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ow and data-
ow information for higher-order,call-by-value programs. This information can be used to drive globalprogram optimizations such as inlining and run-time check elimination,as well as optimizations like constant folding and loop invariant codemotion that are typically based on special-purpose local analyses.The analysis employs a novel approximation technique called poly-morphic splitting that uses let-expressions as syntactic clues to gain pre-cision. Polymorphic splitting borrows ideas from Hindley-Milner poly-morphic type inference systems to create an analog to polymorphism for
ow analysis.Experimental results derived from an implementation of the analy-sis for Scheme indicate that the analysis is extremely precise and hasreasonable cost. In particular, it eliminates signi�cantly more run-timechecks than simple 
ow analyses (i.e. 0CFA) or analyses based on typeinference.1 IntroductionAdvanced programming languages such as Scheme [3] and ML [13] encourage aprogramming style that makes extensive use of data and procedural abstraction.Higher degrees of abstraction generally entail higher run-time overheads; hence,sophisticated compiler optimizations are essential if programs written in theselanguages are to compete with those written in lower-level languages such asC. Furthermore, because Scheme and ML procedures tend to be small, thesecompiler optimizations must be interprocedural if they are to be e�ective.Interprocedural optimizations require interprocedural control- and data-
owinformation that expresses where procedures are called and where data values arepassed. In its purest form, the 
ow analysis problem for these languages involvesdetermining the set of procedures that can reach a given application point andthe set of values that can reach a given argument position in an application. Thisinformation can be used to drive global program optimizations such as inliningand run-time check elimination, as well as optimizations like constant foldingand loop invariant code motion that are typically based on special-purpose localanalyses.? A preliminary version of this paper appears as part of Aarhus University TechnicalReport, DAIMI-PB 493, May, 1995.



We present a 
ow analysis framework for a call-by-value, higher-order lan-guage. The framework is parameterized over di�erent approximations of exactvalues to abstract values, and hence can be used to construct a spectrum of anal-yses with di�erent cost and accuracy characteristics [10, 20]. In particular, westudy a novel approximation technique called polymorphic splitting that uses let-expressions as syntactic clues to gain precision. Polymorphic splitting borrowsideas from Hindley-Milner polymorphic type inference systems to create an ana-log to polymorphism for 
ow analysis. Polymorphic splitting allows the analysisto avoid merging information between unrelated calls to a polymorphic function,yielding more precise 
ow information than would otherwise be possible.To investigate its e�ectiveness, we have implemented the analysis for Scheme.The implementation handles all of the constructs and operators speci�ed in theR4RS report [3], including variable-arity procedures, data structures, �rst-classcontinuations, and assignment. We use the analysis to avoid unnecessary run-time type checks at primitive operations. Run-time type checks can be avoidedat an application of a primitive operator if the types of the arguments can beproven to conform to the expected signature of the operator being applied. Asour analysis yields sets of abstract values that approximate the types of thearguments, it is easy to determine when a run-time check can be avoided: eachargument's abstract value or type must be a subset of the type expected.Experimental results for realistic Scheme programs indicate that polymor-phic splitting is extremely precise and has reasonable cost. The analysis elimi-nates signi�cantly more run-time checks than comparable simple analyses (e.g.0CFA [19]) or type-inference based techniques (e.g. soft typing [22]). While thecomputational cost of our analysis appears to be higher than that of type-inference based methods, analysis times are still within reason for includingthe analysis in an optimizing compiler. Furthermore, and perhaps surprisingly,our polymorphic splitting analysis is often faster than coarse analyses such as0CFA. We discuss the reasons for this in Section 5.The remainder of the paper is organized as follows. The next section in-formally motivates polymorphic splitting, and Section 3 de�nes our frameworkin a formal manner. Section 3.1 discusses polymorphic splitting, Section 4 dis-cusses the implementation, and Section 5 provides performance measurements.The �nal section places our results in the context of related work.2 MotivationIn the absence of any compile-time analysis, Scheme implementations must en-sure at run-time that primitive operations are applied to arguments of a sensibletype. Even in ML, where a static type discipline prevents some primitives frombeing applied to incorrect values, many primitive operations (e.g. hd) requirerun-time checks. These run-time checks can have a signi�cant negative impacton program performance.Although one can construct ad hoc heuristics to determine when certainrun-time checks can be safely removed, a more satisfactory solution is to use a



