, strongly mixing random variables were
obtained for instance in (18, 17]. Later, in the context of dynamical systems
Collet et al. [3] obtained an exponential deviation inequality using spectral
analysis of the transfer operator. In {10], C. Kiilske obtained an exponential
deviation inequality in the context of Gibbs random fields in the Dobrushin
uniqueness regime. Therein the main input is Theorem 8.20 in [7] which al-
lows to estimate uniformly the terms appearing in the martingale difference
decomposition in terms of the Dobrushin matrix. Besides exponential devia-
tion inequalities, moment inequalities have been obtained in, e.g., {2, 4, 5, 17].
In the dependent case, we also mention that K. Marton [13, 14, 15] obtained
concentration inequalities based on “distance-divergence” inequalities and cou-
pling (with a different approach than ours). In particular, she obtains in [14]
results for a class of Gibbs random fields under a strong mixing condition close
to Dobrushin-Shlosman condition. Let us notice that this method of “distance-
- divergence” inequalities inherently implies exponential deviation inequalities for
Lipschitz functions (wrt to Hamming distance for instance). '

In the present paper, we obtain abstract deviation inequalities using a cou-
pling approach. We prove an upper bound for the probability of deviation from
the mean for a general function of n variables, taking values in a finite alphabet,
in term of a “coupling matrix” D. This matrix expresses how “well” one can
couple in the far “future” if the “past” is given. If the coupling matrix can be
uniformly controlled in the realization then an exponential deviation inequality
follows. If the coupling matrix cannot be controlled uniformly in the realization
then typically upper bounds for the moments are derived.

As a first application of our abstract inequalities, we obtain an exponential
deviation inequality for Gibbsian random fields in a “high” temperature regime
complementary to the Dobrushin uniqueness regime, and for chains with com-
plete connections with a summable continuity rate. A second application is in
the context of the low-temperature Ising model where we obtain upper bounds
for the moments of a general local function. This is a typical situation where
the coupling matrix cannot be controlled uniformly in the realization. Our de-
viation inequalities are new and yield various non-trivial applications which will
the subject of a forthcoming paper.

The paper is organized as follows. In Section 2, we state and prove our
abstract inequalities, first in the context of random processes, and next in the
context of random fields. Section 3 deals with the examples of high-temperature
Gibbs measures, chains with complete connections, and finally of the low tem-
perature Ising model.



2 Main results

Let A be a finite set. Let g : A™ — R be a function of n-variables. An element o
of the set AN is an infinite sequence drawn from A4, i.e., 0 = (01,09,...,0i,...)
where g; € A. With a slight abuse of notation, we also consider g as a function
on AN which does not depend on oy, for all k > n. The variation of g at site ¢
is defined as
dig:= sup |g(o) —g(o)].
a'j=a';.,Vj;é'i

A deviation inequality is an estimate for the probability of deviation of the

function ¢ from its expectation, i.e., an estimate for

P{g-Eg >t} 1)

for all n > 1 and all ¢ > 0, within a certain class of probability measures P.
For example, an exponential deviation inequality is obtained by estimating the

expectation
E [e/\(g—Eg)]

for any A € R, and using the exponential Chebychev inequality.

However, there are natural examples where the exponential deviation in-
equality does not hold (see the example of the low-temperature Ising model
below). In that case we are interested in bounding moments of the form

E [(g - Eg)*]

to control the probability (1).

In this section, we use a combination of the classical martingale decompo-
sition of g — Eg and optimal coupling to perform a further telescoping which
is adequate for the dependent case. This will lead us to a “coupling matrix”
depending on the realization ¢ € AN. This matrix quantifies how “good” future
symbols can be coupled if past symbols are given according to o. Typically, we
have in mind applications to Gibbsian random fields. In that framework, the
elements of the coupling matrix can be controlled uniformly in o in the “high-
temperature regime”. This uniform control leads naturally to an exponential
deviation inequality. At low temperature we can only control the coupling ma-
trix for “good” configurations, but not uniformly. Therefore the exponential
deviation fails and instead we will obtain Rosenthal-type inequalities for the
moments of g — Eg; see e.g. [17] for the case of sums of random variables. De-
vroye inequality [4] is an example of such an inequality for the second moment
(in the ii.d. case).

