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Chapter 1
Introduction

Thought is impossible without an image
Aristotle

1.1 Motivation

This thesis introduces an alternative way of thinking for vehicle and camera calibration
for autonomously guided vehicles as well as for hand-eye calibration. Parts of the work
have been done in cooperation with Netzler & Dahlgren AB, NDC, designs guidance
systems for autonomous vehicles. Autonomous guided vehicles, called AGV, are impor-
tant components of factory automation.

Traditional methods for camera based calibration often use a calibration target or are
based on solving the structure and motion problem before solving for the parameters. In
this thesis it is shown how to compute optimal parameters immediately from the observed
data. This method of computation relies on using the Continuous Multilinear Constraint
problem for many observations in a least squares sense by representing this least squares
problem with a polynomial.

Two different situations for AGV are investigated. In the first case, with a laser sensor
instead of a camera, it is shown that the distance measurements from the laser enable an
analytic solution. In the second case, the same situation is investigated for an ordinary
camera. As an additional example, it is shown how to use the method for hand-eye
calibration.

Navigation of Autonomous Vehicles

Autonomous vehicles are already important in factory automation and will certainly be
even more important in the future. To see that this technology will be advantageous
is not difficult. Unfortunately, robot and autonomous vehicle technology can also lead
to bad things in that it reduces the work force and in war. Fortunately this discussion
is beyond the scope of this thesis and only the mathematical aspects of calibrating the
vehicle motion and camera parameters will be considered here.

Why is Calibration interesting

In hand-eye calibration as well as for mobile robot camera calibration the data that we
wish to compute are lengths and angles that should have have been known from con-
struction of the system or could have been measured after construction. Why do we use
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computer vision instead of simpler methods? The reasons to search for these measure-
ments from images or other data are twofold, the first reason is that it is possible that it is
easier to forget the information of the blueprints and measure again or that the blueprints
are not available. The other reason is that in some cases, it is possible to get better ac-
curacy when measuring this way than was possible in the process of manufacturing the
robot.

For the Autonomously Guided Vehicles that will be the main part of this study a sensor
is mounted on an existing vehicle and the exact parameters of this vehicle are unknown.
The sought parameters are usually the geometric properties of the vehicle and the camera
placement on this vehicle.

A related question is the problem of hand-eye calibration when a camera is mounted on
a robot hand and we know the motion of the robot hand but would like to calculate the
translation and rotation of the camera relative to the robot hand as well as the internal
calibration of the camera.

With a calibrated vehicle it is possible to integrate data from both visual and odometric
information of the vehicle. Odometric data is information from steering and velocity.
This combination of data is important in the process of building a map of the environ-
ment as well as navigating on this map. It is theoretically possible both to build the map
and to use it without a calibrated vehicle but known calibration simplifies the task.

An important situation for visual calibration is the hand-eye calibration problem in robo-
tics. A camera is mounted on a robot hand for which the motion is known and we want
to find the the location and orientation of the camera relative to the robot hand. There
are many different ways to do this but most rely on either a measured calibration target
or on a reconstruction of structure and motion.

When is it correct?

The simplest way to judge if the calibration is correct is to compare with measured values.
Unfortunately such values are not in general available. Another way to see if the results
are correct is to use the parameters for map-construction or similar work and if this is
possible the residuals in this step are an indication if the parameters are good or bad.
The methods are tested on simulated data to check against bias and other systematic
errors. For a laser-guided vehicle calibration as well as for hand-eye calibration there are
also tests on real data.

1.2 Organization of the thesis

In chapter 2 a brief introduction will be given to map-building, computer vision with
special attention to to the multilinear constraints. Vehicle calibration as well as hand eye
calibration will also be introduced in this chapter together with the motion equations for

2
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the vehicles to be considered.

Some early thought and ideas on how to perform calibration are introduced in chapter 3
along with the ideas used in later chapters. In chapter 4 a vehicle equipped with a laser-
sensor is considered and different lines of thoughts are developed and results on real data
presented.

The core of the thesis is chapter 5 where it is shown how to perform hand eye as well as
vehicle calibration using Multilinear Constraints.

In an appendix some of the polynomial coefficients used in other chapters are listed.
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Chapter 2

Background in computer vision , map
building and robot calibration

The knowledge at which geometry aims is the knowledge of the eternal.
Plato (ca 429-347 BC) Republic, VII, 52.

2.1 Map Building

Maps of the environment have been constructed and used for a very long time. With
maps there are two fundamental questions, the first and most difficult one is how to
build the map, the second one is how to use the map.

Here we will be concerned with building a map of a set of points in the plane. For prac-
tical purposes there are two types of measurements. Absolute measurement of position
relative to a fixed coordinate system (longitude latitude) , the early measurements in this
category were obtained by observing the sun and the stars with additional information
from a chronometer, later other absolute methods were developed using radio like GPS.
The second type of measurements aim at finding the relation of neighboring points to
each other. In this category falls measuring distances and measuring the the angle from
one visible point to another. Computation of a position relative to a fixed coordinate
system then has to be made through a long chain of relative measurements back to the
origin of the coordinate system.

Autosurveyor

One application that uses automatic map-building is the AGV (Autonomously Guided
Vehicle) control systems of Netzler & Dahlgren AB shown in figure (2.1). These sys-
tems use a one-dimensional laser-scanner and odometry information from the vehicle.
The laser-scanners are intended to detect reflections from strips of a reflective material
(beacons) in the environment and detect angle and approximate distance to the beacons
relative to the vehicle . There is no identifying information in the beacons. This system
is described at length in [22, 23, 3, 1, 16], and one part of a map is shown in figure (2.2).
If correctly calibrated, the system can, automatically build a map of its surroundings and
will then use this map for navigation. If the calibration is approximately correct it is pos-
sible to use the system for minor adjustments of calibration parameters but this procedure
is very slow. If the initial guess on the parameters is not correct, the system fails.
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Figure 2.1: The figure illustrates a typical truck with a laser scanner mounted on top. On
the walls the reflective tapes can be seen.
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Figure 2.2: Map built with Autosurveyor. Stars are vehicle positions, numbered points
are beacon positions.



2.2. COMPUTER VISION

2.2 Computer Vision

Computer vision deals with the problem of finding a 3D structure from 2D gray-scale or
colour images. A common procedure is to use some point tracking algorithm to simplify
the problem to a problem of labeled points. One such tracker is the KLT tracker [25].
In this thesis it will be assumed that the tracking step has already been made and that
we have no problem in associating corresponding points in different images, hopefully
globally, but at least locally.

Projective Geometry

Every point, u, in the projective space P™ of n dimensions correspond to a unique line in
R™*+1 passing through origo. As every such line is defined by any non-zero point on the
line, it is possible to represent any point in P™ by a point in R**1\0. The coordinates of
these corresponding points in R"+1\0 are called homogeneous coordinates of the point
u. A hyper-plane in P” is defined by an (n+1)-tuple! # 0 and consists of all points in P"
with homogeneous coordinates u fulfilling I*u = 0. Angles between lines and distances
between are not defined in projective spaces. A projective transformation correspond to
multiplication of the homogeneous coordinates with a non-singular (n + 1) x (n + 1)
matrix. By choosing one hyper-plane in P™ as the plane at infinity, the affine geometry is
constructed. In affine geometry lines are considered parallel if they intersect at the plane
at infinity.

By choosing a particular conic at the plane at infinity, i.e. the so called absolute conic,
and by choosing a scale, Eucledian structure is imposed. This makes it possible to define
distances and angles.

Example. The point (X, Y, Z) in R® corresponds to a point in P3 that is represented by

the set {(X,Y, Z,1)t;t # 0} in R*\ {0} [ |
Example. In P? the point represented by (3,2, 1) can also be represented by (6,4, 2)
and (—3,—2, —1) but not (0, 0, 0). [ |

A problem with projective geometry is that there is no concept of distances or angles
and we have to impose Eucledian Structure to get these notions. Saying that something
is known up to a projective transformation means that the true structure is known to be
a member of the set of structures generated by projective transformations on the class
member that we have computed.

The camera equation

Assuming the pinhole camera model is used, a point in space represented by homogeneous
coordinates (X,Y, Z,1) is mapped to a point in the image plane with homogeneous
coordinates (2, y, 1), see figure (2.2). This gives the standard projective camera equation
(12]
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Figure 2.3: Projection formula of a pinhole camera

X
Y
Z
1

where the camera matrix P = K [R — RT) is a 3 x 4 matrix containing information
on both the internal parameters, K, of the camera as well as the external parameters,
[R RT), that is position and orientation, of the camera. If the camera is calibrated it
can after a suitable choice of image coordinate system be assumed K = I, the identity
matrix. For 1D cameras in the plane the corresponding equation is written

i X
A( ):p y
! 1

Here P isa 2 X 3 matrix. Here too P can be decomposed as P = K [R — RT] where

[f e
w=[s 7

are the internal calibration parameters and (R, T') represents position and orientation of
the camera with respect to the world coordinate system. All other equations in computer
vision are then derived from the camera equation, sometimes by imposing additional
constraints.



