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.ilAbstra
tThe prin
ipal obje
tive of this paper is to lift basi
 
on
epts of the 
lassi
al automata theoryfrom dis
rete to 
ontinuous (real) time. It is argued that the set of �nite memory retrospe
tivefun
tions is the set of fun
tions realized by �nite state devi
es. We show that the �nite memoryretrospe
tive fun
tions are speed-independent, i.e., they are invariant under `stret
hings' of the timeaxis. Therefore, su
h fun
tions 
annot deal with metri
al aspe
ts of the reals.We 
lassify and analyze phenomena whi
h appear at 
ontinuous time and are invisible at dis
retetime.1 Introdu
tionThe prin
ipal obje
tive of this paper is to lift basi
 
on
epts of the 
lassi
al automata theory from dis
reteto 
ontinuous (real) time. The shift to 
ontinuous time brings to surfa
e phenomena that are invisibleat dis
rete time. A se
ond major task of the paper is to provide a 
areful analysis of 
ontinuous timephenomena that are interesting for their own. The results of this paper were obtained in the frameworkof a general program worked out by Trakhtenbrot [17, 16, 14, 20℄ for lifting 
lassi
al automata theoryfrom dis
rete to 
ontinuous time.It is 
ommon to introdu
e automata theory as a study of sets of strings (or of !-strings) a

epted by�nite ma
hines (devi
es). However, the fun
tions realized by various ma
hines are more basi
 than thesets a

epted by these devi
es. This is in a

ordan
e with the belief that in Automata Theory as wellas in Computability Theory fun
tions are more fundamental than sets. This point of view is impli
italready in the 
lassi
al works of Pitts-M
.Cullo
h [11℄, Kleene [7℄ and it was 
onsistently pursued byTrakhtenbrot [8, 21℄. Here is S
ott's argumentation [13℄ in favor of this view:`The author (along with many other people) has 
ome re
ently to the 
on
lusion that thefun
tions 
omputed by the various ma
hines are more important - or at least more basi
 - thanthe sets a

epted by these devi
es. The sets are still interesting and useful, but the fun
tionsare needed to understand the sets. In fa
t by putting the fun
tions �rst, the relationship1



between various 
lasses of sets be
omes mu
h 
learer. This is already done in re
ursivefun
tion theory and we shall see that the same plan 
arriers over to the general theory'.Therefore, here our main interest will be in the fun
tions realized by �nite ma
hines operating in
ontinuous1 time.An obvious transition from dis
rete time to 
ontinuous time is as follows: instead of signals de�ned overa dis
rete sequen
e of time instants (i.e. strings or !-strings), 
onsider signals de�ned over the non-negative reals (i.e. the fun
tions from [0; 1) into a �nite alphabet). Also, instead of fun
tions that map!-strings into !-strings, 
onsider fun
tions that manipulate 
ontinuous time signals. A more realisti
approa
h would reje
t a `signal' with value 1 on rational time instants and value 0 otherwise. Indeed, itis reasonable to 
on�ne with `signals' that are pie
ewise 
onstant fun
tions of time (su
h fun
tions areoften 
alled non-Zeno signals), and to formalize an appropriate notion of `realisti
' operators. Variousformalizations are dis
ussed in Se
tion 2.The paper is organized as follows.Se
tion 2 - Postulates of Automata Theory. In re
ent years many extensions of dis
rete time formalismsto 
ontinuous time have been suggested. Sometimes the presentation of these 
ontinuous time formalismsis obs
ured by ad-ho
 de�nitions and notations. The aim of this se
tion is to de�ne in an axiomati
way the behavior of �nite state devi
es operating in 
ontinuous time. We state expli
itly the postulatesof automata theory and lift them from dis
rete to 
ontinuous time. Basi
 terminology and notations ofautomata theory are extended to 
ontinuous time; �nite memory retrospe
tive fun
tions are de�ned andit is argued that this is the 
lass of fun
tions whi
h is realized by �nite state devi
es.Se
tion 3 - Stability and Speed-Independen
e. The shift to 
ontinuous time brings to surfa
e propertiesof signals and fun
tions over signals that are invisible at dis
rete time. For example, the unit delay isa �nite memory fun
tion in the dis
rete 
ase, whereas 
ontinuous time for
es the delay to memorize anun
ountable amount of information. Another important property of fun
tions is `speed-independen
e'.An operator is speed-independent if it is invariant under `stret
hings' of the time axis. In dis
retetime all operators are obviously speed-independent, be
ause of the la
k of nontrivial `stret
hings'. For
ontinuous time, speed-independen
e is a nontrivial property; it fails for unit delays, however we showthat �nite memory fun
tions are speed-independent (Theorem 21). Unfortunately, it turns out that�nite state devi
es are unable to 
ompute fun
tions whi
h deal with metri
al aspe
ts of real line. Themetri
al properties are the most intriguing 
hara
teristi
 of real-time spe
i�
ations whi
h have led toa large nuber of highly interesting results and appli
ations (see Pro
eedings of Hybrid and Real-TimeWorkshops, e.g. [6℄).In Se
tion 4 the de�nitions are illustrated by numerous examples, whi
h point to subtleties and warnagainst likely misjudgments.In Se
tion 5 we provide a faithful representation of speed-independent fun
tions over `realisti
' signalsby fun
tions over !-strings.1We use the word `
ontinuous' for the time domain of the reals. The phrase `real time' is overloaded, so we prefer touse `
ontinuous time'. 2



