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AbstractA partition u of [k] = f1; 2; : : : ; kg is contained in another partition v of [l] if [l]has a k-subset on which v induces u. We are interested in counting partitions v notcontaining a given partition u or a given set of partitions R. This concept is related tothat of forbidden permutations. A strengthening of Stanley{Wilf conjecture is proposed.We prove that the GF counting v is rational if (i) R is �nite and the number of partsof v is �xed or if (ii) u has only singleton parts and at most one doubleton part. In fact,(ii) is an application of (i). As another application of (i) we prove that for each k theGF counting partitions with k pairs of crossing parts belongs to Z(p1� 4x).

3



1 IntroductionAn n-permutation b1b2 : : : bn, a permutation of [n] = f1; 2; : : : ; ng, avoids an m-permutationp = a1a2 : : : am if it has no subsequence bi1bi2 : : : bim such that bir < bis i� ar < as. Thenumber of n-permutations avoiding p is Sn(p). Similarly, Sn(R) counts n-permutationsavoiding each p from a set of permutations R. For R �xed and n = 1; 2; : : : ; determineSn(R). This is the problem of forbidden permutations that was introduced by Simion andSchmidt [22] and further investigated in, for example, [3, 4, 5, 25, 30]. (In the wqo theory,the avoidance of permutations was considered earlier in [15, 16].)We propose a new class of similar enumerative problems based on set partitions. Apartition v = ([l];�v) given by its equivalence relation does not contain u = ([k];�u), insymbols v 6� u, if there is no increasing injection f : [k]! [l] such that i �u j i� f(i) �v f(j).For u a partition, P (u;n; l) is the number of partitions of [l] not containing u and havingn parts. For R a set of partitions, P (R;n; l) is de�ned in an obvious way. The problem offorbidden partitions is, for R �xed and n; l = 1; 2; : : : ; to determine P (R;n; l).Both problems are closely related. We encode the m-permutation p = a1a2 : : : am bythe partition up of [2m] with parts fi;m+ aig. Then Sn(p) is the number of the partitionsuq such that q is an n-permutation and uq 6� up. In particular, Sn(p) � P (up; �; 2n) whereP (u; �; l) =Pn�1 P (u;n; l). A conjecture due to R. Stanley and H. Wilf says that Sn(p) =O(cn) for each p. (Recently, B�ona [5] con�rmed it for many permutations.) We o�er astronger conjecture: P (up; �; l) = O(cl) for each permutation p. If true, it also holds for eachu obtained from up by adding some singleton parts. Such a u will be called a su�cientlyrestrictive partition or, shortly, srp. By Example 1, srps are the only partitions u for whichP (u; �; l) may have an exponential upper bound.Trivially, Sn(12) = Sn(21) = 1. By [13, 22], Sn(p) = 1n+1�2nn � for each 3-permutation p. Itis more complicated to determine Sn(p) for a 4-permutation, see [3]. Perhaps the complexityof P (u; �; l) for srps with m doubletons is similar to that of Sn(p) for (m+ 1)-permutations.To support the intuition, in Section 4 we prove that for each srp u with one doubleton theGF (generating function) Pl�1 P (u; �; l)yl is rational. Also, the GF for each of the two srpswith two doubletons and no singletons satis�es a quadratic equation, see Examples 2 and 3.We discuss the following topics. Section 2 introduces sequential representation of par-titions. In Section 3 we prove Theorem 3.1 saying that for each n and �nite R the GF4



