
1Anisotropi
 Noise Inje
tion for Input VariablesRelevan
e DeterminationTNN A750Yves GrandvaletAbstra
tThere are two ar
hetypal ways to 
ontrol the 
omplexity of a 
exible regressor: subset sele
tion and ridge regression.In neural networks jargon, they are respe
tively known as pruning and weight de
ay. These te
hniques may also beadapted to estimate whi
h features of the input spa
e are relevant for predi
ting the output variables. Relevan
e is givenby a binary indi
ator for subset sele
tion, and by a 
ontinuous rating for ridge regression.This paper shows how to a
hieve su
h a rating for a multi-layer per
eptron trained with noise (or jitter). Noiseinje
tion is modi�ed in order to penalize heavily irrelevant features. The proposed algorithm is attra
tive as it requiresthe tuning of a single parameter. This parameter 
ontrols the 
omplexity of the model (e�e
tive number of parameters)together with the rating of feature relevan
es (e�e
tive input spa
e dimension). Bounds on the e�e
tive number ofparameters support that the stability of this adaptive s
heme is enfor
ed by the 
onstraints applied to the admissibleset of relevan
e indi
es. The good properties of the algorithm are 
on�rmed by satisfa
tory experimental results onsimulated data sets. KeywordsNoise inje
tion, Variable sele
tion, Penalization, Hierar
hi
al priors, Automati
 relevan
e determination.I. INTRODUCTIONWhen estimating a regression fun
tion, the problem of sele
ting relevant variables is diÆ
ult. Op-timal subset sele
tion is attra
tive as it yields simpler and more interpretable models, but it is a
ombinatorial and a
knowledged unstable pro
edure [1℄. In some problems, it may be better to resortto stable pro
edures penalizing irrelevant variables. This paper introdu
es su
h a pro
edure, based onthe noise inje
tion heuristi
.Noise inje
tion (NI) 
onsists in deliberately adding an arti�
ial noise to the input patterns during thetraining of a multi-layer per
eptron (MLP). Before ea
h presentation of an input ve
tor xi, a randomnoise � is added, while keeping the target outputs yi un
hanged. Asymptoti
ally, as the number ofpresentation of the sample in
reases, NI is virtually equivalent to minimize the 
ost CNI:CNI(f ) = IE� " 1̀ X̀i=1 l(f(xi +�);yi)# ; (1)where l denotes the loss fun
tion, and f is the network fun
tion. This heuristi
 may be used for threedi�erent purposes, namely:1. learn invarian
e. In this 
ase the added \noise" is a means to enhan
e the training set, by addingexamples of inputs transformed under a known invarian
e group [2℄;2. improve the network robustness regarding inputs ina

ura
y [3℄;3. 
ontrol the 
omplexity of oversized networks. Over�tting is avoided by introdu
ing an indu
tionbias. Intuitively, NI 
an be interpreted as a means to favor solutions su
h that little 
hanges in xresult in little 
hanges in f(x) [4℄, [5℄, [6℄, [7℄.In 
ases 1 and 2, the noise distribution is spe
i�ed by the knowledge of either the invarian
e group orthe robustness required. In the last 
ase, there is no obvious 
hoi
e for the noise distribution. Usually,The author is with Heudiasy
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it is arbitrarily set to a multivariate Gaussian: � � N (0 ; �2Id), where Id is the identity matrix onthe d-dimensional input spa
e. The varian
e �2 is the hyper-parameter 
ontrolling the 
omplexity ofthe network, and is tuned by minimizing an estimate of generalization error.When NI is not used, training is performed thanks to the pie
es of information given by ea
h pairof the sample: \the target output yi is observed at lo
ation xi". With NI, the former is turned to:\the target output yi is observed in the neighborhood of xi". With a Gaussian noise of 
ovarian
ematrix �2Id, spheri
al neighborhoods are de�ned. The network is thus asked to perform a smoothmapping in an isotropi
 input spa
e, and ea
h input variable is supposed to have the same relevan
e.If a variable is a
tually irrelevant, one expe
t to get a 
onstant fun
tion in the 
orresponding dire
tionof the input spa
e. However, as the training is performed on a �nite sample, a spurious dependen
ymay be dete
ted.This paper addresses the issue of a di�erent parameterization of the 
ovarian
e matrix, with the aimof determining relevant inputs. Anisotropi
 Noise Inje
tion (ANI) uses a diagonal noise 
ovarian
ematrix whi
h elements are individually adapted. This parameterization yields ellipti
 neighborhoods,thus indu
ing a bias in favor of mappings whi
h are smoother in the dire
tions 
orresponding to largevarian
es. The relevan
e of a variable 
an then be rated by the inverse of the 
orresponding standarddeviation. The ellipsoid 
an be degenerated in one or several dire
tions (
ylinder), in whi
h 
ase themapping is required to be 
onstant in these dire
tions whose relevan
es are zero.In se
tion II, the rationale leading to the algorithm is given for the simple 
ase of a linear per
eptrontrained with the quadrati
 loss. The analogy with weight de
ay shows how NI 
an be modi�ed in orderto determine relevant variables. The sket
h of the algorithm is then given in se
tion III, and some ofits properties are also dis
ussed for linear and non-linear per
eptrons in se
tion IV. Details regardingimplementation are given in se
tion V, before the exposure in se
tions VI and VII of experimentalresults regarding generalization performan
es and the ability to rate relevan
es of input variables.Finally, some 
omments and dis
ussion 
on
lude the paper.II. RATIONALEIn this se
tion we 
onsider linear per
eptrons with a single output to lighten exposure and notation.Multiple outputs sets 
an be treated along the same way. The generalization to multi-layer per
eptronis the appli
ation of the same prin
iples on a more 
omplex model, similar to the extension of linearridge regression to weight de
ay.A. EQUIVALENCE WITH RIDGE REGRESSIONFor a linear per
eptron f(x) = wTx + �, trained with the quadrati
 loss l, NI is asymptoti
allyequivalent to minimize the following penalized 
ost [8℄, [9℄:CNI(f) = 1̀ X̀i=1 


wTxi + � � yi


2 +wT �w ; (2)where � is the 
ovarian
e matrix of the noise �. For � = �2Id, the se
ond right-hand term of (2) isthe 
lassi
al penalizer of ridge regression, or weight de
ay �2kwk2.If the residuals are assumed to be Gaussian, ridge regression 
an be interpreted in terms of maximuma posteriori estimation. The average of residuals is proportional to the log-likelihood and the sum ofweights is proportional to the log of the weights prior distribution. The prior is a zero mean Gaussiandistribution with diagonal 
ovarian
e matrix s2IN , where s2 is proportional to 1=�2, and N is thenumber of weights. In this framework, the simplest pro
edure 
onsists in minimizing CNI (2) forseveral values of �2 or equivalently s2. This produ
es a sequen
e of weights estimates indexed by s2.Some estimate of generalization error is then 
omputed for ea
h value of the index s2, and its minimizeris �nally sele
ted. 2