Se
tion 6 states some 
losure properties of the �nite memory fun
tions, the speed-independent fun
tionsand the stable fun
tions. In Se
tion 7 properties of �nite memory retrospe
tive fun
tions are investigated.The proof of the main te
hni
al proposition is deferred to the Appendix.In Se
tion 8 representations of �nite memory fun
tions is dis
ussed. It is shown there that (1) �nitememory fun
tions over pie
ewise 
onstant signals 
an be represented by �nite transition diagrams, how-ever (2) no �nite representation is possible for the �nite memory fun
tions over the general signals. Wealso show that for fun
tions on signals the property of being �nite memory implies speed independen
e.In Se
tion 9 related results are dis
ussed.2 Postulates of Automata TheoryIn re
ent years many extensions of dis
rete time formalisms to 
ontinuous time have been suggested.Sometimes, the presentation of these 
ontinuous time formalisms is obs
ured by ad-ho
 de�nitions andnotations. The aim of this se
tion is to de�ne in an axiomati
 way the behavior of �nite state devi
esoperating in 
ontinuous time. Most of the ideas, 
on
epts and notions we rely on have been employedfor almost forty years for the des
ription of the behavior of �nite devi
es operating in dis
rete time. Inparti
ular, the same notions and terminology as in [18, 21℄ are used in this se
tion. Our 
ontributionhere is only in expli
it formulation of all these assumptions.A ma
hine is 
onsidered as a bla
k box with input and output 
hannels. Over the time the user a
tsto a ma
hine through the input 
hannels and the ma
hine produ
es an output over its output 
hannels.This is a very simple form of intera
tion between a ma
hine and a user (environment). The output ofa ma
hine does not in
uen
e the behavior of the environment. In this paper only this simplest form ofintera
tion is 
onsidered.In the next three subse
tions we state expli
itly the postulates whi
h underly the 
lassi
al automatatheory and re-examine them.2.1 Nature of TimeThe �rst group of postulates of 
lassi
al automata theory deals with the nature of time.Linear Time: The set of moments of time is a linearly ordered set.Dis
rete time: Every natural number represents a time moment and vi
e versa; the number zero repre-sents the beginning of time [3℄.In this paper dis
rete time postulate is repla
ed byContinuous time: Time is 
ontinuous; every time moment is represented by a non-negative real and vi
eversa; the number zero represents the beginning of time.
3



2.2 Finiteness Postulates on Ma
hinesThe following postulates are also assumed.Finiteness of number of 
hannels: A ma
hine has a �nite number of input and output 
hannels.Finiteness of number of 
hannel states: At any moment of time a 
hannel 
an be in one of a �nitenumber possible states.If the set of possible states of a 
hannel 
h is �, we say that 
h is a �-
hannel.The last �niteness postulate deals with the �niteness of memory and will be explained in the nextsubse
tion.2.3 Input-Output BehaviorA signal over a 
hannel is a fun
tion from time to the set of the 
hannel's states. Hen
e, a 
ontinuous(respe
tively dis
rete) time signal over a �-
hannel is a fun
tion from the non-negative reals (respe
tivelynatural numbers) into �.The postulates in this se
tion deal with the input-output behavior of a ma
hine.Deterministi
 Behavior: The output signals are 
ompletely determined by the input signals.Hen
e, the input-output behavior of a ma
hine is a fun
tion from the signals over the input 
hannels tothe signals over the output 
hannels.It is natural to assume that an input at a present moment 
annot in
uen
e the output produ
ed in thepast (before the present moment). Hen
e, we requireCausal Behavior: The output at a moment t does not depend on the inputs at later time.Sometimes the 
ausal behavior postulate is strengthened as follows:Strong Causal Behavior: The output at a moment t does not depend on the inputs at moment t and atlater moments.The following de�nition formalizes these 
on
epts.De�nition 1 (Retrospe
tive and strongly retrospe
tive fun
tions [18℄) Let F be a fun
tion from signalsto signals.� F is retrospe
tive if for any signals x, y and time moment t the following 
ondition holds: If x andy 
oin
ide in the interval [0; t℄ then Fx and Fy 
oin
ide in the interval [0; t℄� F is strongly retrospe
tive if for any signals x, y and time moment t the following 
ondition holds:If x and y 
oin
ide in the interval [0; t) then Fx and Fy 
oin
ide in the interval [0; t℄Hen
e, the above postulates imply that the input-output behavior of a ma
hine is a (strongly) retro-spe
tive fun
tion. 4



The last postulate is a key postulate of �nite automata theory.`For a given ma
hine M at a given time moment t we 
an imagine an in�nite variety of possible signalhistories that M has re
eived priory to t. The one that a
tually o