Pl�1 P (R;n; l)yl is a rational function of a particular kind. The induction scheme usedforces us to prove a more general Theorem 3.2. In the beginning of the proof its outline isgiven. Theorem 3.1 is used to prove Theorem 4.1 saying that each srp with one doubletonhas a rational GF. It is not a surprising result but it may be of some interest as a �rst step inmeasuring the complexity of P (u; �; l); the proofs in Section 4 are only sketched. In Section5 we apply Theorem 3.2 to prove that the GF of partitions having a �xed number of pairsof crossing parts belongs to Z(x;p1� 4x) = Z(p1� 4x); this complements [6]. In Section 6we give additional comments and pose some problems.Forbidden partitions might shed a new light on forbidden permutations. For partitionsthere goes in paralell a strong branch of extremal results (see Example 5). It might be of useto crossbreed the enumerative and extremal branches.2 Notation and examplesA partition u = ([k];�u) can be represented by a �nite sequence a1a2 : : : ak 2 S� over anin�nite alphabet S, where S contains N = f1; 2; : : :g and some letters a; b; c; : : : ; by choosingthe sequence so that i �u j i� ai = aj . A mapping f : S ! S acts on S� in a naturalway, f(a1a2 : : : ak) = f(a1)f(a2) : : : f(ak). If u; v 2 S� and u = f(v) for an injection f , wesay that u and v are equivalent . Partitions correspond to blocks of equivalent sequences. Insequel, this representation of partitions will be used.For u 2 S�, juj is the length of u, S(u) � S is the set of symbols used in u, and kuk isthe cardinality of S(u) (i.e., the number of parts). Clearly, u � v means that u is equivalentto a subsequence of v. Such a subsequence will be called a u-copy . Each block of equivalentsequences contains a unique canonical sequence, a sequence u such that (i) S(u) = [n] and(ii) for each pair 1 � i < j � n the �rst occurrence of i in u precedes that of j. To canonizev means to replace it by the equivalent canonical sequence.We remind that P (R;n; l) counts canonical v such that jvj = l; kvk = n, and v 6� u foreach u 2 R. The corresponding GF is denoted byG(R;x; y) = Xn;l�1P (R;n; l)xnyl:For simplicity, when possible we let the parameter n unrestricted and consider only thequantities P (R; �; l) and G(R; 1; y). If u � v then P (u;n; l) � P (v;n; l). If u is the reversal of5



u then P (u;n; l) = P (u;n; l). The proofs of the formulas in the following example are easyand thus omitted.Example 1. With (2j � 1)!! = 1 � 3 � 5 � : : : � (2j � 1) and the convention (�1)!! = 1 wehave P (aaa; �; l) = bl=2cXj=0 (2j � 1)!!� l2j�:As for u = aabb, we haveP (aabb; �; l) = p+2k�lXk�0; p�3(k + 1)2� lp+ 2k�k! + bl=2cXk=0 � l2k�k!Both P (aaa; �; l) and P (aabb; �; l) grow faster than any cl. It is obvious already from the factthat up 6� aaa; aabb for each p. The sequences aaa and aabb are probably the only sequencesu which have a superexponential P (u; �; l) and are minimal (to �) with this property.We remind that the srps are sequences containing neither aaa nor aabb. By Example 1,each nonsrp u has a superexponential P (u; �; l). Examples of srps: 1234256 and abcbcda. Ifu � v for a srp v, u is a srp as well. The only srps with two doubletons and no singletonsare abab and abba. Their GF's are as follows.Example 2. Let u = abab. A canonical v; v 6� abab splits uniquely in v = 1v1v2so that 1 62 S(v1) and v2 starts with 1 if nonempty. Then vi 6� abab, vi may be empty,and S(v1) \ S(v2) = ;. On the other hand, any choice of such vi's is admissible. Thus,G(abab; 1; y) = y(1 +G(abab; 1; y))2. We obtain the classical results [2, 14]G(abab; 1; y) = 1� 2y �p1� 4y2y and P (abab; �; l) = 1l+ 1�2ll �:Partitions not containing abab are now called noncrossing partitions . At �rst they wereinvestigated by Kreweras [14] and Poupard [17]. They appear in geometric extremal problems[8, 10], poetry [2], probability theory [24], molecular biology [28, 29], enumerative bijections[7, 18], and combinatorics of the partitions lattice [14, 21, 23]; the list of references is notexhaustive. P (abab; �; l) = O(cl) and the right constant is c = 4.Example 3. For u = abba the GF equals, see [11],G(abba; 1; y) = �y + 3y2 � 2y3 � yp1� 2y � 3y2�2 + 8y � 6y2 + 2y3 :Again P (abba; �; l) = O(cl). The right constant is c = 1=
 = 3:14790 : : : ; 
 > 0 being theroot of y3 � 3y2 + 4y � 1 closest to the origin.6