B. AUTOMATIC RELEVANCE DETERMINATIONIf ridge regression is used with the intent to determine relevant variables, ea
h weight wj of w shouldbe penalized di�erently. This prin
iple is used by Ma
Kay and Neal [10℄ in the empiri
al Bayesianframework by the automati
 relevan
e determination (ARD) model. The priors on wj are of the formN (0; s2j ). As the relevan
e of ea
h input is a priori unknown, the s2j should be adapted during training.Ma
Kay and Neal [10℄, 
onsider two types of prior for s2j :1. s2j are given independent \rather vague" priors;2. a se
ond level hyper-parameter 
ommon to all s2j is given a \very vague" prior, while the s2j them-selves are given \less vague" priors, with prior means determined by the 
ommon high-level parameter.In [10℄, test results for the two versions of ARD are reported on simulated and real data sets. Asexpe
ted, ARD improves the generalization ability when some inputs are irrelevant. On the threesimulated data sets, ARD was bene�
ial, or at least not detrimental, even when all inputs whererelevant. The algorithm failed for only one real data set. Neal reports that it might be due to astabilization problem in the Markov Chain Monte Carlo s
heme used for training.C. MAP ESTIMATES OF RELEVANCEIn the more rudimentary maximum a posteriori estimation framework, the two ARD versions arerespe
tively transposed as follows:1. minimize (2) with respe
t to w for several values of fs2jgdj=1 to produ
e a sequen
e of weights multi-indexed by fs2jgdj=1. Sele
t one element of the sequen
e by �nding the set fs2jgdj=1 minimizing someestimate of generalization error.2. minimize (2) with respe
t to w and fs2jgdj=1, while a se
ond level hyper-parameter applies some
onstraint on fs2jgdj=1. This produ
es a sequen
e of weights estimates indexed by this se
ond levelhyper-parameter. The value of the index is then 
omputed by minimizing some estimate of general-ization error.In the 
lassi
al paradigm, the estimate of generalization error is 
omputed for regularly spa
ed hyper-parameter values, and is then minimized by sele
ting the best one among all trials. Hen
e, the�rst approa
h requires intensive 
omputation for multiple hyper-parameters, for whi
h trials shouldbe 
ompleted over a regular d-dimensional grid of values. Larsen et al. [11℄ addressed this problemby optimizing the estimate of generalization error with respe
t to the hyper-parameters by gradientdes
ent. They use 
ross-validation residuals to estimate the generalization error. Orr [12℄, on asimilar problem, optimizes multiple hyper-parameters on an analyti
al estimate of generalization error(Generalized 
ross-validation) by an iterative te
hnique. The reported results in [11℄, [12℄ show thefeasibility of these approa
hes. However, relying on the optimization of many hyper-parameters overgeneralization error estimates seems risky. The optimized 
riteria be
ome down-biased and over�ttingmight o

ur.In the se
ond solution advo
ated here, the estimate of generalization error is minimized with respe
tto a single (se
ond level) hyper-parameter, whi
h prevents the priors from vanishing (i.e. gettingnon-informative). Without 
onstraints on fs2jgdj=1, this solution would be rea
hed, sin
e s2j !1; j =1; : : : ; d sets the se
ond (non-negative) term of (2) to zero, while the �rst term is then be minimizedwith respe
t to w, yielding the ordinary least squares estimate.III. ALGORITHMOne may think of several meaningful 
onstraints to be applied to fs2jgdj=1. The one proposed here
ontrols the average weight varian
e: 1d Pdj=1 s2j = s2, where s2 is the se
ond level hyper-parameter.This 
onstraint implies that the weight average is a 
entered Gaussian random variable with varian
es2. The equivalen
e with a two level MAP estimate is shown in appendix B.3



With this modi�
ation, we obtain the 
ost CANI minimized by Anisotropi
 Noise Inje
tion (ANI),de�ned as follows: CANI(f) = 1̀ X̀i=1 �wTxi + � � yi�2 + dXj=1 �2jwj2 ; (3)with 1d dXj=1 1�2j = 1�2 ; (4)where the optimized variables are w, � and f�2jgdj=1, and where �2 is the se
ond level hyper-parameter.It is �xed during the estimation of w, � and f�2jgdj=1 and its value is set in a separate step by theestimation of generalization error.Modi�ed versions of ridge regression and NI 
an be equivalently used for minimizing (3) for a givenmatrix � . For ridge regression, � would be adapted under 
onstraint (4) by minimizing the fullLagrangian of the 
onstrained optimization problem.With NI, the penalizer in (3) is obtained with a noise 
ovarian
e matrix � , with � jj = �2j . Thereare two ways of adapting the parameters of the noise distribution. The �rst solution would 
onsistin adding some noise � � N (0; Id), and multiply this noise by � 1=2. The diagonal matrix � 1=2 
anthen be optimized with 
onstraint (4) by any kind of numeri
al optimization. This solution is likelyto entail stability problems as �j 
an be very large. The se
ond solution avoids this problem by usingthe parameters 1=�j , whi
h are bounded by 
onstraint (4). It 
onsists in multiplying the inputs bythe gain matrix ��1=2 before inje
ting the noise � � N (0 ; Id). The gain matrix is then optimizedwith 
onstraint (4) by an iterative numeri
al optimization. After training, the gain matrix 
an bein
orporated in the �rst layer of weights W 1 by repla
ing W 1 by ��1=2W 1. The algorithm for amulti-layer per
eptron with H � 1 hidden layers is outlined in table I.As for ridge regression, several values of �2 are tested, and the one with smallest estimate of gener-alization error is pi
ked. Note that using ��1=2 does not require to 
ompute the inverse or the squareroot of � . So, redu
ing the dimension of the input spa
e (instead of the number of variables) is easilyobtained with a full matrix ��1=2. The analogous of 
onstraint (4) is to 
onstrain the norm of all the
olumn ve
tors of ��1=2 to be 1=�.IV. ESTIMATION OF RELEVANCESA. LINEAR CASEEquations (3) and (4) show that ANI derives d penalization parameters �2j from a single one �2,with �2=d � �2j <1. When �2j goes to in�nity, variable j is dis
arded, in the opposite extreme, where�2j = �2=d, only variable j is used to estimate y, thus �=�j 
an be used as a relevan
e index for inputvariable j.To understand how relevan
es 
an be assigned to ea
h variable, it is 
onvenient to think of ANI asa re-estimation s
heme, alternating optimization with respe
t to w and f�2jgdj=1. Let us 
onsider the
ase where one input variable k is poorly 
orrelated with the output. With �2j = �2; j = 1; : : : ; d,and standardized inputs, optimizing over w yields a solution with w2k small. The optimization overf�2jgdj=1 a�e
ts only the se
ond term of CANI. The penalization are redistributed, with a tenden
yin in
reasing �2k, as this allows to de
rease �2j ; j 6= k. The 
hange is not drasti
, as 
onstraint (4)allows only small de
reases of �2j ; j 6= k for a large in
rease of �2k. Dis
arding one variable is thus onlyan extreme solution in the 
ontinuum of admissible ones. The pro
ess is iterated. In our s
enario,optimizing over w with the new penalization should give another solution with smaller w2k, yielding amore stringent penalization of variable k, and iterations would go on until 
onvergen
e.This example illustrates three important features of ANI:4



