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Second-Harmonic Distortion in Vertical-Cavity
Surface-Emitting Lasers with Lateral Loss Effects

P. C. Chui and S.-F. Yu

Abstract—The influence of lateral loss effects on the second-
harmonic distortion (SHD) of vertical-cavity surface-emitting
lasers is investigated theoretically. Two parameters, differential
confinement factor and differential cavity loss, are defined for the
consideration of self-focusing and diffraction loss. It is found that
SHD increases at low modulation frequencies due to the presence
of differential cavity loss, especially for lasers with small core
radius.

Index Terms— Lateral loss, second-harmonic distortion,
semiconductor lasers modeling, small-signal modulation,
vertical-cavity surface-emitting lasers.

I. INTRODUCTION

I NTENSITY noise and chromatic fiber dispersion in analog
optical communication systems are attributed to harmonic

and intermodulation distortion in the amplitude modulation
(AM) of semiconductor lasers. In addition, maximum us-
able bandwidth of the communication systems is limited by
harmonic distortion [1], [2]. Therefore, devices with high
linearity or small distortion, such as vertical cavity surface-
emitting lasers (VCSEL) with stable single-mode operation,
are highly desired. In fact, second-harmonic distortion (SHD)
of VCSEL can be much lower than that of facet emitted
devices due to its high relaxation oscillation frequency [3],
since SHD is inversely proportional to the square of the
relaxation oscillation frequency of lasers [4].

Nonlinearity such as gain compression, spontaneous emis-
sion and longitudinal spatial hole burning have been studied
extensively on the induction of SHD in semiconductor lasers
[3]. In general, SHD is induced in Fabry–Perot lasers by
spontaneous emission and gain compression as well as spatial
hole burning at modulation frequencies less than 0.1 GHz
[2]. In particular, spontaneous emission has an influence on
SHD at low bias (i.e., near threshold) but gain compression
and spatial hole burning dominate at high bias level (i.e., 1.5
times threshold or above). Due to the use of Fabry Perot type
resonator, similar dependency of SHD on these nonlinearities
is expected in VCSEL. However, the modulation response of
VCSEL may exhibit differently to that of facet emitted devices
due to increased lateral losses because of its small core radius.
In fact, it has been shown that lateral loss effects suppress self-
sustained pulsation operation in VCSEL even with sufficient
saturable absorption [5]. Therefore, lateral loss effects should
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be taken into consideration in the analysis of the modulation
response of VCSEL.

In this paper, the influence of lateral loss effects on the
SHD of VCSEL is studied theoretically. Other nonlinearity
such as spontaneous emission and spatial hole burning are
ignored in the investigation as they are not of prime interest
here. In Section II, the dependence of lateral loss effects
on the carrier concentration under small-signal modulation is
clarified. Differential confinement factor and differential cavity
loss are defined in the calculation of lateral losses to take
account of self-focusing and diffraction loss. In Section III, a
simple rate-equation model of VCSEL is developed and SHD
in the AM response of VCSEL is derived. Using this model,
the values of confinement factor and cavity loss are extracted
from the measured light/current curves of a fabricated VCSEL
and a simulation is performed to investigate the influence of
lateral loss effects on the SHD of the VCSEL. It is found that
at low modulation frequencies, differential cavity loss has a
much higher influence on SHD for devices with small core
radius, while differential confinement factor has little effect.
Brief discussion and conclusion are given in Section IV.

II. THEORETICAL PREDICTION OF

LATERAL LOSS EFFECTS IN VCSEL

A. Confinement Factor and Differential Confinement Factor

Fig. 1 shows the phenomenon of self-focusing in VCSEL.
The mechanism of self-focusing can be explained as the
increase in focusing of the lateral field into the core region
as the refractive index inside the active layer increases. In
result the lateral optical confinement factor of VCSEL
is increased. For lasers under small signal modulation, the
variation of refractive index inside the active layer is mainly
due to the change of carrier concentration. Hence, the change
of lateral confinement factor due to self-focusing is related to
carrier concentration and can be approximated by

(1)

where is the small change of carrier concentration,and
are the lateral confinement factor and carrier concentration,

respectively, at steady state. The parameter, is defined
as the differential confinement factor which describes the
modulation response of lateral confinement factor. It is shown
in [6] that decreases, but increases with the
reduction of core radius. However, the sign of depends
on the lateral optical confinement structure of lasers and
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Fig. 1. Lateral distribution of optical field inside the active layer of a
VCSEL. The solid line indicates that the focusing of lateral optical field into
the core region due to the increase of refractive index inside the active layer.

has a negative value for VCSEL with index guiding
structures.