2.1 The coupling matrix D

We now present our method. For ¢ = 1,2,...,n, let F; be the sigma-field
generated by the random variables o1, ...,0;, and Fy be the trivial sigma-field
{0,9}. We write

9(o1,...,00) —Eg(oy,...,0n) = ZV.}(J) (2)
i=1

¢
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where
Vi(o) :=E[g|Fi](0) — Elg|Fi-1](0) =

/P(dﬂi+1“'dﬂn|01,---,Uz') 9(01, -+ 04, it 15+ -+ 7n)
_/P(d'rh'"'dnn’ala---,ai—l) 9(01, -+ 1T, iy Wit 15+ -+ TI0) =
/P(dm'+1"'dﬂnlal,---,ai) 9(015 -+, Ti Wit 1y -« - TTn)
—/P(dmlm---,Ui-1)/]p(dﬂi+1'"dnn|01---,Cfi-lm) 9015+ 0in1, iy Tt 15+, M) <
?g/P(dni_H---dnn|01,...,a¢ =a) g(01,y .y 051, Titls- -« , )

“gleig/ﬂ”(dﬂﬁl”'dﬂnlal,--- 08 =08) g(o1,...,0i-1, By Wit 14+ - - 1) -

=:Y;(o) - Xi(o). : (3)
Denote by P7, 5 = ]PZ<:ﬁ the optimal couphng of the conditional distribu-
tions P(dn> <0y = a) and P(dn>it1|or - = f3), and introduce the
(infinite) upper-triangular matrix D = D° deﬁned for 1,7 € Nby
Dii =1
1 2
Di,i+j = Dgi+j = of%aé}fq i a,ﬁ 1(+)_7 z(+)_7} . (4)

Notice that if the o¢;’s are mutually independent, then D is the identity matrix

because the conditional distributions P(dn>iy1l01 -+ 0y = a) and

P(dn>it1lo1 -+ 05 = B) are equal. Hence we have a perfect coupling in this case.
We proceed with the following simple telescoping identity:

g(G’l,...,01‘_1,@,0'1-(_1'_)1,-..,0'.,(11))-9(0'1, yOi— laﬂa 'L+1’ . ,0'7(7’2))=

l9(o1, .-, 00-1, 01(_1’_)1,... ,09)) - g(oy,. .- ,O’i,l,ﬂ,d’ﬁ_)l,...,0',,(11))]-‘-

[g(gli fe. ,0'1'—1,,3,0’,%)1’ R 70'511)) - 9(01, v O-’i—laﬁv 0'1;(3.)”019-)23‘ . '50-1(1,1))]"'

[9(017*--aa'i—laﬂaavg.z;?lvag-)zr"70'7(11))—9(0-17 1 Oi— lvﬂ» 1.}.17 1(.2|.)2yaf§i)3,"'ad1(11))]
[g(aly 1 Oj— 17ﬂa 7,.2+.)17 ,,(_2,_)2, 5321)0.1(11))_9(0'1 -"Ul-l’ﬂ, 1+15 ’0-1(12))]
n—1i
= sz{%ﬂg-
7=0

‘We have the following implications:

1 2
‘71(4—): = U'L(+)_7 = VIH—Jg 0



1 2
ol # 01ty = Vikese < Gingg.

Therefore using (3) and (4) we arrive at the inequalities

n—t
Vi<YVi—-X: < Z D; iy j0ivj9 = (Dég)i (5)
=0

where dg denotes the column vector with coordinates é,g, for j =1,...,n, and
0 for j > n.