1. ANI rates relevan
es a

ording to w2j . This rating is 
onventional, and the originality of the methodlies in the re-estimation of �2j , whi
h implies re-estimation of wj.2. Inputs should be standardized to interpret �=�j as the relevan
e for feature j. ANI, like NI is nots
ale invariant.3. Constraint (4) states that a large in
rease in one penalization parameter allows only a small de
reaseamong the other ones. The algorithm should thus be 
onservative, as strong eviden
e is needed forANI to depart signi�
antly from the initial solution where all inputs have the same relevan
e.The last point is espe
ially important, as for any adaptive s
heme where relevan
es are estimatedfrom data. ANI is expe
ted to be less biased than standard NI when all inputs do not have the samerelevan
e, but also more variable due to the additional degrees of freedom provided by optimizing overf�jgdj=1. Here, we 
an expe
t bene�ts from adaptativity as variability is limited by (4).The analysis of the e�e
tive number of parameters, given in appendix C provides arguments support-ing that the algorithm should be 
ompetitive 
ompared to NI, and that it should be more stable thansubset sele
tion pro
edures. It results that suppressing a variable should not be 
arried out withoutsuÆ
ient support from data. For example, if two inputs are highly 
orrelated, it is unlikely that theywill be penalized di�erently. In this respe
t, ANI is very di�erent from subset sele
tion pro
edures.B. NON-LINEAR CASEFor linear per
eptrons, the interest of NI is rather limited sin
e it is equivalent to weight-de
ay. ForMLPs, as a randomization te
hnique, NI is a means to es
ape from lo
al minima. More important,it o�ers a 
ontrol on the 
omplexity of the solution in a way similar to weight de
ay. It is notsimply equivalent to penalize weights from the input layer to the �rst hidden layer. The added noiseis propagated throughout the network, yielding penalization on every layer, ex
ept for biases. Theanalyti
al form of this penalization is not known as the noise distribution at the outputs of hidden 
ellsis 
omplex, but the e�e
ts of NI on the network fun
tion have been studied and, at this level, NI is betterunderstood than weight penalization te
hniques. Links have been drawn with Nadaraya-Watson kernelregression [13℄, Tikhonov regularization [5℄, and partial di�erential equations [6℄. A formal 
omparisonbetween NI and weight de
ay in the non-linear 
ase is still to be done, but appendix A provides adis
ussion illustrating some di�eren
es between these two penalization s
hemes.As in the linear 
ase, adaptive noise inje
tion sets the 
omplexity of the network and the relevan
eof input variables by a single hyper-parameter �2. The set of relevan
es 
ould be summarized tode�ne the e�e
tive input dimension spa
e, or the e�e
tive number of input variables. Sele
ting thenumbers of parameters and variables by a single parameter is natural in linear regression, where thereis one parameter per input variable. Conversely the number of inputs of an MLP does not de�ne its
omplexity, and setting relevan
es and the e�e
tive number of parameters with a single by a singlehyper-parameter is unusual.However, minimizing CNI (1) leads to have the Nadaraya-Watson smoother as target [13℄. For thisregressor, the e�e
tive number of parameters is 
ontrolled only by the width of the kernel. With ANI,the target is still a Nadaraya-Watson smoother, and, as des
ribed in annex C, �2 is still the onlyparameter 
ontrolling 
omplexity. The double role of �2 limits the adaptativity of the method, but itis also what makes the algorithm easy to use, requiring a single hyper-parameter tuning.The three main points stated for the linear 
ase 
an be trans
ribed as follows:1. In the non-linear 
ase, ANI rates relevan
es by the shape of the kernel (neighborhood) used forsmoothing, i.e. the shape of the noise distribution. Isotropi
 regression is performed in the metri
de�ned by � .2. Inputs should still be standardized to interpret �=�j as the relevan
e for feature j.3. Constraint (4) states that the kernel used for smoothing is of minimum volume for �2j = �2; j =1; : : : ; d, whi
h should 
orrespond to maximum
omplexity. The algorithm should thus be 
onservative.As for the linear 
ase, the last point is important regarding the stability of the algorithm.5



V. IMPLEMENTATIONThis se
tion gives details on the implementation of NI and ANI. It is motivated by the will to ensurereprodu
ible results. The reader familiar with the training of neural networks in the MAP frameworkmay skip to se
tion VI.A. Optimization issuesThe optimization of an MLP is a NP-hard problem [14℄. Thus, even if ideally the optimizationalgorithm should not have any in
uen
e on the solution, it is indeed important. Here, bat
h learningwith a variable step algorithm [15℄ is performed. Classi
al stopping 
riteria on 
onvergen
e of trainingerror, weight gradient or weights 
an not be used as is, sin
e the algorithms are sto
hasti
 due to theinje
tion of random noise. However, during training, there should be at �rst a de
reasing trend intraining error whi
h should disappear at the equilibrium distribution. Here, optimization is stoppedwhen the training error in
reases 
ompared to its value 100 updates (epo
hs) ago.As NI and ANI are randomization te
hniques, there are less sensitive to weights initialization.However, pre
autions should be taken to avoid in
onsisten
ies due to optimization problems, su
h asa larger training error for a smaller value of the penalization parameter for a given training set. Here,training is performed sequentially, starting with the largest value of �2. For this value, a single trainingis performed with weights independently drawn from a 
entered Gaussian distribution of varian
e 10�2.Then, the �nal weights for the 
urrent value of �2 are used to initialize the network for the next trialvalue. Thus only one training is performed per training set and value of �2.B. Hyper-parameter trial valuesThe MAP 
lassi
al paradigm requires two steps for setting the hyper-parameter. First a range ofvalues is 
onsidered, then, among several trial values in this range, the one minimizing an estimate ofgeneralization error is sele
ted.A rapid 
hoi
e of the range of values is performed by splitting the training set into two parts toget a training and a validation set, the error on the validation set being the estimate of generalizationerror. Starting with �2 to be of the order of the mean input varian
es, the trial values are obtainedsubsequently by dividing the previous one by ten, until overtraining is met. Overtraining is re
ognizedby a signi�
ant in
rease of the (estimate of) generalization error after its minimum has been rea
hed.With this rough s
heme, one obtains an interval, 
entered on the minimum of the estimated gener-alization error, where signi�
ant under and over�tting o

ur. Here, we used �ve to seven equidistanttrial values in this interval in log s
ale.C. Hyper-parameter sele
tionUsing a validation set for estimating �2 implies that one part of the original data set (the validationset) is not used to estimate the network weights. The value of �2 minimizing the estimate of gener-alization error on the validation set 
ould be used on the whole data set. However, the optimal valueof �2 depends on the sample size. The larger the sample size is, the smaller the optimal of �2 gets.Resampling pro
edures, su
h as 
ross-validation and bootstrap make an extensive use of the trainingset, using the whole set for estimating the network weights, while �2 is estimated (for the right samplesize) with perturbated versions of the training set. Here, the optimal value of �2 is estimated bybootstrap.On
e a set of 
andidates values for �2 is sele
ted, the training is performed on the whole dataset. A sequen
e of models indexed by �2 is thus obtained, from whi
h one has to be 
hosen. Thissele
tion is performed by bootstrap estimates of generalization error. For ea
h net size, B = 20balan
ed bootstrap repli
ates of the training sample are 
omputed. Balan
ed bootstrap ensures thatea
h training example appears exa
tly B times over all bootstrapped sets. There are several bootstrap6