general interprocedural analysis. Many analyses with di�erent cost and accuracycharacteristics are possible, and the right combination is not readily apparentfor a given optimization. For example, consider the following Scheme expression:(let ((f (lambda (x) x)))(f 1))Simple control-
ow analyses [20] or set-based analyses [7] determine that the ap-plication of f to 1 produces 1 as the result. These simple low-order polynomial-time analyses e�ectively determine all potential call sites for all procedures, butmerge the values of arguments from all call sites. The type of a procedure's ar-gument is therefore the union of the types of all values to which the argument ispossibly bound. This set of abstract values is propagated among expressions inthe procedure's body, yielding a similarly merged set for the procedure's result.Because of the merging performed at calls and returns, these analyses fail torecognize that a run-time check is unnecessary on the addition operation in thefollowing expression:(let ((f (lambda (x) x)))(+ (f 1))(f #t)))The arguments ( 1 and #t ) to the two calls to f are merged by such analysesto yield f1,#tg as the abstract value for x in f 's body. Consequently, anyapplication of f in this framework yields f1,#tg as its result. Run-time checkoptimizations based on these analyses are unable to eliminate the unnecessaryrun-time check at the addition operation.A more sophisticated analysis [20] avoids merging information in syntacti-cally distinct calls to the same procedure by treating the call site at which theprocedure is applied as a disambiguation context; this analysis is referred to as1CFA. In the above example, a 1CFA analysis deduces that f in the �rst callis applied to 1 and returns 1 as its result and, that in the second call, f isapplied to #t and returns #t . With 1CFA, the run-time check at the additionoperation can be eliminated.1CFA is an instance of a general 
ow-analysis framework based on call-stringapproximations. Call-string based analyses use the N most dynamically recentcall sites as a disambiguation context, for some small, �xed N . Because thepoint at which a procedure is de�ned may be far removed from its point of use,call-string based analyses are highly sensitive to program structure. It is easyto construct a simple extension to the above example for which 1CFA computesoverly conservative information:(let ((f (lambda (x) x))(g (lambda (a b) (a b))))(+ (g f 1))(g f #t))In this example, there is an intervening call between the point where f is �rstreferenced and the point where it is applied. 1CFA computes an abstract value



set for f 's result that contains both 1 and #t . Correctly disambiguating the twocalls to (lambda (x) x) made via the two calls to g requires a 2CFA analysisthat preserves two levels of call history.In contrast, polymorphic type inference algorithms [12, 22] correctly inferthe proper type for f without requiring such tuning. Polymorphic type systemsdisambiguate di�erent calls to a polymorphic procedure by e�ectively duplicatingthe procedure wherever it is referenced. This yields an analysis that is insensitiveto the dynamic sequence of calls separating the construction of a value from itsuse. Consequently, analyses based on call-string abstractions are only marginallyuseful in capturing polymorphism.We therefore consider an alternative abstraction called polymorphic splittingthat uses let-expressions as syntactic clues to determine when abstract evalua-tion contexts should be disambiguated. Let f be a procedure bound by a let-expression, and let f1, : : : , fn be syntactically distinct occurrences of f within thelet-expression's body. An analysis incorporating polymorphic splitting associatesa distinct abstract closure with each of the fi. Thus, di�erent applications of fwill construct di�erent abstract bindings for the arguments. The abstract valuesof these bindings are not merged with abstract values associated with bindings ofother applications of f in the let-body. It is well-known that quanti�cation rulesfor type variables can be discarded in favor of a substitution rule on polymor-phic variables [14]. Polymorphic splitting captures the essence of polymorphismby incorporating this observation into a 
ow-analysis framework.Like polymorphic type inference, polymorphic splitting relies only on lexicalstructure and is independent of dynamic contexts. In the above example, thereare four distinct occurrences of let-bound variables in the let-body. The analysise�ectively substitutes the closure values of these variables at the applicationpoints, and thereby avoids merging bindings from the di�erent applications. Arun-time check optimization based on this analysis will eliminate all run-timechecks from this example.Some technical machinery is required to implement the intuition of polymor-phism as substitution without actually performing an ine�cient code transfor-mation. We discuss this issue in Section 3.1.3 The FrameworkWe present a formal de�nition of our analysis framework for a functional corelanguage. The de�nition is su�ciently parameterized that we can easily modify itto obtain a spectrum of analyses with di�erent cost and accuracy characteristics.We consider a simple call-by-value language with labeled expressions el of theform el ::= cl xl (�x:el11 )l (el11 el22 )lxl[l0] (let x[l] = el11 in el22 )l(if el11 then el22 else el33 )lwhere c 2 Const are constants, x 2 Var are variables, and l 2 Label are labels.Constants include simple values like 0; 1; true, and false. Free variables (FV ) and