3 Fixed number of partsExample 4. In our notation Stirling numbers of the second kind are P (;;n; l). Since thecanonical v's with kvk = n arise from 12 : : : n by inserting a v1 2 f1g� between 1 and 2, av2 2 f1; 2g� between 2 and 3, : : : ; and a vn 2 f1; 2; : : : ; ng� after n, we haveXl�1 P (;;n; l)yl = yn(1� y)(1� 2y) � � � (1� ny) :The following theorem generalizes this classical result.Theorem 3.1 For each n 2 N and �nite R � S�,Xl�1 P (R;n; l)yl = a(y)(1� y)r1(1� 2y)r2 � � � (1� ty)rt ;where a(y) 2 Z[y], ri � 0, t = min(n; k), and k = minu2R kuk�1. For k = 0 the denominatoris 1.In particular, for k = 0 the GF is a polynomial from Z[y]; this is obvious. For k = 1the function P (R;n; l) is a polynomial from Q[l]. We look at the cases R = fababg andR = fababag when k = 1.Example 5. It is well known [14] thatP (abab;n; l) = 1l � n+ 1� ln�� l � 1n� 1�;a polynomial in l of degree 2n�2. What changes if R = fababag? Sequence w = a1a2 : : : al iscalled sparse if ai 6= ai+1 for each i. Sequences v; v 6� ababa arise from a sparse w;w 6� abababy arbitrarily replacing terms of w by intervals of occurrences of the same symbol. Let pjbe the number of nonequivalent sparse w's, kwk = n and jwj = j, not containing ababa, andN5(n) = maxfj : pj 6= 0g. (By Lemma 3.3, N5(n) = O(n2).) Clearly, P (ababa;n; l) is thecoe�cient at yl in N5(n)Xj=n pjyj(1� y)j ;a polynomial in l of degree N5(n)�1. Unlike the analogous extremal function N4(n) = 2n�1for abab, the function N5(n) is di�cult to handle. Here we mention only the estimate12n�(n)� 2n < N5(n) < 2n�(n) +O(n�(n)1=2), where �(n) is the extremely slowly growinginverse of the Ackermann function. For the lower and upper bound consult [31] and [12], re-spectively. More information on the Davenport{Schinzel sequences , of which w is a particularcase, can be found in [20]. 7



Outline of the proof of Theorem 3.1. Suppose �rst R = fug. We want to useinduction on juj. To count the v's such that kvk = n and v 6� u, we split v in v = v1v2 : : : vrso that the vi's are subject to simpler constraints and can be chosen independently. A u-copyappears then in v i� u splits in u = u1u2 : : : ur so that there is a ui-copy of certain type invi. We are forced to consider a stronger induction statement involving any �nite R and, foreach u 2 R, prescribed types of the u-copies in v. This is formulated in Theorem 3.2 and thepreceding de�nitions. We work with a special R (ideal), because for induction it is better tohave R closed to subsequences. Theorem 3.1 follows from Theorem 3.2 simply by summingall cases. The stronger restriction of the denominator is established in Lemmas 3.3 and 3.4.The inductive proof of Theorem 3.2 is started by Lemma 3.5, a variation on Example 4.Then we describe how the ui-copies in v1v2 : : : vr merge in a u-copy. Lemma 3.6 states aproperty of merging. Then we de�ne the splitting v = v1v2 : : : vr and in Lemma 3.7 state itskey property. In Lemmas 3.8, 3.9, and the concluding argument we perform the inductionstep.A �nite I � S� is an ideal if each u; u � v 2 I; is equivalent to some w 2 I . Letw = bi1bi2 : : : bik be a subsequence of v = b1b2 : : : bl equivalent to u = a1a2 : : : ak. The typeof the u-copy w in v is the injection f : [kuk] ! [kvk] de�ned by canonizing u and v andthen setting f(aj) = bij . So type is the injection that maps the position of every symbol inw to its position in v. Several u-copies may have the same type. All types of all u-copies inv form the set T (u; v). For example,T (abab; 4332421141) = ff(1; 1); (2; 3)g; f(1; 3); (2; 1)g; f(1; 1); (2; 4)ggand there are six abab-copies in 4332421141.Let, for n 2 N and R � S�, F(R; n) be the set of all mappings F such that F is de�nedon R and F (u), u 2 R, is a set of injections from [kuk] to [n].Theorem 3.2 Let n 2 N, I be an ideal, F 2 F(I; n), and P (I; F ;n; l) count all canonical vsatisfying kvk = n; jvj = l, and T (u; v) = F (u) for each u 2 I. ThenXl�1 P (I; F ;n; l)yl = a(y)(1� y)r1(1� 2y)r2 � � � (1� ny)rn ;where a(y) 2 Z[y] and ri � 0.Any �nite R � S� is easily completed to an ideal I � R. Then P (R;n; l) =PF P (I; F ;n; l), summed over all F 2 F(I; n) such that F � ; on R, and Theorem 3.18