estimates of generalization error. The .632 bootstrap estimate, advo
ated by Efron and Tibshirani [16℄was used here: Eboot(�2) = :3681̀ X̀i=1 l(f(xi;�2); yi)+:6321̀ X̀i=1 1Bi Xb2Bi l(fb(xi;�2); yi) ; (5)where l is the loss fun
tion, f(�;�2) is the network fun
tion estimated from the whole training samplefor hyper-parameter �2, fb(�;�2) is estimated from the b th bootstrap sample, Bi is the set of indi
esof the bootstrap samples not 
ontaining the i th data point, and Bi is the number of su
h bootstrapsamples.For six trial values for �2, estimating the neural network weights requires thus (20 + 1) � 6 = 126trainings. This might represent too mu
h 
omputational e�ort for large training sample, but for theseproblems, it should be possible to use a validation set, thus redu
ing 
onsiderably the number oftrainings. VI. COMPARISONS WITH NI AND ARDIn this se
tion, Anisotropi
 Noise Inje
tion is 
ompared to Noise Inje
tion and to Automati
 Rele-van
e Determination on two arti�
ial datasets. The results for ARD are borrowed from Neal [10℄. Inorder to allow 
omparison, the neural net ar
hite
tures used by Neal are also used here.A. REGRESSIONThe task of the robot arm problem is to estimate the 
ontinuous mapping from joint angles toposition for a robot arm model. There are two real input variables for the joint angles, and two realoutput variables for the position. The model is as follows:y1 = 2 
os(x1) + 1:3 
os(x1 + x2) + "1 (6)y2 = 2 sin(x1) + 1:3 sin(x1 + x2) + "2 ; (7)where "1 and "2 are independent Gaussian noise of standard deviation 0.05, x1 is drawn uniformly in[�1:932;�0:453℄[ [0:453; 1:932℄, and x2 is drawn uniformly in [0:534; 3:142℄. Figure 1 shows the robotarm model in an admissible position.In this version four input variables are added:x3 = x1 + 0:02 "3 x5 = "5 (8)x4 = x2 + 0:02 "4 x6 = "6 ; (9)where "3, "4, "5, and "6 are independently drawn from N (0; 1). We thus have a regression problemwith two output variables and six input variables, where x5 and x6 are irrelevant to predi
t y1 and y2.In the absen
e of x1 and x2, x3 and x4 would be useful for estimating the outputs, but in the presentdesign, they should ideally be dis
arded.The training set 
ontains ` = 200 examples. The same training examples are used for NI and ANI.The performan
es are evaluated on a single independent test set of 10000 examples, and the experimentis repeated for ten independent training sets. As in [10℄, the network has a single hidden layer of 16hyperboli
 tangent units and linear output units, i.e. with 146 parameters, and training is performedwith the mean least squares loss fun
tion.The results regarding mean squared error are reported on table II. For a test set size of 10000, thestandard error on these results for ea
h training set is about 6 10�5.7



The average errors for NI and ANI are respe
tively 12:72 10�3 and 8:95 10�3. Averaging over trainingset gives the ranking Bayesian learning with ARD, Bayesian learning without ARD, ANI and NI. Theminimum rea
hable error is the noise varian
e, i.e. 5 10�3, so that the Bayesian methods are very
lose to the true regression fun
tion.Figure 2 displays the boxplot of relevan
e indi
es �j=� for the six input variables. It shows thatthe improvement of ANI over NI is mainly explained by the down-weighting of the two last irrelevantvariables. ANI is not su

essful in dis
arding x3 and x4. The test errors obtained by NI and ANI aremu
h higher than the ones of Bayesian learning, but ANI is still better (in average and for eight outof ten training sets) than a predi
tion made by test points, for whi
h the error would be twi
e thenoise varian
e, i.e. 10�2. Thus, although the moderate sample size, the ANI estimate of the regressionfun
tion is 
loser to the true regression fun
tion than test points.The noise varian
e �2 (4) was sele
ted by .632 bootstrap from six values uniformly spa
ed on alog s
ale from the ranges [10�5; 10�1℄ for NI, and [10�6; 10�1℄ for ANI. The average estimated optimalvalues for �2 are about 7 10�3 for NI and 5 10�4 for ANI. Estimating �2 by .632 bootstrap is notresponsible for the relative failure of NI and ANI, as it indu
es a relatively small loss 
ompared tothe smallest test error observed for ea
h training set: in average 1:48 10�3 for NI and 0:65 10�3 forANI. The poorest performan
es are likely to be mainly due to the badly 
onditioned optimizationproblem. The 
orrelations between x1 and x2 on one side, and x3 and x4 on the other side are veryhigh (about 1 � 10�4). The 
ondition number is improved with NI, whi
h turns the input 
ovarian
ematrix (XTX) to (XTX + �2Id), but the estimated optimal values for �2 are too low to provide asigni�
ant improvement. More than 10 000 epo
hs were sometimes required to meet our 
rude stopping
riteria for the estimated optimal values of �2.This problem is illustrated by �gure 3, whi
h shows the 
ontour plot ofC(�; �) = 1̀ X̀i=1 (y1i � 2 � 
os(�x1i + �x3i)�1:3 � 
os(�x1i + �x3i + x2i))2 +(y2i � 2 � sin(�x1i + �x3i)�1:3 � sin(�x1i + �x3i+ x2i))2 (10)for the �fth learning set, whi
h is typi
al regarding performan
es of NI and ANI.The minimum 
ost is rea
hed for (�; �) = (1:03;�0:03) (C = 3:96 10�3), very 
lose to the truevalues (�; �) = (1; 0) but the nearly degenerated shape of the ellipti
 isolevels, with prin
ipal axis on� + � = 1 shows the optimization diÆ
ulties of in this extremely simpli�ed problem. Here, the 
ostis higher for (�; �) = (1:04;�0:02) (C = 5:20 10�3) than for (�; �) = (0:31; 0:69) (C = 4:98 10�3).Our sto
hasti
 algorithm is thus likely to stop far from the optimal solution. Neal reports that in hisexperiments, 16 hours of 
omputation time were required to train a Bayesian model.B. DISCRIMINATIONThe noisy LED display was originally used to evaluate 
lassi�
ation trees [17℄. The task is to estimatewhi
h digit is indi
ated on a standard seven-segment LED display, where ea
h segment is wrong withprobability 0.1. Ea
h segment is a binary input variable numeri
ally 
oded as +0.5/-0.5. Figure 4shows the ten digits, together with the feature number used for 
oding.In the version of the problem 
onsidered here, seventeen additional irrelevant variables are added,taking the values +0.5/-0.5 with equal probability. There are ten binary outputs 
orresponding to theten digits.The training set 
ontains 20 examples of the 10 digits, i.e. ` = 200 examples. As in the previousse
tion, the same training examples are used for NI and ANI. The performan
es are evaluated on8