bound variables (BV ) are de�ned as usual [2], except that a subscripted vari-able xl[l0] must be bound by a let-expression with label l0, and an unsubscriptedvariable xl must be bound by a �-expression. A program el00 is an expressionwith no free variables. We assume that bound variables are appropriately re-named so that all bound variables in a program are distinct. We require everysubexpression of a program to have a unique label, and occasionally omit labelsfrom expressions to avoid clutter. The exact semantics for this language is anordinary call-by-value semantics [18]. Recursive procedures can be constructedwith the call-by-value Y combinator.Our analysis yields sets of abstract values. Abstract values are de�ned asfollows: v 2 Value = Label + Closurehl; �; �i 2 Closure = Label � Env � Contour� 2 Env = Var ! Contour� 2 ContourA single abstract value v is either a label l or a closure hl; �; �i. An abstract valuev = l identi�es a particular occurrence of a constant cl, and hence represents asingle exact value. An abstract value v = hl; �; �i identi�es a set of functions cre-ated by evaluations of a �-expression (�x:e)l. In a typical operational semantics,a closure is a pair consisting of a �-expression and an environment mapping itsfree variables to values. A single �-expression may thus produce many di�erentclosures. An abstract closure v = hl; �; �i approximates a set of exact closurescreated from the same �-expression.Several exact closures are mapped to a single abstract closure by collapsingtheir environments. An abstract closure's environment maps variables to con-tours rather than values. Contours are �nite strings of labels. We can makedi�erent choices for the set of contours, and the set of contours selected governsthe precision of the analysis. In call-string based analyses, contour labels identifyapplication sites. In our analysis, contour labels identify either let-expressions oruses of let-bound variables.A 
ow analysis of a program el00 is a functionF : ProgramPoint ! 2Valuesthat maps program points to sets of abstract values. A program point is either aV ar�Contour or Label�Contour pair. V ar�Contour pairs represent bindingsconstructed by function applications. Label�Contour pairs represent the resultsof expressions. Informally, a program point associates an abstract program statewith an identi�er or expression.F is a 
ow analysis of a program el00 if A[[el00 ]]�0�0 holds, where A is therelation de�ned in Fig. 1 and implicitly parameterized by F, and �0 and �0are a speci�c initial environment and initial contour. There are many functionswhich are 
ow analyses of el00 . The least 
ow analysis is the least such function.Intuitively, A speci�es constraints on a graph de�ned by F. Edges in the graphcorrespond to subset constraints, and nodes in the graph correspond to programpoints. The addition of new information is modeled in the framework in terms of



satis�ability of these constraints. The following theorem establishes the existenceof a least function F.A[[cl]]�� ) l 2 F hl; �iA[[(�x:e)l]]�� ) hl; �jFV (�x:e); �i 2 F hl; �iA[[xl]]�� ) F hx; �(x)i � F hl; �iA[[(el11 el22 )l]]�� ) A[[el11 ]]�� and whenever F hl1; �i 6= ;A[[el22 ]]�� and whenever F hl2; �i 6= ;A[[elbb ]]�0[x 7! �0]�0 andF hl2; �i � F hx; �0i andF hlb; �0i � F hl; �iwhere (�x:elbb )l0 2 el00for all hl0; �0; �0i 2 F hl1; �iA[[(let x = el11 in el22 )l]]�� ) A[[el11 ]]��0 and whenever F hl1; �0i 6= ;F hl1; �0i � F hx; �i andF hl2; �i � F hl; �i andA[[el22 ]]�[x 7! �]�where �0 = �lA[[xl[l0]]]�� ) l0 2 F hl; �ifor all l0 2 F hx; �(x)ihl0; �0; �0[l0=l]i 2 F hx; �(x)ifor all hl0; �0; �0i 2 F hx; �(x)iA[[if el11 then el22 else el33 ]]�� ) A[[el11 ]]�� and whenever F hl1; �i 6= ;A[[el22 ]]�� andA[[el33 ]]�� andF hl2; �i � F hl; �i if truel0 2 el00 and l0 2 F hl1; �iF hl3; �i � F hl; �i if falsel0 2 el00 and l0 2 F hl1; �iThe notation �[x 7! �] means the functional update or extension of � at x to �. Thenotation �[l=l0] means the contour derived by replacing l with l0 in �.Fig. 1. Relation ATheorem (Least Flow Analysis). Given environment �0, contour �0 and closedexpression el00 , there exists a unique minimal function F such that A[[el00 ]]�0�0holds.Proof Sketch. Since the analysis only manipulates a �nite set of values, wecan enumerate the set S of functions F for which A holds, and impose a natural



