The Analysis of Variance Error Part I:Accurate Quantifioati

Brett Ninness Hakan Hjalmarssdn

Abstract

This and a companion paper focus on the accurate quantificafithe way noise induced
estimation errors are dependent on model structure, widgrsystem frequency response, mea-
surement noise and input excitation. This study exposesakwew principles. In particular, it is
shown that when employing Output—Error and Box—Jenkinsehstductures in a prediction-error
framework, then the ensuing estimate variability in thejfrency domain depends on the under-
lying system pole positions. As well, it is also establislieat the variability is affected by the
choice of model structure. For example, with fixed noise nhdtis twice as much when system
poles are estimated as when they are a-priori known and fexeah though the model order is the
same in both cases. These results, together with othersrieeshere and in a companion paper,
are unexpected according to pre-existing theory. Theyniépa new techniques and results de-
veloped by the authors in the area of rational orthonorms¢bawith the idea of a ‘reproducing
kernel’ playing a key role.
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1 Introduction

When identifying a system model on the basis of observed ddtaessential to quantify the likely
error in that estimated model. Typically, this consistsved tomponents. The first, a so-called “bias
error”, is the result of the model structure being less caxphan the system being estimated. The
second, called “variance error”, is caused by corruptiothefinput-output data measurements.

Furthermore, when the corruption can be modelled as aniaelditochastic process, and the
underlying system is linear, then it is arguable that thaltetror in any identified model that passes a
validation test is dominated by variance error [11].

In this common case, or when the model structure is rich eémaagencompass the true under-
lying dynamics, the quantification of the total estimatioroethen becomes a question of assessing
variance error. In relation to this, if the widely used piitin-error method with a quadratic crite-
rion is employed [9, 22], then a seminal result is that ungesmeloop conditions the noise-induced
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error, as measured by the variability of the ensuing frequeasponse estimatgé(e/*, 5}@), may be
approximated as [13, 16, 9, 15]

m @, (w)
N &, (w)

var{G(e’*, %)} ~ (1)
Here ®, and @, are, respectively, the measurement noise and input ercitapectral densities,
andf? is the prediction error estimate based Mnobserved data points of a vect)t € R" that
parameterises a model structu#éq, 6™) for which (essentially) the model ordet = dim 6" /(2%)
whered is the number of denominator polynomials to be estimatetiermtodel structure.

Apart from its simplicity, a key factor underlying the imgpance and popularity of the approxima-
tion (1) is that, according to its derivation [13, 16, 9, 15hpplies for a very wide class of so-called
‘shift invariant’ model structures. For example, all thelwWaown FIR, ARX, ARMAX, Output—
Error and Box—Jenkins structures are shift invariant [£8]ditionally, as shown in [9], it also applies
when non-parametric (spectral based) estimation methbdg] [are employed provided that the
term in (1) is replaced by one dependent on the number of datésp(and the windowing function)
used.

Therefore, the only influence that the chosen model stradtas on the right hand side of (1) is
in terms of its order, and because of this the belief thaf e/~ (77V)} is invariant to the particular
choice ofm’th order model structure has become a fundamental tengtstéis identification.

Furthermore, it is also held as axiomatic that Mate’~, 6%)} does not depend on the underlying
true frequency response, again on account of the right hateda$ (1) being independent of that
quantity; see, for example, the work [3, 6, 27, 4, 26].

This and the companion paper [17] establishes these b#tidie false, and that more accurate
quantifications than (1) exist. In relation to this, a seésecent contributions [23, 24, 21, 19]
has established a variance error quantification that is gension of (1) and which is applicable to
certain model structures which have poles or zeros fixedrdoggpto prior knowledge. For example,
if an FIR structure is generalised so that its fixed pdlés - - - , &,,—1} are not necessarily all at the
origin, then [23, 24, 21, 19] has shown that in the interestaaximally accurate approximation, the
quantification (1) should be modified to become

m—1

Var{ G Jw é\n ~ (.z) 17‘5]6‘2 2
ar{G (e, 0y )} N(I'uw Z‘Pwi&c‘g- (2)

Note that (2) reverts to (1) for the FIR casegpf= 0. Furthermore, in [19] it has been shown that for
ARX model structures with fixed noise model zeros, again meoessarily at point$&g,---,&n—1}
which are at the origin, then again the expression (2) ratrer (1) should be used in the interests of
providing the most accurate approximation of {&fe’~, gn ()8
__ For both these generalised FIR and ARX cases where (2) isrpi#é, when actually computing
0%, the process of incorporating the fixed poles or zeros maycheeged by first pre-filtering the
input data with an all-pole filteF'(¢), and then using a conventional FIR or ARX structure [19].
The previous work [23, 24, 21, 19] has therefore illustrateat the effect of pre-filtering by'(q)
on Var{G(e/*,0%)} cannot be accommodated by simply making the substitutions— |F|2®,,,
®, — |F|?®,. Instead the filter pole location§; } must be directly accounted for via (2). This
has established that the quantification of \afe/*, g1 %)} cannot be expressed in a manner that is
invariant to the nature (roughly speaking, smoothnes)@friput and noise spectral densities.
The contribution of this paper and its companion [17] is tteerl these results. In particular, in
the case of an Output-Error structure and wigh, - - - , &, 1} being the estimated poles 6f(q. 6%,),
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then a main result of this paper is to establish that the exja

o~ 2 &, m—1 1 — 2
Var(G(er. )} 3 54 Y @
k=0 ’

is a significantly more accurate quantification than the Witield one (1).

As an example of the consequences of this expression, corg@) with (2) indicates that the
variability Var{ G (e/*, 5}@)} associated with estimating a model with known fixed pét@s- - -, &1},
and hence only estimating a numerator, is only one half thabiity associated with a model where
the poles are estimated. Since, roughly speaking, twiceweh nmformation is being estimated, this
result makes intuitive sense. However, it is completelydatsowith pre-existing thought derived from
(1) which, since the number of denominators polynomials 1 in both cases, would indicate that
Var{G (e, (77V)} is invariant to whether poles are estimated or not!

In dealing with this material, the work is organised into tpapers. The one at hand essentially
presents, proves and illustrates the main new variance guantification result which is a generali-
sation of (3) to also accommodate the closed loop data caseorganised to proceed KR with a
simulation example designed to make this introductoryudismn more concrete and to motivate the
need for further study. The following3 then precisely defines the problem scenario in terms of the
available data and the estimation algorithm. With this imcpl 54 then proceeds to directly state the
main formal results of the paper, and this is followed®with an extensive set of simulation studies
illustrating the utility and accuracy of the new resultstustpaper, and in particular the approximation
(3). The paper is then concludeddé and§7 with a discussion of how the results here are reconciled
with pre-existing ones such as (1).

The companion paper [17] is concerned with the motivatiahdevelopment of new analysis tools
that are employed here in the proof of the main results. Itiqudar, via the use of certain principles
of ‘Reproducing Kernels’ and a parameterisation of the pabss they specify via a particular rational
orthonormal basis, new methods for understanding and tyaqt certain Toeplitz matrix quadratic
forms are derived. The associated work [17] also details timge methods and the ensuing main
results of this paper are related to previous contributjd3s 16, 9], as well as establishing necessary
and sufficient conditions for the accuracy of the new appnations here and in [17], while also
deriving necessary conditions for the accuracy of the exjstesult (1), which seem very difficult to
satisfy.