a single independent test set of 5000 examples, and the experiment is repeated for ten independenttraining sets.As in [10℄, the neural net 
ontains one hidden layer of eight hidden hyperboli
 tangent units, plusdire
t 
onne
tions from inputs to outputs (404 parameters). The network output units have a softmaxfun
tion [18℄, and training is performed with the 
ross-entropy loss fun
tion:l(f (x);y) = � KXk=1 yk ln(fk(x)) ; (11)where K is the number of 
lasses, and yk and fk are respe
tively the k th target value, and the k thoutput of the network.The results regarding 
lassi�
ation error rates are reported on table III. For a test set size of 5000,the standard error on ea
h 
lassi�
ation error rate is about 0.6%, so that di�eren
es of 2% on the sametraining set are signi�
ant at a 5% level [10℄.The di�eren
es between ANI and NI are thus signi�
ant, as are the di�eren
es between Bayesianlearning with and without ARD (ex
ept for the third set). The average error rates for the Bayesianneural net models on the three training sets are 35.9% without ARD, and 31.7% with ARD. The rateson ten training sets are 33.1% for NI, and 27.6% for ANI. Neal reports that the optimal 
lassi�
ationrule (based on knowledge of mis
lassi�
ation rate. For all training sets used here, the solutions providedwith ANI are thus nearly optimal.The ranking of the four methods is as follows: ANI, Bayesian learning with ARD, NI, and Bayesianlearning without ARD. The signi�
an
e of di�eren
es between the two groups of method is question-able, as learning was not performed on the same training sets. However, the standard deviation of theaverage error rates for ANI and NI are respe
tively 0.7%, and 1.7%, and support the ranking providedabove.With more than two third of irrelevant features, the improvement of ANI over NI was expe
ted,and is explained by the input weight magnitudes, as shown on �gure 5. These plots show the squareroots of the average squared magnitude of fan-out weights for the twenty-four input units (the sevenrelevant ones followed by the seventeen irrelevant ones).Although NI already spots relevant features, ANI goes far beyond by assigning negligible weightsto the irrelevant inputs. Note also that the third (relevant) feature is sometimes heavily penalized byANI. This is due to the fa
t that, for 
orre
t patterns, the third LED is always on, ex
ept for digit 2(see �gure 4).The improvement of NI over the more re�ned Bayesian pro
edures is surprising, but might beexplained by a slightly inadequate 
hoi
e of priors for these models, as dis
ussed by Neal [10, p.116{122℄. This is 
on�rmed by the 
omparison of �gure 5 with the equivalent �gure supplied in [10℄.Indeed, plots of the posterior distributions of the same variables in the ARD model shows that, withthe priors used by Neal, the ARD model is mu
h less sele
tive than ANI. The ratio between relevantand irrelevant features is about 10, i.e. intermediate between NI and ANI as for its ranking regarding
lassi�
ation error rates.The noise varian
e �2 (4) was sele
ted by .632 bootstrap from six values uniformly spa
ed on a logs
ale in the ranges [10�2; 101℄ for both NI and ANI. This estimation was quite eÆ
ient, with an averageloss over the true optimal performan
e of 2% for NI and 0.5% for ANI. The average estimated optimalvalues for �2 are about 10�1 for NI and 4 10�1 for ANI, with little variations about these values. ForANI, the average input noise varian
es �2j are about 2 10�2 for relevant features, and 15 for irrelevantones. Using the same algorithm for binary and real inputs might have seem inappropriate, but theGaussian noise inje
ted on binary features is equivalent to a Bernoulli perturbation. Indeed, if theboundary between on and o� values is between -0.5 and +0.5 for ea
h feature, the noise varian
esgiven above 
orrespond to 5% of status 
ip for ea
h feature with NI, virtually no 
hange for relevantfeatures, and 45% for irrelevant ones in ANI. 9



VII. FURTHER EXPERIMENTSIn this se
tion, we give experimental results illustrating the 
apa
ity of the proposed algorithm toindi
ate gradual relevan
e of input variables while solving a learning task. We borrowed simulated dataand results from Friedman [19℄. These data were 
reated to test 
exible (thus adaptive) metri
 nearestneighbor 
lassi�
ation. These tests are well adapted to our algorithm in the sense that it is also basedon an adaptive metri
. On the other hand, the nearest neighbor metri
s are lo
al, whereas we usea global metri
. Regarding generalization error, the examples are rather favorable to global metri
s,but Friedman provides experimental results obtained by CART [17℄, whi
h is also global method. Webrie
y summarize the des
ription of the examples below.Example 1: There are d = 10 input variables, ` = 200 training observations equally divided in two
lasses. The inputs are generated from N (0 ; Id) for the �rst 
lass, and N (m;C) for the se
ond 
lass,with fmj = pj=2gdj=1 and C = diagf1=pjgdj=1.Example 2: Same as above ex
ept that fmj = pd� j + 1=2gdj=1.Example 3: There are d = 10 input variables, ` = 200 training observations equally divided in two
lasses. The inputs are generated from N (0 ; Id) for the two 
lasses. The 
lasses are de�ned by:Pdj=1 x2j=j � 2:5) 
lass 1, and 
lass 2 otherwise.Example 4: There are d = 10 input variables, ` = 500 training observations and two 
lasses. Theinputs are generated from N (0 ; Id) for the two 
lasses. The 
lasses are de�ned by: Pdj=1 x2j � 9:8)
lass 1, and 
lass 2 otherwise.Example 5: Same as example 3, ex
ept that the two 
lasses are de�ned by: Pdj=1 xj � 0) 
lass 1,and 
lass 2 otherwise.Example 6: This is the 
lassi
al waveform example [17℄. There are d = 21 input variables, ` = 300training observations equally divided in three 
lasses. Ea
h point xi is a random 
ombination of twoout of three basi
 waveform, with noise added: 
lass 1 xij = uih1(j) + (1 � ui)h2(j) + "ij; 
lass 2xij = uih1(j)+(1�ui)h3(j)+"ij ; 
lass 3 xij = uih2(j)+(1�ui)h3(j)+"ij , with h1(j) = (6�jj�7j)+,h2(j) = (6� jj � 15j)+, h3(j) = (6� jj� 11j)+, ui are generated from a uniform distribution on [0; 1℄,and "ij from a standard Gaussian distribution.ANI, like NI is not s
ale invariant, so that the input variables should be normalized to produ
esensible estimates of the de
ision rule and relevan
es. The normalization advo
ated by Friedman [19℄is used here. It is based on a robust s
ale measure, i.e. the interquartile range:s
alej = hx(3`=4)j � x(`=4)ji�1 ; (12)where x(3`=4)j and x(`=4)j are respe
tively the upper and lower quartile of the j th input variable. On
ethe inputs are multiplied by diag(s
ale), ANI returns the relevan
e indi
es of the normalized inputs.For all examples, ten independent training samples of size ` are generated, and a multi-layer per-
eptron with a single hidden layer of 10 units is trained with ANI. The number of parameters of thenetwork (in
luding biases) is (d + 1) � 10 + (10 + 1) � K, where K is the number of 
lasses. Thenetworks are trained with the 
ross-entropy loss fun
tion (11), and �2 is estimated by :632 bootstrap.Friedman's results were 
omputed on 10 independent generalization sets of size 2000. ANI test errorrates are estimated on one independent generalization set of size 5000. The standard deviation ofestimated test error over the 10 training samples is also reported in Table IV. The impre
ision due tothe �nite size of the generalization test is not taken into a