partial ordering on S. Suppose F1 and F2 are in S. By the structure of theconstraint rules, we show that A must also hold for F1 \ F2.The application rule introduces two constraints. The �rst requires that theabstract value of the argument be a subset of the value of the formal; in otherwords, information 
ows from the actual parameter of the call to the function'sformal. The second requires that the abstract value of the function body eval-uated at this call site be a subset of the abstract value of the application; inother words, information 
ows from the function body to the call site. Besidesthese two constraints, the rule introduces an explicit strictness ordering. If theabstract value of the function position at a call is unspeci�ed, i.e. no information
ows into the node represented by the corresponding program point, the argu-ment position need not be evaluated. A similar strictness constraint is introducedto cuto� evaluation of the function body if the abstract value of the argumentposition is unspeci�ed. This strictness constraint corresponds to a reachabilityassertion [10], and signi�cantly reduces the number of abstract values generatedby the analysis.3.1 Polymorphic SplittingThe last two rules of Fig. 1 for let-expressions and let-bound variables are theonly rules that introduce new contours. For programs that do not use let-expressions, contours are essentially useless|all expressions are evaluated inthe initial contour. Thus, in the absence of let, the analysis computes the sameinformation as a 0CFA analysis. Polymorphic splitting uses di�erent contourscreated at let-expressions and let-bound variables to disambiguate di�erent usesof a let-bound procedure.A let-binding evaluates in a new contour �0 which is constructed by append-ing the let-expression's label l to the let-expression's contour �. The maximumlength of a contour string is therefore the maximum nesting depth of let-bindings.Any closures created while evaluating the let-binding will capture the extendedcontour �0 as their third component (see the rule for �-expressions). To illustrate,we adapt the second example from Section 2 to our formal core language:(let f = (�x:xl1 )l2 in ((�d:(f l3[l0] 1l4)l5)l6 (f l7[l0] #tl8)l9)l10)l0The let-binding evaluates in contour �0l0, and returns the abstract value setfhl2; ;; �0l0ig. This abstract value set is bound to f in program point hf; �0i.When a let-bound variable xll0 is used, abstract closures bound to the variableare split. For each abstract closure c that captured the let-expression label l0,we de�ne a new closure c0 whose contour is derived by substituting l for l0 in c'scontour component. We return the new closure c0 rather than c. In the exampleabove, the abstract value set for f at f l3[l0] is fhl2; ;; �0l0ig. We split the closure inthis set by substituting l3 for l0 in the closure's contour, yielding fhl2; ;; �0l3ig asthe abstract value set for f l3[l0]. Similarly, fhl2; ;; �0l7ig is the abstract value setfor f l7[l0]. When these closures are applied, their argument bindings are created in



di�erent contours (�0l3 and �0l7) and the closures evaluate in di�erent contours.The analysis thereby avoids merging bindings from the two calls.As another example, consider the expression((�f:((f 0) (f true))) (�x:(�y:x)))which evaluates to 0, and whose least 
ow analysis is shown in Fig. 2. The setof abstract values for the result of this expression (program point hl0; �0i) isfl2; l5g. The analysis produces an imprecise result because the two applications(f 0)l3 and (f true)l6 each create the same abstract closure. In an exact seman-tics, these two applications create di�erent closures binding di�erent values fortheir free variable x.hl1; �0i 7! fhl11; ;; �0ighl2; �0i 7! fl2ghl3; �0i 7! fhl10; [x 7! �0]; �0ighl4; �0i 7! fhl11; ;; �0ighl5; �0i 7! fl5ghl6; �0i 7! fhl10; [x 7! �0]; �0ighl7; �0i 7! fl2; l5ghl8; �0i 7! fhl8; ;; �0ig
hl9; �0i 7! fl2; l5ghl10; �0i 7! fhl10; [x 7! �0]; �0ighl11; �0i 7! fhl11; ;; �0ighl0; �0i 7! fl2; l5ghf; �0i 7! fhl11; ;; �0ighx; �0i 7! fl2; l5ghy; �0i 7! fhl10; [x 7! �0]; �0igFig. 2. The least 
ow analysis ofel00 = ((�f:((f l1 0l2)l3 (f l4 truel5)l6)l7)l8 (�x:(�y:xl9)l10)l11)l0Rewriting the above example using a let-expression enables polymorphicsplitting to take place:let f = �x:�y:x in ((f 0 ) (f true ))Fig. 3 presents the least 
ow graph of this rewritten expression. Several closuresare now created for f with contours �0l0, �0l1, and �0l4. Since there are nowtwo separate bindings for x corresponding to the two arguments passed to f ,this analysis yields a more precise result.3.2 Comparison to Type InferenceFor several important idioms, polymorphic-splitting results in �ner precisionthan Hindley-Milner typing or safety analysis [16] as embodied by a 0CFA anal-ysis. As a simple illustration, consider the expression:22 The examples in this section use natural extensions for begin and primitive operators.