2 Motivation
In the interests of motivating the analysis and results Bovig it is preluded by an illustrative simu-
lation example in which the following continuous time syste

0.0012(1 — 3.33s)3
(s +0.9163)2(s + 0.3567)2 (s + 0.2231)3

is considered, and for which input-output samples are nbthat 1 second intervals with zero-order-
held inputs. This implies a discrete time representation

G(s) =

_—0.0177(g* — 2.7192q + 1.8489)(q — 4.1377)(q — 1.3298)(g + 0.4466)(q + 0.0463)
B (¢ —0.8)3(g — 0.7)%(qg — 0.4)2

which is estimated using @th order output error model structure and on the basis oknlisg a
length N = 10000 sample input-output record for which the output is corrdply white Gaussian

G(q)
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noise of variancer> = 0.01, and with input which is a realisation of a stationary Gaaisgirocess

with spectral density
1

Pulw) = 1.25 — cosw

The sample mean square error o¥8000 estimation experiments with different input and noise re-
alisations is used as an estimate of {\(ﬁ(eﬂ"”ﬁ}(‘,)} and plotted as a solid line in figure 1. The

‘classical’ approximation (1) is shown as a dash-dot linghiat same figure, and is clearly a poor

approximation to (the estimate of) the true variability. r B@ample, apart from quantitative errors,

the approximation (1) is also qualitatively misleading l®yry of a ‘high-pass’ nature when the true

variability appears to be ‘low pass’.

By way of contrast, the modified approximation (3) (with g } being the true poles it(q))
which is shown as the dashed line in figure 1 appears to be guoitccurate approximation to the
variability of the model estimate.

This provides clear empirical evidence that the true vaitghs in fact not invariant to either the
model structure, or the true dynamics. Therefore, accuappeoximation of the variance may need to
take these into account, as the new expression (3) doesaitlithe companion paper [17] are now

Variance of OE estimate of G vs existing and extended Theory
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Figure 1: Variability of Output—Error Estimate: True variability véheoretically derived approx-
imations. Solid line is Monte—Carlo estimate of true vaiii@&p dash-dot line is the pre-existing
approximation (3) which does not account for system poleaantel structure. The dashed line is the
new approximation presented in (3) whereby estimated sygtde positiong¢&, - - -, &1} and the
fact that an Output—Error structure is employed are bothaoted for.

devoted to supplying a theoretical analysis of this isseadihg to the derivation of (3) and further
new results.
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3 Problem Formulation

In order to analyse the phenomenon illustrated in figure 1s itecessary to precisely define the
problem setting, which is one in which a model structure sdu® describe the relationship between
an observed input data recofd; } and output data recorddy; } as

yr = G(q,0" )us + vy, vy = H(q,0")e. (4)

Here {¢;} is a zero-mean white noise sequence that satifieg} = o2 E{|e;|**} < oo for
somee > 0 andG(q,0™), H(q,0™) are transfer functions, rational in the forward shift ogerg, and
parameterised by avecté? € R" in such as way thalf (¢, 0") is monic; i.elim, _,, H(q,0") = 1.

In this case, the relationship (4) is commonly known [9, 3,82a ‘Box-Jenkins’ model structure,
or an ‘Output—Error’ model structure in the case where thsenmodel is fixed at/ (¢, 6") = 1. The
mean-square optimal one-step ahead predigt@F’) based on the model structure (4) is [9]

5:(0") = H '(q,0")G(q, 0" ur + [1 = H '(q,0™)] e
with associated prediction error
e(0") £y — Gi(0") = H '(q,0") [yr — G(q,0n)us] . (5)

Using this, a quadratic estimation criterion may be defired a

1 N
V(") = 5 D)

t=1
and then used to construct the prediction error estirﬁﬁtef o" as
07 £ arg min Vi (6™). (6)
oneR™

Forming system estimates via the techniques (4)-(6) hasnbequite standard, in large part due to
the availability of sophisticated software tools implerieg the method [10], but also because of
extensive theoretical understanding of the propertiesicfign approach.

For example, as has been established in [12, 9], under ertidd assumptions on the nature of
the input{«, } (which will be discussed in detail later), the estiméfe converges with increasiny
according to

lim 6% = 6" £ argmin lim E{Vy(6")}  wp.l @)
N—o00 gnecRrr N—o0
As well, it also holds that a8’ increases, the estima?fg, converges in law to a Normally distributed
random variable with mean val#& according to [14, 2, 9]

VN@L, — 0" 2 N(0,P,)  asN — . 8)
Then x n ‘covariance matrix'P, in (8) is defined in terms of two other matric&, and(@),, as
P, 2R, 'Q.R," (9)

which themselves are specified as

N ! !
mém%ZEwwwm»fkwwﬁgﬁH Y

li
N —o00
t=1
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and
1 N N
Qn 2 lim —ZZE{QM (O0)97F (02)er(07)e0(07)} . (11)
t=1 (=1
The quantityy;(6™) in the preceding expressions is the prediction error gradjeren by
n Ad@\t(an) o -1 n dG(qven) dH(qven) n ny A Ut
Gi0") & =g = H @) | = g T | GO GO =y |- @42

While an asymptotic distributional result like (8) is vemtisfying theoretically, for practical applica-
tions it is rather less appealing, mainly due to the (juss@néed) intricate definition af, via(,,, R,
andy ().

In response to this, the seminal work [7, 13, 16, 9, 15] had aseapproach of investigating how
(8) manifests itself in the variability of the frequency pesses: (e/*, o ) andH (e/v, on v ); the result
being approximations such as (1).

The path towards achieving this involves noting that, with definition

I(q,0) £ [G(q.0),H(q,0)] (13)

then according to a first order Taylor expansion, the retetiip between frequency domain and pa-
rameter space estimation errors is given as

dIl(e?«, gn)

7 (e, 8) - T (e, 00) = | =

T
] (@ — 00 +o(ll6% —071%).  (14)

on =0y

Therefore, a consequence of (8) is that

G(e/*,0%) — G(7*,6) | D
N ) ’/\N . sy Yo N 0 An : asN_> 15
. [ (e 0y e,y | O ED x (1s)
where
a dH(ejw’()n) dH(e*jw,F)n)
Anle) = do™  gn_py f dg” on—gn | (19

The main contribution of this, and the companion paper [$Tdirigorously establish that, as already
illustrated in figure 1, this quantityA,, (w) may be accurately approximated (or in some cases exactly
quantified) via simple expressions such as (3), and furtbegrihat the pre-existing quantification (1)
can be an unreliable basis for quantifying, (w) for certain specific reasons.

4 Main Results

Before formally presenting the key contributions of thiges it is first necessary to discuss two
important technical points.

