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tThe semanti
s of a 
onstraint system for use in an intera
tive graphi
al appli
ation should a

omodate stateand 
hange properly. Constraint hierar
hies are one te
hnique for expressing a semanti
s for hard and soft
onstraints, whi
h is well-suited for this domain. The 
onstraint hierar
hy framework is parameterized bya 
omparator, whi
h 
ompares how well two potential solutions to the hierar
hy satisfy the soft 
onstraints.Two spe
ial varieties of 
onstraints for intera
tive graphi
s are stay 
onstraints and edit 
onstraints. Stay
onstraints indi
ate that we prefer that a variable retain its previous value, unless there is a stronger reasonfor it to be 
hanged. Edit 
onstraints a

omodate a sequen
e of 
hanging inputs from an external devi
esu
h as a mouse. A number of in
remental algorithms have been developed for �nding a solution to a
onstraint hierar
hy, whi
h in
lude eÆ
ient treatment of stay and edit 
onstraints. After a short reviewof the literature in this area, this paper dis
usses an issue regarding 
onstraint hierar
hies and intera
tivegraphi
s that has up to now been solved only in an ad ho
 fashion: the split stay problem. This problem arisesfor 
ompound obje
ts su
h as 2-d points. We prefer solutions that 
ompletely satisfy the stay 
onstraints onthe x and y 
omponents of a given point over solutions that 
onsider the x and y 
omponents separately, forexample satisfying the 
onstraints on the x part of one point and the y part of another. Unfortunately, some
omparators (in
luding ones that turn out to be parti
ularly useful) do not dis
riminate among solutions inthis way. We present a new 
omparator that does 
orre
tly handle the split stay problem.Keywords: 
onstraint hierar
hies, intera
tive graphi
s, stay 
onstraints, Cassowary1 Ba
kgroundConstraints have been used in intera
tive graphi
al appli
ations sin
e Sket
hpad in the early 60's [11℄.Constraints in this domain, as in others, provide a de
larative way for the user to spe
ify what is desiredrather than how to a
hieve it. Two parti
ular features of this domain, however, stem from intera
tivity. First,we need to handle the semanti
s of state and 
hange properly when a graphi
al �gure is manipulated. Se
ond,to preserve intera
tive response we need eÆ
ient in
remental algorithms for satisfying the 
onstraints.Constraint hierar
hies provide one te
hnique for spe
ifying the desired solutions to a 
olle
tion of hardand soft 
onstraints, whi
h has proven 
onvenient for this domain. (A short des
ription is given in Se
tion 2.)We 
an use hard (required) 
onstraints to spe
ify properties of the graphi
al �gure that must be maintained,and soft 
onstraints for the preferen
es.In parti
ular, in intera
tive graphi
al appli
ations one typi
ally wants parts of the �gure to remain �xed,unless there is some reason for them to 
hange. This desire 
an be expressed using soft stay 
onstraints. Astay 
onstraint is one of the form v = 
 for variable v and 
onstant 
, where v is typi
ally the x or y part1



of a point, and 
 is the value of x or y at the previous time step. The stay 
onstraints will usually be weak,so that they 
an be overridden by stronger 
onstraints (su
h as a 
onstraint that a point follow the mousewhen editing).Another use for soft 
onstraints is to express the intent that a point follow the mouse (or more generally,that some variable is repeatedly set to a new externally imposed value). This so-
alled edit 
onstraint is alsoof the form v = 
 for variable v and 
onstant 
. Here, however, 
 
