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tA (k; g)-graph is a k-regular graph with girth g. A (k; g)-
age is a (k; g)-graphwith the smallest possible number of verti
es. In this paper we prove that (k; g)-
ages are k-edge-
onne
ted if k � 3 and g is odd.1 Introdu
tionAny unde�ned notation follows Bondy and Murty [1℄. We 
onsider only �nite simplegraphs, and refer to them as graphs.Suppose that V 0 (or E 0) is a nonempty subset of V (or E). The subgraph (or theedge-indu
ed subgraph) of G indu
ed by V 0 is denoted by G[V 0℄ (or G[E 0℄). An indu
edsubgraph (or edge-indu
ed subgraph) is one that is indu
ed by some subset of verti
es (oredges). The subgraph obtained from G by deleting the verti
es in V 0 together with theirin
ident edges is denoted by G�V 0. The graph obtained from G by adding a set of edgesE 0 � E is denoted by G+ E 0.For a vertex v of G and a set of verti
es S � V (G), we use NS(v) to denote the setof verti
es in S that are adja
ent to v. For two verti
es uv 2 S � V (G), let dS(u; v)denote the distan
e between u and v in G[S℄. The distan
e between a vertex u and a setof verti
es X in S � V (G), denoted by dS(u;X), is the minimum distan
e between u anda vertex in X. When S = V (G), we simply use N(v); d(u; v) and d(u;X).The length of a shortest 
y
le in a graph G is 
alled the girth of G. Clearly, addingedges to a graph G might de
rease the girth of G. If G0 is obtained from G by addingedges, we use the term smaller 
y
le of G0 to denote any 
y
le of G0 having length lessthan g.�Resear
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A k-regular graph with girth g is 
alled a (k; g)-graph and a (k; g)-
age is a (k; g)-graph with the least possible number of verti
es. We use f(k; g) to denote the number ofverti
es of any (k; g)-
age.Cages were introdu
ed by Tutte in 1947[7℄, and sin
e then have been widely studied.The problem of �nding 
ages has a prominent pla
e in both extremal graph theory andalgebrai
 graph theory. A survey paper by P. K. Wong [8℄ in 1982 refers to 70 publi
ations.The study of 
ages has led to interesting appli
ations of algebra to graph theory. Re
ently,it also attra
ted some attention from resear
hers in 
omputer s
ien
e (see [2℄, [5℄). In thesepapers, new 
omputer sear
h algorithms are used to �nd new 
ages or provide betterbounds of f(k; g).Some fundamental properties of 
ages were established by H.L. Fu, K.C. Huang andC.A. Rodger in 1997 [4℄. They �rst proved that all 
ages are 2-
onne
ted, and then sub-sequently showed that all 
ubi
 
ages are 3-edge-
onne
ted. It follows from this theoremthat all 
ubi
 
ages are 3-
onne
ted. They then 
onje
tured that all simple (k; g)-
agesare k-
onne
ted. Re
ently, M. Daven and C.A. Rodger [3℄, and independently T. Jiangand D. Mubayi [6℄, proved that all (k; g)-
ages are 3-
onne
ted for k � 3. This impliesthat all (k; g)-
ages are 3-edge 
onne
ted for k � 3. We will prove a mu
h stronger result:all (k; g)-
ages are k-edge-
onne
ted if g is odd. Our proofs involve a new method, whi
hwe are also able to use to prove that all (4; g)-
ages are 4-
onne
ted [9℄.We shall often use the following theorem of Fu, Huang and Rodger.Monotoni
ity Theorem. [4℄ If k � 3 and 3 � g1 < g2, then f(k; g1) < f(k; g2).If a (k; g)-graph has two verti
es at distan
e g + 1, then one 
an delete these twoverti
es and add a perfe
t mat
hing of k edges between their neighbors so as to obtaina new k-regular graph with girth at least g. By the Monotoni
ity Theorem, this (k; g)-graph will not be a 
age. We use this type of argument to prove results 
on
erning the
onne
tivity of 
ages. First, we fo
us on �nding two verti
es at greatest possible distan