Firstly, and as indicated via (3) and the ensuing resultgimré 1, the nature of the input sequence
{uy } will contribute in a fundamental way to the accuracy of theapaeter estimaté\?V and associated
frequency response estimat@$e’*, 5}@) and H (e, 5}(‘,). It is therefore appropriate to be explicit
about any assumptions d¢m; }.
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Input Assumption 4.1. The input sequencéu,} is uniformly bounded (with probability one) as
luy| < Oy < ocforall t, and is ‘quasi-stationary’ in the sense defined by Ljung,(B@eexample[9])
in that the following limit exists

R,(7) £ lim —ZE{UtUt )

N—ooo N

where in addition E{u;us}| < oo for all £ and s (expectation is over the probability space that any
random components dfu;} are defined on). Furthermore, it is assumed tif&t(7) is absolutely
summable so that the spectral dengity(w) defined by

> Ru(r)e 77

T=—00C
exists and it is required thdt < ¢, (w) < oc. O

Secondly, it is also important to emphasise that a crucipéetsof this and the companion pa-
per [17] is the recognition of the need to carefully consither relationship between the model order
m for which a variance error quantification is required and angerlying ‘true’ system order. Indeed,
given the usual complexity of real-world dynamics, any agstion of the existence of a true model
order could be quite inappropriate.

In relation to this issue, the work here takes the perspedtrat, while on the one hand it is
reasonable to assume that under-modelling-induced eemredses with increasing model ordey
it is also reasonable to assume that the model order of Bithes not surpassed any underlying true
order, and hence does not imply pole-zero cancellationsearfasymptotic inV) estimated system.

This last premise is considered to be a realistic way of angithe supposition of a true model
order, while still considering that some sort of model vatidn procedure, that checks for the appro-
priateness of the model structure (4) (eg. in terms of rediddniteness), and at the very least checks
for pole-zero cancellation, is part of an overall estimaténd error-quantification process.

Incorporating these ideas in a rigorous manner leads taioeiechnical difficulties in the proof
of the following theorems and their corollaries. In partaouan essential point in the main theorem
to follow is that it is not presumed that the asymptotic i estimation residual; (67') = e; = white
noise.

Instead, a more general situation is considered whereBysiipposed that (07') can be decom-
posed as

en(07) = e+ 17 (17)

wherer} is independent o#; (as in§3, {e;} is an i.i.d. zero mean white noise sequence for which
E{e?} = 0% < o). Furthermore, it is supposed that for some$ > 1 and finiteC

—ZE{|7"t7“t T|}_T|T‘p) ZE{V}W T‘}_W (18)

These requirements correspond to an assumption on thetratkieh a finite dimensional model
structureG(q, 6™) is able to approximate an underlying trG&q) that generates the observed input-
output data via (4). More specifically, via (4) and (5), if @ltis thaty; = G(q)u; + H(q)e; for some
trueG(q), H(q), then

o= H Y (q,00)[Glq) — Gla.0%), H(q) — H(q,00) G Qé[”}. (19)
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Hence, by Theorem 2.2 of [9], using (18), and assuming fopBaity, but without loss of generality,
the case of open loop data collection

cC_ .1 ny2 L [T G(e*) — G(e™,6)P
= > — ' = o /
= > lim NtZE{W} o | [H (7, 07)

\H () — H(e,01)P

D, (w) +

: 2
(e, 0P €0
and therefore with: denoting Lebesgue measure Bnthen via Chebychev’s inequality
G(el) = G(e?,07) | )| H(e?) — H(e?,07) |
- : . o, . -5 < —
' {w b ‘ H(eio, 0m) R Y (RN R R (e
(21)

Therefore, the bounds (18) imply an assumption on the waasé frequency domain estimation error
of |G(e7¥) — G(e7,0™) |00, | H(e7%) — H(e7*,07)||oe = o(1/n?) asn — occ.

It should also be recognised that the assumptions (18) okirthe process defined in (17) are
different to those employed in the original work [13]. The¥e ' S°N | E{|r}|*} = o(1/n?) asn —
oo was assumed, while the work here, via (18), only requives 3" | E{|r7"|*} = o(1/n). This is
achieved at the expense of assumptions aboutNdWZL E{|r{r{ .|} behaves as a function of
7, and such concerns were avoided in [13].

With these preliminary comments in mind, the following Them 4.1 and Corollaries 4.1-4.3
provide formal statements of the main technical resulthisfpaper.

Theorem 4.1. Suppose tha?f}’V is calculated via (6) using the model structure (4). Then

G(el®, %) — G(e*, 07)
H(ed, 0%) — H(ed>,0m) | »

VN N e N0, 2, (w, A
G 8}) - Gle, o) (0. 2)
H(elA,0%) — H(el, 0m)

as N — oo, where provided that
1. {u;} satisfies input-assumption 4.1 with, (w) € Lip(«) for somex > 0;

2. EitherG(z,02) or H(z,0") (or both) contains no pole-zero cancellation for any modeleo
m,

3. It holds thaty, = G(q)u; + H(q)e; for some asymptotically stable true systéity) and such
that the bounds (17), (18) are satisfied,;

4. Under the factorisation

G(z,67)
A(z,07)

Bi(2) H'(2) (22)

H09) = g ama

whereB;(z) is a polynomial H;(z) is rational and bi-proper and

A(z,05)At(2) = (2=0)(z=&1) - (2=Cam1),  D(2,05)C(2,05) = (z=no)(z—m) - (z=n2m 1)
(23)
then the zero$¢, } and{n; } are contained in the open unit digk for anym,



Analysis of Variance Error:| 9

then forw # A

Knw) @ |7 _ 5| [H(e)?d ' (w) 0
i (@, A)[ o Km(A)} —”2[ 0 Ho (e P10 | &Y
where
yo [ Fmw) 0 } PP U e =
Km( )_|: 0 ’gm(w) 3 m( )_ kZ \ej‘” 5‘23 Z |e‘7w_77k‘2
(25)
and
@4”)&[;::&)) %ﬁgm]’ Ho(e!?) 2 lim H(e™,07). (26)

Proof. The proof is somewhat lengthy and confined to appendix A.pgedds on new technical tools
and results developed in the companion paper [17]. O

The implication of this result is that since it asserts thetélln = 4m)

g(fﬁw"i’ﬁ B G(e{w’eg) ] } K (w) = ?[Ho (/)P0 () (27)

m—00 N—o0 m

lim lim N - COV{

then one could expect that the above equality should neaftyfor finite m and N so that, taking the
case of open loop data collection in whi®h.(w) = 0 as an example, it should occur that

jw on jw on 2 10’2‘H(€Jw 977 22m ] 1_|§k|2
E{‘G(ey )~ G, om) }z - Z o i3 (28)
jiw n jw on 2 w pn s 1_|77k‘
Ed[H(e. By~ H@*. 0| |~ CHE 5 " T (29)
e = Nk

are good approximations. The first leads to the new quarttdic#3) given in the introduction. Nev-
ertheless, since convergence in distribution guarante#sny about mean-square convergence, then
it is not strictly correct to progress to a variance appradion like (28) on the basis of the distribu-
tional convergence illustrated in Theorem 4.1. This gaploaclosed provided that assumptions on
the noise procesge; } are strengthened.