ount, as it is dominated by the variabilityover training samples.Our purpose here is mainly to illustrate the 
apabilities of ANI to allo
ate relevan
es to inputvariables. It would not make mu
h sense if the generalization performan
es were bad, but table IVshows that ANI performs well 
ompared to the other algorithms, as the 
lassi�
ation error is either thelowest, or 
lose to the lowest one, ex
ept for example 3. Note that for the latter, the poor performan
eis mainly due to the loss in
urred by estimating �2 by .632 bootstrap, whi
h is mu
h higher than10



for the other examples (4.7% 
ompared to 1.9% for example 4 and less than 0.4% for all the otherexamples).The estimated relevan
e indi
es are illustrated on �gure 6 by boxplots summarizing the results onthe ten training samples. The relevan
e indi
es (�j=�) are normalized, so that they would be equal toone with NI (equal relevan
es).The boxplot for example 1 shows that the variables with higher 
oordinates, where 
lasses are moreseparated, are more relevant. For example 2, all but higher 
oordinates are about equally relevant. Forthis problem, the error rates based on one input variable and the knowledge of the true distributionare between 21% and 25% for the seven �rst 
oordinates, and between 27% and 33% for the threelast ones. For example 3, the smaller 
oordinates are rated more relevant. A pattern 
an be 
orre
tly
lassi�ed when a large value of x21 is observed, but the value of x210 is never dis
riminant by itself. Notethat for this example, the variability of relevan
es for the more important features is partly explainedby the bad estimation of �2. For examples 4 and 5, all variables have the same relevan
e, and theratings do not vary mu
h, espe
ially for example 5, for whi
h multi-layer per
eptrons 
ould be perfe
tdis
riminators. Finally, in example 6, the three waveforms de�ning the 
lasses (respe
tively 
enteredin 7, 11 and 15) are visible on the boxplot. The 
lasses being 
onvex 
ombination of two waveforms,small values of x1 and x21 are equally likely for the three 
lasses, but large values of x7, x11 or x15 areunlikely for one out of the three 
lasses (respe
tively 
lass three, one and two).These experiments show that the average gradual relevan
es assigned by ANI are meaningful. Whenall inputs are equally relevant, this is faithfully re
e
ted by the relevan
e indi
es. Variability is lowerfor more relevant features. Less relevant inputs di�er in number and 
oordinates a

ording to thetraining samples. The distribution of relevan
es is thus bimodal, whi
h results in higher variability.Note that for a given training sample, this is often re
e
ted on the distribution of relevan
es on thebootstrap samples. VIII. DISCUSSIONThis paper presented how NI 
an be modi�ed in order to determine relevant inputs. Rather thansuppressing variable, penalties are distributed on input features. The proposed algorithm retains thesimpli
ity and ease of use of NI. For ea
h training, the additional 
omputational 
ost is limited tothe optimization of the noise varian
es f�2jgdj=1, where d is the number of inputs. There is still asingle hyper-parameter to tune, so that the number of training required by both algorithm is identi
al.Regarding this point, the randomization due to the added noise is also bene�
ial, at it provides ameans to es
ape from lo
al minima for ANI as for NI. All experimental results given in this paper wereobtained from a single starting point.The simpli
ity and ease of use of the algorithm are due to the double role of the hyper-parameter �2.It is a s
ale parameter in the input feature spa
e, setting neighborhood sizes, and a 
omplexity param-eter tuning the e�e
tive number of parameters. This double role is similar to the one of kernel widthin Nadaraya-Watson kernel regression. On the one hand it limits the adaptativity of the algorithm,sin
e lo
ality and 
omplexity are tied, on the other hand it avoids the use of multiple hyper-parameter.From a Bayesian point of view, ANI is shown to be 
onne
ted to maximum a posteriori estimationwith hierar
hi
al priors. The form of the prior distributions is given for linear regression withoutinter
ept (linear per
eptron without bias unit). Furthermore, for this parti
ular 
ase, ANI is shown tobe equivalent to standard (1-level) maximum a posteriori estimation with Lapla
e priors.The bounds on the e�e
tive number of parameters, provided in the linear and non-linear 
ases,support that the stability of this adaptive s
heme is enfor
ed by the 
onstraints applied to the ad-missible set of relevan
e indi
es. The elaborated arguments are not 
omplete, sin
e the 
omputationof the e�e
tive number of parameters is not tra
table for adaptive s
hemes, but they are ba
k up byexperimental results.Experimentally, stability is shown by using several training sets generated from the same distribution.11