omes from some external sour
e (e.g. thex or y position of the mouse). Ea
h time the s
reen is refreshed while moving a part, we will want to �nda new solution to the hard and soft 
onstraints given new values for the 
onstants in these edit 
onstraints.By making the edit 
onstraint strong but not required, we 
an 
orre
tly handle 
onditions su
h as the 
ursorbeing outside of the permitted area of movement. (Typi
ally, the point being moved will be pla
ed as 
loseto the 
ursor as possible while remaining within its permitted range.)A number of in
remental algorithms have been developed for solving 
onstraint hierar
hies, with spe
ialtreatment for edit and stay 
onstraints, in
luding DeltaBlue [10℄, Qui
kPlan [12℄, SkyBlue [9℄, Detail [7℄,and Cassowary [2, 6℄. Cassowary in parti
ular 
an solve arbitrary sets of linear equality and inequality
onstraints.A re
ent appli
ation of Cassowary is 
onstraint-based web layout [3℄. Here, we extend the Cas
adingStyle Sheet standard [8℄ to in
lude 
onstraints. For example, we 
an 
onstrain two 
olumns in a table to havethe same width, and to be at least 10 times as wide as the gutter between them, or 
onstrain a heading fontto be 2 points larger than the body font. These 
onstraints 
an be preferen
es as well as requirements, and
an 
ome from the viewer as well as the page author. (For example, the viewer might insist on a minimum of12 point font sizes, or a parti
ular browser width.) The �nal appearan
e of the web page is thus the result ofan arbitration between the desires of the author and viewer, where this arbitration is performed by solvingthe 
ombined set of 
onstraints.A se
ond appli
ation is the S
heme Constraints Window Manager [4℄. This window manager allows usersto express their intentions using both dire
t manipulation and with persistent 
onstraints, e.g. that onewindow be always to the left of another and of the same height. A number of other features support theready use of 
onstraints in the window manager, in
luding a graphi
al toolbar for applying 
onstraints, are
order for de�ning new 
ompound 
onstraints using a simple programming-by-demonstration te
hnique,and a graphi
al 
onstraint investigator for visually display the 
urrent set of 
onstraints when desired.Finally, a third appli
ation extends the S
alable Ve
tor Graphi
s (SVG) standard for the web [1℄ to allow
onstraints on the positions of graphi
al elements. SVG is an important advan
e over in
luding bitmapimages in web pages, sin
e the image is resolution-independent. However, the internal geometry of anSVG image is �xed. Constraint S
alable Ve
tor Graphi
s generalizes SVG, so that a given illustration 
anbe resized and reformatted appropriately for the available spa
e, while still satisfying its 
onstraints. Inaddition, 
onstraints on a read-only \time" variable provide a simple animation fa
ility.2 Constraint Hierar
hy TheoryBrie
y, we 
an de�ne a 
onstraint hierar
hy as follows. (See Referen
e [5℄ for a more 
omplete dis
ussion.)A labeled 
onstraint is a 
onstraint labeled with a strength, written s
, where s is a strength and 
 is a
onstraint. Strengths will be integers between 0 and n, where n is the number of non-required levels. For
larity, we often give symboli
 names to the di�erent strengths. Strength 0, with the symboli
 name required,is always reserved for required (hard) 
onstraints.A 
onstraint hierar
hy is a multiset of labeled 
onstraints. Given a 
onstraint hierar
hy H, H0 denotesthe required 
onstraints in H, with their labels removed. In the same way, we de�ne the sets H1; H2; : : : ; Hnfor levels 1; 2; : : : ; n. We also de�ne Hk = ; for k > n.A solution to a 
onstraint hierar
hy H is a valuation for the free variables in H, i.e., a fun
tion thatmaps the free variables in H to elements in the domain D. We wish to de�ne the set S of all solutions toH. Clearly, ea
h valuation in S must be su
h that, after it is applied, all the required 
onstraints hold. Inaddition, we desire ea
h valuation in S to be su
h that it satis�es the non-required 
onstraints as well aspossible, respe
ting their relative strengths. To formalize this desire, we �rst de�ne the set S0 of valuationssu
h that all the H0 
onstraints hold. Then, using S0, we de�ne the desired set S by eliminating all potentialvaluations that are worse than some other potential valuation using the 
omparator predi
ate better. (In the2



de�nition, 
� denotes the boolean result of applying the valuation � to 
, and we say that \
� holds" if andonly if 
� = true.) S0 = f� j 8
 2 H0 
� holdsgS = f� j � 2 S0 ^ 8� 2 S0 :better(�; �;H)gThere are many plausible 
andidates for 
omparators. While we are primarily 
on
erned with one par-ti
ular 
omparator in this paper (lo
ally-metri
-better), some of the others will arise as well.We now de�ne several di�erent 
omparators. Note that in general, better will not provide a totalordering|there may exist � and � su
h that � is not better than � and � is not better than �. In thede�nitions, we will need an error fun
tion e(
�) that returns a non-negative real number indi
ating hownearly 
onstraint 
 is satis�ed for a valuation �. This fun
tion must have the property that e(
�) = 0 if andonly if 
� holds. For any domain D, we 
an use the trivial error fun
tion that returns 0 if the 
onstraintis satis�ed and 1 if it is not. A 
omparator that uses this error fun
tion is a predi
ate 
omparator. Fora domain that is a metri
 spa
e, we 
an use its metri
 in 
omputing the error instead of the trivial errorfun
tion. Su
h a 
omparator is a metri
 