2.3. THE MULTILINEAR CONSTRAINTS

Most of the time the notation U will be chosen for points in space and u for points in
the image plane

Au = PU. (2.1)

Reconstruction

Using the theory for structure and motion it is possible to make a reconstruction of the
structure of the scene, the motion of the camera and the internal calibration of the camera
from a sequence of images. This reconstruction can be made both in 3D for 2D cameras
and in 2D for 1D cameras. All textbooks and most articles on Computer Vision deal with
some aspect of the structure and motion problem, here only two recent textbook will be
mentioned for reference [10, 12].

The usual way to perform structure and motion reconstruction is to begin from a minimal
configuration and solve for structure and motion. The points and cameras thus calculated
are then used with the information in other images and of other points to generate more
points and cameras locations. In order to deal with problems coming from uncertainty
in point estimates and numerical instability a numerical optimization scheme, bundle ad-
justment, is applied.

There are many more or less automatic systems for the reconstruction. One of the more
impressive ones is from the group in Oxford [31].

Having cameras of constant calibration limits the amount of unknown variables and hav-
ing known calibration is even more restrictive. If we have uncalibrated cameras the so-
lution can only be computed up to a projective transformation. There are also problems
with the stability of the solutions.

2.3 The Multilinear Constraints

With a known camera moving in a known way the image of a known point in space
would have a well known orbit in the image. Even if some of the above quantities are
unknown there are restrictions on their possible values. Two such constraints are the
discrete and the continuous multilinear constraints relating movement in the images to
possible movements of the cameras. A complete treatment can be found in [14, 15,9, 27].

Definition 2.3.1. The nth order discrete multilinear constraint in space is

P(to) u(to) 0 0
P(tl) 0 u(tl) 0

rank | P(t2) 0 0 ... 0 |44,
P(t,) o o .. w(tn)



CHAPTER 2.

Theorem 2.3.1. [ a sequence of discrete images corresponding points with coordinates
u(to), u(t1), ..., u(tn) obey the nth order discrete multilinear constraint.

Proof. This can be seen by lining up each projection constraint
/\(tz)u(tz) = P(tz)U

in a linear matrix equation

U 0

P(to) u(te) O 0

P(t:) 0 wu(t) 0 iﬁifi :g

P(tn) 0 0 U(tn) )\(tn) 0
M

Since this system has a non-trivial solution, M cannot have full rank. In space M is of
size (3n + 3 X n + 5) and therefore rank (M) < n + 4. [ |

Considering the first order constraint (n = 1) in space gives

P(to) u(to) 0
rank [P(tl) 0 u(tl):| <5.

which as the above matrix is of quadratic of size 6 is equivalent to

dec [ o) o] =0 (2.4

Sometimes it is easier to deal with derivatives and Heyden and Astrom introduced in
1998 [4] a continuous analogue of the above theorem.
In

At)u(t) = P)U . (2.5)
Use the Taylor series expansions
At) = 2O £ ADp 4
u(t) =u® + Wt 4. (2.6)
P(t)=PO + P4 .. .
Recall that superscript () denotes the ith coefficient in the Taylor series expansion, e.g.

Ak — 1 d*A

= 37 5¢% - Substituting the Taylor series expansions into (2.5) gives

Q@ AW A@¢2 £ )@ + 0t 4 u@P2 4 ) =
= PO 4+ POt P2 4 HU. (2.7)

10
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Identifying the coefficients of t* for i = 0, ..., n gives
PO w0 o o1 [o] o
=06 I €)Y (0) B Ao | _ 0
P ) (1) (0 )\(:”) 0

Since this set of equations has a non-trivial solution the leftmost matrix cannot have full
rank.

Definition 2.3.2. The nth order continuous constraint is

PO 4© 0 ... 0
PO 40 4O 0
rank . . . ) . <n+4. (2.9)
pn) oy =D 0
where £ is the Taylor coefficient of order 4 of f. ]

Theorem 2.3.2. In a continuous sequence of images the image coordinates u(© and their
derivatives, u(®, up to order v at the same instant of time, obey the nth order continuous
constraint.

Proof. Follows from the derivation above. [ |

First order constraint in space

In space the first order continuous constraint can be written as

rank M <5, (2.10)

PO L0 g
= |p1) L0 LO

butas M is 6 x 6 this imposes

[p(0) 40 ¢
With P(t) = A[R(t) R(t)T(t)], T(0) = 0 and R® = I we rewrite this as
[ A 0 «° o0

11
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2.4 Calibration

In many cases a construction is known up to some unknown system parameters. If these
numbers can be found the performance of the system will be improved. Such parame-
ters can be camera parameters, parameters in motion equations or other parameters of
importance. The most obvious way to get these parameters is to measure them when the
system is built, either in the blueprints or on the system itself. Sometimes the demands in
precision on the parameters are beyond the reliability of the manufacturing process and
it is difficult to measure the parameters from the object directly, sometimes the robot is
assembled from parts from different sources and it would be convenient not having to
keep track of all values. Another possibility is that the parameters are changed after the
object was put to use. When the parameters are unknown it would be helpful if the robot
was able to calculate by itself in order to perform self-calibration.

In computer vision mainly two types of calibration are investigated. First the problem of
camera calibration and secondly the problem of hand-eye calibration. Camera calibration
deals with how to determine a set of parameters of a camera. In hand-eye calibration
the camera is rigidly attached to a robot hand for which the motion is known, the task
is to determine the translation and the rotation from the hand to the camera as well as
the internal parameters of the camera. The hand-eye problem has been solved in many
different ways. Tsai and Lenz solve the problem by solving for camera positions using a
well-known calibration target [18] and then factoring out the unknown transformation.
They also solve the problem of unknown parameters in the robot [17].

Most other authors solve the problem in a similar way by solving for the unknown cam-
eras and then factoring out the affine transformation, Andreff, Horaud and Espiau [2]
use elegant linear formalism to reduce the problem to a linear problem, Dornaika and
Horaud|[8] use quaternions to linearize the problem.

Wei, Arbter and Hirzinger [28] use the robot motion to solve for the unknown calibra-
tion point and to calibrate the camera, the hand-eye translation and the lens distortion.
They also consider motion planning for the calibration process. Dias et al [7] propose
to use linear methods together with a Kalman or a recursive filter to increase stability.
Zhuang and Qu [30] propose an improved Jacobian for use in a one-stage iterative algo-
rithm based on the reprojection errors. Malm and Heyden deviate strongly from the other
methods in that they use a motion field-based method instead of a point-based method
[20].

AGY Literature

The question of auto-calibration for AGV robots is related to conventional calibration.
Unfortunately there is less freedom of movement and sometimes necessary to find certain
vehicle parameters as well. The amount of literature concerning calibration of AGV is
quite limited.

McNamee, Petriu and Spoelder [19] take images of a mobile robot and compute the

12



2.5. VEHICLE MOTION

Camerax0

Cameray0

Camera @ I

=

Length L

Figure 2.4: Parameters for a three wheeled cart

positions of a target on the robot and then use a Kalman model to find wheel radius and
wheel distance on a 4 wheeled vehicle with differential control. An early paper on the
topic is the one by Chang and Aggarwal [6] describing how to use rectangular corners in
space to compute the motion of the vehicle and then compute the unknown parameters.

2.5 Vehicle Motion

For this kind of application it is important to choose a vehicle for which the motion is
not too complicated, in industrial applications there are two-wheel configurations that
are especially convenient when it comes to calculations. In both cases the wheels can be
considered as non-slipping, that is, each wheel moves only in the direction in which it is
pointing. This is not the case for all wheels of an ordinary car.

3 wheels

A common wheel configuration is one with three wheels, two non-driving fixed wheels
at the rear axis and a driving steering wheel at a distance L from the rear axis. Control
signals for this configuration are the speed v(t) and steering angle s(¢) of the front wheel.
The translation of the center of the rear axis is orthogonal to the rear axis. The speed
of the translation is the projection of the speed of the front wheel to the z-axis , that is
v(t) sin (s(t)).