Generalization error variability is lower for ANI than for NI, and the estimated relevan
es on thedi�erent training sets are similar. Examples with equally relevant features show also that the algorithmis 
onservative, i.e. features are not dis
arded or heavily penalized without due 
ause. The experimentsalso demonstrate the improvement that 
an be brought up by ANI upon NI, and that ANI 
anbe 
ompetitive with the more sophisti
ated automati
 relevan
e determination model developed byMa
Kay and Neal [10℄. A
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AppendixI. NI versus weight de
ayThe understanding of weight de
ay regarding the network fun
tion is too limited to allow a formal
omparison with NI. However, for networks with an in�nite hidden layer, Neal showed that Bayesianlearning with a Gaussian prior 
onverges to a Gaussian pro
ess [10, 
hapter 2℄. This result hints a
onne
tion of weight-de
ay with kernel regression whi
h underlines the double role of the penalizationparameter:1. when applied to the input-to-hidden weights, it is similar to a bandwidth parameter sin
e it setsthe slope of the sigmoid fun
tions ;2. when applied to the hidden-to-output weights, it is similar to the regularization parameter of kernelmethods whi
h 
ontrols the bias/varian
e tradeo�.These two roles justify the use of two di�erent penalization parameters suggested by Ma
Kay [20℄.For NI, the varian
e of the inje
ted noise a
ts as a penalization parameter, and it is similar to abandwidth parameter. NI is a sto
hasti
 lo
al averaging te
hnique, hen
e it has no se
ond parameter
ontrolling the tightness of the �t. This simple handling of 
omplexity with a single hyper-parametermotivated our interest in NI.NI 
an be expe
ted to be more e�e
tive than weight de
ay when the double role of its penalizationparameter requires a 
ompromise. Compared to the more sophisti
ated te
hnique with two penalizationparameters, NI is easier to tune, often 
ompetitive, and sometimes more appropriate.This is illustrated on the following experiment: there is one input variable uniformly distributed on[�1; 1℄, and one output variable y = H(x) + ", where H is the Heaviside fun
tion and " is normallydistributed with mean zero and varian
e 10�2. A training sample 
onsists of 10 examples. To exhibitthe di�eren
es between the two 
omplexity 
ontrol s
hemes, an oversized network, with 10 hidden unitsis trained with the quadrati
 loss. The experiment is repeated for 100 training samples to provide anestimate of the bias and variability for weight de
ay (two penalization parameters) and for NI. Figure 7displays the average of the 100 networks responses for both methods optimally tuned regarding meanpredi
tion error.The optimal estimates of NI and weight de
ay have approximately the same varian
e (integratedvarian
e is about 3:7 10�1), but NI is signi�
antly less biased (integrated square bias of 2:7 10�1 vs.3:7 10�1). Weight de
ay imposes low magnitude weights, whi
h provide smoothness on the whole inputdomain. All abrupt 
hanges are penalized, and the network fun
tion has the \bumpy" behavior whi
h
hara
terizes generalized spline methods. The lo
al invarian
e required by NI results also in a smoothnetwork fun
tion, but with a trend towards lo
ally 
onstant fun
tions, whi
h is more appropriate inthis setting. II. MAP estimationAnisotropi
 Noise Inje
tion applied to a linear per
eptron without bias term 
an be interpreted asa two level MAP estimation s
heme. The proof is given here and with a single output unit to lightennotation.In the two level ARD s
heme des
ribed by Neal [10℄, the network weights are given Gaussian pri-ors N (0; s2j ), and an inverted Gamma distribution is used for setting the distribution of the hyper-parameters fs2jgdj=1. This 
hoi
e is motivated by mathemati
al 
onvenien
e. Here, fs2jgdj=1 are givenexponential priors. The prior on �j = s2j is:P (�j) = � exp(���j) ;where � is the se
ond level hyper-parameter. The prior on sj is thus a Weibull distribution:P (sj) = 2�sj exp(��s2j ) : (13)13



The data points (xi; yi) of the learning set L are assumed to be independently drawn from somedistribution su
h that (yjx) is Gaussian: P (yjx) � N (xTw�; �y). The MAP estimate maximizesPost = P (w; fsjgdj=1jL):Post / P (Ljw; fsjgdj=1)P (wjfsjgdj=1)P (fsjgdj=1)/ Ỳi=1 1p2��y exp�� (xTi w � yi)22�2y �dYj=1 1p2�sj exp�� w2j2s2j � dYj=1 2�sj exp(��s2j )/ � 1p2��y �` exp �� 12�2y X̀i=1(xTi w � yi)2�dYj=1 1p2�sj exp�� dXj=1 w2j2s2j �2d�d dYj=1 sj exp �� � dXj=1 s2j� :The MAP estimate equivalently minimizes L = � log(P (w; fsjgdj=1jL)):L= 12�2y X̀i=1(xTi w � yi)2 + dXj=1 log(sj)+ dXj=1 w2j2s2j � dXj=1 log(sj) + � dXj=1 s2j + 
= 12�2y X̀i=1(xTi w � yi)2 + 12 dXj=1 w2js2j + � dXj=1 s2j + 
/ 1̀ X̀i=1(xTi w � yi)2 + �2ỳ dXj=1 w2js2j + 2��2y` dXj=1 s2j + 
0 ; (14)whi
h is, up to the irrelevant 
onstant 
0, re
ognized as the Lagrangian of CANI (3) under 
onstraints (4),provided that s2j = �2y=`�2j , and � is proportional to the Lagrangian multiplier 
orresponding to
onstraint (4).Note that if there is only one weight wj per hyper-parameter sj , the two-level MAP s
heme withGaussian �rst-level priors and Weibull se
ond-level priors (13) is equivalent to a one-level MAP s
hemewith independent Lapla
e priors. Indeed, the distribution on parameter wj is:P (wj)=Z 10 P (wjjsj)P (sj) dsj=Z 10 1p2�sj exp� w2j2s2j 2� sj exp�(�s2j ) dsj=p2�p� exp ��p2�jwjj� Z 10 exp� jwjjp2sj �p�sj!2 dsj= �p2 exp��p2�jwjj� (15)Compared to the Gaussian distribution, the Lapla
e distribution puts slightly more mass near zeroand in the tails. Compared to NI, ANI should thus have a tenden
y to produ
e solutions with smaller14



and larger weights. This result is easily generalized when several weights are atta
hed to one hyper-parameter, but the 
orresponding distribution is more 
omplex.III. Effe
tive number of parametersOne of the goal of extending NI is to improve its performan
es when some inputs are more relevantthan others. On the other hand, being more 
exible should also indu
es a loss 
ompared to thestandard method when all inputs are equally relevant. The study of e�e
tive parameters providessome arguments supporting these expe
tations, and allows to 
ompare the loss brought about by ANIand subset sele
tion in the 
ase most favorable to NI.The e�e
tive number of parameters pe� of an estimator [21℄ is de�ned by analogy with the numberof parameters of the ordinary least squares linear model. Under some assumptions on the model
orre
tness and data distribution [22℄, pe� links the expe
ted generalization error with the expe
tedtraining error: IE[Egen℄ = IE[Etrain℄ + 2�2y` pe� ; (16)where Egen and Etrain are respe
tively the generalization error and the training error, �2y is the varian
eof (yjx), and ` is the training sample size. Hen
e, �2�2ype�/` is the bias of the training error used asan estimator of the generalization error.For linear smoothers, pe� 
an be analyti
ally 
omputed. A linear smoother is su
h that the �ttedvalues at xi; i = 1; : : : ; ` are a linear 
ombination of the observed output values yi; i = 1; : : : ; `.Examples of these smoothers in
lude ordinary linear regression, ridge regression Nadaraya-Watsonkernel regression and smoothing splines [23℄. Let y = (y1; : : : ; y`)T be the ve
tor of 
on
atenatedoutput values, and f = (f(x1) : : : f(x`))T be the ve
tor of 
on
atenated �tted values. The e�e
tivenumber of parameters pe� is the tra
e of the hat or smoothing matrix S, su
h that f = Sy [23℄.A. Linear per
eptronFor a given value of � , the e�e
tive number of parameters of the minimizer of (3) is:pe� = tr(X(XTX + � )�1XT ) ; (17)with X = (x1 : : :x`)T .In the orthogonal design where the inputs are un
orrelated and standardized (XTX = Id), thenpe� = Pdj=1 1=(1 + �2j ). The set of �j maximizing pe� under 
onstraint (4) is the minimizer of:� dXj=1 11 + �2j + � dXj=1 1�2j ;where � is the Lagrange multiplier 
orresponding to 
onstraint (4). The solution to this problem is�2j = �2; j = 1 : : : d. The 
hoi
e of � maximizing the e�e
tive number of parameters is the one thatgives the same relevan
e index to all variables, i.e the solution provided by NI. For all other 
hoi
esof � 
onsidered by ANI, the training error is a less biased estimate of generalization error.It is easily shown that optimizing CANI over f�2jgdj=1 ensures that, for a given value of �2, ANItraining error is lower than NI training error. It seems thus that ANI 
an only improve over NI, asEtrain and pe� (17) are both lower in ANI than in NI There is however a 
aveat, sin
e pe� (17) is thee�e
tive number of parameters for � �xed. It does not a

ount for the e�e
ts of adapting � duringlearning. For ANI, pe� (17) is thus likely to be a down-biased estimate of the e�e
tive number ofparameters as de�ned by (16). Tibshirani and Knight [22℄ proposed to apply a 
orre
tion 
omputedby resampling methods, but no general analyti
al expression is available today.In terms of generalization error, ANI 
an be worse than NI only if the bene�ts of minimizing jointlyEtrain and pe� (17) are over
ome by the variability of the solution due to the estimation of f�2jgdj=1.15