omparator. For example, for R the error for x = y is jx� yj, whilethe error for x � y is x� y if x > y and otherwise 0.The �rst of the 
omparators, lo
ally-better, 
onsiders ea
h 
onstraint in H individually.De�nition. A valuation � is lo
ally-better than another valuation � if, for ea
h of the 
onstraints throughsome level k�1, the error after applying � is equal to that after applying �, and at level k the error is stri
tlyless for at least one 
onstraint and less than or equal for all the rest.lo
ally-better (�; �;H) �9k > 0 su
h that8i 2 1 : : : k � 1 8p 2 Hi e(p�) = e(p�)^ 9q 2 Hk e(q�) < e(q�)^ 8r 2 Hk e(r�) � e(r�)Next, we de�ne a s
hema globally-better for global 
omparators. The s
hema is parameterized by afun
tion g that 
ombines the errors of all the 
onstraints Hi at a given level.De�nition. A valuation � is globally-better than another valuation � if, for ea
h level through some levelk � 1, the 
ombined errors of the 
onstraints after applying � is equal to that after applying �, and at levelk it is stri
tly less. globally-better (�; �;H; g) �9k > 0 su
h that8i 2 1 : : : k � 1 g(�;Hi) = g(�;Hi)^ g(�;Hk) < g(�;Hk)Using globally-better, we now de�ne two global 
omparators, using di�erent 
ombining fun
tions g. Theweight for 
onstraint p is denoted by wp. Ea
h weight is a positive real number.weighted-sum-better(�; �;H) � globally-better (�; �;H; g)where g(�;Hi) � Xp2Hi wpe(p�)least-squares-better(�; �;H) � globally-better (�; �;H; g)where g(�;Hi) � Xp2Hi wpe(p�)2Orthogonal to the 
hoi
e of lo
ally-better or one of the instan
es of globally-better, we 
an 
hoose anappropriate error fun
tion for the 
onstraints. Lo
ally-predi
ate-better is lo
ally-better using the trivial error3



�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

��
��
��
��

��
��
��
��

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������
��������������

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��
��

��
��
��
��

�
�
�
�

��
��
��
�� ��

��
��
��

�
�
�

�
�
�

�
�
�
�

�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������
�����������������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