urred will determine the futurebehavior of M .' [12℄Finite memory:[12℄ A (�nite state) ma
hine 
an distinguish by its present and future behavior betweenonly a �nite number of 
lasses of possible signal histories.In the rest of this se
tion a formalization of this postulate is suggested. However, �rst some notationsand terminology are introdu
ed whi
h will be used throughout the paper.Notation and Terminology: R�0 is the set of non-negative reals; BOOL is the set of booleans and� is a �nite set (alphabet). Letters t; � will range over non-negative reals or integers, x; y; z will rangeover signals and F , G over fun
tions from signals to signals, and a; b; 
 over elements of an alphabet.We use Sig(�) for the set of signals over �.The notation fv is used for the appli
ation of a fun
tion f to an element v, however, sometimes to improvethe readability parenthesis will be used, and the appli
ation of f to v will be demoted by f(v); (f)v or(f)(v); appli
ation is left asso
iative, so fvu will be an abbreviation for (fv)u; the notation f Æ g is usedfor the 
omposition of fun
tions f and g, whi
h is the fun
tion �x: g(fx); the notation f�1 is used forthe inverse of a fun
tion f .A t-history (over an alphabet �) is a fun
tion from the interval [0; t℄ into �. A t-history h is a t-historyof a signal x if h(�) = x(�) for � � t.The restri
tion of x to the interval [0; t) is 
alled t-pre�x of x. The suÆx of x at t (notation suf(x; t))is the signal y de�ned as y(t0) = x(t+ t0), i.e., suf(x; t) = �t0: x(t+ t0).We sometimes use x
t for the restri
tion of x to the interval [0; t); similarly, we use x℄t (respe
tively,xbt and x[t ) for the restri
tion of x to the interval [0; t℄ (respe
tively, to the interval (t; 1) and to theinterval [t; 1)). Let x and z be two signals. The 
on
atenation of t-pre�x of x and z (notation x
t; z)is de�ned as: (x
t; z)(�) = ( x(�) if � < tz(� � t) if � � tNow let us pro
eed with the formalization of �nite memory.First, we de�ne when a t-history h1 is indistinguishable from (or equivalent to) t-history h2 and afterwardde�ne when histories over di�erent time intervals are indistinguishable.Let us imagine that we have two 
opies M1 and M2 of a \ma
hine" M transforming signals into signals.Assume that two signals x1 and x2 pass over the inputs ofM1 andM2 respe
tively. Assume further thatx1 and x2 
oin
ide on [t;1) and that h1 is the t-history of x1 and h2 is the t-history of x2. If h1 andh2 are indistinguishable by the future behavior of M then at time moment t and after it, both M1 andM2 should produ
e the same output i.e., 8x1x2: (h1 = x1
t ^ h2 = x2
t ^ suf(x1; t) = suf(x2; t)) )suf(Fx1; t) = suf(Fx2; t).The pre
eding paragraph suggests the following 5



De�nition 2 (Residual [18℄) Let F be a fun
tion on signals, x be a signal and t a time moment. Theresidual of F with respe
t to x and t is the fun
tion �z:�t0:F (x
t; z)(t+ t0).Remark: The residual of F wrt x and t maps signal z on z0 if and only if F maps x
t; z on y
t; z0 forsome y.We use the notation Res(F; x; t) for the residual of F wrt x and t. We say that G is a residual of F iffor some x and t the fun
tion G is the residual of F wrt x and t.Example (Unit delays) Let � be an alphabet. For a 2 � de�ne:Delaya(x)(t) = ( a if t < 1:x(t� 1) otherwiseIt is easy to see that over dis
rete time N , for every !-string x and t > 0 the residual of Delaya wrt xand t is Delayb, where b is equal to x(t� 1).Let h be a fun
tion from the real interval [0; 1) into �. LetDelayh(x)(t) = ( h(t) if t < 1:x(t � 1) otherwiseIt is easy to see that over 
ontinuous time for every signal x and t > 1 the residual of Delaya wrt x andt is Delayh, where h(�) = x(t � 1 + �) for � 2 [0; 1).De�nition 3 (Finite memory) A fun
tion F is a �nite memory fun
tion if it has �nitely many distin
tresiduals, i.e., the set fRes(F; x; t) : x is a signal ; t 2 R�0g is �nite.Example (Unit delays)-
ontinued. In the dis
rete time 
ase, the set of residulas of unit delays overan alphabet � has the same 
ardinality as �. In the 
ontinuous time 
ase the set of residulas of unitdelays over Boolean alphabet is un
ountable.The postulates on the input-output behavior of �nite state ma
hines are summarized as follows:Input-Output Postulates: The input-output behavior of a �nite state ma
hine is a �nite memory retro-spe
tive fun
tion.2.4 Non-Zeno SignalsLet C be a set of signals whi
h satis�es the following 
onditions1. C is 
losed under suÆx, i.e., if x 2 C and t 2 R�0 then suf(x; t) 2 C2. C is 
losed under 
on
atenation, i.e., if x; y 2 C then x
t; y 2 C for ea
h t 2 R�0.Consider the set of fun
tions C ! C, where C satis�es the above requirements. The notions introdu
edin the previous se
tions 
an be relativized to su
h set of fun
tions. For example we say that F : C ! C6



is retrospe
tive if whenever signals x and x0 in C 
oin
ide on the interval [0; t℄ the signals Fx and Fx0
oin
ide on [0; t℄.An important set of the signals whi
h satisfy the above requirements is the set of pie
ewise 
onstantsignals. In the literature, pie
ewise 
onstant signals are often named non-Zeno or �nite variability signals.A signal is pie
ewise 
onstant (or non-Zeno) if there exists an unbounded in
reasing !-sequen
e t0 =0 < t1 < : : : < tn < : : : su
h that x is 
onstant in all subintervals (ti; ti+1).The pie
ewise 
onstant (non-Zeno) signals are physi
ally more realisti
 than (general) signals. Forexample, the signal that has the value 0 at all irrational time moments and the value 1 at the rationaltime moments is not pie
ewise 
onstant. The signal ONLY 5 whi
h re
eives the value 0 at the moment 5and all other time moments has the value 1 is pie
ewise 
onstant. The following requirement is physi
allymore realisti
 than non-Zeno requirement and ex
ludes the signal ONLY 5.Non-zero duration: A non-Zeno signal satis�es non-zero duraion requirement if for every t there existsan interval I of a non-zero length (duration) su
h that t 2 I and x is 
onstant in I .Unfortunately, the set of Boolean signals satisfying the non-zero duration requirement is not 
losed underBoolean operations and equality test. For example, if x and y satisfy the non-zero duration requirement,then the Boolean valued signal eq de�ned as eq(t) = TRUE i� x(t) = y(t) might violate non-zeroduration requirement. It is easy to see that the 
losure of the set of non-zero duration signals underBoolean operations 
oin
ide with the set of non-Zeno Boolean signals.Even more restri
ted set of signals is the set of right open signals. A non-Zeno signal x is right open iffor every t there exists t0 > t su
h that x is 
onstant in [t; t0).It is easy to 
he
k that both the set of right open and the set of non-Zeno signals are 
losed under suÆxand under 
on
atenation. These sets also in
lude everywhere 
onstant signals. Note also that if C is theset of non-Zeno or the set of right open signals, then C satis�es the following requirement:If � : [0;1)! [0;1) is an order preserving bije
tion and x 2 C then � Æ x 2 C.It is easy to see that the only proper subsets of non-Zeno signals whi
h are 
losed under 
on
atenation,suÆx, the order preserving bije
tions and 
ontain all 
onstant signals are (1) the set of right open signals,(2) the set of non-Zeno signals that have only �nitely many 
hanges and (3) the set of right open signalsthat have only �nitely many 
hanges. These sets are also 
losed under the Boolean operations.3 Speed-Independen
e and StabilityWe say that a signal x is 
onstant at t if there are t1; t2 su
h that t1 < t < t2 and x is 
onstant in theinterval (t1; t2). If x is not 
onstant at t we say that x 
hanges at t. We say that x has left limit 
 att if there exists t0 < t su
h that x(�) = 
 for � 2 [t0; t). The right limit is de�ned in a similar way. Wesay that a signal x is 
ontinuous from the left (right) at moment t if the left (respe
tively right) limitof x at t is equal to x(t). A signal is 
ontinuous at t if it is 
ontinuous from the left and from the rightat t. It is 
lear that a signal is 
ontinuous at t if it is 
onstant at t. Note that a