To investigate the rotation we see that the vehicle will travel on a circle whose center
belongs to both wheel axes. The radius of the circle that to the front wheel travels along

is L/ sin (s(t)) and therefore
6(t) = vsin (s(t))/L. (2.13)

13
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To compute the movement of the camera the effects of the rotation are added to the
translation of the rear wheel

[Um] _, [ —zolsin (s)

Uy yol sin (s) — cos(s) |’

Substitution with

I = 1/L,
X = /L,
Y = y/L
gives
A L —X sin (s)
r= [”y] - [Y sin (s) — cos (s)] ) (2.14)

In order to compute derivatives in a coordinate system fixed on the floor, positions are
computed by integration of movement in this coordinate system

z(t)] _ [ vz (T)

y(t)] = /;:to R(6(7)) [Uy(T)] dt (2.15)
differentiating twice in a fixed coordinate frame

' (t)]  _ vz (t)

v = reo[d) 219
after a third differentiation

2" ()] _ Vg (t) v, (1)

_y”(t)] = R'(6(t)) [Uy(t)] + R(0(t)) [U;(t)] . (2.17)

Where rotation and rotational velocity can be expressed

Ry — [0 e,

mooy - a[mea) 200, a1

v - o[l )
00 [Z26) o]

14



2.5. VEHICLE MOTION

Evaluating 2.18, 2.19 and 2.20 in 0 gives

R(0) = -(1) (1)] (2.21)
R'(0) = é[_ol (1]] (2.22)
r 59 .

This can be inserted into 2.15,2.16 and 2.17 to compute the value at 0

0

- ”’»‘] , (2.25)

Uz

7T _ [o

| = ] (2.24)
)]

)]

O(Yvsin (s) — v cos (s))
[.’c”(O)- B — X, sin (s) — Xvs, cos (s) (2.26)
)]~ |6Xwvsin(s) — v, cos (s) + vspsin (s)| '

+Y v, sin (s) + Yvs, cos (s)

As seen, all motion and motion derivatives can be computed if signals (v, s) and
parameters ([, X,Y") are known. As there is no motion along the z-axis, camera matrices
and their derivatives can be assembled

4 wheels

Carts with wheels according to fig 2.6 are controlled by differential control. The motion
equations are quite simple with linear expressions in all control variables. Assuming that
the distance L between the driving wheels is unknown as well as the odometric constants
k1 and ko for the wheels and the camera position (Zg, yo) on the cart we get a parameter
set (L, k1, k2, Zo, yo) with five unknowns for the movements of the camera center.

For the center of the cart

y kiv1 + kove
x 2 b
v, = 0,
. kl’Ul - kz’Ug
g = ———==.
L

15
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s(t)

rl=L/sin(s(t))

r2=L/tan(s(t))

00y
Ak Y v(t

Figure 2.5: Movement calculations of the cart
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Figure 2.6: Parameters for a four wheeled cart.
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Motion for the camera center is derived

kiv1 + kove
Vg = ——F—— — yaa
2
v, = 0+ acé",
y kl’Ul - kz’Uz
0 = T .

Simplifying with i =1/L, X = 2/LandY = yo/L

v, = W_y(klvl_vb),
Vy = X(kl’l)]_—kz’l)z),

é

Il

l(klvl — kz’l)g).
In the parameter set z = (I, k1, k2, X,Y’) the scale that cannot be reconstructed from

images alone and it is advisable to lock one of the parameters. It is in some cases known
that k1 = ko from construction. Integrating to get absolute positions

o - [ oo«

i = rewdio ][]+ row %]
but

roO) =[5 ).

ORI

a0 = ! Sl

—9vy + Uy
Ovy +vy |-

The second order derivatives are needed to use second order Continuous Multilinear
Constraints.

17
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2.6 Numerics

Optimization

The functions to be minimized will be polynomials and in some cases it is possible to
reduce the number of variables by using the fact that there is an analytic solution to the
minima of second order quadratic forms.

Theorem 2.6.1. If A is a positive definite symmetric matrix, b is a vector, ¢ is a constant.
Then 2T Az + bTx + ¢ is minimized by x = —(2A) 1 (bt).

The above theorem is useful when the target-function is polynomial of total degree
less than two in a subset of the variables. It is then possible to eliminate some variables
and thus constrain the dimensionality of the problem.

Richardson extrapolation

Some of the derivatives involved in the continuous multilinear constraint cannot be calcu-
lated analytically but have to be estimated numerically. This is the case for the derivative
u’ of the image point u. When numerically computing a derivative we want At — 0
but small values of At lead to strong amplification of noise levels while high At in some
instances leads to systematic errors. In order to reduce this problem the Richardson Ex-
trapolation method is used, a more detailed introduction to this method can be found
in[13].

A function f(h) is defined for A > 0 and we wish to compute limp_o f(h). Assum-
ing that f(h) has a polynomial approximation p(h) close to 0. Then p is estimated by
functional evaluations close to 0 and evaluated in h = 0
Example. Due to noise and quantization errors in the data it is impossible to calculate
directly

v o F(E+ At) — f(tAR)
Ft) = Aliglo 2At

Calculate fjp,(t) for some different At, find a polynomial approximation and compute

fo(®). u

18



Chapter 3
Attempts at Calibration

Where there is matter, there is geometry. (Ubi materia, ibi geometria.)

Kepler, Johannes (1571-1630)

3.1 Problem formulation

Given a three wheeled cart with unknown parameters 2. By performing an experiment
with a system (a robot, a vehicle) with observations 0 = {0;}; consisting of measured
odometry data and also measured visual data u = {u;},. The main idea is to construct
a function f(z,0) such that f is minimal when for the correct parameters and also such
that f is not computationally expensive neither in preparation time not in iteration time
when optimizing.

The most reliable target function for calibration would be to use the parameters in
our motion model to get vehicle positions and from these positions calculate point coor-
dinates for the points in the images. As two points suffice to calculate point coordinates,
points visible in more images will lead to over-determined systems and a residual can be
calculated. The problem with this approach is that each iteration requires a full recon-
struction and is thus very costly.

For the hand-eye calibration problem the motion of the hand is known and the pos-
sibility to make translations in all directions simplifies the situation.

3.2 Early Attempts

With a full and correct reconstruction of the structure and motion problem, the issue of
calibration would be quickly solved. Unfortunately the full and stable reconstruction is
difficult to obtain and the task would at best be quite time consuming.

Attempts were made in this direction but problems were encountered. The main reason
to avoid this approach is that a full reconstruction contains much more information than

is asked for.

3.3 Linear Function Spaces

When constructing f, it is important to get f to behave nicely over summation. Let
o = {0;} be the observed data and z the vehicle and camera parameters. We would like
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f to fulfill

N
f(x’o) :Zf(x’oj)zzpi(x)zgi(oj)- (3.1)
i i=1 j
with NV fixed and not too big. The author has been unable to build a function f based
on the reconstruction fulfilling the above conditions. Using the discrete and continuous
multilinear constraints it is possible to build such functions.
Example. With f1(2,y) = sin(zy) we get

fi1(z,4.3) + f1(z,3.7) + f1(z,6.3) = sin(4.3z) + sin(3.7z) + sin(6.3z).

There are no interesting simplifications except for Taylor expansions, but with f2(z,y) =
yz? we get

f2(x,4.3) + fo(x,3.7) + fo(z,6.3) = 4.32% + 3.72 + 6.32% = 14.32>

in this we thus have

> hme) = fl,d ) (3.2)

K3

Experiments with Taylor expansions show some promise but also substantial prob-
lems, mainly with stability. The goal in the following is to build target functions of the
type in equation (3.1)

3.4 Using Continuous multilinear constraints

The determinant of a matrix is a polynomial in the elements of the matrix. If the elements
of the matrix are polynomial in the vehicle parameters, the determinant will also be a
polynomial in these parameters. The continuous constraint is the determinant of a matrix
with elements that are polynomials in the parameters & and constants calculated from the
measured data. As the determinant is a polynomial in the matrix elements, the continuous
constraint is a polynomial in z and coefficients calculated from known data.

A full description is given in chapter 5.

3.5 2D case with distance

In the special case when distances as well as angles to the tracked points are known it is
possible to avoid the use of the second order continuous constraint by estimating motion
directly from the measurements and then calculate a polynomial target function for the
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parameters.
It is also possible to use the motion constraint to immediately compute a target function
that is minimized to get the parameters.
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Chapter 4
A first simple case

...by natural selection our mind has adapted itself to the conditions of the ex-
ternal world. It has adopted the geometry most advantageous to the species
or, in other words, the most convenient. Geometry is not true, it is advan-
tageous.

Poincaré, Jules Henri (1854-1912) Science and Method.

4.1 2D with distances, the growth of an idea

A simplified case is a robot vehicle with a laser scanner instead of a camera moving in
an environment marked with reflective strips. This system is described in [16]. This is
similar to measurements in ordinary vision with the following characteristics:

o The image is 1D

The field of vision is 360° and the internal parameters of the camera are known.

o Approximate range measurements are available

The hardware used here has a built in point detector that detects points marked
with reflective tape and hopefully nothing else.

This gives several advantages over a traditional camera as the feature detection is made by
the camera and the distances are most helpful when determining corresponding points.
Having distances also enables us to solve for vehicle motion and compare with vehicle
motion values computed from odometry.