B. Cavity Loss and Differential Cavity Loss

Fig. 2 shows the diffraction of light from a cylindrical
waveguide into a Bragg reflector. The core radius of the device
is ; the refractive indices of core and cladding regions of
the cylindrical waveguide are and , respectively.
The resultant angle of diffraction , from the cylindrical
waveguide (core and cladding) of effective refractive index

into the Bragg reflector with effective refractive index
can be calculated from the theory of Fraunhofer diffraction
and Snell’s law of refraction [7]. Fig. 2(b) shows the angle
of diffraction as light leaves the core region of a circular
aperture of radius . From Fraunhofer diffraction theory

(2)

where is the wavelength in the core region. Light is further
refracted to in the Bragg reflector. By Snell’s law of
refraction

(3)

Substituting (3) into (2), can be expressed as

(4)

Since the reflectivity of a Bragg reflector is a function of
[8], (4) implies that is dependent on For the VCSEL
shown in Fig. 1, the cavity loss is given by

(5)

(a)

(b)

Fig. 2. The mechanism of light diffraction from a cylindrical waveguide. (a)
Light diffraction through a circular aperture and refraction of light between
two dielectric materials of refractive indicesne� andnB , respectively. (b)
The explanation of light diffraction from a cylindrical waveguide using theory
of Fraunhofer diffraction and Snell’s Law of refraction.

where is the material loss and is the effective cavity
length. and are the field reflectivity of the n- and p-
type Bragg reflectors, respectively. Hence,is also dependent
on as and are both functions of .

For devices under small signal modulation, any variation of
with small change of can be related to by

(6)

where is the total cavity loss at steady state and
is the differential cavity loss. The value of can be deduced
from the steady state value of and through (5).

can be obtained by differentiating (5) with respect
to the carrier concentration, that is

(7)

where and are assumed to be independent of the
carrier concentration. and are the rate of
change of and with respect to the carrier concentra-
tion, respectively. The value of can thus be calculated
from (7) provided that and are determined. The field
reflectivity can be computed from [9]

(8)

where is a transfer function of the Bragg reflector inspace,
and are the propagation coefficients and the Hankel
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transform of the fundamental lateral mode, respectively. It
must be noted that , and are all dependent on

can be calculated using (8) in a similar manner.
It is expected that (as well as decreases with

the reduction of due to increased diffraction. Hence, the
value of increases with the reduction of as is
inversely proportional to . would also increase
with the reduction of but the sign of depends on the
lateral optical confinement structure of VCSEL. For devices
with index-guiding structure, is negative. This can be
shown by expressing (8) into a Fresnel reflectivity formula as
given by [10]

(9)

must be greater than zero and this implies For
devices with index guiding structure, the imaginary part of

is negligible such that can be expressed as

(10)

where is the effective change
of refractive index with carrier concentration. From (10),

is positive and this is also true for .
Alternatively, it can be shown that 1) is negative
as is the global maximum of [8], and 2)
is also negative as indicated in (4), thus

is positive. Both of the above argument
shows that has a negative value for index guiding
lasers. In the following paragraph, the magnitude and sign of

and are calculated for a VCSEL with
index-guiding structure. We would attempt to see how these
values vary in the VCSEL as we vary its core radius, to
verify if their relationships agree with predictions from our
theoretical analysis presented here.

C. Calculation of and

The values of and can be calcu-
lated for a schematic VCSEL given in Fig. 1. The device
structure is similar to the fabricated VCSEL given in [11].
In our schematic VCSEL the top mirror is a p-type distributed
Bragg reflector surrounded by a cladding layer of refractive
index . The background effective refractive index of the
core region (i.e., region including the top mirror and active
layer) is equal to . Since the entire top reflector is confined
within the core region, light diffraction is negligible there and
the reflectivity is assumed a constant. The bottom mirror
is an n-type distributed Bragg reflector formed by alternate
layers (26 pairs) of AlGaAs and AlAs with quarter wavelength
thickness. The values of and the refractive
index distribution of the n-type Bragg reflector used in the
calculation can be found in Table I.

Fig. 3 shows the variation of and
with core radius . The value of and are cal-
culated [6] with the assumption that the small change of
refractive index inside the active layer is related to by

(11)

TABLE I
PARAMETERS USED IN THE MODEL

(a)

(b)

Fig. 3. (a) The variation of confinement factor(�s) and differential con-
finement factor(@�=@N) with core radius,W . (b) The variation of cavity
loss (�s) and differential cavity loss(@�=@N) with core radius,W .
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where is the carrier induced index change. In addition,
the values of and are calculated using (5) and (7)
[5]. From the graphs of the calculated values in Fig. 3, it is
clear that and increase, but decreases,
with the increase of . It can also be seen that both
and are negative for the whole range of . As far
as the general relationship between lateral loss parameters
and core radius is concerned, the calculated results for
this VCSEL agree readily with the analytical prediction.
In Section III, these relationships are further confirmed by
data extracted from measured characteristic of the fabricated
VCSEL given in [11].