ording to the above7



terminology 0 is a singularity point, in parti
ular no signal is 
ontinuous at 0. Note also that in thedis
rete time 
ase every signal is 
onstant at t > 0.De�nition 4 (Stability) A fun
tion F from signals to signals is stable if for every moment t > 0 and asignal x the following impli
ation holds: x 
onstant at t implies Fx 
onstant at tRemark: In the dis
rete time 
ase every fun
tion is stable.The following proposition is straightforward.Proposition 1 A stable fun
tion maps non-Zeno signals to non-Zeno signals.De�nition 5 (Speed independen
e) A fun
tion F from signals to signals is speed-independent if forevery order preserving bije
tive fun
tion � on time 8x: F (� Æ x) = � Æ (Fx).Hen
e, the stret
hing (along time) of an input signal for a speed-independent fun
tion F by an orderpreserving bije
tion � 
ause the stret
hing of the output produ
ed by F by the same �.Remark: Note that in the 
lassi
al automata theory, due to the dis
rete time postulates, the only orderpreserving bije
tion is the identity. Hen
e, every fun
tion from the dis
rete time signals to the dis
retetime signals is speed-independent.Proposition 2 If F is speed-independent then F is stable.Proof: Assume that x is 
onstant at t > 0 then there exists �1 < t < �2 su
h that x is 
onstantin (�1; �2). Let t1 be an arbitrary point in (�1; �2). Clearly there exists an order preserving bije
tion�1 : (�1; �2)! (�1; �2) su
h that �1(t) = t1. Let � be the bije
tion on non-negative reals de�ned as�(�) = ( � if � 2 [0; �1℄ or � 2 [�2;1)�1(�) otherwiseIt is 
lear that � is an order preserving bije
tion on non-negative reals and that � Æ x = x. Therefore,(F (x))(t1) = (F (� Æ x))(��1(t1)) = (F (x))(t). Therefore, Fx is 
onstant in (�1; �2). Hen
e, F is stable.24 ExamplesIn this se
tion we provide many examples of fun
tions on signals and 
lassify these 
on
rete fun
tionsa

ording to the properties introdu
ed in the previous se
tions (see Fig. 1). Some of these examplespoint to subtleties and warn against likely misjudgments. Examples 3-10 are from [19℄Note that we 
an identify signals with 0-ary fun
tions from signals to signals. The notions de�ned forthe fun
tions from signals to signals are extended to signals through this 
orresponden
e. For example,we say that a signal has �nite memory if it has only a �nite number of distin
t suÆxes.8



1. Signal Jump is a �nite memory speed-independent signal de�ned asJumpa!b(t) = ( a if t = 0b if t > 02. Signal Rational is speed-dependent signal de�ned asRational(t) = ( True if t is a rational numberFalse otherwiseNote that if t and t0 are rational numbers then the suÆxes of Rational at t and at t0 are equalto the signal Rational. However if t and t0 are irrational then suf(Rational; t) might be distin
tfrom suf(Rational; t0). It is easy to see that the signal Rational has un
ountable (memory)number of distin
t suÆxes. Indeed, if t � t0 is irrational then suf(Rational; t) is distin
t fromsuf(Rational; t0).3. The existential quanti�er (notation 9) maps Boolean signals to Boolean signals and it is de�ned as9(x)(t) = ( True if there exists t0 su
h that x(t0) = TrueFalse otherwise9 is not a retrospe
tive, however it is speed-independent and has �nite memory.4. The fun
tion Left
ont tests the 
ontinuity of signals from the left. It is de�ned asLeft
ont(x)(t) = ( True if x is left 
ontinuous at t.False otherwiseIt is 
lear that Left
ont is �nite memory, retrospe
tive and speed-independent.5. The fun
tion Cont tests the 
ontinuity of the signals. It is de�ned asCont(x)(t) = ( True if x is 
ontinuous at t.False otherwiseCont is not retrospe
tive be
ause its output at time t depends on the value of its input immediatelyafter t, however, it is �nite memory and speed-independent.6. Left and right limit fun
tions map signals over � to signals over �[ fUndefg, where Undef 62 �.LLIM(x)(t) = ( a if 9t0 < t; x(t0) = a ^ (u 2 (t0; t)! x(u) = a).Undef otherwiseRLIM(x)(t) = ( a if 9t0 > t; x(t0) = a ^ (u 2 (t; t0)! x(u) = a):Undef otherwise9