hl1; �0l0i 7! fhl11; ;; �0l1ighl2; �0l0i 7! fl2ghl3; �0l0i 7! fhl10; [x 7! �0l1]; �0 : l1ighl4; �0l0i 7! fhl11; ;; �0l4ighl5; �0l0i 7! fl5ghl6; �0l0i 7! fhl10; [x 7! �0l4]; �0l4ighl7; �0l0i 7! fl2g
hl9; �0l1i 7! fl2ghl10; �0l1i 7! fhl10; [x 7! �0l1]; �0l1ighl10; �0l4i 7! fhl10; [x 7! �0l4]; �0l4ighl11; �0l0i 7! fhl11; ;; �0l0ighl0; �0l0i 7! fl2ghf; [l0]i 7! fhl11; ;; �0l0ighx; [l1]i 7! fl2ghx; [l4]i 7! fl5ghy; [l1]i 7! fhl10; [x 7! �0l4]; �0l4igFig. 3. The least 
ow analysis ofel00 = (let fl0 = (�x:(�y:xl9)l10 )l11 in ((f l1[l0] 0l2)l3 (f l4[l0] truel5 )l6)l7)l0(let h = (�x:�y:if xl1then falseelse yl2 + 1)l3in begin(1 + (hl4[l0] false 1)l5)l6(hl7[l0] true "foo")l8end )l0Under a standard Hindley-Milner type discipline, this program would fail totype-check for two reasons. First, the branches of the conditional have di�erenttypes. Second, y is assumed to be of type Int based on the context in which it isused in the procedure body; the second call to h would violate this assumption.Under a 0CFA analysis, the two calls to h would be merged producing an abstractvalue for y that contains both 1 (from the �rst call) and "foo" (from the second).Depending on how the analysis is used, this merging would either lead to theprogram being rejected, or would result in run-time type-checks being requiredat both calls to h, and in the addition operation within h's body.Both static type inference and 0CFA ignore inter-variable dependencies. Con-sequently, they are unable to capture the fact that y is an integer precisely whenx is false . Flow analyses employing polymorphic splitting capture this infor-mation. In particular, the abstract values at all program points with label l2do not include the symbol "foo" since control never reaches the false branch ofthe conditional in the second call. Moreover, the abstract value at all programpoints with label l8 will contain only false, thus allowing such calls to be usedin a Boolean context even though the conditional yields an integer in the falsebranch. This kind of precision captures a form of polymorphism well-suited toScheme programs, and has a direct impact on performance.



Although polymorphic splitting records inter-variable dependencies, the ap-proximation de�ned by relation A does lose precision relative to Hindley-Milnertyping in some cases. In particular, free occurrences of a polymorphic procedurede�ned within another may get merged because of the way contours are extendedand substituted. Consider the following example:(let f = (�x: xlf )in (let g = �x:�y: : : : (f l5 x) : : : (f l6 y) : : :in (gl3 : : : )(gl4 : : : ))l1)l0To faithfully model polymorphism, we require f to be evaluated in four distinctcontours. However, because g's closure binds f to contour �0l0, the �rst occur-rence of f in g will be merged over the two calls to g, as will the second. Forexample, the abstract value yielded by evaluating the �rst reference to f in gwill be a set containing the abstract closure hlf ; �0; [�0l5]i; the evaluation of thisoccurrence of f in the second call to g will be the same.It is possible to extend A's de�nition to disambiguate polymorphic refer-ences such that it fully captures the behavior of Hindley-Milner type inference.For example, by simply evaluating the body of a let-expression in the same(extended) contour that the corresponding let-binding is evaluated within, wewould avoid the inappropriate merging in the above example. Although we canclearly make A's de�nition more precise, it is not clear whether the greater dis-ambiguation provided by this added precision can be realized without makingthe implementation of the analysis too expensive for realistic programs. Our ex-perimental results indicate that the potential loss of precision for programs thathave nested polymorphic procedures does not compromise the practical utilityof polymorphic splitting in eliminating run-time checks.4 ImplementationThe implementation of the analysis and the run-time type-check optimizationconsists of approximately 4000 lines of Scheme code. The output of the analysisis used to control the placement of three kinds of run-time checks:1. An arity check is required at a �-expression if the procedure may be appliedto an inappropriate number of arguments.2. An application check is required at an application if the expression in thecall position may yield a value other than a closure.3. A primitive check is required at a primitive operation if the operation maybe applied to a value of inappropriate type.The analysis operates over the entire Scheme language, and thus supportsvariable-arity procedures, continuations, data structures, and assignment. Whilemost extensions to the functional core are straightforward, there are severalworthy of mention:



1. Data Structures. Elements of Scheme data structures can be mutated. Theanalysis tracks such assignments by recording them in the program pointthat holds the value of the corresponding sub-expression. Unlike other statictype systems proposed for Scheme [22], assigning to data structures causes noloss in precision. Assigning to a �eld in a pair, for example, simply augmentsthe abstract value set for that �eld.2. Implicit Allocation. Certain Scheme constructs implicitly allocate storage.The most obvious example is variable-arity procedures, i.e., procedures thattake an optional number of arguments. Optional arguments are bundled intolists which are implicitly allocated and bound to a rest argument when theprocedure is applied. Since expressions in the body of the procedure can walkdown the rest argument using regular list operations, the implementationuses extra labels at each application to hold rest arguments.3. Type Predicates and Conditionals. A common Scheme idiom is to use typepredicates in conditional tests to guarantee that variables have a desired typein appropriate branches of the conditional. Failure to take such type predi-cates into account in the analysis can lead to unnecessary merging of abstractvalue sets and loss of precision. Our implementation recognizes type predi-cates that satisfy simple syntactic conditions, and evaluates the branches ofa conditional in separate environments. These environments bind the vari-able upon which the type predicate test is performed to di�erent abstractvalues consistent with the predicate check. (This environment splitting is notre
ected in Fig. 1.)The implementation constructs the least 
ow analysis for a program el00 bybuilding a graph in which nodes represent program points, nodes contain sets ofabstract values, and edges represent containment constraints between sets of val-ues at nodes. The algorithm constructs the graph incrementally by propagatingvalues across edges to successor nodes and building new pieces of the graph asnew closures arrive at applications. The algorithm maintains a work list of nodeswith values that have not yet been propagated to all successors of a node, andproceeds by repeatedly picking a node from the work list and propagating itsvalues to its successors. The algorithm terminates when the work list is empty.Procedure Flow, presented in Fig. 4, constructs the graph for an expres-sion reached in a particular environment and contour. For constants and �-expressions, Flow just adds the abstract value to program point hl; �i. For vari-able references, Flow adds a simple edge (h�; �i; h�; �i) between the appropriateprogram points. For applications, Flow constructs the graph for e1, and thenadds a special application edge (h�; �i; � � � �) from the program point represent-ing the result of e1. The target of this edge is a procedure that is invoked forevery value propagated across the edge; i.e. for every abstract value computedby e1. For every such value that is a closure, Flow constructs the graph for e2,memoizing to ensure that this subgraph is built only once. Flow also constructsthe graph for the body of the �-expression being invoked, adds an edge to prop-agate argument values to the formal parameter, and adds an edge to propagateresult values back to the call site.



Flow(cl; �; �) = add l to hl; �iFlow((�x:e)l; �; �) = add hl; �jFV (�x:e); �i to hl; �iFlow(xl; �; �) = add hx; �(x)i; hl; �iFlow((el11 el22 )l; �; �) = Flow(el11 ; �; �)add hl1; �i; �v:if v = hl0; �0; �0i where (�x:elbb )l0 2 el00MemoFlow(el22 ; �; �)MemoFlow(elbb ; �0[x 7! �0]; �0)add hl2; �i; hx; �0iadd hlb; �0i; hl; �iFig. 4. The procedure Flow builds a 
ow graph corresponding to the least 
ow analysisof a program.5 PerformanceOur implementation runs on top of Chez [4], a commercially available imple-mentation of Scheme. At optimize-level 3, Chez eliminates almost all run-timechecks, making no safety guarantees. By feeding the output of our analysis toa procedure that inserts explicit run-time checks based on the categories de-scribed in the previous section, the resulting program can be safely executed atoptimize-level 3.We have used the analysis to eliminate run-time checks from moderatelysized Scheme programs. Fig. 5 lists the benchmarks used to test the analysis,their size in number of lines of code, the number of sites where run-time checkswould ordinarily be required in the absence of any optimizations, and the time toanalyze them under polymorphic splitting, soft typing [22], a 0CFA implemen-tation, and a 1CFA implementation. The times were gathered on a 150 MHzMIPS R4400 with 1 GByte of memory.The program Lattice enumerates the lattice of maps between two lattices,and is purely functional. Browse is a database searching program that allocatesextensively. The program Check is a simple static type checker for a subsetof Scheme. Graphs counts the number of directed graphs with a distinguishedroot and k vertices, each having out-degree at most 2. This program makes ex-tensive use of mutation and vectors. Boyer is a term-rewriting theorem proverthat allocates heavily. N-Body is a Scheme implementation [23] of the Green-gard multipole algorithm [6] for computing gravitational forces on point-massesdistributed uniformly in a cube. Dynamic is an implementation of a taggingoptimization algorithm [8] for Scheme. Nucleic is a constraint satisfaction algo-rithm used to determine the three-dimensional structure of nucleic acids [5]. Itis 
oating-point intensive and uses an object package implemented using macrosand vectors. Nucleic2 is a modi�ed version of Nucleic described below.For several of the benchmarks, the analysis time required by soft typing isless than the time required for any of the 
ow analyses. Because soft typing