2.2 Uniform decay of D: exponential deviation inequality

Let D == sup,¢ an DY ;. We assume that

ID®I3 = sup | D®z|} < oo. (6)
z€L3(N),|lz]|2=1

We then have the foilowing theorem.

THEOREM 1. If (6) is valid, then for alln € N and all functions g : A™ — R,
we have the inequality

_ 212
]p{g —Eg > t} <e ID%2]1% 693 . (7)

PROOF. We have the following lemma which appears in [5].

LEMMA 1. Suppose F is a sigma-field and Z1, Z5,V are random variables such
that

1. Zy <V < Zy
2. E(V|F)=0
3. Z1 and Zy are F-measurable
Then, for all X € R, we have
IE(e’\V|.7-') < N (Z2-21)°/8 (8)

We apply this lemma with V = V;, F = F;_1, Z; = X; — E[g|Fi-1), Z2 =
Y; — E[g|F;i—1]. Remember the inequality

Y; - X; < (Ddg)i -

- We obtain :
E(e*|Fi-1) < ¥ (DN, ©

Therefore, by successive conditioning, and the exponential Chebychev inequal-
ity,

P{g—Eg >t} < e ME (e*ELl V)
< e ME (B(eMr|Fpo)e} T K)
< < e MNID™I/8 < MNP ID™IF NI6gl3/8 (10)



Now choose the optimal A = 4t/(||[D*||2 ||6g||3) to obtain the result. O

From (7) we deduce

— 2:2
P{|g—Eg| >t} < 2¢ P51}

2.3 Non-uniform decay of D: moment inequalities

If the dependence on ¢ of the elements of the coupling matrix cannot be con-
trolled uniformly, then in many cases we can still control the moments of the
coupling matrix. To this aim, we introduce the (non-random, i.e., not depend-
ing on o) matrices

) 1
D = E(D?,)M/P (11)
for all p € N.

A typical example of non-uniformity which we will encounter, for instance
in the low-temperature Ising model, is an estimate of the following form:

Diiy; < T{li(0) 2 5} + Yisig (12)
where 1;;4; does not depend on o, and where £; are unbounded functions of
o with a distribution independent of 7. The idea is that the matrix elements
D; ;. “start to decay” when j > £;(c). The “good” configurations o are those
for which £;(0) is “small”.

In the particular case when (12) holds, in principle one still can have an
exponential deviation inequality provided one is able to bound

E (e)‘ Zim £f> .

However, in the examples given below, the tail of the £; will be exponential or
stretched exponential. Henceforth, we cannot deduce an exponential deviation
inequality from these estimates.

We now prove an inequality for the variance of g which is a generalization
of an inequality derived in [4] in the i.i.d. case.

THEOREM 2. For all n € N, all functions g : A™ — R we have the inequality
E [(9 - Eg)?] < IDP113 |l5gll3 - (13)

PROOF. We start again from the decomposition (2). Recall the fact that
E(Vi|F;] = 0 for all i > j, from which it follows that E[V;V;] = 0 for ¢ # j.

6



Using (5) and Cauchy-Schwarz inequality we obtain

E [(g — Eg)?] IEZV"‘

E (i(Dég)?)

IA

i

n n n
Z Z Z E (D;xD;;) 6xg619

i—-lk 1 l—

i

1

EZZIE (D2,)E (D%)? 6egig

i=1 k=1 I=1
ID®4g]3
ID@113 1159113 -

IA

I

IA

a

REMARK 1. In the i.i.d. case, the coupling matriz D is the identity matriz.
Hence inegquality (13) reduces to

E [(9 - Eg)*] < ll6g3
which the analogue of Devroye inequality [4].
In case (12) holds, we have the following proposition.

PROPOSITION 1. Assume that there ezists € > 0 such that 1E(€2+5) < 00, and
assume moreover that ||¥||g < co. Then || D@ ||z < oco.