Note that both RLIM and LLIM are �nite memory and speed-independent. LLIM is stronglyretrospe
tive, but RLIM is not retrospe
tive.7. Let g be a fun
tion from �1 � : : : � �k into �. Its pointwise extension �g is de�ned as�g(x1; x2; : : : ; xk)(t) = g(x1(t); x2(t); : : : ; xk(t)). It is 
lear that a pointwise fun
tion is retrospe
tiveand has only one residual.8. The following retrospe
tive fun
tion is speed-independent and has 
ountable memory.Prime(x)(t) = ( True if x 
hanges a prime number of times in interval [0; t)False otherwise9. Timer and Delay fun
tions are not speed-independent and are de�ned as followsT imer(x)(t) = ( True if 9� < t: su
h that x is 
onstant in [�; t) and t� � � 1False otherwiseDelaya(x)(t) = ( a if t < 1:x(t� 1) otherwiseBoth these fun
tions are unstable, however, the output of the T imer 
annot 
hange more thantwi
e in any interval of length one and therefore, a non-Zeno signal is always produ
ed on theoutput of T imer.10. The fun
tion Lasta is a version of non-metri
 delay operator.Lasta(x)(t) = 8><>: b if 9�1�2: �1 < �2 < t and 8� 2 (�1; �2): x(�) = b andx 
hanges at every point in (�2; t)a otherwiseThis fun
tion is retrospe
tive �nite memory and speed-independent.11. Our last example is two fun
tions F10 and F11. F10 is not stable, however F11 is stable. Bothare not speed-independent. The output of F11 is always non-Zeno. F10 maps non-Zeno signals tonon-Zeno signals, however, it 
an map Zeno signal to Zeno signal.F10(x)(t) = 8><>: True if x 
hanges a �nite number of times in [0; t) orif t is rationalFalse otherwiseF11(x)(t) = 8><>: True if there is irrational t0 � t su
h that x is 
onstant in [0; t0)and x(t0) 6= x(0)False otherwiseNote that if t is rational and u maps [0; t) to fTrue; Falseg then the residual of F11 wrt uand t is either F11 or the 
onstant operator that outputs False. Hen
e F11 has only two distin
t10



Fun
tions PropertiesSpeed Stable maps non-Zeno Strong Retro Retro Finite Countableindependent to non-Zeno memory memoryJumpa!b + + + + + + +Rational - - - + + - -9 + + + - - + +Left
ont + + + + + + +Cont + + + - - + +LLIM + + + + + + +RLIM + + + - - + +Pointwise + + + - + + +Prime + + + + + - +Lasta + + + + + + +T imer - - + + + - -Delay - - + + + - -F10 - - + + + - -F11 - + + + + - -Figure 1: Properties of the Fun
tions from Examplesresiduals wrt fun
tion over the rational length intervals. Nevertheless, it is easy to see that F11 hasan un
ountable number of distin
t residuals. In [10℄ a retrospe
tive fun
tion whi
h has 
ountablememory and is not speed-independent was 
onstru
ted.5 Speed Independent Fun
tions over Right Open and non-ZenoSignalsIn this se
tion des
riptions of speed-independent fun
tions over right open signals and speed-independentfun
tions over non-Zeno signals are provided. We will show that su
h fun
tions 
an be faithfully repre-sented by fun
tions over !-strings.Re
all that a �-signal x is right open if there exist an !-sequen
e � = hai : i 2 Ni over � and anunbounded in
reasing !-sequen
e � = hti : i 2 Ni of reals su
h that t0 = 0 and8i8t 2 [ti; ti+1): x(t) = aiIf the above 
onditions hold we say that (the pair) �; � 
hara
terizes x or x is 
hara
terized by �; � (seeFig. 2).Terminology and Notations. An unbounded in
reasing sequen
e t0 < t1 < : : : of reals with t0 = 0is 
alled time s
ale. Throughout this se
tion letters �; � 0 range over time s
ales. For a time s
ale� = ht0; t1; : : : ; ti; : : :i we sometimes use �(i) to denote ti. Letters �; � denote !-sequen
es (!-strings)over an alphabet �. We use �! for the set of all !-strings over the alphabet �.11



a2 : : :a0 = a1 a3 = a4 = a5
t1 t2 t3 t4 t5t0 = 0Figure 2: A right open signal 
hara
terized by ha0; a1; : : :i; ht0; t1; : : :i.Assume that � is an order preserving bije
tion on non-negative reals. Let � be a time s
ale and let� 0(i) = �(�(i)) for all natural i. Then � 0 is a time s
ale; moreover, �; � 
hara
terizes x if and only if�; � 0 
hara
terizes � Æ x. It is 
lear that for every time s
ales � and � 0 there exists an order preservingbije
tion � su
h that �; � 
hara
terizes x if and only if �; � 0 
hara
terizes � Æ x.Note that (1) if x is 
hara
terized by �; � and x is not 
onstant at t then t appears in � and (2) if �
ontains all points at whi
h x is not 
onstant then there exists � su
h that �; � 
hara
terizes x. Hen
e,if F is stable fun
tion from right open signals to right open signals and �; � 
hara
terizes x then thereexists � su
h that �; � 
hara
terizes Fx.Let F be a speed-independent fun
tion from right open signals to right open signals. By Proposition 2,F is stable. Assume that �; � 
hara
terizes x and let � be su
h that �; � 
hara
terizes y = Fx (su
h �exists by (2) above). Sin
e F is speed-independent, it follows that for any � 0 and for the x0 
hara
terizedby �; � 0 the signal Fx0 is 
hara
terized by �; � 0.Hen
e, with every speed-independent fun
tion F one 
an asso
iate a fun
tion G from !-strings to !-strings su
h that 8�8�: if �; � 
hara
terizes x then G�; � 
hara
terizes FxSu
h G is said to be a (dis
rete) 
hara
terization of F .Not every G on !-strings 
hara
terizes a fun
tion on right open signals. Indeed, if G 
hara
terizes afun
tion then whenever �; � and �0; � 0 
hara
terize the same signal then G�; � and G�0; � 0 should also
hara
terize the same signal. Many distin
t �; � may 
hara
terize the same signal. For example, assumethat � = ha0; : : : ai; ai+1 : : :i and � = ht0; : : : ti; ti+1 : : :i. Let t 2 (ti; ti+1) and let �0 and � 0 be de�nedas ha0; : : : ai; ai; ai+1 : : :i and ht0; : : : ti; t; ti+1 : : :i respe
tively. Then �; � 
hara
terize x if and only if�0; � 0 
hara
terize x. Therefore, if G 
hara
terizes a fun
tion on right open signals it should satisfy the12