Corollary 4.1. Under the same conditions Theorem 4.1, but with a strengtheequirement that
E {ef} < oo then with the definition

M (e?) 207 (7%, 0%) — T (e, 67) (30)
with T1(z, 8) defined in (13) and witli,,, (w) given by (25)
lim_ Jim N-E {ﬁm(eﬂ'w)ﬁm(eﬂ'w)* : K,;l(w)} = 0% |H, (/)20 (w). (31)

Proof. Follows from Theorem 4.1 using the methods in Appendix 9B9f [ O
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As is made clear in the companion paper [17], the analysdingato (27) has been specifically
designed to maximise the precision of the approximation,(28d in fact using Theorem 7.1 of
the companion work [17], the convergence rate of (27), anttéehe accuracy of (28),(29) can be
quantified. The following5 will also establish the precision of (28) and (29) empihca

In relation to this issue of accuracy, note that the factbios in (22) is not necessarily unique in
its definition of A;(z), and hence some of the zedds,,, - - - , {&2,,—1 } governing the value of,, (w) in
(25) are also not always uniquely defined. In the strictlynastptic sense of Theorem 4.1, this will be
immaterial in that, assuming the number of non-unique zeriged, the effect of these components
in the formation of«,,, (w) will become increasingly negligible compared to the size:gf{w) asm
grows.

However, as will be detailed further in the companion pag&i gnd illustrated ir§5, for a given
finite m of interest, the accuracy of ensuing approximations lik® &e maximised by choosing the
non-unique zeros ofl;(z) in order thatcbc(w)\H{] (e7“)|% is as Lipschitz smooth as possible.

In certain cases though, the factorisation (22),(23) isjuei For example, when employing an
Output-Error model structure in which the noise model ini¢fixed atH (¢,0") = 1, thenA;(z) is
clearly uniquely given asl;(z) = A(q,07). Therefore, all the zerof, } occur twice as,,, 1, = &

so that
2m—1 m—1

1— &/ 1— &/
)= L P Tl P

which leads to the quantification

m—1
2} 1 — & _ (32)

E{‘G(ejw,é\%) _ G(e-jw,eg) |e7“’ ¢ |2
k=0 k

In fact, this case of fixed noise model warrants special mangince, coupled with an open loop
measurement scenario, it is a situation in which varianoar guantification can be achieved with-
out requiring that the model class be able to asymptoticafigapsulate the true underlying noise
properties.

Corollary 4.2. Under the same conditions as Theorem 4.1 save for the mditifisathat

1. In the model structure (4) the noise model is fixed &4, §) = H.(q) which is not necessarily
equal to any true underlying one;

2. It holds thaty, = G(q)u; + H(q)e; for some asymptotically stable true systéity) such that
with 67 defined by (7) and for son@ < oo, > 1

G(e7) = G(e,07)] < On P

3. The cross spectrud,,.(w) = 0,

then

G(ejw’ é\n ) o G(ejw’ 9(7)1)
m( G(ej)‘,é\%) — G(ed*,07) ) &N(O Em(w, A)) asN — oo (33)

where withx,,, (w) being defined as

m—1

1 |&]?
)2
e [e/ — &2

k=0
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where the{¢, } are the poles of7(q, 07') and forw # A

—1 Jw) =25 —1
At (0, ) [ K ] =2 [ A CE RPN ST
Furthermore, under the strengthened requiremeri ¢fe;|®} < oo .
Jim - Tim ) E {\G(@jw, %) — G(e?”, ag)|2} _ H*(ii;(;"q))u(w)_ (35)
Proof. See Appendix B. O
The ensuing quantification of
w 5 w g2\ o 2 =GP
E{‘G(e-w,a’fv) — G, 0m) } N D ‘2@ ;) e (36)

then encapsulates the Output-Error model structure ascée$pase off ., (¢) = 1, although the result
also has application to data pre-filtering situations, Wwhace equivalent to employing a fixed noise
model [9].

Finally, in many applications, it may be unappealing thamifications like (28) and (36) depend
on asymptotic in model order, arguments. In fact, depending on the experimental comuifict
is possible to supply quantifications that avoid this reston by being asymptotic only in the data
length IV, as illustrated by the final main result of this section.

Corollary 4.3. Under the conditions imposed in Theorem 4.1, together withér assumptions that
1. ®,(w)/|Ht(e’*)|? is a constant;
2. £(07) = e, where{e;} is ‘white noise’ satisfying the assumptions of Corollarg;4.
3. The processe; } satisfiesE {|e;|®} < oo;
4. The cross spectrud,,.(w) = 0,

then
lim N - Cov{

N —o0

G(e/,0%) — G(ev, 0m) || -
H(ejw,ag) — H(e%,0m) ] } B @,,(w)(I’C (@), 5D

If the condition number 1 is dropped, then the above equstiiyholds except for the top left element
of the above x 2 matrix valued functions, which will be an approximation.

Proof. This is established in Appendix C. See also the discussigf of the companion paper [17].
O

Again using the Output-Error case as an example in which thgue factorisation;(z) = 1
exists, then for white input excitatiob,, = - the preceding result asserts that the quantification

—1
e {6, T) - Gl o)} ~ 5 Z |1 —

elw — §k|2
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has an accuracy that depends only on the amduwf data, and hence is applicable for arbitrarily
low model order, as will be illustrated in the following sitation section. The only other results
of this non-asymptotic inn. nature have appeared in [25, 18], where less general caseddmot
encapsulate the general Box—Jenkins model structure edlamvCorollary 4.3 were addressed.

Note that in relation to Corollaries 4.1 and 4.3, the conoditihat®,,.(w) = 0 is satisfied by open
loop data collection as well as some closed loop scenarnioh, &s that of a controller which is strictly
causal.

5 Further Smulation Example

As has already been emphasised, the work in this paper paadlithe new quantification (3), while
being derived via asymptotic analysis, is designed to be@sate as possible for finite model orders
m at which it is likely to be used. The companion paper [17] isaded to explaining and establishing
this point.

Certainly, the example shown in figure 1 indicates that thithée case, but it is still what might
be considered a relatively high orden€7) situation. In consideration of this and other aspects
surrounding (28),(29) this section presents several maaik simulation examples designed to provide
comprehensive empirical evidence substantiating theyutif the new approximation (28), (29).

These studies are organised according to the type of sysieatased, the colouring of the input
spectra, the amounY¥ of observed data, the model structure type, the experirheatalitions, and
the input-output dynamics which are one of the following.

Systeml: Low-Order oL
G(q) = ma (38)

System2: Mid-Order : ' )
~0.06(g — 0.8)(¢ 0.9
Cl0) = = 099) (@ —0.0)(g —06)° (39)

System3: Low-Order Resonant

0.0342¢ + 0.0330

G(q) = : : 40
(@) = (= 0.95607/12) (g — 0.95¢ 37/12)" (40)
System4: Mid-Order Resonant
0.1176(q + 8.0722) (¢ + 0.8672) (¢ + 0.0948
Glg) = (g )(g )(g ) (41)

(g — 0.75e37/3)(q — 0.75¢=17/3) (q — 0.95e77/12)(q — 0.95¢—I7/12)"

For each of these systems, two possible input spectrum asdaved

B 1
1.25 — cosw

D, (w)

as well as both long = 10, 000) and short {V = 200) data lengths.

