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1. Introduction

Hamada's Formula gives the dimension of the projective geometry code C�(r; n; q), and several combi-
natoric and geometric proofs have been given; see eg [CH] and the references there. In this note, a new proof
is given for the case C�(r; n; 2), using a method with a topological inspiration. While this case is perhaps not
of the greatest interest (since such codes are Reed{M�uller codes), the method appears to be very amenable
to generalization. And while these dimensions were known, the recurrence relation presented here appears
to be completely unrelated to other expressions for these quantities. It is not clear at this writing whether
the technique used here works over other �elds.

It is also hoped that other \continuous" methods could be similarly adapted to \discrete" problems.

I would like to thank J.W.P. Hirschfeld for his help with this project. Some of this work was performed
while the author was a participant in the Isaac Newton Institute for Mathematical Sciences programme on
Computer Security, Cryptology, and Coding Theory ; their support is gratefully acknowledged.

2. Preliminaries

We �nd the dimension of C(r; n; 2), the dual to the projective geometry code. It is easy to see that that

dim C(r; n; q) + dim C�(r; n; q) =
qn+1 � 1

q � 1
;

where the right hand side is the number of points in Pn(Fq), the projective space over the �eld with q

elements. The result is:

THEOREM.

dim C(r; n; 2) =

r�1X
i=0

dim C(r � i; n� i� 1; 2) +

n�rX
i=0

2i: (1)

The code is constructed by considering all r-dimensional projective subspaces of Pn, and taking rows
of the incidence matrix whose rows represent the subspaces and whose columns represent the points. Over
any ground�eld k, this is equivalent to looking in the grassmannian of r+1-dimensional vector subspaces of
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kn+1, or Gr(r + 1; n+ 1). This latter space is an algebraic variety over k, wtih dimension (r + 1)(n� r); in
fact, when k = C or k = R, the grassmannian is a smooth manifold of the indicated dimension.

In the continuous cases, the grassmannianGr(r; n) (note change of parameters) has a cell decomposition,
that is, it can be written as a disjoint union of proper submanifolds, each of which is isomorphic to the \cell"
kr. This is de�ned as follows: �x a 
ag of subspaces of kn, that is, a sequence of subspaces F1 � F2 � � � � �

Fn, where dim Fi = i. Then for each sequence i1; : : : ; ir of distinct integers with ij � n, there is a cell given
by

fV : dim (V \ Fij
) = j; dim (V \ Fij

) 6= j + 1g:

Such a cell is conveniently represented by a word of length n consisting of r \a"s and n� r \b"s, where the
\a"s go in positions ij . Thus, in Gr(2; 4), the six cells are bbaa, baba, baab, abba, abab, and aabb.

These cells form a poset in two (or more) distinct ways. Topologically, w < v if the cell represented by
w is in the closure of the cell represented by v. This is expressed combinatorially by noting that the poset
is generated by the \moves": wabv is in the closure of wbav, where w and v are arbitrary subwords. This
is variously called the Bruhat order or the adherence order. Both of these techniques can be generalized to
more general 
ag varieties. A good reference for grassmannians and the cell decomposition is [GH].

The cells with this partial order de�ne a lattice, called the Hasse diagram. For Gr(2; 4) it is

bbaa

"

baba

% -

abba baab

- %

aabb

"

aabb

;

where w ! w0 indicates that w � w0: A good reference for grassmannians and the cell decomposition is
[GH].

For our case, the cell decomposition sets up an inductive method for counting the number of independent
rows in the incidence matrix describing the code. The calculation is arranged as follows: The �rst part
is induction from C(1; n; q) to C(1; n + 1; q). The second is induction from each cell in the di�erence
C(1; n+1; q)�C(1; n; q) to the one above; that is, the di�erence C(r; n+1; q)�C(r; n; q) is a union of cells,
and we must count the contribution of each cell. The �nal part tackles the general case of C(r; n; 2).

3. dim (C(1; n; 2)), Part One

For the rest of this note we will identify a cell with the word describing it.