III. M ODULATION RESPONSE OFVCSEL
WITH LATERAL LOSS EFFECTS

A. Rate-Equation Model with Lateral Loss Effects

Using a rate-equation model, values of and can
be extracted from the measured light output versus current
( – ) curves of the fabricated VCSEL given in [11]. The
rate-equation model has been applied to the VCSEL for other
investigations with success [4] and is given by

(12)

(13)

(14)

where is the photon density, is the carrier concentration
and is the effective temperature of laser cavity. In the photon
rate equation, is the equivalent modal gain, is the group
velocity, is the spontaneous emission factor and is the
bimolecular carrier recombination factor. In the carrier rate
equation, is the carrier lifetime, is the injection current
and is the volume of the active layer. and given in (12)
and (13) take into account and as well as and

for the consideration of lateral loss effects.
In the thermal rate equation, is the temperature at

threshold, is the thermal conductivity, and are the
thermal resistance and capacitance, respectively, of the device.
The output power of the device is given by

(15)

where is the Planck’s constant andis the frequency of the
lasing mode. The total input electrical power is defined as

(16)

where is the voltage across the active layer and is given
by [15]

(17)

where is
the energy gap between the first quantized energy level of
conduction and the valence bands of quantum wells active

Fig. 4. Comparison of the measured and calculated light/current curves of
VCSEL’s with core radius equal to 2.5, 3.5, and 5�m.

layer and is the Boltzmann constant. and are
the effective conduction and valence edge density of states,
respectively, and can be expressed as

(18)

where is the effective
mass of electron/holes and Å is the thickness of
quantum wells.

The influence of nonlinear gain is considered in the model
through the carrier and photon dependence ofthat is defined
as

(19)

where is the gain compression factor. is the unsaturated
optical gain that is only dependent on the carrier concentration
and can be expressed as

(20)

where is the longitudinal confinement factor, is the gain
parameter and is the carrier concentration at transparency.
In (20), the parameters, and are assumed to vary with
temperature and their dependence are approximated by

and in is normalized by The
temperature dependence of the threshold current density
(at 300 K) is described by the Arrhenius-type relation [12]

(21)

where is the threshold current density at 300 K and is
the characteristic temperature. can be expressed as

where is the threshold carrier concentration at
300 K and is the thickness of the active layer.

Fig. 4 shows the measured [11] and calculated light/current
curves of the fabricated VCSEL at different. The calculated
data are obtained from (12)–(14) using (15)–(21) as the
auxiliary equations. In the calculation, and
and as well as and are set to zero,

and are then solved in a self-consistent manner. By
matching the measured light/current curves given in [11] with
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TABLE II
SIZE DEPENDENCE OFOPTICAL LOSS AND THERMAL RESISTANCE OFVCSEL’S

the calculated curve, the values of and used in
the model are extracted from the experimental data. Extracted
values of and are listed in Table II and other
laser parameters used in the rate-equation model are given
in Table I. The values of and are also plotted in Fig. 3
(indicated as solid circle) for comparison with the calculated
data from the VCSEL in Fig. 1. As we can see, and

extracted from the index-guided VCSEL in [11] exhibit
precisely the same kind of variation with as would have
predicted by the calculated results from the similar structured
VCSEL in Section II above.

B. Small-Signal Modulation Response of VCSEL:
Second-Harmonic Distortion

The rate-equation model can be simplified into two differ-
ential equations by using the quasistatic steady approximation
on [4]. It is noted that the thermal lifetime of lasers is much
longer than the oscillation period of and . Therefore,
the time derivative term in (14) can be ignored and the
corresponding auxiliary thermal equation for quasi-steady state
temperature is given by

(22)

The small signal modulation response of VCSEL can be
obtained by perturbation method [6]. This can be done by
equating and with

(23a)

(23b)

(23c)

where is the bias current, and are the ampli-
tude and modulation frequencies of the sinusoidal modulation
current, respectively. The subscript s stands for the steady
state. By substituting (23a)–(23c) into the rate equations (12)
and (13), and after some manipulations, the AM response and
SHD of VCSEL with lateral loss effects are given by

(24)

(25)

The relaxation oscillation frequency is defined as

(26)

where

and

In (25), and are defined as

(27a)

(27b)

where

As we can see, and are only different by an extra
term, . In the above derivation, we have
ignored spontaneous emission term.