Firstly, in order to most directly illustrate quantificati@ccuracy, attention is initially restricted to
the simplest case of white Gaussian measurement noiseiafgas? = 0.0001 and the employment
of an Output—Error model of order equal to the true system.

and 9,(w)=1
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Input Spectrum
System Coloured White
N = 10000 | N =200 || N = 10000 | N = 200
1: Low-Order Fig 2(a) Fig 2(b) Fig 3(a) Fig 3(b)
2: Mid-Order Fig 4(a) Fig 4(b) Fig 5(a) Fig 5(b)
3. Low-Order Resonant  Fig 6(a) Fig 6(b) Fig 7(a) Fig 7(b)
4. High-Order Resonant Fig 8(a) Fig 8(b) Fig 9(a) Fig 9(b)

Table 1:Organisation of Simulation Examples

This structure is fitted over 10000 different input and measient noise realisations to allow for
the computation of the true estimate variability via samgplerage over these Monte—Carlo simula-
tions, which is then compared to the new expression (3), #36)ell as the pre-existing one (1) in
figures 2—9 and according to the organisation given in table 1

In each of these figures, (the estimate of) the true vartghdlishown as a solid line, the new vari-
ance expression (3), (36) of this paper is shown as a dasedalnd the pre-existing approximation
(1) is illustrated via a dash-dot line. The consideratioralbthese examples reveals some important
points.

Firstly, the new approximation (3) is clearly quite robusprovides an informative quantification
across the full range of scenarios, even for the case of warynodel ordern = 1 and very low data
length N = 200 as shown in figure 2(b). This accuracy for low model order mens surprising, but
as will be exposed in the companion paper [17], the reasdrhkdactor of2 is present in the new
quantification (3), (36) is that the a key approximating siépourier convergence is with respect to
an expansiotwiceas long as the model order, and variance quantification accuracy is proportional
to this expansion length.

Secondly, as shown in the cases of white input, the new appadion (3) is essentially exact in
these cases regardless of model order, save for small etroesy low data lengths. This, of course,
is consistent with Corollary 4.3.

Thirdly, as illustrated in the case of resonant systemsy evigen the true variability has a quite
complicated nature, the new approximation (3) is able twigean informative and accurate quan-
tification.

Finally, as suggested by examination of the dash-dot lipeeeenting (1) in each of figures 1-9,
the pre-existing and widely used quantification (1) can beliable, which leads to the suggestion of
this paper that in fact it should be replaced by (3) and itegdisations (28), (29).

Turning now to the case of Box—Jenkins model structuressiden the situation of the input-
output dynamics being that of the low-order system (38)hwilitput measurements now subject to

noise coloured as ;
H(q) = .
(9) p—

In this case, the factorisation (22) of Theorem 4.1 is urigggven as (using=(q,07) = G(q),
H(q,05) = H(q))

AlQH(q)  (¢-09)(¢—0.1)  A(g)At(q) T
so thatH;(q) = 1 andA;(q) = (¢ — 0.1). Furthermore, in the case of white input, thép/|H;|?

is a constant, so that according to Corollary 4.3, the vagaguantification (28) should be ‘exact’, in
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the sense of its accuracy being preserved for arbitranlyritodel ordern. Reference to figure 10(a)
shows that indeed this is the case, with the approximati8BhgBown as a dashed line being identical
to the Monte—Carlo estimated variability shown as a sohé.liAgain, for comparison the dash-dot
line there is the pre-existing quantification (1), whichlisagly far less accurate.

However, consider a modification of this simulation expenrnin which the noise colouring is
changed to

q

H(q) = .

@) =085

In this case, the factorisation (22) is not unique, and cbelgerformed as either of
Glg) 0.1 (q0.85) or Glg) 0.1 (q0.85)
Alg)H(q)  (q¢—0.9)(q —0.9) q Alg)H(g) (¢—09) ¢ \q-09 /)
—_— ~
Ay H! Ay H!

However, as mentioned if4, and as proved in the companion paper [17], the convergeaieeof
the asymptotic expression (27), and hence the accuracg @ttbndant approximation (28) shown in
figure 10(b) increases with increasing Lipschitz smoothmd®,, /| H;|?. Since in this examplep,, is

a constant, then the smoothness is clearly greatest foetlomd factorisation choice of; = ¢, H; =

(g —0.9)(g — 0.85)"!, and this leads to the approximation shown as the dashethliiigure 10(b).
The alternative choice of; = (¢—0.9), H; = g(q—0.85)"" is shown as the dash-dot line and while
still a reasonably accurate quantification, especiallystering the very low model orders involved,
is inferior to the alternative. The variability VaH (e’“, 6%,)} versus the quantification (29) is shown
in figure 11(a), and as predicted by Corollary 4.3, there Bcexgreement even though the model
order is onlym = 1.

Finally, since this is an open-loop example, then Coroll indicates that the approximation
(32) with fixed noise model set t, = 1 should quantify the variability of an Output-Error structu
fitted to this coloured noise case. The validity of this isgtrated in figure 11(b) where the upper
solid line of Monte—Carlo estimated Output-Error variétican be compared with (32) shown as a
dash-dot line. These true and quantified variabilities @admtrasted with the Box—Jenkins estimates
for the same data sets shown below these curves. Althougfifftaeence between these cases is not
great, it is clearly substantial enough to indicate thasptte pre-existing thought, the variability
Var{G (e’ 0%)} is not invariant to the model structure choice, and this wedlipted by the variance
quantifications (28) and (32) since the former involves,dw) defined via¢, &1] = [0.9,0.0] while
the latter involves &, (w) defined vig¢, &:] = [0.9,0.9].

6 Rapprochement with Pre-existing work

It is important to reconcile these new results with the pristeng work [13, 9] which inspired the
paper here. Superficially, Theorem 4.1 might appear to bemtradiction with Theorem 3.1 of [13],
since the latter also addresses the same estimation steparisidered in Theorem 4.1, but presents
a different result in that th&,,, (w) term arising in Theorem 4.1 is replaced by the frequencypede
dent factorm.

The key point in resolving this is apparent discrepancy isetmognise that this paper takes a
different perspective to [13] on the relationship betweeodei orderm and any underlying true
system order. In [13], it is accepted that-asincreases, eventually it must exceed an underlying
true model order. On the other hand, this paper assumesdbatdiess of how large: is, pole-
zero cancellation in the asymptotic estimated model neveurs. The motivation for this is to most
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accurately represent the common finite model ordeapplication in which an estimated model order
is chosen so as to avoid pole-zero cancellations.

Recognising this shows that, in a purely asymptotic semsgetis no contradiction between the
convergence results in Theorems 4.1- 4.3 and pre-existingnce convergence results such as those
of Theorem 3.1 in [13].

Specifically, if one assumes that a true finite model ordet m, exists, then the main theorems
of the companion paper [17] which underpin the results &f plaiper cannot be used since they depend
uponR,, defined in (10) being non-singular, andnif > m, then pole zero cancellations #(z, 6 )
will lead to rank deficiency imR,,.