follows, with the denominator (1� y)r1 � � � (1� ny)rn . The same argument shows that The-orem 3.2 holds with R instead of I as well. The remaining part of Theorem 3.1, the re-striction of the denominator, follows if we show that for every u 2 S� and n 2 N we haveP (u;n; l) = o(kukl). We prove it in the next two lemmas.For v 2 S� and m 2 N consider the m-splitting v = v1v2 : : : vr, where v1 is the longestinitial interval with kv1k � m, v2 is the longest interval following v1 with kv2k � m and soon. Thus, kv1k = � � � = kvr�1k = m, kvrk � m, and the splitting is unique.Lemma 3.3 If v; kvk = n has the m-splitting with at least2(s� 1)� nm+ 1�+ 2intervals, then v contains each u satisfying kuk � m+ 1 and juj � s.Proof. Let v = v1v2 : : : vr be the m-splitting. We have kvivi+1k � m + 1 for each i andwe select a subset Xi � S(vivi+1); jXij = m + 1. By the pigeonhole principle, X2i1�1 =X2i2�1 = � � � = X2is�1 for some s indices 1 � i1 < i2 < � � � < is � r=2. Taking from eachv2ij�1v2ij an appropriate term, we create a u-copy in v. 2Lemma 3.4 For every n 2 N and u 2 S� we have P (u;n; l) = O(lh�1(kuk � 1)l); theconstant in O and h depend only on n and u.Proof. Suppose that v 6� u, kvk = n, kuk = m+ 1; and v = v1v2 : : : vr is the m-splitting.By the previous lemma, r � h = h(u; n). Once the sets S(vi) are chosen, there are at mostml possibilities for each vi; jvij = l. To account for vr (since kvrk � m) we multiply thebound by the factor m. Hence, P (u;n; l) � the coe�cient at yl inm hXr=1 �nm�r(1�my)r ;which is O(lh�1ml). 2Therefore if u 2 R attains the minimum kuk, the denominator cannot have a root smallerthan 1kuk�1 . This �nishes the proof of Theorem 3.1.The proof of Theorem 3.2 goes by induction on jI j and starts with the ideal I(r) =fa; aa; aaa; : : : ; aa : : : ag, the last sequence of a's having length r.9



Lemma 3.5 For each r; n 2 N and F 2 F(I(r); n),Xl�1 P (I(r); F ;n; l)yl = a(y)(1� y)r1(1� 2y)r2 � � � (1� ny)rn ;where a(y) 2 Z[y] and ri � 0.Proof. Let G(x; y), where x = (x1; : : : ; xn) with xi 2 [r�1][fr+; 1+g, be the GF countingby length the canonical v; kvk = n; with xi occurrences of i (1+ means any number � 1and similarly for r+). By the de�nitions, the above GF equals G(x; y) for some x with noxi = 1+. (Or it is identically 0, if the conditions imposed by F are contradictory.) Each suchG(x; y) equals, by the principle of inclusion and exclusion, P�G(x; y) for some x's with noxi = r+. It su�ces to show that each G(x; y) for x with no xi = r+ has the stated form.By Example 4, the GF of canonical v's, in which y counts length and yi counts theoccurrences of i, isG(y; y1; : : : ; yn) = yny1 � � � yn(1� yy1)(1� yy1 � yy2) � � � (1� yy1 � yy2 � � � � � yyn) :Thus, if x1; : : : ; xk 2 [r � 1] and xk+1 = � � � = xn = 1+, G(x; y) equals@x1+���+xkG(y; y1; : : : ; yn)x1! � � �xk !@yx11 � � � @yxkkevaluated at y1 = � � � = yk = 0; yk+1 = � � � = yn = 1; similarly for other x's. It follows thatG(x; y) has the required form. 2A merging scheme on (n1; : : : ; nr) is a partition M = (Sri=1([ni] � fig);�) such thatjP \ ([ni] � fig)j � 1 for each part P and each i. Each splitting v = v1v2 : : : vr de�nesa merging scheme on (kv1k; : : : ; kvrk) in which (mi; i) � (mj ; j) i� the mith symbol of viequals the mjth symbol of vj . (The mith symbol of vi is the a 2 S(vi) that turns in miwhen vi is canonized.) In the other way, if (v1; : : : ; vr) is an r-tuple of sequences and M is amerging scheme on (kv1k; : : : ; kvrk), there is a unique canonical sequence v = M(v1; : : : ; vr)that can be split in w1w2 : : : wr so that each wi is equivalent to vi and the merging schemede�ned by the splitting equals M . (To obtain v, for each part P of M and each (mi; i) 2 Preplace the occurrences of the mith symbol in vi by the common symbol xP . Concatenatethe resulting vi and canonize.) For instance, if M partitions S3i=1([2]�fig) in f(1; 1); (1; 3)g,f(2; 1); (1; 2); (2; 3)g, and f(2; 2)g, then M(bab; 5aa; 1155) = 1212331122.Clearly, kM(v1; : : : ; vr)k = jM j. Notice also that if M is de�ned by the splitting v =v1v2 : : : vr then M(v1; : : : ; vr) is just the canonization of v.10