Fig. 5 shows the SHD of the fabricated VCSEL, calculated
from (25), at and m. The device is biased
at around mA with steady state output power of 1
mW and undergoes small signal current modulation (0.5
mA) of frequency . In the calculations, the values of
and are obtained from Table II. At each value, two
curves are obtained. In the first, both and
are set to zero to simulate the SHD response without lateral
loss effects. In the second, and are assigned
their most probable values (At m, and

are equal to 0.4 10 cm and 0.1 10
cm . At m, and are equal to

0.02 10 cm and 0.03 10 cm ) according to
Fig. 3 to simulate the response with lateral loss. In the figure,
the dotted and dashed lines represent the VCSEL SHD with
and without lateral loss effects, respectively. It is observed
that, at low modulation frequencies, SHD with lateral loss
effects is much higher than that without lateral loss. For
modulation frequencies below a cutoff frequency (e.g.,

0.6 10 Hz for the device with m),
SHD is very much independent of. For modulation above
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Fig. 5. Second-harmonic distortion of VCSEL’s with core radius of 3.5 and
5 �m. The steady-state output power of VCSEL’s is set to 1 mW.

the cutoff, and have little effect on SHD
as the SHD curves with and without lateral loss essentially
overlap. Furthermore, When core radius is increased from
3.5 to 5 m, at no lateral loss, SHD is uniformly increased
throughout all modulation frequencies up to; in the more
realistic situation where lateral loss is present, the SHD is
decreased, and the cutoff frequency is lowered resulting in a
narrower modulation bandwidth.

From the above numerical analysis, it is clear that the
two lateral loss parameters, either or or
both, have profound effect on SHD only at low modulation
frequencies. It is interesting then to further investigate how
each of the lateral loss parameter affects the SHD. This can
be done analytically by simplifying the expression for SHD in
(25) at low modulation frequencies. Hence, for , (24)
and (25) is reduced to

(28)

(29)

For large (say 5 10 cm ), the value
of is roughly equal to 0.25 cm which is larger than

cm . Thus
, therefore, . The

numerator of (29) becomes
where at low

modulation frequencies. Equation (29) can then be reduced to

(30)

Thus the expression for SHD is reduced to a form inde-
pendent of conforming to the leveling SHD region in
Fig. 5 for modulation frequencies below . From (24)
and (26), and are related to and
through

. In a typical VCSEL, the true values of
and (see Fig. 3) are 100 times less than such

that , indicating that and
are essentially independent of and The term

does not involve
and . Thus (30) describes that SHD is directly pro-
portional to at low modulation frequencies.
has no effect here.

IV. DISCUSSION AND CONCLUSION

From the above, the effect of lateral loss on SHD due
to differential cavity loss kicks in at modulation
frequencies below (e.g., 600 MHz in the device with

m). This is a source of noise in optical systems. A
common approach used for transmitting signal is by intensity
modulation and two major problems exist in such a scheme:
the noise levels produced are high and the full bandwidth of
the optical system cannot be used [13]. In Fig. 5, the device
at m exhibits about 45 dB SHD, and the device
at m exhibits a little over 30-dB SHD. Such
levels of intensity noise are pretty much in line with those that
are found in edge emitting devices [14]. However, VCSEL
allows for a much larger modulation bandwidth. Our study
show that paying careful consideration to lateral loss effects
coupled with smaller core size design, the VCSEL devices can
offer more promising solution than edge emitting laser device
to the problems that exist in the intensity modulation systems.
As observed in our simulation, using a larger core radius W
reduces SHD, but in the expense of modulation bandwidth,
since the cutoff frequency would be lowered. The
increase in SHD at smaller is due to a combination of
increase in and as decreases. Thus, it
becomes more critical to consider lateral loss effects and
means of minimizing SHD, when designing VCSEL with
small core size. For example, it can be observed from (30)
that the dependence of SHD on can be reduced by
decreasing via the reduction of gain compression
factor . Furthermore, the direct relationship between SHD and

in (30) assumes that the photon density is large.
Lowering the output intensity can, therefore, also reduce the
dependence of SHD on

In conclusion, the influence of lateral loss effects on the
SHD of VCSEL is investigated theoretically. Two parameters,

and , are defined for the consideration of self-
focusing and diffraction loss in VCSEL under small signal
modulation. A simple rate-equation model is developed and
the analytical expression of SHD is derived. It is shown that

is the dominant factor that induces SHD at low
modulation frequencies, especially for devices with small core
radius.
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