Usually, algorithms are developed for automatic feature detection, feature association
and structure and motion estimation, cf. [21, 24]. However, these algorithms require
a calibrated vehicle. There are also methods for finding the calibration parameters of
the vehicle, but these require a well known map. Here it is shown how to estimate the
calibration parameters from raw unassociated data. The result can be used as a pre-
processing step to building a map.

A key observation made is that the problem can be treated more efficiently if one
uses the derivatives of vehicle motion. In this paper it is shown how these derivatives
can be estimated from raw partially associated data if approximate distances to the strips
of reflective material are known. It is also shown how odometry data, calibration data
and motion derivatives are connected. This makes it possible to estimate the calibration
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x—direction of fixed world
coordinate system

point

camera

Figure 4.1: A camera with x-axis pointing forward. Angles ¢ and 6 to point and world
coordinate systems respectively

parameters. Instead of solving globally for structure, local solutions for motion will be
computed. Associating corresponding reflexes is done by a linear model of reflex move-
ment in the field of vision. By applying very strict constraints of acceptance, most false
correspondences can be eliminated.

By choosing a coordinate system centered on the laser sensor the vehicle is immobile
while the world and the detected points are moving. The angle from the vehicle coor-
dinate system to the world coordinate system is 6. Point ¢ is at position (z,y); with a
measured angle ¢; and moving with velocity (v;,vy);. As all points in the world are
rigidly related to each other they all move with the same velocity (V, V). From figure

(4.1)

0 = ¢; + arctan &

i

We differentiate and set 72 = :cfeﬂw + ygeﬂw. Let V, be the rotation speed of the

vehicle. Remembering that w = (Vy,Vy, V) we now get:

Vozéi+w. (4.1)

4.2 Optimizing the parameters

In order to find the correct parameters some different methods were tested. The first two
are very similar and will be described first, then a quite different method will be described.
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4.2. OPTIMIZING THE PARAMETERS

Reconstruction and the parameter fitting

First attempts were made to estimate the structure and motion This was partially success-
ful but it was quite time consuming due to repeated use of bundle adjustment and there
was also problems with numerical stability.

Iterative and Analytic solutions

We remind of equation 4.1 From our measurements we get ¢; and r; and from these
(@,y); for all visible beacons. We now have a number of equations and only 3 unknown
variables and can in most cases solve this system to get (Vy, Vy, V,). In this way vehicle
motion can be estimated for most times ¢. To get a more precise estimate of movement
only allow values based on over determined systems with limited residuals will be used.

For most times the movement can be calculated from laser measurements and at these
times movement can also be computed for any set of parameters

W, velocities calculated from odometric data. With s the steering angle, v, the mea-
sured velocity of the front wheel and  the vehicle parameters we have (s, vy, ) —

w.
V , velocities calculated from laser data.

These velocities are subtracted to compute the error

Vm - Wz
V-WwW = |V,—-W,
_Vo - Wo
[V, coskys — yo sink,s/L
= |Vy| — kv R zgsinkgs/L
| Vo sinkqs/L

with R(6) the estimate for the offset rotation of the laser

cos(Bg) sin(6y) O
R = |[-—sin(fy) cos(6y) O
0 0 1

R(6) is a rotation matrix and therefore orthogonal

(kyvy cos kqs — kyvryo sinkgs/L)
V-W=R|R"v- kyv,zosink,s/L
kyvrsink,s/L
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Since s is small in most parts of the data set, sin(kys) & kg8 . This implies that
it will be difficult to estimate k, and L separately. However, the relation k4 /L can be
estimated reliably. In the sequel this problem is avoided by setting ko = 1.

ki = ky, ks = k,/L,
k2 = kyyo/L, a = v;coskys,
ks = kyzo/,L b = wv,sinkgs
we get
aky + bk
V-W=R|RTv- bks
bky
For each t we set f = (v — w)T (v — w) and use
aky + bk
z = bk3
bky

to rewrite f as

f= (w-—w)(v-w)

= (R(RTv—2))"(R(RTv - 2))

= (RTv—2)"(RTv - 2)

= oI'RTRyv —vTRTz — 2TRv + 272

= vTv—20TR 2 + 27 2.

Notice that # is linear in {k;}. Consequently f is bilinear in the {k;}. The sum of f for
different time instants ¢ is chosen as target function

i)=Y £ty

To optimize this function we calculate partial derivatives and set these to 0. This gives a
system of 5 equations.

dF _ dF _
=0, iE _ (),

With the data as column vectors we substitute

r1 = avl, rg = bul, rs = aa,
T2 = av, ra = by, re = bb,
rg = bU(I), T = ab’.
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4.2. OPTIMIZING THE PARAMETERS

It is important to note that all 7; are scalars and can be calculated without knowing
the vehicle parameters. The conditions on the partial derivatives can be written

7‘1C050 — T‘QSiIle —T'5k1 —1"7k2 =0

r3c080 — r48inf —rrk; —regks =0

74€08 60 + r38in 6 —reks =0 . (4.2)
T6k4 =T

(’I"le +r4k2—r3k3)c050 + (7‘1](71 +r3k2+r4k3)sin9: 0

When (rsrg —72) # 0, rg # 0 we can solve the first four rows for k; with respect to
cos(0) and sin(#). The k; can then be substituted into the fifth row. With substitutions

—T1T2T6 + 23Ty + 117477 — 737475 n 374

pr = 2
TrsTe — 7‘7 Te
_ (rarg —rirg)(rare — rar7)
= g ,
re(rsre — r7)
B = —7‘%7‘6 + 2rir3ry + 27‘%”'6 — ToTaT7 — T%"'S + 7'27'5 TZ - 7’32,
= - .
T5Tg — T2 6
we get

B1(cos®(9) — sin?(8)) + B2(cos(8) sin(8)) =0
or equivalently
B1 cos(20) + [ sin(260) = 0.

Assuming that the laser sensor is pointing forward the solution closest to 0 of the
above equation is chosen. With 8 computed (k1, k2, k3, k4) can be solved for in least
squares sense in equation (4.2). In figure 4.2 the computed values are compared with the
values from the blueprints for a number of different vehicles and different datasets. It is
important to note that for our measured values the scale comes from the distances given
by the laser-scanner and these measurements can be biased.

Polynomial search method
We will use equation (4.1):

C o UyTi — VY
vo = i 4 LT YeYi,
T
In the previous method velocities were solved for even if they were not explicitly asked for.
though this data was not asked for. Here the vehicle parameters will be inserted directly

into (4.1). Multiplication by 72 gives
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Figure 4.2: (I, 2o, yo) Estimated vs “measured” parameters. Unknown values are set to 0.
Measured parameters are only approximate.

120, — 12 — vy + vpy; = 0. (4.3)
We know that

b

,_|
S e
@ 8
| I

—zolsin (s)
vR(%) [yol silf?s)s— ci)s (s)

v, = wsin(s)l.

Inserting this into (4.3) gives

¢r? + kv sin (s) X cos (8p) cos (phi) — k,vY sin (s)r sin (8g) cos (¢)+
k,vY sin (s)r cos (6o) sin (¢) — sin (s)k,vir?+
kyvsin (s) X7 sin (6g) sin (@) + k,v cos (s)r sin (6g) cos(¢)
— kyv cos (s)r cos (6p) sin (¢) = 0,
where (s,v, @, é, r) are known and the remaining parts is a polynomial in (ky,[, X,Y,
cos (6p), sin (6p)). One such equation is generated for each time step. These equations

are solved in least squares sense. That is the equations are squared and added to each
other and the sum is minimized. Let F' be the likelihood function, then

F(z) = sz'(%) ZBi(Oi)a
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with 2 = (ky, [, X, Y, cos (8o),sin (6g)) and 0; = (4, i, i, bi, 7). The B;(0;) are
found in the appendix.

4.3 Problems

The length scale in the estimate is given by the length measurements of the laser and sys-
tematic errors in the laser measurements give errors of scale in the estimated parameters.
For this reason all estimates have been normalized before comparing to blueprint values.
In the expression for the motion L and k4 appear as sin K s/ L and as the steering angle
usually is small it is impossible to distinguish between L and kg and one of the values has
to be set, we chose ks = 1.

4.4 DPossible applications

Except for the obvious application of parameter estimation, there is a possibility to use
these ideas for surveillance of vehicle status. If there is an error in the sensors the error
value between the motion calculated from the laser and the corresponding value from
vehicle sensors will be large, indicating an error and hopefully the source of the error as
well.

For parameter surveillance there are two main possibilities:

o Using the distances given by the laser to compute the motion. The advantage of
this is the simplicity shown above.

o As this kind of system is run to find its own position on a map the vehicle will after
the initiation phase, have a map of the surroundings and will then have precise
information on estimated distances to different reflexes.

4.5 Conclusions

We have shown that it is not necessary to reconstruct the map to be able to compute the
vehicle parameters. An important point is that position derivatives are easier to work with
than the actual position and that, in some cases, the optimization can be made without
the need for time-consuming iterative optimization routines
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Chapter 5
Using Multilinear Constraints

Inspiration is needed in geometry, just as much as in poetry.