following :SI 
ondition: For any ha0; : : : ai; ai+1 : : :i and hb0; : : : bi; bi+1 : : :iG(ha0; : : : ai; ai+1 : : :i) = hb0; : : : bi; bi+1 : : :iif and only ifG(ha0; : : : ai; ai; ai+1 : : :i) = hb0; : : : bi; bi; bi+1 : : :i:In Appendix A, it is shown that if a fun
tion G on !-strings satis�es SI 
ondition then there exists aspeed-independent F on right open signals su
h that G 
hara
terizes F . Note that if F is 
hara
terizedby G then F is retrospe
tive i� G is retrospe
tive and F and G have the same number of distin
tresiduals. These observations are summarized inProposition 3 (Chara
terization of speed-independent fun
tions on right open signals)1. Every speed-independent fun
tion F from right open signals to right open signals is 
hara
terizedby a fun
tion G that satis�es SI 
ondition.2. Every fun
tion G that satis�es SI 
ondition 
hara
terizes a speed-independent fun
tion F fromright open signals to right open signals.3. If G 
hara
terizes a fun
tion F from right open signals to right open signals then(a) G is retrospe
tive i� F is retrospe
tive.(b) G and F have the same number of distin
t residuals and hen
e,(
) G has �nite memory i� F has �nite memory.Sin
e every retrospe
tive fun
tion on !-strings has at most 
ountable memory (i.e., 
ountable numberof distin
t residuals) we obtainCorollary 4 Every speed-independent retrospe
tive fun
tion on right open signals has at most 
ountablememory.Below we provide a similar des
ription for speed-independent fun
tions over non-Zeno signals.A non-Zeno signal x over an alphabet � (see Fig. 3) is said to be 
hara
terized by �; �0; � if (1)� = hai : i 2 Ni and �0 = ha0i : i 2 Ni are !-strings over �, (2) � = hti : i 2 Ni is a time s
ale and (3)x(ti) = ai and x(t) = a0i for every i and every t 2 (ti; ti+1).Observe that for every non-Zeno signal x there exists a triple �; �0; � that 
hara
terizes x and that every�; �0; � 
hara
terizes a non-Zeno signal.A fun
tion F from non-Zeno signals over �1 to non-Zeno signals over �2 is said to be 
hara
terized bya fun
tion G : (�!1 ��!1 ) ! (�!2 ��!2 ) if whenever �; �0; � 
hara
terize x then G(�; �0); � 
hara
terizeFx.Every speed-independent fun
tion is 
hara
terized by a fun
tion on !-strings. However, not everyfun
tion G : (�!1 � �!1 ) ! (�!2 � �!2 ) 
hara
terizes a speed-independent fun
tion. In order to des
ribe13



a2 : : :
t1 t3t0 = 0

a0 = a00 = a1 = a01
t2

a02 a3a03 = a4

t4 t5 t6
a04 = a5 = a05 = a6

Figure 3: A non-Zeno signal 
hara
terized by ha0; a1; : : :i; ha00; a01; : : :i; ht0; t1; : : :i.the fun
tions on !-strings that 
hara
terize speed-independent fun
tions on non-Zeno signals, it is usefulto de�ne insertion operation on !-sequen
es. We say that !-sequen
e 
0 is obtained from an !-sequen
e
 by inserting 
 after a position i if (1) 
0(k) = 
(k) for k � i, (2) 
0(i + 1) = 
 and (3) 
0(k) =
(k � 1) for k > i + 1. Hen
e, the insertion of 
 into 
 = h
0; : : : 
i; 
i+1; : : :i after i is the !-sequen
eh
0; : : : 
i; 
; 
i+1; : : :i.Let �1; �01 be ! strings, �1 be a time s
ale and let a0i be equal to �01(i). Assume that (1) �2; and �02 areobtained from �1 and �01 by inserting a0i after i and (2) �2 is obtained from � by inserting any t fromthe interval (�1(i); �1(i+ 1)) after i. Then �1; �01; �1 
hara
terize x i� �2; �02; �2 
hara
terize x.Hen
e, if G 
hara
terizes a speed-independent fun
tion it should satisfy the followingGeneralized SI 
onditions: Let �1 �01 be !-strings and let i be a natural number; let �2 and �02 beobtained from �1 and �01 by inserting �01(i) after i. Similarly, let �2 and �02 be obtained from �1 and �01by inserting �01(i) after i. Then for every �j ; �0j ; �j ; �0j as above (j = 1; 2)G(�1; �01) = (�1; �01)if and only ifG(�2; �02) = (�2; �02)If G satis�es generalized SI 
ondition then G 
hara
terizes a speed-independent fun
tion (the proof issimilar to the proof of Proposition 3, given in Appendix A).Assume that �1; �01; � 
hara
terize x1 and �2; �02; � 
hara
terize x2. Then x1 is equal to x2 in [0; t℄ ifeither (1) t 2 (�(i); �(i + 1)) and �1 = �2 in [0; i℄ and �01 = �02 in [0; i℄ or (2) t = �(i) and �1 = �214