Lemma 3.6 Let v = M(v1; : : : ; vr) and w = M(w1; : : : ; wr), for the same merging schemeM .1. Let uvi and uwi be subsequences of vi and wi such that, for each i, uvi and uwi areequivalent and of the same type. The subsequence uv of v, which takes the same positionsin v as are those taken by the uvi 's in v1v2 : : : vr, is equivalent to and of the same typeas the analogous subsequence uw of w.2. Let I be an ideal. If T (u; vi) = T (u;wi) for each u 2 I and each i, then T (u; v) =T (u;w) for each u 2 I.Proof. 1 is immediate. To prove 2, consider an f 2 T (u; v) for a u 2 I . Injection f isthe type of a u-copy tv in v and tv is composed from some subsequences tvi of vi. By theassumption (each tvi is equivalent to some si 2 I), there exist subsequences twi of wi whichare equivalent to tvi and are of the same type. The subsequence tw of w proves, by 1, thatf 2 T (u;w) as well. The converse is proved similarly, so T (u; v) = T (u;w). 2Notice that the lemma and the whole proof works even for I � S� closed only to contiguoussubsequences (intervals).Suppose v 2 S�, X � S(v), jX j � 2, and s 2 N. In the (s;X)-splitting v = v1v2 : : : vr, v1is the unique initial interval such that jX\S(v1)j = jX j�1 and the only symbol of X missingin v1 appears immediately after v1, v2 is the unique interval following after v1 with the sameproperty and so on. The splitting is terminated if X 6� S(w) for the residual interval w orif s intervals v = v1v2 : : : vs�1w have been already de�ned. Thus, r � s and the splitting isunique.Notice that if v and w are canonical and v = v1v2 : : : vr and w = w1w2 : : : wt de�ne thesame merging scheme (in particular, r = t), then the former splitting is the (s;X)-splittingof v if and only if the latter spliting is the (s;X)-splitting of w.Lemma 3.7 Suppose v 2 S� is canonical, u 2 S�, and f : [kuk]! S(v) is an injection. LetX = Im(f), v = v1v2 : : : vr be the (s;X)-splitting, and 2juj � s. If there is a u-copy in vof type f that is contained in a single vj then there is another u-copy of type f that is notcontained in a single vi.Proof. We can suppose that u = a1a2 : : : at is canonical. If the assumption is ful�lled then,by the de�nition of (s;X)-splitting, inevitably j = r = s. But then, since X � S(vivi+1) for11



each i, we choose an occurrence of f(a1) in v1v2, an occurrence of f(a2) in v3v4 etc. andobtain a u-copy of type f that is split into several vi's. 2Suppose that J is an ideal and n � m � 2; s > 0 are integers. For every v 2 S�; kvk = nwe de�ne a color C of v, which will be a triple determined uniquely by v, J , n, m, ands. For each X an m-subset of S(v) we consider the (2s;X)-splitting v = vX1 vX2 : : : vXr(X).Superposing all these �nm� splittings, we obtain a unique superposed splitting v = v1v2 : : : vr.Let M be the merging scheme de�ned by it. We de�ne ni = kvik and Fi 2 F(J; ni) as havingon u 2 J the value T (u; vi); notice that n1 = m� 1 and jM j = n. The color of v is the tripleC = ((n1; : : : ; nr);M; (F1; : : : ; Fr)).It is clear that ni � n (in fact, for i < r even ni � m� 1), r � 2s�nm�, and Fi 2 F(J; ni).Thus | for given J , n, m, and s | the number of all possible colors is �nite. Equivalentsequences have the same color. Let S�C be the set of all v with color C. The sets S�C aredisjoint and their number is �nite.Now we perform the induction step. We are given an n 2 N, an ideal I that is di�erentfrom I(r) (case I = I(r) was settled in Lemma 3.5), and a mapping F 2 F(I; n). There isa z 2 I that is maximal (to �) and satis�es kzk � 2. Hence, Infzg is an ideal for whichTheorem 3.2 holds for any n0 � n and any F 0 2 F(Infzg; n0). We set J = Infzg, m = kzk,s = jzj, and consider colors and sets S�C corresponding to these J , n, m, and s. (We canassume that n � m, otherwise we are done.)Lemma 3.8 If w1; w2 2 S�C then T (u;w1) = T (u;w2) for each u 2 I.Proof. The claim follows at once from 2 of Lemma 3.6 if u 2 J . It remains to verify it foru = z. W.l.o.g., w1 and w2 are canonical. Consider any f 2 T (z; w1). We claim that thereis always a z-copy in w1 of type f that is split into several intervals in the the superposedsplitting; the pieces must be then equivalent to sequences in J . By Lemma 3.7, there is evensuch a copy that is split already in the (2s;X)-splitting of w1 with X = Im(f). By thede�nition of color and by 1 of Lemma 3.6, f 2 T (z; w2). The converse is proved similarly, soT (z; w1) = T (z; w2). 2Lemma 3.9 The canonical sequences v 2 S�C , where C = ((n1; : : : ; nr);M; (F1; : : : ; Fr)),are in bijection with the r-tuples (w1; : : : ; wr) of canonical sequences satisfying kwik = ni,T (u;wi) = Fi(u) for each u 2 J , and jvj = jw1j+ � � �+ jwr j.12