Pushkin, Aleksandr Sergeyevich (1799 - 1837)

In this chapter will be shown how to use the discrete and continuous multilinear con-
straints in hand-eye and vehicle calibration. It will first be demonstrated how the discrete
multilinear constraint can be used for hand-eye calibration giving good results both with
simulated and real data. Then the method with continuous multilinear constraints is
demonstrated on the hand eye calibration problem and it is shown that this method has
some problems related to the stability when applied to real data. The last part of the chap-
ter shows how to apply the discrete and continuous constraints to solve for the unknown
parameters of a vehicle equipped with a camera. As before it is assumed that only tracked
points are dealt with. One possible point tracker is the KLT tracker[25].

5.1 Hand-Eye Calibration

A robot hand (gripper) is given for which the rotation Ry and the translation Ty with
regard to the world coordinate system are known. On this hand a camera is rigidly
mounted with translation Ty g and rotation R g from the hand in the hand coordinate
system. The internal calibration of the camera is K, an upper triangular 3 x 3 matrix.
By moving the robot hand and observing points in images the goal is to compute Ry g,
TxE and K. Camera motion is written

P(t) = KRyg [RH(t) —Tug — RH(t)TH(t)] .
With A = KRy g, this can be written

P(t)=A[Ru(t) —Tup— Ru(t)Tu(t)]. (5.1)
5.1.1 Hand Eye Calibration Using Discrete Multilinear Constraints

Reminding of equation (2.4) which is a reformulation of the first order discrete multilin-
ear constraint in space :

det [
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It is important to note that (2.4) gives a constraint for each pair of images of the same
point and that constraints coming from different points may be used together without
introducing new unknown variables.

Solving for camera rotation and internal calibration using translations

With a suitable choice of robot coordinate system, it can with pure translations assume

that Rgr(t) = I. Then (5.1) is simplified to
P(t)y=A[I —Tug—Tx(t)]. (5.2)
Inserting this into (2.4) gives

(A A(~Tue - Tu(t:)) ul(t) O ]:0

det A A(-Tue-Tu(t;)) 0  wu(t))

which is equivalent to

(A A(=Tup —Tu(t:))  ult:) 0 ] =0.

o AC-Tu(t;) + Tu(t) —ults) ult;)

Substituting with ATy = Ty (t;) — Tr(t;), the above is rewritten

det Adet [-AATH —u(t;) wu(t;)] =0
- detAdet [—AATH u(tz) u(t]‘)] =0
det [AATH u(t;) u(tj)] =0.

since det (A) # 0. Decomposing A into elements, this is written

a11 G012 413
det G921 Q22 A23 ATH u(t,) ’U,(t]') =0 (53)
a31 a3z ass
<~
3,3
> awdet [I(i,/)Tu u(t:) u(t;)] =0 (5.4)
k=1,l=1

where (i, ) is a 3 X 3 matrix with a 1 in place (7, §) and zeros elsewhere. Let B(t;, t;)
and A be column vectors with elements defined by

Bs(k—1)11(ti t;) =det [I(k,)Tu u(t:) u(t;)]

As(k71)+l = Q-
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5.1. HAND-EYE CALIBRATION

Then (5.4) can be rewritten
B(t;,tj))TA=0

implying that
AT(B(ts, t;)" B(ti, t;))A = 0.

The above has to be fulfilled for all pairs of measurements (¢;,%;) and summing the
squares of these equations we get

> AT(B(ti, t;)" B(ti,t;))A =0
! <
AT(> " B(ti t;)"B(ti, t;))A = 0. (5.5)
3,

S

~~

M
As A has an arbitrary scale and det (4) # 0 it can be assumed that ||A||r = 1 where
IAllF = [|All2 = 4 [2 ok A2,. A solution to this minimization problem is given by a

singular value decomposition of M [11] as M is a symmetric matrix.
Computing the translation of a camera with known orientation and internal param-
eters

From the previous step, the matrix A is known. By a change of the image coordinate
system, without loss of generality it can be assumed that A = I. The camera matrix P(¢)
of size (3 X 4) can be written

P(t) = [Ru(t) —Tup — Ru(t)Ta(t)]

and the constraint (2.4) is simplified to

Ry (t:) —Tup— Ru(t:)Tu(t:) u(t:) _
det [Fole) Tn Tty 0 ul)] =0
==
C(ti,t;)"Tag + D(ti,t;) = 0, (5.6)
where
_ Ry(t;) Ru(t:)Tu(t:) (t:) 0
Dtty) = det[galt) gEGoTHC) w0 )

is a scalar and C'(%;, ;) is a column matrix with elements

Ru(t;) I(k) wul(t;) 0]

cr(tit;) = det [RH(tj) Ik) 0 u(ty)]
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Here I(2) is column ¢ of the 3 x 3 identity matrix. Equation (5.6) implies that

(C(ti, t;)"Tug + D(t;,t;))> =0
<
D*(ti,t;) + 2D(ti, t;)C(ti, t;) Tup
+T§E0(ti, t;)C (¢, tj)TTHE =0.
This has to be fulfilled for all pairs of measurements, giving
> (D(ti,t5)) + 2D(ti, 1) C(tis t) T
%,
+THEC(ti, t;)C(ti,t;) " Tap =0
<~
O D?(ti,t5)) + 200 D(ti,t;)C(ti, t;) ) Tue
6,J ]
+Thp() | Cti, t;)C(ti t;) ) Tue = 0.
%,
This is a second order polynomial for which the minimizing Ty g is the least squares
solution to (5.6) for all observed image pairs.
5.1.2 Hand Eye Calibration Using Continuous Multilinear Constraints
Study the continuous multilinear constraint (2.11),
P u O
det [P’ o u] =0.

In the robot coordinate system the camera matrix at time ¢ is

P(t)=A[l -Tug] [Rﬁ’)(t) _RH(?TH“) : (5.7)
By changing coordinate system so that
Ry (0)=1
{ Tu(0)=0 "’
we get
= A[Ry(t) -Ry®)Tu(t) - Ry(t)Tu(t)]. (5.9)
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5.1. HAND-EYE CALIBRATION

Evaluating (5.7) and (5.9) at 0 gives
P(0) = A[I-Tyg]
P'(0) = A[Ry(0) —Ryx(0)Ta(0) - Ru(0)Twu(0)]
= A [R}{(O) —TH(O)'] .
Inserting this into (2.11) we get

A —ATHE u 0

det [AR}I AT, W w =0. (5.10)

This expression will be used as starting point for both steps in a two-step method.

Internal calibration as well as camera rotation from pure translations

In the case of pure translations, that is Ri‘{ = 0, (5.10) gives

det [A —ATHE u 0 -0.

0 AT, 4 u

Using det (A) # 0 this is equivalent to

det[AT}{ u! u]:O. (5.11)
Substituting
ay a2 as
A = as as ag
ar ag Qg
and
i1
Ty = to
t3

into (5.11) gives

14! 141 1 4! )
0 = —aiust] — asuyty — asuyts + asugty
Itl I 4! ! ! 1,1
+asuity + aguity + ar(tjuiuy — tjugus)
! ! !, 1 ! ! r,1
+ag(tyuiug — tauyus) + ag(tsuius — t3uguz).
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The constraint is linear in A and can be written

[ —ubt] 17 (a1 ]

—uhth as

—uhth as

urt] a4

0 = uith as
ujth ag

1 (uruh — uiusg) ar

th(uruh — uiusg) as
| t3(uruy — u’luz)J | o |

Using the notation
< T
A:[al as a3 a4 as Aag ay as ag]
we get
T
1
—uyTy _
— 1
0 = ui Ty A (5.12)
! i i
(uruy — uju2)Ty

C(0;)
This is the same expression as (5.4) when using the discrete constraint with the difference
that the distance between observations is infinitesimal in this case.

The camera orientation and calibration matrix A is computed by singular value decom-
position.

Computing the translation of a camera with known orientation and internal param-
eters

The camera matrix A is known from the previous step. By change of image coordinate
system it can without loss of generality be assumed that A = I. The constraint (5.10)
then becomes

I _THE u 0

det | o gy wow] =0 (5.13)
With
[ 0 —Tr3 T2
RIH = rs3 0 -ri],
_—7’2 r1 0
-’7'1
Ty = |72/,
_7-3

36



5.1. HAND-EYE CALIBRATION

the constraint (5.13) becomes

1 0 0 —T1 U1 0

0 1 0 —T2 U2 0

0 0 1 —75 0
det 0 —r3 ra —t] uj w1 =0

rs 0 —ry —th ub ug

—T2 T1 0 —té 01

—

—
Ciim1 +Croma +Crg3 +mg =0 (5.14)
[C‘rl C"r2 C‘r3:| T + mo = 07 (515)
where
Cr = T3ug + T3u) — r3re — raus + roulrs
+roujus — rauIry — raU1Uhy + ra3UIULTL,
Cro = —T3U2UIT2 — TEUL + T3Uh + 73T + TPuy
—ruirs + rugub + riugry — riulusg,
Cr3 = —raul — Tl — rouldry + r3usuy + rauiTs
—r2uius + riudre — riusrs,
— tl ! 2
moy = 1(“2 +7r —uirs + usT1 — uzulrz)

! ! 2
—th(u] —ro + uars — uirs + uyuary)
+th (udrs — urrs + udrs + ujus — uars — uguh).