Indeed, since this is the Hessian of the asymptotic valuaetostVy (6), then the asymptotic
valued, specified by (7) is not even well defined, which makes any aigbf variance error ill-posed.
To address this, consider the strategy employed in [13] #met evorks of introducing theegularised
cost which, for some regularising parametes 0, is defined as

N
1 )
V() = 5 S eH0) + 5160 0ol (42)
t=1

The Hessian of this modified cost is always positive defirdte] hencdy is always well defined.
Furthermore, in the limit a&v — oo, the criterion (42) has a unique minimuméatfor an arbitrarily
smallo.

Asymptotic variance results can therefore be derived waspect to this modified cost in the
over-modelled case afn > m,. Furthermore, as shown ir?] for the ARMA time-series case,
the reproducing kernel approach used here, and developi@ icompanion work [17] can also be
employed, albeit in a different fashion.

Now, although the workq] addressed only the time series case, the methods usedtbatieectly
extendible to the situations considered here. Taking thgp@+Error case for the sake of example,
the methods of7] then provide the conclusion thatd(z, 6,) can be factored as

B, (2,0,) T(z)

Gl=0) = 4 ) () (*3)

where By, (z,05) /A, (z,05) is of minimal orderm, andT'(z) is a polynomial of ordetrn — m,
containing the pole-zero cancellationsGtiz, 6, ), then in the limit aty — 0, the results of Theorem
4.1 still hold with the zerog¢y, - - -, &1} being defined by

Am, (2,00)T(2) = (2 — &o)(z — &) - (2 — &m1)- (44)

Now, if the regularisation poirt, is chosen such that the pole-zero cancellation pggys., - - -, &1}
are all at the origin, then this implies that the factof(w) defined in Theorem 4.1 and appearing in
(32) is given as

- my—1 1 — |§k|2
() = (m—ma) + > o
k=0 | k
and hence
) 14 o(/m),  asm . (43)
m,

Therefore, in a strictly asymptotic sense, normalisatign:f (w) as in Theorem 4.1 or by: as in
Theorem 3.1 of [13] will be equivalent, bonlyif 6, is chosen so that excess pole-zero cancellations
occur at the origin; se€?] for more on this last point.



Analysis of Variance Error:| 16

However,in practice for this (possible) asymptotic equivalence to imply vada approximation
equivalence, the model ordet employed would need to be much larger than the true underlyin
model orderm, so that, via (45)x,(w) =~ m. In contrast to this, practical interest is usually fo-
cused on the situation of roughly correct model order: m,, in which case thénterpretationsof
Theorem 4.1 and Theorem 3.1 of [13] are different.

Specifically, by virtue of the particular adapted orthonatrbasis employed in developing The-
orem 4.1, the convergence rate involved there is likely tsigaificantly faster than that associated
with Theorem 3.1 of [13] where the standard trigonometrisi®#s used. As a result and as illustrated
in figures 1-9, assuming that (24) has approximately coreefgr some finiten ~ m, can provide
a more reliable quantification (3) of variance error tharhé tonvergence in Theorem 3.1 of [13] is
assumed to have occurred for finiteto lead to (1).

Indeed, the companion paper [17] shows that when normialisay r:,,,(w) is involved, then a
convergence rate bound can be established that guarantpesving accuracy of VAIG (e/“, 67%)}
approximation with increasing model order, and such results are unavailable via the trigonometric
basis methods used in the previous works [13, 16, 9] whichdéd).

7 Conclusion

The main theme of this paper was to highlight that the valitglof quadratic-cost prediction-error
estimates is not invariant to the choice of model structooejs it necessarily invariant to the dynamics
of the actual system being estimated.

This is counter to previous thought that has argued thaesimty shift invariance is required of
the model structure for (1) to hold, and since (1) dependg omimodel order, data length and signal-
to-noise ratio, then in fact the precise choice of modelcstme, and the dynamics of the estimated
system are irrelevant to the variance error.

The following companion paper [17] will detail how this kattargument can fail since conver-
gence of a certain Fourier series is central to the appraximgl) being accurate, and this can easily
be upset. A strategy developed in [17], and employed in thefpof the results here involves re-
parameterisation with a certain rational orthonormal §asghich lead to an extension (3) of (1) which
can offer improved accuracy by explicitly accounting foctfars (such as estimated pole positions)
that may otherwise destroy convergence, and hence appatgim

A Proof of Theorem 4.1

Proof. In what follows, C will be used generically to denote a finite constant that maylifferent

in different parts of the same expression. Furthermoredéwelopments presented below depend on
the definition of certain quantities and the employment ofage new results which are given in the
companion paper [17] and not repeated here. With this in priote that via (8)

VN@L —0") 2 N(0,P,),  asN — oo (A1)

whereP, = R, 'Q, R, ', with Q,, being defined via by (11) anfl,, being defined in (10). Consider-
ing R, first, then using the developments (22)-(25) of [17]

R 1 dypy (6™)
n =Ty | Qo—5=Q%8 ) — W, n 2 lim — E 07 . A.2
mo= o () s e Y elaoEt @

N—o00
t=1
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However, via the expression (12) and using equation (2ZX)etbmpanion paper [17]

‘:Z;Sf))’;) = (Am(q) ® 1) L(q,00) [\ (62) © I](A, (q) © 1)
where 0
o =[]
2G(q,0) /A% (q,00) —1/A%(q,0%) &
L(g.0") 2 —1/A%(q,67) 0
(Qa o) - 2H(q,9?)/D2(q,9?) *I/DQ(Qaeg)
& ~1/D%(q,62) 0

Therefore, after recognising thEt{e,:;(67)} = 0 becausey,(67) only depends offuy, ey, + ri]”
for k <t — 1, then the application of Lemma A.1 implies

Wa= o [ (An() © B)LE,02)[0(w) © BN, (¢) @ 1) d

J =T

where ®(w) is formed from the cross spectruf,,, between{r;'} and{u;} as well as the auto-
spectrum®, (w) of {r}'} as

Blw) = [ 0 & (w)

Now, as already argued via equation (19%(w) ® || < max{|®,,(w)],Cn?} < C < .
Therefore, for arbitrary > 0 define the regions

O ={w e [-7m,7]:[|P(w) ® L] > €}, Qo =[—m, 7]\

and also taker € R” arbitrary but such that”z = 1. Then by the above formulation and with
C <

. 1 . .
2" Whz| < ex sup ||L(e,00)| 2—/ 2" (A (e7) ® It) (M), (/) ® I)z| dw +
wE[—m,m] ™ JQ,
. 1 . .
sup || ®(w) @ Lof| - [[L(e’, 05| - 5 / |27 (A (¢7) ® L) (A, () ® I1)z| dw.
wE[—m,m] 27, Q1

Now, by the assumptions on the polgs } and{n;}, all the elements of.(e/*, ") are bounded so
that | L(e“,67)|| < oc and hence, for som€ < oo (recall, m = n/4) and with |-| denoting the
integer part of a number