Benchmark Lines Sites Analysis Time (in seconds)Polymorphic Soft Typing 0CFA 1CFASplittingLattice 215 252 .22 .46 .15 .67Browse 233 281 .21 .96 .26 2.57Check 278 377 1.64 1.76 9.14 132.95Graphs 621 411 .30 .73 .20 1.13Boyer 632 211 1.48 3.69 31.03 71.01N-Body 874 1227 0.89 2.75 .36 8.14Dynamic 2331 2369 81.77 4.68 401.42 *Nucleic 3334 910 32.28 6.44 34.70 34.34Nucleic2 3264 1126 181.58 21.67 174.53 195.04* For Dynamic, the 1CFA analysis exhausted heap space.Fig. 5. Benchmark programs, their size (in lines of code), static incidences of run-timechecks for these programs in the absence of any run-time check optimization, andanalysis times under polymorphic splitting, soft typing, 0CFA, and 1CFA.is based on a Hindley-Milner type inference framework [9, 12], the body of a�-expression is evaluated only once. Applications unify the type signature for aprocedure's arguments with the type inferred for the formal, and thus do notrequire re-analysis of the procedure body. In contrast, the implementation of theconstraint rules speci�ed for our 
ow analysis propagates the value of a proce-dure's argument to the sites where it is referenced within the procedure body.Thus, expressions within a procedure may be evaluated each time an applicationof the procedure is evaluated. Despite the potential for re-evaluation of expres-sions in a �-body, the analysis times for polymorphic splitting are reasonablyclose to that of soft typing; Dynamic, Nucleic, and Nucleic2 are exceptions.In many cases, the analysis time for polymorphic splitting is less than theanalysis time for 0CFA. On the surface, this is counter-intuitive: one might imag-ine a more precise analysis would have greater cost in analysis time. The reasonfor the signi�cant di�erence in analysis times is because 0CFA yields coarserapproximations, and thus induces more merging. More merging leads to morepropagation, which in turn leads to more re-evaluation. Consider an abstractprocedure value P . This value is represented as a set of abstract closures. As thesize of this set becomes bigger, abstract applications of P require analyzing thebody of more �-expressions since the application rule applies each element inthe set de�ned by P . Because polymorphic splitting results in less merging than0CFA, abstract value sets are smaller, which leads to shorter analysis times.Fig. 6 shows the percentage of static checks remaining in these benchmarksunder the di�erent analyses after run-time check optimization has been applied.The static counts measure the textual number of run-time checks remaining inthe programs. Fig. 7 shows the percentage of dynamic checks remaining in thebenchmarks. The dynamic counts measure the number of times these checks are



evaluated in the actual execution of the program. Dynamic counts provide areasonable metric to determine the e�ectiveness of an analysis|a good analysiswill eliminate run-time checks along control-paths most likely to be exercisedduring program execution.
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Fig. 6. Percentage of static checks remaining after run-time check optimization.For each of the benchmarks, polymorphic splitting requires fewer run-timechecks than either 0CFA or soft typing. In many cases, the di�erence is signif-icant. Interestingly, 0CFA also outperforms soft typing on several benchmarks.For example, the Lattice program has roughly half as many static checks whenanalyzed using 0CFA than using soft typing. The primary reason for this is theproblem of reverse 
ow [22] in the soft-typing framework that leads to impre-cise typing. Reverse 
ow refers to type information that 
ows both with andcounter to the direction of value 
ow. Conditionals often cause reverse 
ow be-cause the type rules for a conditional require both its branches to have the sametype. Consequently, type information speci�c to one branch may cross over tothe other, yielding a weaker type signature than necessary for the entire expres-sion. Because of reverse 
ow, a cascading e�ect can easily occur in which manyunnecessary run-time checks are required because of overly conservative typesignatures.
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Fig. 7. Percentage of dynamic checks remaining after run-time check optimization.The dynamic check count �gures indicate that polymorphic splitting elimi-nates run-time checks at important program sites. The improvement over softtyping is more striking here. For example, about one third as many run-timechecks are encountered during the execution of Lattice optimized under poly-morphic splitting than under soft typing. About one quarter as many checksare executed for Dynamic. Here also, a simple 0CFA 
ow analysis generally doesbetter than soft typing, although for some benchmarks like Browse, Boyer, andGraphs, 0CFA is worse. This indicates that the approximation used by poly-morphic splitting is superior to 0CFA. Insofar as the benchmark programs usecommon Scheme idioms and programming styles, we conclude that Scheme pro-grams use polymorphism in interesting and non-trivial ways. Analyses which aresensitive to polymorphism will outperform those that are not.The counts of static and dynamic checks for Nucleic are signi�cantly higherthan for the other benchmarks. Nucleic implements a structure package thatsupports a simple form of inheritance; the main data objects manipulated by theprogram are de�ned in terms of structure instances. Structures are implementedas vectors, and tags (represented as symbols) are interspersed in this vector todemarcate distinct substructures in the inheritance hierarchy. Since the analysesdo not retain distinct type information for individual vector slots, referencesto these structures invariably incur a run-time check. Thus, although the vastmajority of references in the program are to 
oating-point data, all the analysesrequire run-time checks at arithmetic operations that are applied to elements ofthese structures. Nucleic2 is a modi�ed version of Nucleic that uses an alternativerepresentation for structures. This representation separates the tags from the