For example, one indeed expe
t worse performan
es for small training sets where all inputs have thesame relevan
e, as the expe
ted value of pe� (17) for ANI should be 
lose to the e�e
tive number ofparameters for NI, and that the estimation of f�2jgdj=1 should in
rease pe� as de�ned by (16).However, one also expe
t less variability with ANI than with more radi
al pro
edures like subsetsele
tion. First, note that in subset sele
tion the variations of the smoothing matrixS are dis
ontinuousand 
over a wider range than in ANI. In the orthogonal design, these variations a�e
t the eigenvaluesof S, whi
h take either value 0 or 1 for subset sele
tion, and are in the range [0; d=(d + �2)℄ forANI. The expe
tation of eigenvalues over training sets in ANI is within the range of [0; d=(d + �2)℄.Furthermore, this 
onvex 
ombination of solution is itself an admissible solution of the algorithm.For subset sele
tion, the expe
tation of eigenvalues over training sets is the probability of sele
tingea
h input variable, whi
h is di�erent from 0 or 1 as long as there is some variability in the 
hoi
eof sele
ted inputs, and is thus not rea
hable by the algorithm. Se
ond, as departing from �2j = �2indu
es a de
rease of pe� (17), it has to be supported by data (more stringent 
onstraints should be
ompatible with the de
rease of Etrain). This support 
an only be given to a limited extent by therandom 
u
tuations due to sampling. From these two points, it results that the 
u
tuations of ANIdue to the estimation of f�2j gdj=1 will be lower than the ones due to the 
hoi
e of variables in subsetsele
tion.B. Multi-layer per
eptronFirst, let us re
all that for the quadrati
 or for the 
ross-entropy loss, CNI (1) is minimized by theNadaraya-Watson kernel smoother [13℄. Minimizing CNI with an MLP leads to have this fun
tion astarget, whi
h 
omplexity provides an upper bound on the 
omplexity of the trained MLP.The e�e
tive number of parameters pe� of this Nadaraya-Watson smoother 
an be analyti
ally
omputed [23℄: pe� = X̀i=1 p�(0 )X̀j=1 p�(xi � xj) ; (18)where p� is the noise distribution, a
ting here as a kernel. The ratio Pj̀=1 p�(x � xj)=p�(0 ) 
an beinterpreted as a weighted measure of the number of neighbors of x, hen
e pe� is a de
reasing fun
tionof the average number of neighbors of the training set points.With Gaussian noise, the isolevels of the weighted neighborhoods de�ne ellipsoids with volumeproportional to Vdqdet(� ), where Vd is the volume of the unit hyper-sphere. The set of �j minimizingthe volume of neighborhoods under 
onstraint (4) is the minimizer of:dYj=1 �j + � dXj=1 1�2j ;where � is the Lagrange multiplier 
orresponding to 
onstraint (4) for a given isolevel. The solutionto this new problem is again �2j = �2; j = 1 : : : d. Thus, ellipti
al neighborhoods 
onsidered by ANIhave a larger volume than the spheri
al neighborhoods of NI.The in
rease in neighborhoods volume is likely to in
rease the average number of neighbors of thetraining set points, so that, for a given �2 value, pe� (18) for ANI should be smaller than in NI. On
eagain, an upward 
orre
tion should be applied to take into a

ount the adaptivity of � . However, thisrough result supports that the algorithm should be 
onservative, hen
e stable, and that 
omplexity
an indeed be tuned together with the \e�e
tive number of inputs" for non-linear as for linear models.16



TABLE IAnisotropi
 Noise Inje
tion algorithm for variable relevan
e determination.1. Set the value of the hyper-parameter �2and initialize �j = � ; j = 1; : : : ; d.2. Optimize the network parameters W h and �h,h = 1; : : : ;H together with f�2jgdj=1.At ea
h epo
h, and for ea
h input-output pairs:- 
ompute � i = ��1=2xi, with ��1=2jj = 1=�j;- feed the net with � i +�; � � N (0 ; Id);- 
ompute loss l(f(� i +�);yi);- ba
k-propagate the error through the net;- update W h and �h, h = 1; : : : ;H;- ba
k-propagate the error through ��1=2;- update ��1=2 with 
onstraint (4).3. Set W 1 = ��1=2W 1.4. Estimate generalization error (bootstrap).TABLE IIResults on the robot arm problem. Results for Bayesian learning are reprodu
ed from Neal [10℄.Model Average test squared error (�10�3)Bayes, no ARD 5.971-level ARD 5.632-level ARD 5.49NI 13.52 12.26 12.24 10.15 13.539.39 16.28 11.05 11.38 17.36ANI 7.62 7.83 7.96 8.06 8.179.27 9.51 9.53 10.66 10.85- y16y2������HHHu ��x1 x2I 	Fig. 1. Robot arm problem.
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TABLE IIIResults on the noisy LED display problem. Results for Bayesian learning are reprodu
ed fromNeal [10℄.Model Average test error rate (%)Bayes, no ARD 37.8 37.6 33.1Bayes, ARD 30.4 31.7 33.0NI 33.0 31.9 33.1 36.3 30.530.6 32.0 32.4 32.7 34.0ANI 25.8 26.0 26.2 26.3 26.426.4 26.8 27.1 27.8 28.0TABLE IVAverage test error rates in generalization for the six examples. 
art:ln denotes 
art with linear
ombinations, knn is the k-nearest neighbors algorithm, knn:fm is the best of five versions offlexible metri
 nearest neighbors algorithms [19℄.Ex. 
art 
art:ln knn knn:fm ani1 15.1 14.8 13.2 6.3 2.2�0:62 14.6 11.7 10.3 3.4 3.0�0:63 21.9 21.8 35.9 21.7 25.8�8:54 32.2 32.3 34.0 26.2 26.9�4:05 32.4 7.6 17.4 6.2 3.2�1:86 29.1 21.1 17.1 18.7 16.0�0:7
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βFig. 3. Contour plot of C(�; �) (10). The star represents the optimal value over the 200 � 200 regular grid in[0; 1:5℄� [�0:5; 1℄. 4715 36 2Fig. 4. Digit patterns for the noisy LED display and feature numbers used for 
oding.18
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