in [0; i℄ and �01 = �02 in [0; i� 1℄. Hen
e, if G 
hara
terizes a retrospe
tive fun
tion F then G shouldsatisfy the followingGeneralized retrospe
tive 
onditions:1. G is retrospe
tive, i.e. if G(�1; �01) = (�1; �01), G(�2; �02) = (�2; �02), �1 = �2 in [0; i℄ and �01 = �02in [0; i℄ then �1 = �2 in [0; i℄ and �01 = �02 in [0; i℄.2. if G(�1; �01) = (�1; �01), G(�2; �02) = (�2; �02), �1 = �2 in [0; i℄ and �01 = �02 in [0; i � 1℄ then�1 = �2 in [0; i℄. (Note that 
ondition 1 implies that �01 = �02 in [0; i� 1℄.)A
tually, this 
ondition is suÆ
ient to ensure that the fun
tion F 
hara
terized by G is retrospe
tive.Finally, observe that if G 
hara
terizes F then F has �nite (respe
tively 
ountable) memory if andonly if G has �nite (respe
tively 
ountable) memory. The following proposition summarizes all theseobservations.Proposition 5 (Chara
terization of speed-independent fun
tions on non-Zeno signals)1. Every speed-independent fun
tion F from non-Zeno signals to non-Zeno signals is 
hara
terized bya fun
tion G that satis�es generalized SI 
ondition.2. Every fun
tion G that satis�es generalized SI 
ondition 
hara
terizes a speed-independent fun
tionF from non-Zeno signals to non-Zeno signals.3. If G 
hara
terizes a fun
tion F from non-Zeno signals to non-Zeno signals then(a) F is retrospe
tive if and only if G satis�es generalized retrospe
tive 
ondition.(b) F has �nite memory i� G has �nite memory.(
) F has 
ountable memory i� G has 
ountable memory.Sin
e every fun
tion G on !-strings has at most 
ountable memory, we obtainCorollary 6 (Trakhtenbrot [19℄) Every speed-independent fun
tion on non-Zeno signals has at most
ountable memory.In se
tion 8 we will show (Theorem 21) that every �nite memory retrospe
tive fun
tion on non-Zeno(right open) signals is speed-independent. Therefore, it 
an be 
hara
terized by a fun
tion on !-strings.However, in order to prove this property of fun
tions on non-Zeno signals we have to investigate inSe
tions 6 and 7 fun
tions on general signals.6 Closure Properties of Fun
tions on SignalsThe next proposition follows from the de�nitions. 15



Proposition 7 The following sets of fun
tions on signals are 
losed under taking residual and are 
losedunder 
omposition.1. The set of retrospe
tive fun
tions.2. The set of strongly retrospe
tive fun
tions.3. The set of stable fun
tions.4. The set of speed independent fun
tions.5. The set of �nite memory retrospe
tive fun
tions.Proof:Closure under taking residual: We only show (5), i.e., a residual of a �nite memory retrospe
tive fun
tionis a �nite memory retrospe
tive fun
tion. The proofs of (1)-(4) are left to the reader.Assume that G is a residual of a �nite memory retrospe
tive fun
tion F wrt x and t. Then the residualof G wrt y and � is the residual of F wrt x
t; y and t+ � . Hen
e the set of residuals of G is a subset ofthe set of residuals of F , and hen
e it is �nite.Closure under 
omposition:(1) Let us show that if F : Sig(�1) ! Sig(�2) and G : Sig(�2) ! Sig(�3) are retrospe
tive fun
tions,then their 
omposition F ÆG is retrospe
tive.Assume that x and x0 
oin
ide in [0; t℄. Then Fx and Fx0 
oin
ide in [0; t℄ be
ause F is retrospe
tive.Therefore, G(Fx) and G(Fx0) 
oin
ide in [0; t℄ be
ause G is retrospe
tive. This shows that F Æ G isretrospe
tive.We omit the proofs for (2)-(4); they are similar to the proof of (1).In order to show (5), observe that if F0 is the residual of F wrt x and t and G0 is the residual of G wrtFx and t then F0 ÆG0 is the residual of F ÆG wrt x and t.From this observation it follows that if n1 (respe
tively, n2) is the number of distin
t F residuals(respe
tively, G residuals) then the number of distin
t F ÆG residuals is less than or equal to n1�n2. 2Remarks (Relativizing Results) All the results from this se
tion hold when we repla
e everywhere`fun
tions over signals ' by `fun
tions from non-Zeno signals to non-Zeno signals' or by `fun
tions fromright open signals to right open signals'Analyzing the proofs of this se
tion one 
an 
he
k that they hold for the set of fun
tions over any set Cof signals whi
h is 
losed under 
on
atenation, suÆx and the order preserving bije
tions. In parti
ularthe following meta-theorem holdsProposition 8 Let C be a set of signals whi
h is 
losed under 
on
atenation, suÆx and the orderpreserving bije
tions. The following sets of fun
tions over C are 
losed under taking residual and are
losed under 
omposition. 16