p2

p1 p2

p1

p2

m

m m m m

p1

p2
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p1

c) Only p2 movesa) Initial state d) Only p1 moves e) Undesirable: p1.x and p2.y moveb) Least squares, both p1 and p2 moveFigure 1: Illustrations b) through d) are plausible solutions, while e) is undesirablefun
tion that returns 0 if the 
onstraint is satis�ed and 1 if it is not. Lo
ally-metri
-better|the 
omparatorof primary interest in this paper|is lo
ally-better using a domain metri
 in 
omputing the 
onstraint errors.Weighted-sum-predi
ate-better, weighted-sum-metri
-better, and so forth, are all de�ned analogously.(Referen
e [5℄ also de�nes a third global 
omparator worst-
ase-better, whi
h is not used in this paper.)3 The ProblemThere is a problem that arises for lo
ally-metri
-better when 
onstraining 
ompound obje
ts su
h as 2-dpoints, whi
h we 
all the split stay problem. Given a 
hoi
e, for psy
hologi
al plausibility the solver shouldpi
k a solution that satis�es the stays on both the x and y 
omponents of a given point, rather than on thex 
omponent of one point and the y 
omponent of another.Consider a line with endpoints p1 and p2 and a midpoint m. There are 
onstraints (p1.x+p2.x)/2 = m.xand (p1.y+p2.y)/2 = m.y, and weak stay 
onstraints on p1 and p2. Suppose we are editing m. In the newstate of the line, we 
annot satisfy the stay 
onstraints on both p1 and p2.Figure 1 illustrates. Figure 1a is the initial 
on�guration. From the user's point of view, the plausiblesolutions in
lude:� minimize the squares of the errors for the stay 
onstraints (Figure 1b)� 
ompletely satisfy the stays on both p1.x and p1.y, and not on p2.x and p2.y (Figure 1
)� 
ompletely satisfy the stays on both p2.x and p2.y, and not on p1.x and p1.y (Figure 1d)These are all valid lo
ally-metri
-better solutions. A solution that is also valid but not psy
hologi
allyplausible is to satisfy the stay 
onstraints on the x part of one point and the y part of the other, for example,p1.y and p2.x, as shown in Figure 1e. In other words, in this solution we have split the stay 
onstraints onp1 and p2. (This 
laim has been veri�ed empiri
ally|in an early implementation of one of our 
onstraintsatisfa
tion algorithms this happened, and indeed it looked strange.)To see that these are all valid lo
ally-metri
-better solutions, in parti
ular, for example, that 1e is notdominated by 1
, note that 1e has a smaller error for the stay 
onstraint on p2.x than does 1
. One 
ansimilarly show that there is no other solution to the required 
onstraints that is lo
ally-metri
-better than1e.4 An Improved ComparatorWe now present a new 
omparator with the dubious name of tilted-lo
ally-metri
-better (TLMB) that providesa way to handle this situation.1 The set of TLMB solutions 
an be de�ned by taking a given hierar
hy,forming all possible hierar
hies by breaking strength ties in all possible ways to form a totally ordered set of
onstraints, and taking the union of the sets of solutions to ea
h of these totally ordered hierar
hies.1A preliminary des
ription of this 
omparator is given in a te
hni
al report [2℄.4



For example, 
onsider the two 
onstraints weak x = 0 and weak x = 10. The set of lo
ally-metri
-bettersolutions is the in�nite set of mappings from x to ea
h number in [0:::10℄. The TLMB solutions are de�nedby produ
ing all the totally ordered hierar
hies and taking the union of their solutions. In this 
ase the twopossible total orderings are:weak x = 0, slightly weaker x = 10slightly weaker x = 0, weak x = 10These have solutions fx 7! 0g and fx 7! 10g respe
tively, so the set of TLMB solutions to the originalhierar
hy is ffx 7! 0g ; fx 7! 10gg. As an aside, we hypothesize that the only psy
hologi
ally plausiblesolutions to the example are fx 7! 0g, fx 7! 10g, and fx 7! 5g (the least-squares solution), but not, forexample, fx 7! 3:8g.Next, we introdu
e a notion of a 
ompound 
onstraint, whi
h is a 
onjun
tion of primitive 
onstraints.For 
ompound 
onstraints, when we break the strength ties in de�ning the set of tilted-lo
ally-metri
-bettersolutions, we insist on mapping ea
h primitive 
onstraint in a given 
ompound 
onstraint to an adja
entstrength.Now, to de�ne the desired solutions for Figure 1, we make ea
h point stay be a 
ompound 
onstraint, sothat the stays on p1 and p2 are:weak (stay p1.x & stay p1.y)weak (stay p2.x & stay p2.y)In de�ning the set of tilted-lo
ally-metri
-better solutions, the total orderings of these 
onstraints thatwe will 
onsider have the stays on p1.x and p1.y both stronger than those on p2.x and p2.y, or both weaker.Thus, 1
 and 1d are the only tilted-lo
ally-metri
-better solutions|so the undesirable solution 1e is ruledout. (The least-squares solution 1b is ruled out as well, whi
h we regard as a