Equation (5.15)is linear in Ty g and has to be fulfilled for all observed points. Ty E is
computed by solving this system in least squares sense.

5.1.3 Reprojection Based method

In the situation of only one tracked point the setup is very similar to a special case of [28].
If the robot hand is only translated it is possible to compute A using each of the above
proposed methods. With a known camera performing known relative movements a point
in space corresponding to the tracked image points can be computed using intersection.
Assuming a value for Ty g it is possible to compute camera movement even in the case
when there are rotations in the hand movements. With a known camera position and a
known point in space it is possible to compute a synthetic image point of where the point
in space would have been projected.

The computed image point is compared with the tracked image point and an error func-
tion is computed by summation of this error over all images. With this error function
it is possible to find Ty g by conventional optimization. This alternative approach can
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Figure 5.1: The robot used in the real experiments.

be used to compute Ty g and will be used for verification as the laboratory experiments
were made using only one point.

5.1.4 Experimental validation

For simulated data both the discrete and the continuous multilinear constraint work well
for real data, even if it is necessary to keep small enough step-lengths in the continuous
case.

A modified ABB IRB2003 robot, capable of moving with 6 degrees of freedom, has been
used to test the methods. The camera was mounted using a ball head camera holder on
the hand (gripper) of the robot so that the orientation of the camera could be changed
with respect to the orientation of the robot hand coordinate system, cf. Figure 5.1. It is
difficult to test the values computed from real data. Visual inspection of the robot tells
us that the answer we get is realistic; it also gives a small reprojection error if a point is
computed by intersection and then reprojected. All tests have been made by tracking a
single point as this was easier to handle.

The step computing @ is identical for both the discrete and the continuous formu-
lation even if it is only proven for small step lengths in the continuous case. Using the
“Camera Calibration Tool-box for Matlab” by Bouguet [5] implementing the calibra-
tion method of [29] it is possible to get an estimate for the camera parameters using a
calibration plane

Al _ [1001.3+5.8
£ T |1041.3+6.0

zo| _ [317.8+7.3
yo| =~ [240.5+6.6]"
Tracking one point in 37 observations and using rather long steps and all possible pairs
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5.1. HAND-EYE CALIBRATION

we get camera internal calibration matrix

1000.6 —-0.1 326.0
K = 0 1036.6 232.1
0 0 1

This is close to the values from the Calibration Tool-box.

When estimating T g the discrete and the continuous methods are different. Since
the ground truth for Ty g is not available we are restricted to looking at the variability of
the estimated values as well as comparing with the reprojection based method. Unfortu-
nately the experiments were made on different days with different camera-settings.

Estimating T g using discrete multilinear constraints

Using a sequence with 72 camera positions and images a value for Ty g was calculated.
An attempt to validate the method was made by selecting 30 random observations and
computing T, this was repeated 100 times. Mean value and variance of Ty g are
computed

[-103.8
mean(Tgg) = |-117.3
| —221.9

[4.6
U(THE) = 6.8
4.1

using the reprojection method Ty g was calculated to

—101.6
Tur = | —106.6
—221.2

Matlab code for this implementation can be found on the author’s home-page [26].

Estimating Ty i using continuous multilinear constraints

It is difficult to say if the estimated values for Ty g are correct or not. Hand translations
and rotations were generated using the following matlab code

R = randn(1,3)/R_div ;

Rp = eye(3)+ [ 0 -R(3) R(2) ;
R(3) 0 -R(1) ;
-R(2) R(1) 0 ];

Thp = T_mult*randn(3,1);
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Sequences 1 to 4 each containing 100 camera positions generated using
Sequence | 1 2 3 4

Ry 100 | 200 | 400 | 400
Tt 30 30 30 5

the fifth sequence is the sum of the other sequences. Using the A computed above

and the method based on the continuous constraints the following results were computed

for THE
1 2 3 4 5
-98.9 -102.4 | -75.6 -95.6 -93.7
-98.0 -128.3 -124.80 | -113.5 -107.1
-262.3 -265.0 -218.5 -262.0 -261.4

after refining the above values with the reprojection based method the following values
were computed
1 2 3 4 5
-98.3 -118.9 -103.2 -69.1 -103.2
-104.4 -101.9 -100.7 -113.1 -104.4
-254.3 -254.1 -219.1 -233.8 -252.0

Visual inspection of the camera mount suggest that the values computed are plausible

but it is hard to tell which one is correct.

These numbers show that the method using the continuous constraints has problems to
estimate Tyg in a reliable way and should not be used when it is possible to use the
discrete multilinear constraints.

Speed

These costs are computed assuming that we have a set of tracked points and corresponding
robot movements Ry (t) and T (t). Tracked points can be obtained by using the KL'T-
tracker [25]. Estimates for flops are based on the numbers from Matlab. For the first step
both methods are identical in time consumption. For the first step of finding the internal
camera parameters as well camera orientation we have

o 330 flops per point pair for calculating M in (5.5)

o Finding the camera from M requires 15795flops divided into 15232 flops for the
SVD and 554 flops for RQ-factoring.

The second stage is not identical for the two methods but requires approximately 500-
700 flops per observed point pair. This means that for 100 points in each step arranged
so that all pairs can be used, we need roughly 5M flops. A typical CPU of 2003 has
performance in gigaflops.
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5.2. VEHICLE CALIBRATION WITH KNOWN CAMERA

5.2 Vehicle Calibration with known Camera

Reminding of (2.11)
P u O
det [P' o u] =0. (5.16)

With a known camera it can be assumed that A = I and by choosing a coordinate system
centered at the camera at time ¢ , equation (5.16) is rewritten

(5.17)

det[I 0 u 0]:0.

R T 4 u

The equations for the motion derivatives (2.13), (2.22) and (2.14) can after adding a
third coordinate be written

0
T = —Xwsin (s) ,
v(Y sin (s) — cos (s))

o oo

R = 6|0 0 1,
010

6 = wsin(s)l

where 0; = (vi, 8i, u;, u) is measured odometry and image information and z =
(I, X,Y) vehicle parameters. Equation (5.17) is then written

1 0 O 0 up 0
0O 1 O 0 us 0
0 0 1 0 1 0
det 19 o o 0 i wi| =0
0O 0 ¢ —Xvsin (s) Us  Us
0 —0 0 v(Ysin(s)—cos(s)) 0 1

This equation is a polynomial in ([, X,Y) and corresponding coefficients are found
in (A.9). This equation holds for all observations and a least squares solution leads to the
problem of minimizing the polynomial

> (pilz) D Ailoy)),
i J
where the A;(0;) are found in (A.8).
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Optimization Step

In the 3D case with fixed camera F'(I, X,Y) is a second order polynomial X and Y with
coefficients being second order polynomials in [. The function F is written

X X
F(LX,Y)=[X Y]a() [Y] +B() [Y] + (1)
minimizing this over (X,Y") and assuming det (a) # 0 we get

1
in F(I,X,Y) = —8(1) a(l)~* l
(in LXY) ==, 80) )™ ++(0)
which as o is a 2 X 2 matrix is a rational function of order 6 in the nominator and order
4 in the denominator. This reduces the search to one-dimensional optimization.

Numerical Experiments

In the absence of real data, the method has been tested on simulated data. In all the
examples below a the parameters of a simulated vehicle has been set to (I, zg,y0) =
(1,2,0) and for each number of samples the process of estimation has been repeated 100
times and estimates, standard deviation and mean error are calculated and plotted.

Bias of the results

In figure 5.7 there is a clear and visible bias, this bias comes from the fact that the deriva-
tives are calculated by subtraction and this often gives an error in the derivatives. If At
is decreased the bias will decrease but unfortunately this also affects the stability when
calculating the image derivatives. Our choice stands between on the one hand stability
and reasonably fast convergence and on the other hand the elimination of bias. Also, it is
important to point out that the different parts of the parameter set are more or less easy
to estimate. The parameter [ is linked to rotation and is easier to estimate than zg and
yo which are linked to minor variations in the translation velocity. When computing a
derivative in the image this has to be done by numerical methods e.g.