It is trivial to check that the dimension of C(1; 2; 2) is 4. Now, note that all cells in Gr(r + 1; n + 1)
whose word ends in b are really cells in Gr(r + 1; n). Further, every point in every subspace in this portion
is not in Fn+1. Thus, the incidence matrix splits into two rows of blocks, where the �rst row consists of
subspaces in cells whose word ends in a, and the second row consists of subspaces in cells whose word ends in
b. The �rst column block consists of points not in Fn+1 (ie, last coordinate is zero), and the second column
block consists of points whose last coordinate is one:

�
� 0
� �

�

Clearly, all of the vectors in the lower block row are independent of those in the upper, and the number
of independent vectors in the upper row is dim (C(1; n� 1; 2).
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Notice that this step generalizes immediately to any C(r; n; 2).

To continue the proof we need to show that dim (C(1; n; 2)) � dim (C(1; n � 1; 2)) = 2n � 1. This is
part two.

4. dim (C(1; n; 2)), Part Two

Now we count the \new" independent vectors added by each cell in the di�erence C(r; n+1; q)�C(r; n; q).
To do this, we need a list of the cells whose last letter is a. This is abn�1a, babn�2a, : : :, bn�1aa. Note that
the dimension of brabsa is 2(n� 1)� s.

The bottom cell is abn�1a, which consists of the subspaces V which contain F1 and are not contained in
Fn. A basis for such a subspace is f(1; 0; : : : ; 0); (0; �; : : : ; �; 1)g, where � is any element of the ground�eld.
Di�erent choices for � lead to disjoint subspaces, so each of the 2n�2 choices leads to an incidence vector
which has a 1 in a position where no other incidence vector has a 1. Thus, all 2n�2 vectors are independent.

Now consider the transition to brabsa from br�1abs+1a. The subspaces in the bigger cell satisfy the
condition that V \ Fr+1 has dimension 1, while V \ Fr has dimension zero. Thus, each such subspace has a
basis of the form f(�; : : : ; �; 1; 0; : : : ; 0); (�; : : : ; �; 0; �; : : : ; �; 1)g, where the number of leading �s in the �rst
and second vectors is r. Notice that the sum of any two incidence vectors constructed from any two such
subspaces has the form (�; : : : ; �; 0; �; : : : ; �; 1), that is, is in a subspace in the smaller cell. Thus, each choice
of the r �s leads to only one independent vector (although each choice does yield one new vector).

Now add up the numbers of independent vectors in each cell. Starting at the top, the sum is 1 + 2 +
4 + � � �+ 2n�1 = 2n � 1:

5. General r

The calculation of dim C(r; n; 2) for general values of r is organized as follows: the Hasse diagram for
Gr(r + 1; n+ 1) is divided into regions according to the word's ending. The lowest region consists of those
words ending in b; thus, it is isomorphic to the Hasse diagram for C(r � 1; n; 2). As above, the points in
subspaces in cells in this region all have xn+1 = 0, and so this creates a block of zeroes in the incidence
matrix de�ning the code.

The next region consists of cells whose words end in ba. Since the �nal two letters are already determined,
the cells in this region have the form wba, where w is a word representing a cell in Gr(r; n). The next
region consists of words ending in aa, which puts its contents poset isomorphic with the Hasse diagram for
C(r � 2; n� 1). The next region's words end in baa, etc. The �nal region consists of the words ending with
r consecutive as.

So the calculation is clear: the incidence matrix is partitioned into blocks, one block for each region.
All but the �nal region contribute dim C(r � i; n � i � 1; 2) new independent rows, while the �nal region
contributes 1 + 2 + � � � + 2n�r new independent rows, using the same argument as above. The exclusion of
points with xn+1�i = 1 in the ith region means that no new dependency relations occur.

It should be noted that Hirschfeld has veri�ed formula (1) using binomial coe�cient identities.

6. Conclusions

The strategy of this note has shown that a topological perspective \reorganizes" the calculation of
dim (C(r; n; 2)); this part of the argument is independent of the ground�eld. The tactics, however, take
advantage of some of the special relationships that occur when the ground �eld has 2 elements. Future work
will address these de�ciencies.
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