actual data stored in structure slots, enabling the analyses to avoid run-timechecks when extracting elements from structures. Nucleic2 incurs signi�cantlyfewer run-time checks than Nucleic for all analyses, although these improvementscome at the cost of increased analysis times.6 Conclusions and Related WorkFlow analysis can enable and facilitate a number of important optimizationsnecessary to implement realistic high-level languages e�ciently. Run-time checkelimination is one such example that is relevant in the context of languages suchas Scheme or ML.Although the 
ow analysis problem has been well-studied [11], and althoughparameterizable systems have been investigated elsewhere [10, 20], the applica-bility of such frameworks for optimizing realistic programs has enjoyed relativelylittle examination. When viewed in the context of run-time check elimination,
ow analysis bears an interesting relationship to type inference [17]. However,there has been little work on extending the relation to polymorphism or to un-derstand its implications on implementations.One important kind of run-time check optimization is elimination of typetags [21]. Shivers [19] used the term type recovery to describe a type-tag elimi-nation optimization based on 
ow analysis. Because this framework relies on call-string abstractions, and did not study the possibility of exploiting polymorphism,its success was limited. Moreover, since no attempt was made to implement theinterpretation for the entire Scheme language, making a quanti�ed assessmentof its utility is di�cult. Henglein [8] describes a tagging optimization based ontype inference. While the analysis can reduce tagging overheads in many Schemeprograms, it does not consider polymorphism or union types, and uses a coarsetype approximation that is signi�cantly less precise than control-
ow analysisobtained via polymorphic splitting.Soft Scheme [22] is a Scheme implementation that employs traditional typeinference techniques to derive type information which can be then used to elim-inate or obviate run-time checks. The type system used in Soft Scheme (calledsoft typing) is a generalization of static type checking that accommodates bothdynamic typing and static typing in one framework. A soft type checker inferstypes for identi�ers and inserts run-time checks to transform untypable programsto typable form. Aiken et al. [1] describe a more sophisticated soft type systemfor a functional language. This system uses conditional types in a more powerfultype language that should yield more a precise analysis than Soft Scheme's typesystem, but no implementation is available for a realistic programming language.Besides type inference and abstract interpretation, there has been recentwork on using constraint systems [7, 15] to analyze high-level programs. Thesesystems are based on an operational semantics that ignores all inter-variabledependencies. Consequently, while e�cient implementations of these analysescan be built, it is unclear whether they provide the necessary precision to performuseful run-time check optimizations. Re�nements on these approaches that take



into account polymorphism are possible [7], but are ad hoc and do not �t neatlywithin the constraint framework.We conclude that 
ow analysis o�ers the possibility of distilling more preciseinformation useful for run-time check elimination than uni�cation-based typeinference procedures. Because 
ow analysis tracks dynamic control-
ow, it canavoid incorporating information propagated from dead or unreachable code inabstract values. Furthermore, because these analyses record the creation pointsof values, they can be used to build a more re�ned notion of the set of values thatcan be associated with a given program point. This re�nement can facilitate otherkinds of optimizations beside run-time check elimination. Moreover, in sharpcontrast to traditional abstract interpretation systems, a direct implementationof the least 
ow graph generated by the constraint rules can be easily appliedto analyze incrementally-de�ned programs.Our results indicate that 
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