e.We then delete these two verti
es and add some 
arefully 
hosen edges in su
h a way thatk-regularity is maintained and the girth of the resulting graph is at least g.2 Edge-Conne
tivity of (k; g)-CagesSin
e the (k; 3)-
age, Kk+1 and the (k; 4)-
age, the 
omplete bipartite graph Kk;k, arek-edge-
onne
ted, we assume in what follows that g � 5.Let G be a (k; g)-
age and S is a minimal edge 
ut of G. Sin
e G is a k-regular graph,jSj < k. We may assume that jSj = k � 1 be
ause all the following arguments will beeasier if jSj < k � 1. Let S = fe1; e2; � � � ; ek�1g be an edge-
ut of G su
h that G� S hasonly two 
omponents, G1 and G2. Let X = V (G1) \ V (G[S℄); Y = V (G2) \ V (G[S℄);m1 = jXj and m2 = jY j. We �rst prove two lemmas on �nding two verti
es, one in G1and one in G2, at large enough distan
e from ea
h other.Lemma 2.1. Suppose that G is an h-edge-
onne
ted graph of girth g, where h � k � 1and g is odd. Then, there exists u 2 V (G1) su
h that dG1(u;X) � bg=2
, and there existsv 2 V (G2) su
h that dG2(v; Y ) � bg=2
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Proof. Form a path (u0; u1; :::; ubg=2
) in G1 su
h that u0 2 X and d(ui; X) = i for i =0; 1::; bg=2
. Su
h a sequen
e 
an be 
onstru
ted re
ursively for the following reason: Ifea
h of the k neighbors of ui (for i � 1) is distan
e at most i from X in G1 then, sin
ejSj � k � 1, at least two of these verti
es have shortest paths to X that end at the samevertex in S. The union of these paths, together with the two edges joining the neighbors,must 
ontain a 
y
le of length at most 2i + 2 � g � 1, a 
ontradi
tion. So, let ui+1 be aneighbor of ui distan
e i + 1 from X. Then, there exists a vertex ubg=2
 = u 2 G1 su
hthat dG1(u;X) � bg=2
. Similarly, there also exists a vertex vbg=2
 = v 2 G2 su
h thatdG2(v; Y ) � bg=2
.Theorem 2.1. Let G be a (k; g)-
age, where k � 3 and g is odd. Then, G is k-edge-
onne
ted.Proof. As noted at the start of this se
tion, we may assume that g � 5. Suppose G is a(k � 1)-edge-
onne
ted graph, and let S be an edge-
ut of size k � 1 in G. We shall useX; and Y as they were de�ned in the beginning of this se
tion. By Lemma 2.1, there avertex u in G1 at distan
e at least bg=2
 from X and there a vertex v in G2 at distan
eat least bg=2
 from Y . Let U = NG1(u) and W = NG2(v). Clearly, d(�u; �v) � g � 2 for�u 2 U and �v 2 W .We shall prove that there are k pairs of verti
es (�u; �v) where �u 2 U and �v 2 W su
hthat d(�u; �v) � g�1. Consider the bipartite graph B with bipartition (U;W ) and edge-setf�u�v j �u 2 U; �v 2 W; d(�u; �v) � g � 1g. Let A = f�u�v j �u 2 U; �v 2 W; d(�u; �v) < g � 1g.Clearly, B = Kk;k�A. We 
laim that ea
h edge xy 2 S gives rise to at most one elementof A. Otherwise, without loss of generality, there must be �u1 and �u2 2 U whi
h bothhave distan
e at most bg=2
 � 1 to x. On the other hand, dG1( �u1; x) � bg=2
 � 1 anddG1( �u2; x) � bg=2
 � 1 by Lemma 2.1. Hen
e, dG1( �u1; x) = dG1( �u2; x) = bg=2
 � 1. It iseasy to see that there is a 
y
le of length g � 1 
ontaining the verti
es in fu; �u1; �u2; xg,a 
ontradi
tion. This proves the 
laim, and hen
e jAj � jSj = k � 1. It 
an be easilyveri�ed using Hall's Theorem that B has a 1-fa
tor, M . By the de�nition of the bipartitegraph B, the distan
e between two end verti
es of ea
h edge in M is at least g � 1.Now 
onsider the k-regular graph G0 = G � fu; vg + M . Sin
e the distan
e in Gbetween the two ends of ea
h edge inM is at least g�1, the girth of G0 is at least g. This
ontradi
ts with G being a (k; g)-
age. Therefore, G must be k-edge-
onne
ted. This
ompletes the proof.Referen
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