Proof. Each canonical v 2 S�C is sent to (vc1; : : : ; vcr), where vci is the canonized ith intervalof the superposed splitting of v. In the other way, (w1; : : : ; wr) is sent to v =M(w1; : : : ; wr).By the paragraphs before Lemmas 3.6 and 3.7, both correspondences are inverses of oneanother. (More precisely, we use that the remark before Lemma 3.7 applies also to thesuperposed splittings.) 2Finally, let G be the set of all colors C for which the mapping sending u 2 I to T (u; v),where v 2 S�C is arbitrary (by Lemma 3.8 this makes sense), equals the prescribed mappingF . Let G(n; I; F ; y) be the GF introduced in Theorem 3.2. By Lemma 3.9,G(n; I; F ; y) = XC2GG(n1; J; F1; y)G(n2; J; F2; y) � � �G(nr ; J; Fr; y):By the induction hypothesis on G(ni; J; Fi; y), G(n; I; F ; y) is as stated. This �nishes theproof of Theorem 3.2.4 One doubletonIn Sections 4 and 5 n is not restricted. By Examples 2 and 3, in general we cannot expectG(u; 1; y) be rational if the srp u has more than one doubleton. To complement this, wesketch the proof of the following result.Theorem 4.1 If u is a srp with at most one doubleton then G(u; 1; y) 2 Z(y).If u has only singletons, the GF is rational by Example 4. Srp with one doubleton hasthe form u(r; s; t) = a1 : : : arbar+1 : : : ar+sbar+s+1 : : : ar+s+t, for some distinct ai; b 2 S and0 � r; s; t. First we indicate the proof for the case r = t = 0. Then we describe how thefull result can be proved using that case and a re�nement of Theorem 3.1. In Example 6 wecalculate the GF for u(0; 2; 0).Let u(s) = u(0; s; 0) = ab1 : : : bsa. For v 2 S�, E(v) denotes the subsequence of v thatconsists of the �rst and last appearances of all a 2 S(v).Lemma 4.2 If u(s) � v then u(s) � E(v).Proof. Let a1 = a2 = a be the �rst and last term of a u(s)-copy in v and X � S(v); a 62X; jX j = s be the set of some s symbols appearing between a1 and a2. We can assumethat both ai lie in E(v). Let Y � X be the symbols that have neither the �rst nor the last13