eptable; if this solution isdesired one should use the least-squares 
omparator.)It is not suÆ
ient just to de�ne a notion of \
ompound 
onstraint" without adding the notion of tilting|otherwise we would just sum the errors of the primitive 
onstraints, whi
h would allow us to trade o� theerrors arbitrarily; we 
ould still satisfy the stay on the x 
omponent of one point and the y 
omponent ofanother (and thus admit solution 1e).5 Relation to Other ComparatorsThe split stay problem does not arise for the least-squares-better 
omparator|to minimize the sum of thesquares of the errors, normally the error will be distributed among all of the stay 
onstraints on a 
olle
tionof points (as in Figure 1b).The problem 
an arise for the predi
ate 
omparators, but for those 
omparators a mu
h simpler solutionsuÆ
es|just use 
ompound 
onstraints, without tilting. (Sin
e we just 
are whether or not a 
onstraint issatis�ed, and sin
e a 
ompound 
onstraint is satis�ed only if all of its primitive 
onstraints are satis�ed, thesplitting problem does not then arise.)Tilting is in
ompatible with the weighted-sum 
omparator. Using tilting to break a tie between two
onstraints with the same strength and weight 
ould lead to in
orre
t results be
ause one of the 
onstraintswould dominate a third 
onstraint with the same strength and larger weight. However, the weights already
an be used to break ties among 
onstraints with the same strength|although there is the danger that alarge number of 
onstraints with small weights 
ould overwhelm a 
onstraint with a large weight.6 Relation to CassowaryAs noted previously, Cassowary is an eÆ
ient in
remental version of the simplex algorithm, tailored to thedomain of intera
tive graphi
s. It �nds a weighted-sum-better solution to a 
onstraint hierar
hy.Our implementation of Cassowary favors solutions that satis�es some of the 
onstraints 
ompletely, ratherthan ones that, for example, partially satisfy ea
h of two 
on
i
ting equalities. (Thus, in Figure 1, it will5



�nd a solution that 
ompletely satis�es the stay on p1.x and not at all on p2.x, or vi
e versa, and not solution1b.) These solutions are still legitimate weighted-sum-better solutions. Cassowary's behavior is analogousto that of the simplex algorithm, whi
h always �nds solutions at a vertex of the polytope even if all thesolutions on an edge or fa
e are equally good. (Of 
ourse, Cassowary behaves this way be
ause the simplexalgorithm does.)However, without additional information, Cassowary may �nd Figure 1e rather than Figure 1
 or Figure1d. (As mentioned above, an early version of Cassowary a
tually did �nd su
h solutions, to the puzzlementof the user.)This problem is addressed in our released version using a kludge, whi
h works well in pra
ti
e despiteits dubious intelle
tual pedigree. One of the methods in the solver API is a method addPointStays(Ve
torpoints). The argument points is an array of points, whose x and y 
omponents are 
onstrainable variables.This method adds a weak stay 
onstraint to the x and y variables of ea
h point. The weights for the x and y
omponents of a given point are the same. However, the weights for su

essive points are ea
h smaller thanthose for the previous point (1/2 of the previous weight). The e�e
t of this is to en
ourage the solver tosatisfy the stays on both the x and y of a given point rather than the x stay on one point and the y stay onanother.It was diÆ
ult to devise an example where it would give a bad answer|here is a 
ontrived one. Supposewe have a line with endpoints p1 and p2 and a midpoint m. Suppose also we have 
onstraints p2.x = 2*p3.xand p2.y = 2*p3.y. (This example is a bit strange sin
e here we are using p3 as a distan
e from theorigin rather than as a lo
ation|otherwise multiplying it by 2 is problemati
.) If we give these points toaddPointStays: in the order p1, p2, and p3, then the stays on p1 will have weight 1, those on p2 will haveweight 0.5, and those on p3 will have weight 0.25. Then, a one legitimate weighted-sum-better solution wouldsatisfy the stays on p1.x and p1.y, but another legitimate solution would satisfy the stays on p1.x, p2.y, andp3.y.Sin
e every weighted-sum-metri
-better solution to a hierar
hy is also a lo
ally-metri
-better solution[5℄, we 
ould use Cassowary to �nd TLMB solutions. However, the obvious way to do this would involveintrodu
ing many more 
onstraint strengths, whi
h would lead to a less eÆ
ient implementation. Therefore,for now, we are 
ontinuing to use the de
aying-weight te
hnique provided by the addPointStays method|whi
h, as noted above, works well in pra
ti
e although 
ould in theory allow a non-TLMB solution. Findinga 
ompletely prin
ipled and at the same time eÆ
ient solution remains an open problem.A
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