PROOF. Let P, ;y; = E(I{¢ > j})% = P(fp 2 j)%, where we used that the
distribution of ¢; is independent of ¢ by assumption. It suffices to prove that
|P]|2 < oo. Since

1713 < 11Plla]l Plleo

it suffices to prove that || P||1, ||P|lec < 00. We have

I1Plloe = supzazw > j)2j (14)
J

(Zjl+€P(£on)> (Zr(“f)) = C. E(€2*°)
J J

where C. > 0. We have for the other norm:

IA

[Pl = supZIHJI—suleR,JI (15)
i<j
= supZsz—z)z=supZP(eozj—i)%
i<j 7oy
< CE(2%9).



0O

Notice that this proposition can also be proved using Young’s inequality
since P is a convolution operator.
We now turn to higher moment estimates. We have the following theorem.’

THEOREM 3. There exists o constant C > 0 such that for all n € N, all
functions g : A™ — R, for any p € N, we have

E [(g — Eg)*?] < C® p | DP|2|6] 2.

PRrROOF. We start from (2) and get
~ Eg)] Z Z]E i Viay)
t2p

This sum can be estimated by applying the martingale version of the Marcinkiewicz-
Zygmund inequality [19, Theorem 3.3.6] since E[V;]|F;] = 0 for all ¢ > j. This
gives

E (9 — Eg)*] < CP p** IE[(Z V)]

where the constant CPp% can be deduced from the proof of Theorem 336 in
[19).
We now estimate the rhs by using (5):

E [(Z 1794 (16)
ZZE(ngﬁ) a7
> Y E[(Dég)}, - (Dsg)}

= > > > E(ﬁDir,erir,k,> (rljlfs;g 5krg)

11+8p J1+-Jp k1--kp r=1

DD H( ) D) 5,9 bi,9)

iy--tp J1---Jp k1--kp r=1

= |[D@ag|l5, < D@2 |l5g|)2

i

IN

IA

where in the fourth step we used the inequality

2p
E(fy - fap) < [ JB(S7P))%
i=1

which follows from Holder inequality. O

In the situation when (12) holds, we have the following proposition.

8



PROPOSITION 2. Let p € N. Assume that there ewists ¢ > 0 such that
E Z2p *€) < o0, and that there exist a constant ¢ > 0 and 0 < o < 1 such
that Viir; < e~ for alli € N. Then |DP||; < .

PrROOF. The proof follows the line of the proof of Proposition 1. Now let
Piit; =P > j)§15 =P > j)%. It suffices to show that ||P|2 < c0. In-
turn, it is sufficient to prove that | Pl < 0o and ||P||; < co. Let € > 0 to be
fixed later on. We have

IPlloc = ZJ 1) pgy > ) 5 a1 (18)

A 2p-1
2p 2p

S D0+ p(gg > ) S = Cl, E(eF* 9%
: .

IN

where in the last step we have chosen €’ = ¢/(2p — 1) and where C{ , > 0. [

Using Theorem 3, Proposition 2 and Chebychev inequality, we immediately
obtain the following deviation inequality:

59|57

P{lg~Eg| > 1) < K, 92

for all ¢ > 0, where K, := 2(p(2p — 1))?[|D®@P||3

REMARK 2. The assumption on ¢ in the proposition is far from being optimal.
However, it will be satisfied in all ezamples below.

2.4 Random fields

We now present the extension of our previous results to random fields. This
requires mainly notational changes. We work with lattice spin systems. The
configuration space is Q = {—, +}Zd, endowed with the product topology. We
could of course take any finite set A instead of {~,+}. For A C Z%and 0,7 €
we denote oanpe the configuration coinciding with o (resp. n) on A (resp. A¢).
For ¢ € Q and z € Z%, 0® denotes the configuration obtained from o by flipping
the spin at z. A local function g : 2 — R is such that there exists a finite subset
A C Z9 such that for all 0,7, w, g(oawae) = g(aanAc).