appearance between a1 and a2. If Y = ; we easily form a u(s)-copy lying in E(v). Otherwiselet b 2 Y have the earliest �rst appearance of all x 2 Y . The �rst and last appearance of b,the �rst appearances of x 2 Y nfbg, a1, and �rst or last appearance of each x 2 XnY (theone lying between a1 and a2) form a u(s)-copy in E(v). 2Suppose v 6� u(s) and consider the (s+1)-splitting v = v1v2 : : : vt. Clearly, S(vi)\S(vj) =; whenever j � i > 1. Let w = w1w2 : : : wt where wi = vi \E(v). Note that (i) there is onlya �nite number of possibilities for wi's, (ii) v can be obtained back from w by �lling the gapsin w arbitrarily (Lemma 4.2), and (iii) the admissible w's are determined only by some localrestrictions on the consecutive pairs wiwi+1. By the transfer matrix method (see Chapter 4of [26]), G(u(s); 1; y) is a rational function.For the full Theorem 4.1 we need a variant of Theorem 3.1. Let n 2 N and z 2 S� besuch that z 6� aaa and kzk = n. Let P (R; z;n; l) count the canonical v such that kvk = n,jvj = l, v 6� u for each u 2 R, and E(v) is equivalent to z. Modifying the proof in Section 3,we can prove a re�nement of Theorem 3.1 with P (R;n; l) replaced by P (R; z;n; l).Suppose v 6� u(r; s; t). The end symbols x 2 S(v) are the 1st, 2nd, : : : ; and (r + t)thsymbol of v and of the reversed v; we have � 2(r + t) end symbols. The other symbols arecalled middle symbols. Let w be the subsequence of v formed only by the middle symbols.Clearly, w 6� u(s). Let w = w1w2 : : : wj be the (s + 1)-splitting and vi be the interval ofv spanned by wi. If no end symbol appears in vi, we call it pure; then vi = wi. Thenumber of nonpure vi's is � n0 = n0(r + s + t). For an n1 > 0 we add to each nonpure vin1 neighbouring (possibly pure) vk's and obtain this way a subsequence v0 of v with theseproperties: (i) kv0k � n2 and (ii) the ways in which v0 can be extended to v by adding purevi's depend only on E(v0). Given E(v0), the extensions can be counted as in the r = t = 0case and the corresponding GF is rational. The GF counting v0's with a �xed E(v0) is alsorational, by the re�nement of Theorem 3.1 used with R = fu(r; s; t)g. Summing the productsover all possible E(v0)'s we infer that G(u(r; s; t); 1; y) 2 Z(y).Example 6. We calculate G(u(2); 1; y) = G(abca; 1; y). Let v; v 6� abca be canonical andirreducible, that is v = v1v2 with S(v1) \ S(v2) = ; implies v1 = ; or v2 = ;. If GI(y) is theGF counting such v's, then G(abca; 1; y) = GI(y)=(1�GI(y)). It is easy to verify that suchv's are the sequences in f1; 2g� starting with 1 and distinct from 11 : : : 122 : : :2. We have14



2l�1 � l + 1 of them of length l and GI (y) = y(1� 3y + 3y2)(1� 2y)�1(1� y)�2. Thus,G(abca; 1; y) = y(1� 3y + 3y2)1� 5y + 8y2 � 5y3 :We have also determined G(u(3); 1; y):G(abcda; 1; y) = y(1� 11y + 49y2 � 112y3 + 138y4 � 87y5 + 20y6)1� 13y + 70y2 � 202y3 + 336y4 � 321y5 + 163y6 � 32y7 :We leave the veri�cation of the formula to the interested reader as an exercise.5 Fixed number of crossingsB�ona [6] proved that the GF counting partitions with a �xed number of abab-copies belongsto Z(p1� 4y). We show that the same is true for partitions with a �xed number of pairs ofcrossing parts. The crossing graph G(u) of u = ([l];�) has parts of u as vertices and fP;Qgis an edge i� there is an abab-copy lying in P [Q.Theorem 5.1 For each k the GFG(k; y) =Xl�1 #fu = ([l];�) : G(u) has k edgesg � ylbelongs to Z(p1� 4y).In particular, the numbers of partitions in question form a P-recursive sequence; see [27] formore information on P-recursiveness.The proof is based on two lemmas. The �rst lemma is a part of folklore and its easy proofis omitted.Lemma 5.2 Let A;B � V (G(u)) be two distinct components of G(u). Then one of the setsSA and SB (subsets of [l]) precedes the other or one of them is contained in a gap of theother.If SA is contained in a gap of SB we say that B covers A.Lemma 5.3 For each k the GFG(c; k; y) =Xl�1 #fu = ([l];�) : G(u) is connected and has k edgesg � ylbelongs to Z(y). 15