(t+e€/2)— f(t—¢€/2)

€

riy =1

and with a small € there will be a strong amplification of the errors in the image data.
With a large € there will instead be an error in estimating the derivative that will give a
biased result when computing (o, yo)-

To eliminate the bias, the Richardson extrapolation scheme was used with promising
results. That is, the vehicle parameters are computed for some different values of At and
a polynomial is fitted to the results. The estimated polynomial is evaluated at 0. Second
order polynomials give good results.
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5.3. VEHICLE CALIBRATION WITH UNKNOWN CAMERA

Computation time

The theoretical runtime is very low. Provided that tracking and derivation are already ac-
counted for, each additional sample adds about 200 flops. This should give a throughput
of millions of samples on computers from 2003. In situations without noise in the sig-
nals, an estimate for the parameters can be computed with a very low number of points.
There are two ways to get increased precision for the parameter estimates, the first is to
run longer series in the generation of polynomials and the second is to repeat the estima-
tion process several times and then calculate an average.

5.3 Vehicle Calibration with Unknown Camera

An important restriction in the method mentioned above is the inability to deal with
cameras of unknown orientation. Being able to to freely translate the camera the methods
described for hand-eye calibration would easily find the orientation and internal calibra-
tion of the camera. Unfortunately, vehicle movement is quite restricted and to avoid too
complex polynomials only calibrated cameras of unknown direction are considered.

The method is a two step method where the first step determines one axis of the camera
and the second step determines vehicle parameters as well as the rotation of the camera
around it’s already known axis. The reason for using a two-step method is to limit the
total number of coefficients as well as the total degree of the polynomial.

Step 1, Pure translation

Motion is restricted to pure translation by setting s = 0. This setting is very similar to the
first step of the hand-eye calibration but unfortunately only one direction of translation
is possible. With this information the continuous multilinear constraint equation (2.11)
is rewritten

A 0 u 0
det fo Alo]| u o =%
—v

The camera matrix A is decomposed as

ai a2 as
A= as as ae| ,
ar ag Qg

which gives
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0 = det |-

as uU; U1
= |ag up uz|det(4).
_(1,9 0 1

Since det (A) # 0 this is equivalent to

az uj w

0 = J|ag ubh wu»
_ag 0 ]._
= ((as — agu1)us — (ag — aguz)u
as
= [uy —uf —uiubh+ujus] |ag
ag

This equation is fulfilled for all times and measurements and is solved for available
data in a least squares sense. This gives A3 = (a3, ag, ag)T up to scale. With a calibrated
camera ||A3|| = 1 and A3 can be calculated up to sign. As seen in 5.1.1 the constraint on
translative motion can also be formulated with discrete multilinear constraints and this
eliminates the problem of step-related bias.

Step 2 , free movement

Assuming internal calibration of the camera to be known and A3 computed up to sign. As
AT A = 1 and det (A) = 1 there is only one degree of freedom left for A. Introducing

—a3*ag a6 a3
B — |—atkas ag ag
« 0 a9
with
a = y/a%+ a2
and
cos¢p sing 0
C(¢) = |—sing cos¢p 0
0 0 1
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5.3. VEHICLE CALIBRATION WITH UNKNOWN CAMERA

All possible A can now be written

A(¢) = BC(¢)

__asag cos(¢)+ae sin(¢) —agag sin(¢)+ae cos(e)

as

— —aeag cos(d)?—i—as sin(¢) _ asag sin(g)—i-as cos(9) as
(¢4 (o4

a cos(¢@) asin(¢) ag

Using this A the continuous multilinear constraint is computed

11
det (M) = z cigi(cos ¢, sin ¢, 1, X,Y),

i=1

where the g;(cos ¢,sin ¢, 1, X,Y) are monomials. Only 11 of the ¢; are non-zero. As
the equations will be solved in a least squares sense we compute

54
(det (M)*) = 3 Cipi(cos ¢,sin 9,1, X,Y),

=1

where p;(cos ¢, sin ¢, 1, X, Y') are monomials and only 54 of the A; are non zero. (det (M))?
is a polynomial of total degree less than 8 and

o Degree of trigonometric components is up to 4
® Degree of [ is up to 2
e Degree of (X,Y) isup to 2

These coefficients can be added for several observations and used to calculate a least
squares solution for our parameters given our observations.
The coefficients are given in (A.3).

Numerical experiments

Due to lack of a suitable robot with a camera no real data has been available to test these
methods. All tests have therefore been done on simulated data.

These numerical experiments have provided an opportunity to get the polynomial coeffi-
cients right and get some some information on what behavior that can be expected.

Step 1

This step is quite stable and it tolerates long time-steps. When dealing with real data a
probable source of error is if the vehicle fails to travel along a straight line.

47



CHAPTER 5.

10

O errorinK
x errorin|
N * errorin X A
100 | A errorinY s AT
A A A
A *
10° | o 8 ? ]
A Oodg N
(]
2 107 a® t iﬁx E
= A * o
g A A é O25
3 @ * x
5,2 - & x
E 10 "¢ A % x 4
g *%gf * #° Lx B
c % 4 £ « %ﬁﬁ x
5§ 107k * * * 4
] A RO «
O « X
107 X xox 4
o X
X
®
1075 X |
X
10’5 I I I I
107 107 107 107 107 10°
Errorin A3

Figure 5.8: Dependence on step 1 in step 2 calculations. Notice that the error decreases
quickly with a good estimate for As. It is also important to note that the estimate for [ is
good even for quite bad estimates for As.

Step 2

Step 2 is unfortunately dependent on the results from step 1 and errors from the first step
tend to propagate into step 2. Figure (5.8) shows the dependence on A3 when estimating
K and!. In figure (5.8) it is also visible that the estimate for & behaves in a good way while
the estimate for y is less reliable, it is also clear that there is a limit on the performance
even for good estimates for As. This error is a bias error and is shown in figures (5.9)
and (5.10). The bias errors come from the fact that the continuous constraints assume
derivatives to be calculated with infinitesimal time steps.

Aspects on computational time

The limiting factor will be the point-tracker and not these parts of the code.

5.4 Degenerate case

It is possible to get a situation of poor numerical stability. Equation 2.11 :
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A 0 u 0
det [AR’ AT u] =0
&
I 0 A'vw 0
det [R, iy A‘lu] —0 (5.18)
can with (2.14)
0
T =v —X sin (s)
Y sin (s) — cos (s)
be simplified to
(cos(s) +Ysin(s))C + Xsin(s)D =0 (5.19)

where both C' and D are independent of (X,Y). Let

f(X,Y) = (cos(s)+Ysin(s))C + Xsin(s)D =0
then

df )

A D

Fhe sin(s)D,

df ,

- = . 2

Fi% sin(s)C (5.20)
By solving for C' in (5.19) the above can be rewritten

df _ —sin(s)sin(s)XD

dY —  —cos(s)+ Ysin(s)

~ sin®(s)XD

as cos(s) — Ysin(s) =~ 1. It is now possible to compare df /dX and df /dY without
computing C' and D

df jdY

af jdx ~ —sin(s)X.

Therefore the solution to min(x,y) Y., f7 is very sensitive in the ¥ direction, especially
when X = 0. This degeneracy effects both the case with known direction and the case
with unknown direction.
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Chapter 6
Conclusions

In this thesis it has been shown how to perform hand-eye calibration as well as how to
find the direction and location of a camera on a mobile robot. The proposed methods
are based on collecting a large amount of data and computing the most probable relative
camera position and camera orientation and calibration. For situations involving a 2D
camera, the condition used has been derived from the first order multilinear constraint
while a simpler geometric relation has been used for the laser-scanner.

The demand that large amounts of data must be handled has led to simplifications in
how to extract information from image and odometry data and used to calculate polyno-
mial coefficients representing the data.

The number of non-zero coefficients of these polynomials is limited and not depen-
dent on the amount of data used in the computation of these polynomials. For the
hand-eye calibration problem the resulting polynomial is quadratic while the polynomi-
als for the mobile camera calibration leads to polynomials of a higher degree for which
the optima has to be found numerically.

For the hand-eye calibration and the calibration of a 1D camera on an autonomous
robot the method has been tested on real data.
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Appendix A
Appendix

Geometry enlightens the intellect and sets one’s mind right. All of its proofs
are very clear and orderly. It is hardly possible for errors to enter into geo-
metrical reasoning, because it is well arranged and orderly. Thus, the mind
that constantly applies itself to geometry is not likely to fall into error. In
this convenient way, the person who knows geometry acquires intelligence.

Ibn Khaldun (1332-1406) The Mugaddimah.

All these sets of coefficients have been computed with the aid of symbolic algebra software
and the code is in some cases written by scripts.