We denote 8,9 = sup,, |g(oz) — g(c)| the variation of g at z. dg denotes the
map Z¢ - R : & — §z9.

We introduce the spiraling enumeration I' : Z¢ — N illustrated in the figure
for the case d = 2.

We will use the abbreviation (< z) = {y € Z¢: T'(y) < I'(z)} and similarly
we introduce the abbreviations (< z). By definition F< denotes the sigma-field
generated by o(y), y < z and F< denotes the trivial sigma-field.

For any local function g : @ — R, we have the analog decomposition as in

(2):
=> V% (19)

z€zZd



where

Ve = E[g|-7:$z] "]E[glj:<z] .

The analog of the coupling matrix is the following matrix indexed by lattice

sites z,y € Z¢ .
Dry(o) =P , _{X1(y) # X2()} (20)

where ]}3’;” +,— denotes the optimal coupling between the conditional measures

P(foco,s.) and P(locz,-,):
We first consider the case of uniform decay of D. In that case, the expo-
nential deviation inequality of Theorem 1 holds with the norm of £3(Z%), i.e.,

189113 = Xzez4(d29).

THEOREM 1’ Assume that

D3, = sup Dy y(0) (21)
g

is a bounded operator in £3(Z%). Then for all local functions g we have the
following inequality

_ 2¢2
P{g—Eg>t}<e 1P=I3 1o (22)

In the non-uniform case, the moment inequalities of Theorems 2 and 3
extend immediately as follows. The analog of (12) is

Dey(o) < I{ Lo(o) 2 ly — 2|} + ¥(ly — =) (23)

where v¥(n) decays at least as a stretched exponential, i.e., there exist C,c > 0

and 0 < o < 1, such that ¢(n) < Ce="" for all n > 1. We assume that the

distribution of £, is independent of 2. We extend the matrix D defined in (11)

by putting ‘
DY) .= E(DE )/

10



for z,y € Z4.

THEOREM 2’ For all local functions g, for any p € N, we have

E [(g — Eg)%] < (p(2p — 1))?| D |12|189]|3P .

The analog of Propositions 1 and 2 is the following:
PROPOSITION 2’ Let p € N. Assume (23) is satisfied and that there exists
€ > 0 such that E(62%*) < 0o0. Then | D@ < oo.

REMARK 3. It is immediate to extend the previous inegualities to integrable
functions g belonging to the closure of the set of local functions with the norm
llgll := |6gl|2- Notice that Theorem 1’ implies that such functions are LP(IP) for
any p € N.

2.5 Existence of the coupling by bounding the variation

We continue with random fields and state a proposition which says that if we
have an estimate of the form

Ve < (Dég)e

for some matrix D, then there exists a coupling with coupling matrix D such
that its matrix elements decay at least as fast as the matrix elements of D. We
formulate the proposition more abstractly:

PROPOSITION 3. Suppose that P and Q are probability measures on 0 and
g: 82— R such that we have the estimate

[Eplg] — Eqlg]| < ) _ A(2)szg (24)
zeZd

for some “weights” p: Z¢ — R*. Suppose ¢ : Z¢ — RY is such that

3" pl@)e(z) < oo.

zeZd

Then there ezxists a coupling i of P and Q such that
Y- a{Xi(e) # Xa(@)} pl@) < Y pla)p(e) < oo.

z€Zd reZd
PROOF. Let By, := [-n,n]? N Z%. Define the “cost” function
Chlo,0") 1= 3 loz = o3| ().
r€By,

Denote by Pp, resp. Qy, the joint distribution of {o;,z € Bp} under P, resp.
Q. Cousider the class of functions

Gog = {9] 9 € Fan, 19(0) —9(o")| £ Y p(@)I{ox # 05}, Vo, 0’ € Q}.
z€2d

11



It is obvious from the definition that g € Ggg, if, and only if, g is Fpg,-

measurable and
(8:9)(0) < p(x) Vz € Bp, Vo € Q2.