) 1 ) )
e sup ||L(e*,00)] o= / |27 (A () @ 14)(A], (/) ® In)z| dw
we[—m,m] 2m J Qs

n—1n—1
Ce " jw(|k/4 jw(|l/4
< o 3 SO S mpage D il L4AD)] g
k=0 £=0
C T [n—1 2
- 2_7: 3w (KD dw
T k=0
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n—1n—1
_ 3w / Giw(k/41) g (16/4]) g,
k=0 =0
n—1n—1
= CeX0 Y mamd ([h/4] - |0/4))
k=0 £=0
n—1 n—4
= Ce Z\xk\ +22xkxk+1+22xkxk+2+22xkxk+g < Ce
k=0 k=0 k=0 k=0

where the Cauchy-Schwartz inequality and the fact#fat = 1 was used in the last line.
Now, for the second term over-bounding’ W, z|, first note that by assumption 3 of the theorem
and with the definitiorlT,, (w) £ TI(e/*, 07) — [G(eI¥), H(e/*)]

®,(w) = [H(e,07)| Tl (w)®¢ ()T (w)* (A.3)

w0y _ H(eiw gr) |2
A e () o). a4

Now by assumptiond(w) is invertible for allw so that from (A.3) and assumption 3

‘(I)TU(W)‘Q = 0, (w) Py (w) +

T(w)T(w)* < O, (w) < % (A5)
n
Combining this with (A.4) then implies that
@y (w)] < Cn~F (A.6)

Furthermore, by the dyadic construction @f,,(¢’“) ® I,)(AT (/) ® I4) it has only four non-
zero eigenvalues corresponding to eigenvectors whichharedlumns of\,, (/) ® I5. Hence, the
eigenvalues are equal and equal to the sum of the squares eletiments of these eigenvectors which
itself easily evaluates /(™% sin(mw)/ sin(w). Therefore,

‘xT(Am(e'jw) ® I;) (AT (/%) ® Iy)z| < (sutlwm> e’z <m
sin w

and hence using (A.6) and withbeing Lebesgue measure Bn then for large enough

. 1 . .
sup | @(w) ® L] - | L(e™, 6)] - 5 / 2" (A () @ ) (AT, () @ Iy) | duw
we[—m,m] ™ Jo,

< C'n/ dw=Cnpu{w € [-m, 7] : |Ppy(w)| > €} < %
J en

where Chebychev’s inequality and the bound (A.6) was uskdréfore

‘x Wgc‘<Ce+ g

so that since andx are arbitrary and sinc®,, is symmetric then|W,,| — 0 asn — oco. There-
fore, employing thev notation denoting asymptotic matrix equivalence which teantroduced via
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equation (10) of the companion paper [17] (In using this,dheice{, = 0 should be made so that
Fm = Am)

Z.® 2}
R, ~T, (Q ‘H§|2 Qg> asn — oc. (A7)

Turning now toQ,,, by recognising that sincg; (0?') depends only on past data it is independen, of

1 N N 1 N
¥ 2 2 E{w@)] (0 (0D)en00)} = o’ ZE {9 (02) 97 (02)} +

N
ZEM (0297 (67) ()%} +

2|~
‘26#
=

2|
1M

T

E {?/’t (65) T/’t+r(9n Ty 7"t+r} +

T
\
=

—T

E {4 (0)9f (03)errfy, } -

1

2|

t

3
Il
-

Considering the:, 2'th element of the third term in the above expression, by $smptions o} }
and the boundedness assumptior{ @} combined with the stability of the filters involved ify (67)

1 N—1

N Z [E {00 rir o }] H

t=1

< ZE{\Tf i} < W

so that since the 2-normh- || of a matrix is bounded by the 1-norm which is the maximum alisol
row sum

N—1N-71

Z Z E {",bf en wt+’rrt 'r?+’r}

7'111

C
' S nﬂ*] ; 1+|T‘p S nﬂf] _>0, asn — 0o0.

An identical argument applies to the terms involviBgy, (07)y/ e, .} andE{y,(67)] (ri")*}
so that asymptotically im the only component of),, to contribute to quadratic forms involving it
will be

Qn~ngnoc—ZE{q/;ta )t (00)} = o (Q e Q)
Therefore 7 &7
P, ~R,'Q.R, ' = o°T, (Qﬁﬂ*) : (A.8)

Consequently, using (A.1) together with this expressianffpand the Taylor expansion in (14) leads
to
VN [ (e, 05) -~ T (e, 02)] 25 N0, A () (A.9)

where, according to the developments leading to equationaf17]

lim A, (w) =02 lim |[H(e’,0™)|?pm(w,w)

m—r 00 m—r 00
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where
Z* (1) - : B 7.0 7% : oy Zo(eY)
2 ZodT ) (I A* (BT [ Q22570 0F ) [A,, (M@ T4 Q0 (7).
pnlrw) £ o ) e T, (0. 500 ) (o ni0n ()
Therefore, by employing Theorem 6.1 of [17]
lim A, (w)K,,' (w) = 0| Ho (/)PP (w). (A.10)
m—oQ0

Extending this result to consider neighbouring frequencieand A may then be achieved by using
(A.9) to conclude that

7 (¢, 03) — 117 (52, 07)

VN “0 |
7 (¢, 0%) — 117 (e, 07)

] 2 N0, S (w, \))

where

Furthermore, since

K@) @ 1 of oml@w)Ka @) pm(w VK ()
Zm(“””{ o Klm]" [som(x,wmml(w) emA VKL () |

then employment of (56) of Theorem 6.1 of [17] establishest the asymptotic (as: — o)
values of the diagonal entries of the above quantity arepéetvely) aQ\Ho(ejw)\?(I)gl(w) and

o?|Ho(e?*)|*®, ' (X), while those on the off-diagonal tend asymptotically toozer O

LemmaA.1l. Suppose thafu,} and{y;} are jointly quasi-stationary processes with bounded spéct
densities and which are filtered as

z; = H(q)uy, 2z = G(q)ys

where both filters have absolutely summable and real-vailogdise responses. Then

Proof. By the assumptions of absolute summability and boundesd-okspectral densities, ensuing
re-orderings of summations and exchanges of integrals@andstions are justified so as to calculate:

N N oo ™=

. 1
ngnocN;E{tht} = ]\}gﬂmﬁggmzohﬂ]mE{“t LYt— m}
= szqm hm _ZE{“t Yt—m}
£=0 m=0
= ZZhgqm hm —Z2ﬁ/ uy eﬂ"m ) dw
£=0 m=0
1 ™

= H(e7)G (e1%) Py (w) dw.