Proof. The partitions involved have at most k + 1 parts. The proof follows from Theorem3.2 by setting R = fababg and summing all cases. 2Let Cj(y) be the GF counting by juj the pairs (u; (i1; : : : ; ij)) where u is a noncrossingpartition, 0 � i1 � i2 � � � � � ij � juj, and u = ; is allowed. Thus, C0(y) = 1 +G(abab; 1; y)is given in Example 2 and C1(y) = yC 00(y) + C0(y). Since Cj(y) expresses in terms ofderivatives of C0(y), Cj(y) 2 Z(p1� 4y) for each j. Similarly, let Gj(c; k; y) count the pairs(u; (i1; : : : ; ij)) where G(u) is connected and has k edges and 1 � i1 < � � � < ij < juj. Usingderivatives and Lemma 5.3, we see that Gj(c; k; y) 2 Z(y) for each j.Consider a u and the graph G(u). Components distinct from isolated vertices are thenontrivial components. The top components are the nontrivial components that are notcovered by any nontrivial component. Let X be the set of the isolated vertices that are notcovered by any nontrivial component. By Lemma 5.2, u has the following structure.Some of the sets SAi, where A1; : : : ; Am are the top components listed so that SAiprecedes SAi+1, are inserted in (not necessarily distinct) gaps of the noncrossing partitionSX and the remaining ones precede SX or follow after it. Suppose Ai spans k0i > 0 edges.SAi has r(i) � 0 special gaps each of which contains a subgraph spanning kji > 0 edges,j = 1; : : : ; r(i) (we list the gaps from left to right). The remaining gaps contain only isolatedvertices, i.e. a noncrossing partition. Each component of G(u) not in fA1; : : : ; Amg [ X iscovered by an Ai and lies in a special gap if it is nontrivial.We prove Theorem 5.1 by induction on k. For k = 0 it holds because G(0; y) = (1 �2y � (1 � 4y)1=2)=(2y), see Example 2. Suppose that k > 0 and the theorem holds foreach smaller k0. The problem breaks in �nitely many disjoint cases according to the tuples(k01 ; : : : ; kr(1)1 ; : : : ; k0m; : : : ; kr(m)m ), m � 1, r(i) � 0, kji > 0, Pi;j kji = k. Let us consider theGF for one case.The positions of SAi's with respect to SX are counted by Cm(y) and the positionsof the special gaps of SAi are counted by Gr(i)(c; k0i ; y). The content of a gap of SAi iscounted by G(kji ; y) if it is special and by C0(y) otherwise.So the total GF equalsXCm(y) mYi=1 Gr(i)(c; k0i ; yC0(y)) �G(k1i ; y) � : : : �G(kr(i)i ; y)C0(y)r(i)+1 ;where we sum over all cases. By the above remarks, Gr(i)(c; k0i ; y) 2 Z(y) and C0(y); Cm(y) 2Z(p1� 4y). G(kji ; y) 2 Z(p1� 4y) by the induction hypothesis. Hence, the total GF16



belongs to Z(p1� 4y).6 Concluding remarksRecently, Alon and Friedgut [1] applied extremal methods to forbidden permutations. Usingresults on generalized Davenport{Schinzel sequences, they gave an almost exponential upperbound to Sn(p) for each p and they extended the class of p with known exponential upperbound.We conclude by proposing few problems. Problem 1. Prove (or disprove) the conjecturegiven in Section 1: P (up; �; l) = O(cl) for each permutation p. Problem 2. The asymptoticsof Sn(12 : : :m) was found by Regev [19]. What is the asymptotics of P (12 : : :m12 : : :m; �; l)and P (12 : : :mm : : : 21; �; l)? Case m = 2 is settled in Examples 2 and 3. Problem 3. FindG(u; 1; y) for a srp u with more than two doubletons, e.g. for u = abcabc or u = abcbca.Problem 4. Characterize G(u; 1; y) for srps with two doubletons. Does the GF alwayssatisfy a quadratic equation? Problem 5. Recall that u(s) = ab1b2 : : : bsa. What can besaid about the rational function G(u(s); 1; y)? Let cs = liml!1 P (u(s); �; l)1=l; thus c1 = 2,c2 = 2:75488 : : : ; c3 = 3:46357 : : : ; see Example 6. What is the behaviour of cs for s ! 1?Problem 6. What changes in Section 5 when abab is replaced by abba? Problem 7. Gesselmentions [9] the conjecture that fSn(p)gn�1 is always P-recursive. Prove (or disprove) thatfor each u the numbers fP (u; �; l)gl�1 form a P-recursive sequence. Here u is any partition,cf. Example 1. Note that unlike fn!gn�1 the sequence of Bell numbers fP (;; �; l)gl�1 is notP-recursive.Acknowledgment. I would like to thank M. B�ona for sending me via e-mail his papers [5, 6]and Z. Szigeti for some comments. I am grateful to a careful and patient anonymous refereefor detecting some of the errors and for many suggestions that improved the readability ofthe paper.References[1] N. Alon and E. Friedgut, On the number of permutations avoiding a given pattern, toappear in J. Combinatorial Th. Series A.[2] H.W. Becker, Planar rhyme schemes, Bull. Amer. Math. Soc. 58 (1952), 39.17
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