A.1 Coefficients for laser scanner
The variables are z = (I, X, Y, cos (6g), , sin (8g)). We simplify

C = cos(b), (A.1)

. The coefficients for the squares constraint can be written as

f(z,0,) = BiglK + BislS + BiclC + BiyslYS + BiyclYC  (A3)
+BixslXS + BixclXC + BgxgK? + BxsKS
+BrgcKC + BgysKYS + BxkycKYC + BxkxsKXS
+BgxcKXC 4 BssS? + Bs¢SC + ByssY S?
+ByscYSC + BXSSXS2 + BxscXSC
+30002 + Bych02 + BXCC'XC2
+ByyssY?S? + ByyscY?SC + ByyccY?C?
+BxxssX?S® + BxxscX?SC + BxxccX?C?
+BxyssXYS? + Bxysc XY SC + Byl +
+BxyccXYC?,

where

S2+C? = 1. (A.4)
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With

By
Bk
Bis
Bic
Biys
Biyc
Bixs
Bixc
By
Bgs
Bxc
Bgkys
Bryc
Brxs
Brxc
Bss
Bsc

Il

Il

Il

AA,

24, Ak,
2A,As,
24;Ac,
24;Ays,
24;Ayc,
24;Axs,
24;Axc,
-AKAKJ
2AKAs,
2AxAc,
24k Aysg,
24k Ayc,
24k Axs,
24k Axc,
AsAg,
245Ac,

Byss
Bysc
Bxss
Bxsc

Bycc
Bxcc
Byyss
Byysc
Byycc
Bxxss
Bxxsc
Bxxcc
Bxvyss
Bxysc
Bxvycc

Il

Il

Il

where the unsquared coefficients are

A
Ak
Ays
Ayc
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—vr sin(s),

ro,

—v sin(s) cos(¢),
v sin(s) sin(g),

Axs
Axc

Ac

Il

2A5Ays,

2(AsAyc + AcAys),
2A5Axs,

2(AsAxc + AcAxs),
AcAc,

24c Ay,

2AcAxc,

AysAys,

2AysAyc,

AycAyc,

AxsAxs,

2AxsAxc,
AxcAxc,

2AxsAys,
2(AxsAyc + AysAxc),
2AxcAyc,

(A.5)

’ (A.6)



A.2. COEFFICIENTS IN 3D, NON-ROTATIONAL CASE

A.2 Coefficients in 3D, non-rotational case

The coefficients with a calibrated camera with known direction. z = (I, X, Y).

f(xv Oi)

where

Bioxx
Bpoyy
Byoxy
Byox
By
By
Buxx
Buyy
Biuxy

where

Anx
Apny
Ap

Il

= BpxxX?+ BuyyY? + Bioxy XY + Biox X + By Y (A7)
+Bjo + BllXXlX2 + Bllyle2 + BjxIX + BjylY
+Bil + BipxxI>X? + By yl’Y?
+Biaxy?XY + Biax? X + Biayl?Y + Bpol?,
Apx Aox, Bux = 2(ApAunx + ApxAn),
Apy Ay, Buny = 2(ApAuny + AwpyAn),
2A50x Aoy, By = 2ApAn,
24;50x Ajo, Bipxx = AnxAnx,
2 A0y A, Bpyy = AnvAay,
A Ao, Bixy = 2AnxAny,
240xAnx, Bix = 24AnxAn,
2A,0y Anny, By = 2A4pyAjp,
2(AwxAny + AwpyAnx) B = Andn
—v?sin?(s)uguy, Apx = wvsin(s)ul,
v? sin®(s)uy, Apy = wvsin(s)(ujus —uiub),  (A9)

—v? sin(s)uy cos(s), Ao

= —vcos(s)(ujus — urub).
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A.3 Unknown Camera, step 2

The number of coefficients is quite high but only a fraction of the number if the all poly-
nomials up to the involved degrees had been represented. = (cos (¢), ,sin (¢),!, X,Y).
The coefficients for the second order polynomial. The subscript indicates the powers in

the corresponding polynomial.
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Bosoi0xovo
Beosooxoyt
Beosoioxoy?2
Beosoiixiyo
Beosoiixiyt
Beosoizx2vo
Be1soiox1yo
B.is0i0x1v1
Be1soiixoyo
B.isonxov1
B.is0n1x0v2
B.is0nx2v0
B.is02x1v0
B.is0i2x1v1
Beosiiox1yo
Bosuoxiyt
Bosuiixoyo
Boosuixoy:
Boosinxoy2
Bos1i1x2v0
Beosii2x1vo
Beos1i2x1v1
Be2soiox2yo
Beosonxivo
Beosonxiy:
B2soi2xovo
Bo2soixoyt
Boosoizxoy2
Beosoi2x2yo

Il

Il

AOAO’

ApAgy + Aoy Ag,

Aoy Aoy,

AoAnx + Aoix Ao,

Aoy Aoix + Aoix Aoy,
AgxAoix,

AgAcix + Acix Ao,

Aoy Acix + Acix Aoy,
AgAcy + Acii Ao,
AoAcuy + Aoy Acui + Actidoy + Acuiy Ao,
Aoy Acuiy + Acuy Aoy,
AuxAcax + AcixAoix,
AgxAcu + AciAox,
AuxAcuy + AcuyAoix,
AgAsix + Asix Ao,

Aoy Asix + Asix Aoy,
Ao A,y + Asi Ao,
AgAguy + Aoy Agu + AsyiAoy + Asiy Ao,
Aoy Asuy + Asuy Aoy,
AoxAsix + AaxAux,
Aoix Asui + AsiiAoix,
AouxAsuy + Asuy Aoix,
AaxAax,

AgAcoaix + AaaxAcui + AciiAcix + Acaix Ao,
Aoy Acorx + Aaix Acuy + Acuy Aax + Acaix Aoy,

AcllAclla

AcuiAcuy + Acuy Acuis
Acuy Acuy,

AgxAcux + Acorx Aoix,

(A.10)
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Bcis10x2v0
Beisiixivo

Beisuixivy

Bc1suzxoyvo
B.isu2x0v1
B.isu2x0v2
B.isu2x2v0
Bos210x2v0
Boos2i1x1v0
Beosaiix1y1
Bos212x0v0
Bosai2xov1
Bgs2i2x0v2
B 35011 x2v0
B 3s02x1v0
Bssoi2x1v1
Beosunxayo
Beasiizxivo
Beasiizx1vt
Beisai1x2vo
B.is212x1v0
Bis2i2x1v1
Beasoizx2yo
B3su2x2v0
B.as212x2v0

Il

Il

Il

AgxAax +AaxAsx,

AoAcisux + AsaxAcu + AsuAaix + Acax Asu
+AcllAle + AclsllXAOa

Aoy Acisux + AaxAcuy + Asuy Acix + AaxAsuy,
+Acuy Asix + Acisux Aoy,

AsllAcll + AcllAsll

AgiAcuy + Asuy Acu + AcuAsuy + Acuy Asu,
Asuy Acuy + Acuy Asuy,

AnxAcisux + Acrsux Aoix,

AgxAsx,

Asix A + AsuiAsix,

AaxAsuy + Asuy Aax,

AsllAsll,

A Asuy + Asuy Asu,

AsllyAsllY’

AaxAcux + AcixAcix,

AciiAcax + Acaix Acus

Acuy Acaix + Acaix Acuy,

AgxAcux + AaxAcisux + Acisux Acix + Acax Asix,
AsiiAcax + ActiAeisux + AcisuxAcu + Acaux Asit,
Asuy Acaix + Acruiy Acrsux + Acisuix Acuy + Acaix Asuy,
AgxAcisux + ActsuxAsix,

AsllAclsllX + AclsllXAsll,

Asuy Acisux + Acisux Asuy,

Acoix Acaix s

AcisuxAcaux + Acaix Acisux,

Actsux Acistix

with first unsquared coefficients
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AchX

Actsux
B1

AcllY
Acll

Ach
B2
AsllY
Asll

Ale
Aoix

Bs
AOY

with

—2vsin () (aguu20? — asagaguu — 2a3u; agus

—azuza® + aguia?)/a?,

vsin (8)2(—4azuza6u1 — aZa2uu + 2a2uu — ?uu + atuu

—a* + 2a3a2agu; + 2a6a’agus + udat + 2azuzasuia?)/a?,
vsin (s)(—asuz — azu; — uiaga® + 2a60’us — 2asUzazulag
+a?ag + ab%a9uu — aga’uu + 2aza’uy)/a,

sin (5)B1,

—cos (8)Ba,

—sin (S)(aglil —}—aﬁu'z)/oz, (A 11)
vsin (s)(a?uyus — 2a2usu; + agazus — agagu; — azaguu)/a,
sin (5)B2,

—cos (8)Ba,

sin (s) (@®u1ts — a®uius + agadus — agabuiy)/a,

vsin (s)2(a9uiuza® — azasaguu — 2aiuiagus

—asuza® + aguia?)/a?,

(a9urus — auitis + aduz — abuy),

Bysin (s),

_163 cos (S),

a = 1+v/a3? + a6?,

wu = ul? — u22.
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