Therefore, if (24) holds, then for all g € Gee,
[Eplg] — Eqloll < > p()dog < > plz)p().
zeZd zezd

Hence, by the Kantorovich-Rubinstein duality theorem [16), there exists a cou-
pling [, of P, and @, such that

fin (C£(0,0")) = pin (Z e(@) I{X;(z) # X, (w)}> <) wl@)o(2).
z€B, z€24

By compactness (in the weak topology), there exists a subsequence along which
fin, converges weakly to some probability measure [i. For any k¥ < n, we have

fin (Z p(z) I{X:(z) # Xz(x)}) <

TE€By

fn (2 o(@) T{X,(z) # X2<m>}) < Y el@)le).

z€B, reZd
Therefore, taking the limit n — oo along the above subsequence yields

f (Z o(z) I{X1(z) # Xz(x)}) < Y o@)p(z).

TEB TeZd

We now take the limit k — 0o and use monotonicity to conclude that

p (Z P(@)1{Xa(z) # Xz(z)}) < 3 el@)oz).

zczd z€Zd

O

‘We shall illustrate below this proposition with the example of Gibbs random
fields at high-temperature under the Dobrushin uniqueness condition.

3 Examples

3.1 High-temperature Gibbs measures

For the sake of convenience, we briefly recall a few facts about Gibbs measures.
We refer to [7] for details.

A finite range potential (with range R) is a family of functions U(4,0)
indexed by finite subsets A of Z¢ such that the value of U(4, o) depends only

12



on 04 and such that U(4, ) = 0 if diam(A) > R. If R =1 then the potential

is nearest-neighbor.
The associated finite volume Hamiltonian with boundary condition 7 is then

given by
Hi(o)= Y U(A,onmac).
ANA#D

The specification is then defined as
(o) = o
(o) = —7—
z

We then say that P is Gibbs measure with potential U if y4(c|-) is a version of -
the conditional probability P(op|Fac).

Before we state our result, we need some notions from [6]. What we mean by
“high temperature” will be an estimate on the variation of single-site conditional
probabilities, which will imply a uniform estimate for disagreement percolation.
Let .
Pg i=2sup P(og = +lozas) — P(og = +loga\;)| -

a’)

From [6, Theorem 7.1] it follows that there exists a coupling P74 - of the
conditional distributions P(:|o<z,+z) and P(-|0<z, —z) such that under this
coupling

1. For z > y, the event X;(y) # X2(y) coincides with the event that there
exists a path ¥ C 2%\ (< ) from z to y such that, for all z € 7,
X1(z) # Xa(2). We denote this event by “zeny”.

2. The distribution of 7{X;(y) # X, (y)} for y € Z%\ (< z) under Pg , _ is
dominated by the product measure

H Vpy -

yeZé\(<x)

Let p. = p.(d) be the critical percolation threshold for site-percolation on Z<.
It then follows from statements 1 & 2 above that, if

sup{py : y € Z%} < p. (25)
then we have the uniform estimate

Pl AX1W) #X@)}< [ vplaewy) Se=v. (26)
yEZ4\(s2)

Then we can apply Theorem 1’ to obtain

THEOREM 4. Let U be a nearest-neighbor potential such that (25) holds. Then
for the coupling matriz (20) we have the uniform estimate

Dz,y(") < g~ Cle—l

13



for some C > 0. Hence we have the following exponential deviation inequality:
Jor any local function g and for allt > 0

_ 212
P{g—Eg >t} <e 19I5 i}

REMARK 4. Theorem /4 can easily be extended to any finite range potential.