2
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B Proof of Corollary 4.2

Proof. As before,C denotes a finite constant that may be different in differeartspof the same
expression, and the ensuing developments below dependeaefimition of certain quantities and
the employment of certain new results which are given in tiraganion paper [17] and not repeated
here. Since (¢, 0) is fixed atH (¢,6) = H.(q), then (A.2) becomes

R, =T, (Zj IQZ) ~W,, W, 2 lim —ZE{ dwt()T)} (B.1)

N—oo N

where now

Z(q,0) 2 [ *G(lq’ f) } (B.2)
and
depy (6™)

= (Am(9) @ B)L(q,02) (Al () ® 1) A2 (q, 00)uy,  L(q,605) 2 [ 2G(_q,lf)?) 01]

(dom)T
so that according to Lemma A.1

1 s
w,

=5 | (€)@ B)L(, 62) (AL () @ ) q;i

w)
B o) dw.
Furthermore, under assumption 3 of Theorem 4.1 and usingahéition that®,,. (w) = 0 then
o, (w) = H*(ejw)fl [G(ejw) — G(e-jw,f)g)] D, (w) (B.3)

so that according to the assumptions of the corollary

Do) < C|G() — G0 < . (B.4)
Therefore, by the same argument as employed between (Ad2)yan)
Zo®, 7*
R, ~T, ( A7 ) asn — oo. (B.5)

Turning now toQ,,, definings; = 67" +¢, wheres? & H_'(q)[G(q) G (q,07)|ur, ¢ = H. ' (q) H(q)ey
leads to

N
Z E{Qﬁt 0:) W 61,6@} +

1 4=

N
> E{yu(02)97 (02)576 }

1 4=1

N N
@n ZZ {00 (02)e1 (02)ee(02) )} =

t=1 (=1

==
M=

-
Il
-

==
M=

~
Il

where the assumption of open loop data collection imphEng:.e; } = 0 has been employed. Fur-
thermore, by the assumptions of the Corollary

G(el?) — Gel®, o) |

C
- <
H,(e1%) dw

S 9B

e{on? -5 [

oJ =T
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Therefore, application of the Cauchy—Schwartz inequalitgd Lemma A.1 of [19] indicate that

7.8, &, 7
Qn ~ Ty (7H*7;|/;02 ) asn — co.

Consequently, using (A.1) and the Taylor expansion in (43§ to

G(e,0%) — G, 07)

VN T .
G(e, %) — G, 67)

] 2 N0, Ay (w, ) (B.6)

where, according to the developments leading to equationaf17]

2 *
g iw iw -1 Zo(puZo
Ap(w,A) = WZ:(E’J )AL (') ® IL]T, < A2 >
7.D,0,7* Zo®,Z* ; ;
Tn o Xy ¥pyliy Tfl ox Ly Am JA T ZO JA B.7
(b ) 7 (F2F) e 0 hizete? &0
o2 [T Z*&ﬂw) . 7P, 7* , 7 @ﬂq
_ 7 o . A* (@ I Tfl 0 ~Fu~o Am JH T ° ,
o | Ag(e_yw)[ m(6 )® 2] n ( |Ao|2 ) [ (6 )® Q}Ao(e.w) x

Zo®, 7
Ao |?

Zo(e9?)
A, (@.7/\)

o (1) (1) Z2 ()

HE Ao (e L") @ LIT <

) [Am() ® ]

However, according to the reproducing kernel argument$iof [17] which employs a rational or-
thonormal basis re-parameterisation detaileg6 of [17]

Zo®, 7
Ao |?

o

A% (edw)

o

Zx(el?) > [Am (") @ [ﬂi‘;izzz; =13, (W)M, " (®,)T (1)

A% (%) @ LT, (

which when substituted into the above expression gives

0.2 ™ " 5 . .
B = 2 [ s (@) O 0t (2,003
= D @, (TE2) M, (@) ().

However, according to Theorem 5.2 of [20]

3,D,
|H.|?

M, (®u) My, (

n

o,
>Mn](@u)~Mn ((1) W 2) asn — oo
w |41

so that by Theorem 2.2 of [17] (see also Theorem 4.3 of [20])

D, (w) )
 Ap(wA) 1 D, By (w) [ H. ()P 7T
1 Am(w,A) b M _ v \r _ u *
mgréo QHm(w) m—00 QHm(w) Qm(w) n ((I)U|H*|2> 2m(>\)
0 wF#E A

This establishes (34), and (35) then follows from this via $ame argument as used in the proof of
Corollary 4.1. O
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C Proof of Corollary 4.3

Proof. Referring to the proof of Theorem 4.1, under the assumptfan(@?) = e;, thenQ,, = o*R,,
and hence’, = 02 R, with, again since;(0") = ¢,

Rn — T*] <QO ZO@CZ:Q*> .

Therefore, using the Taylor expansion ideas leading to)(Aw@ then the argument of Appendix 9B
of [9] employing the assumption & { \et|8} < oo to allow passage from distributional convergence
to mean-square convergence then implies that

G(el,O) ] } — Ap() (C.1)

lim N - Cov B
N—o00 H (e, ()K,)

where, according to the developments leading to equati®nd17]

A (w) = 0| H (e, 05) o (w, w)

with
o ZHEY) s o (e 1 Zo®c 23 . i iny Zol(e)
‘Pm()‘aw)_H(efjw’()g,)Qo(e AL (7)) QLT | Qo EGE Q% ) [Am(e?) @ L] Q0 (e )H(ej'\,f)g)
and then, by Theorem 6.1 of [17]
Ap(w) = 0| Ho (™) 2@ (w) Kin (w). (C.2)
O
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Variance of OE estimate of G vs existing and extended Theory
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(a) Low-Order, Coloured,,, N = 10, 000

(b) Low-Order, Colouredpb,,, N = 200

Figure 2:System 1, very low-order. True variability is solid linewnguantification (3) is the dashed
line, and the existing quantification (1) is the dash-doglin
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Figure 3:System 1, very low-order. True variability is solid linewnguantification (3) is the dashed
line, and the existing quantification (1) is the dash-doglin
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Variance of OE estimate of G vs existing and extended Theory Variance of OE estimate of G vs existing and extended Theory
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Figure 4:System 2, mid-order. True variability is solid line, new ntifcation (3) is the dashed line,
and the existing quantification (1) is the dash-dot line.
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Figure 5:System 2, mid-order. True variability is solid line, new ntification (3) is the dashed line,
and the existing quantification (1) is the dash-dot line.
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Variance of OE estimate of G vs existing and extended Theory Variance of OE estimate of G vs existing and extended Theory
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Figure 6: System 3, low-order resonant. True variability is solicelimew quantification (3) is the
dashed line, and the existing quantification (1) is the dashline.
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Figure 7: System 3, low-order resonant. True variability is solicelimew quantification (3) is the
dashed line, and the existing quantification (1) is the dastline.
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Variance of OE estimate of G vs existing and extended Theory
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Figure 8: System 4, mid-order resonant. True variability is solicelimew quantification (3) is the
dashed line, and the existing quantification (1) is the dashline.
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Figure 9: System 4, mid-order resonant. True variability is solicelimew quantification (3) is the
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Variance of BJ estimate of G vs existing and extended Theory Variance of BJ estimate of G vs existing and extended Theory
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Figure 10:System 1, low order, with coloured measurement noise andaig&in using Box—Jenkins
model structure. In both figures, the true variability isiddine and the new quantification (28) is the
dashed line. On the left the existing quantification (1) & dlash-dot line, while on the right it is the
new quantification (28) but with a different choice féy as used for the dashed line approximation.
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Figure 11: System 1, low order, with coloured measurement noise amuhagin using both Box—
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