Theorem 4 was obtained in {10] in the Dobrushin uniqueness regime using
a different approach. The high-temperature condition which we use here is
sometimes less restrictive than Dobrushin uniqueness condition, but sometimes
it is more restrictive. However, Dobrushin uniqueness condition is not limited
to finite range potentials. We now apply Proposition 3 to show that in the
Dobrushin uniqueness regime, there does exist a coupling of P(:|o<4 +,) and
P(:|c<z,~,) such that the elements of the associated coupling matrix decay at
least as fast as the elements of the Dobrushin matrix. The Dobrushin uniqueness
condition is based on the matrix

Coyi=2  sup [P0z = +logs,) ~ Ploz = +loga,)| -

0,0':0,4,, =0’
TTZO\yT Tzdyy

This condition is defined by requiring that

sup Z Cry <1
d
z€EZ yezd

and the Dobrushin matrix is then defined as

Agy = Z cr,.

n>0
We now have the following proposition:

PROPOSITION 4. Assume that the Dobrushin uniqueness condition holds. For
any ¢ : Z¢ — Rt such that for any z € 22,

Z P(¥)Ayz < 0
y€ezd

then there exists a coupling 113’;&,_ of P(-|0<g,+,) and P(:|o<z —,) such that

S oly) BIE_ {Xa(y) # Xa(y)} < oo.
yezd ,

PROOF. From (10, Lemma 1], we have the estimate

f / P(dnlo<a,+.)9(n) — / P(dnlaq,—z)g(n)' <Y Loy +Ay)dyg
y€ezd

(where Iy denotes the Kronecker symbol).

14



‘We can apply Proposition 3 to conclude the proof. [

As an example we mention that if the potential is finite-range and translation-
invariant and satisfies the Dobrushin uniqueness condition, we have for large
enough |z — y|

Ayg < e—cle=yl

and hence there exists a coupling Ip’gjf_ such that

Pl _{X1(y) # Xa(y)} < el

for all ¢’ < ¢ and large enough [z — y|.
Unhappily, we are not able to construct explicitly such a coupling.

3.2 Chains with complete connections

Here we deal with a class of chains with complete connections and use a cou-
pling estimate proved in [9]. Let A be a finite set (the alphabet). A chain
with complete connections (o;);ez, 0; € A, distributed according to P has the
property that the sequence defined as

€n := Sup sup l]P’k akla ) ]Pk(ak|ak__n k"""l)
k€Z ogcAl
converges to 0 as n tend to co. This sequence is called the continuity rate of

the chain. We further assume that the continuity rate is summable, i.e.

Z En < 0. (27)
n
We also assume the following non-nullness condition to hold:
igg 1en/11'Z Prloklo*7y =9 > 0. (28)

For this class of chain with complete connections we have the following
exponential deviation inequality.

THEOREM 5. Assume that (0j)jez is a chain with complete connections such
that (27) and (28) hold. Then there ezists a constant C > O such that for all
n € N, all functions g : A™ — R and all t > 0, we have the estimate

ct?

P{g-Eg>t} <e %3

PROOF. The theorem will be proved if the assumption of Theorem 1, i.e. (6),
is satisfied by our class of chains with complete connections. But the proof of
the main theorem in [9] contains an estimate which immediately implies that

SupD'L g+ = < (1 - 19)'7

which obviously implies (6) since 4 >0. O
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3.3 The low-temperature Ising model

It is clear that for the Ising model in the phase coexistence region, no ex-
ponential deviation inequalities can hold. Indeed, this would contradict the
surface-order large deviations for the magnetization in that regime (see e.g. [8]-
and reference therein). Nevertheless, we shall show that we can control the
moments of all local functions.

We consider the low-temperature plus phase of the Ising model on Z¢, d > 2.
This is a probability measure IP’; on lattice spin configurations o € 2, defined

as the weak limit as A T Z¢ of the following finite volume measures:

Py s(oa) =exp | B Z 020y + B Z Oz /Zj{"ﬁ (29)

<zy>€A <zy>,x€0A, y¢A

where § € R*, and Z/tﬁ is the partition function. In (29) < zy > denotes
nearest neighbor bonds and JA the inner boundary, i.e. the set of those z € A
having at least one neighbor y ¢ A. The existence of the limit A T 74 of ]P’X’ﬁ is
by a standard and well-known monotonicity argument, see e.g. [7].

For any n €  ,A C Z% we denote by ]PX’ 5 the corresponding finite volume
measure with boundary condition #:

]Pxﬂ(a,\):exp Jéj Z 070y + Z Oz /ZX,ﬂ-

<zy>€EA zEA, yé€A

Later on we will have to choose 3 large enough.
We can now formulate our result on moments of arbitrary local functions.
‘We shall show that we can apply Theorem 2’ and Proposition 2'.

THEOREM 6. Let P = P} be the plus phase of the low-temperature Ising model
defined above. There exists By > B;, such that for all 8 > By, for al p € N,
there exists a constant Cp € (0,00) such that for all local functions g, we have

E (9 - E9)*®) < G, |légl? .
Consegquently, for allt > 0, we have the deviation inequalities

légls”

Pllo—Eg >4 < G, 5

PROOF. The theorem follows from Theorem 2’ and Proposition 2’ if we obtain
the bound (23) with good decay properties for the tail of the distribution of £.
This is the content of the following proposition. |

PROPOSITION 5. Let P = IP’E be the plus phase of the low-temperature Ising
model. There exists By > [, such that for all B > fo, the inequality (23) holds

together with the estimate
¥(n) < Ce™on
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foralln € N and
P{ty 2 n} < Cle=™®

for some ¢,d,C,C" >0 and 0 < a < 1.

PROOF. We shall make a coupling of the conditional measures P(:|0<z 4,)
and P(-|o<z,-,). This coupling already appeared in [1] (see also [6]). Both
conditional measures are a distribution of a random field wy, ¥ ¢ (< z).
We start with the first site y; > z according to the order induced by T.
We generate X;(y1) and X3(y1) as a realization of the optimal coupling be-
tween P(oy, = ‘|0<z+,) and P(oy, = :|0<z,—,). Given that we have gener-
ated X1(y), X2(¥), - - -, X1(yn), X2(yn) for y = y1,. .., yn, we generate X1 (yn+1),
Xo(yn+1) for the smallest yn4+1 > yn as a realization of the optimal coupling
between -

Ployny = |1 X1(y1) - - X1(Un)o<z,+,) and P(oyps = 1 Xa(y1) - Xo(yn)o<z,-5) -

By the Markov property of P we have the following: if there exists a contour
separating y from z such that for all sites 2 belonging to that contour we have
Xi1(z) = Xz(2), then X;(y) = X2(y). The complement of this event (of having
such a contour) is contained in the event that there exists a path of disagreement
from z to y, i.e., a path v C Z¢\ (< z) such that for all z € 7, X1(2) # Xa(2).
Denote that event by E,. Clearly its probability is bounded from above by the
probability of the same event in the product coupling. In turn the event Egy is
contained in the event E}, that there exists a path 7y from z to y in Ze\ (< z)
such that for all z € v, (X1(2), X2(2)) # (+,+). In [12] the probability of that
event in the product coupling is precisely estimated from above by

Ce™e™¥ 4 1{t;(0) 2 |o — yl} (30)
for some C, ¢ > 0, where £;(o) is an unbounded function of o with tail estimate
P(£z(0) > n) = P(fy(0) = n) < Cle™®™

for some C’/,¢’ > 0 and 0 < o < 1. For the reader’s convenience, we briefly
comment on these estimates. The ideas is that the conditional measure P(:|é<z)
resembles the original unconditioned plus phase (in Z¢ \ (£ z)) provided ¢
contains “enough” pluses. “Containing enough pluses” is exactly quantified by
the random variable £;(¢): (€z(€) < n) is the event that for all self-avoiding
path v of length at least n, the magnetization along +,

1
m’y(&) L m ;Ez

is close “enough to one”. If this is the case then under the conditional measure
we still have a Peierls’ estimate, which produces the exponential term in (30).
We refer to [12] for more details. O .
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