1. The set of retrospe
tive fun
tions over C.2. The set of strongly retrospe
tive fun
tions over C.3. The set of stable fun
tions over C.4. The set of speed-independent fun
tions over C.5. The set of �nite residual retrospe
tive fun
tions over C.7 Properties of Finite Memory Retrospe
tive Fun
tionsIn this se
tion we investigate properties of �nite memory fun
tions on general signals. We deal withfun
tions on general signals not only for the sake of generality. The representation of �nite memoryfun
tions on non-Zeno signals (see Se
tion 8) will rely on the results about fun
tions on general signals.7.1 Finite Memory SignalsThe following proposition is the key te
hni
al proposition whi
h is needed for the �nite representationof the �nite memory retrospe
tive fun
tions on non-Zeno signals.Proposition 9 A (general) signal x is �nite memory if and only if x is 
onstant on the positive reals.Proof: See Appendix B. 2Remark: (Contrast with dis
rete 
ase) Note that in a dis
rete time 
ase a signal is an !-sequen
e ofstates. Su
h a signal x is �nite memory i� it is quasiperiodi
, i.e., x = uv!.Remark: Note that a signal is speed-independent i� it is 
onstant on the positive reals. In the dis
rete
ase every signal is speed-independent.Remark: Proposition 9 is easily proved for the non-Zeno and for the right open signals. However,even if we want to deal with fun
tions over non-Zeno signals many of our proofs will be based on thisproposition whi
h deals with (general) �nite memory signals.7.2 Some Consequen
es of Proposition 9Re
all that Jump
!d is the signal that has value 
 at 0 and value d at t > 0.Proposition 10 If F is a �nite memory retrospe
tive fun
tion then F (Jumpa!b) = Jump
!d for some
 and d.Proof: F is a �nite memory retrospe
tive fun
tion and Jumpa!b is a �nite memory signal, therefore,F (Jumpa!b) is a �nite memory signal, by Proposition 7(5), and therefore, by Proposition 9, it is 
onstanton the positive reals, hen
e it has the form Jump
!d 217



Proposition 11 Every �nite memory retrospe
tive fun
tion is stable.Proof: Assume that F is a �nite memory retrospe
tive fun
tion. We have to show that if x is 
onstantat t > 0 then Fx is 
onstant at t.Assume that x is 
onstant at t > 0. Then there exists � > 0 su
h thatx(�) = x(t) = b for � 2 [t� �; t+ �℄: (1)Let G be the residual of F wrt x and t� �. From (1) it follows that G(Constb)� = Fx(t� �+ �), where� 2 [t� �; t+ �℄ and Constb is the signal whi
h is equal to b everywhere. Therefore,Fx is 
onstant at t if and only if G(Constb) is 
onstant at �. (2)Sin
e G is a residual of F , it is a �nite memory retrospe
tive fun
tion, by Proposition 7. Therefore, byProposition 9, the signal G(Constb) is 
onstant on the positive reals and therefore it is 
onstant at �.Hen
e, by (2), the signal Fx is 
onstant at t. 2Note that Proposition 11 and Proposition 1 implyCorollary 12 A �nite memory retrospe
tive fun
tion maps non-Zeno signals to non-Zeno signals.The restri
tion of F to non-Zeno signals is a fun
tion Rest(F ) de�ned as Rest(F ) = �x 2 non-Zeno: Fx.Note that Rest(F ) might map a non-Zeno signal to a general signal. However, from Corollary 12 weobtainProposition 13 If F is a �nite memory retrospe
tive fun
tion on signals then Rest(F ) is a fun
tionfrom non-Zeno signals to non-Zeno signals. Moreover, Rest(F ) is a �nite memory retrospe
tive fun
tionover the non-Zeno signals.Proof: It is 
lear that if F is a �nite memory retrospe
tive fun
tion then Rest(F ) is retrospe
tive wrtnon-Zeno signals and Rest(F ) has a �nite number of distin
t residuals wrt non-Zeno signals. The restfollows from Corollary 12. 27.3 State Fun
tionDe�nition 6 (state fun
tion) Let G0 be a �nite memory retrospe
tive fun
tion from Sig(�) to Sig(�0)and let ~G = hG0; G1; : : : ; Gni be a sequen
e of all its residuals. It is 
lear that any residual of Gi is aresidual of G0. De�ne fun
tions out~G : ��f0; : : : ; ng ! �0 and state~G from Sig(�) to Sig(f0; : : : ng !f0; : : : ng) as follows:out~G(a; i) = Gi
onsa0; where 
onsa is the 
onstant signal �t: a�state~G(x)�(t)i = j if Gj is the residual of Gi wrt x and t.18



From the de�nition it followsProposition 14 (Properties of the state fun
tion).1. state~G(x)(0) = id - the identity permutation.2. state~G is a strongly retrospe
tive fun
tion.3. state~G(x1
t1 ;x2)(t1 + t2) = (state~Gx1t1) Æ (state~Gx2t2).4. G0xt = out~G(x(t); state~Gxt0)Remark: A
tually for the above proposition there is no need in the assumption that G has a �nitenumber of residuals.Proposition 14 impliesProposition 15 Let G0 be a �nite memory retrospe
tive fun
tion from Sig(�) to Sig(�0) and let ~G =hG0; G1; : : : ; Gni be a sequen
e of all its residuals. Let state~G be de�ned as in De�nition 6. Then state~Gis a �nite memory strongly retrospe
tive fun
tions on signals. Moreover, there exists Æ~G : (� � �) !(f0; : : : ng ! f0; : : : ng) su
h that1. Æ~G(a; b) = state~GJumpa!bt for every t > 02. Æ(a; b) = Æ(a; b) Æ Æ(b; b) for any a; b 2 �.Proof: From Proposition 14(2) it follows that state~G is strongly retrospe
tive and from Proposition 14(3)we obtain that the number of the residuals of state~G is bounded by the number of the fun
tions fromf0; : : : ; ng to f0; : : : ; ng.Proposition 10 implies that state~GJumpa!b is 
onstant on the positive real, hen
e Æ~G(a; b) 
an bede�ned as the value of state~GJumpa!b at any positive real and Proposition 15(1) holds.Finally, note that Jumpa!b = Jumpa!b
t=2; Jumpb!b for any t > 0 (3)Therefore,Æ(a; b) = state~GJumpa!bt; by Proposition 15(1)= (state~GJumpa!b(t=2)) Æ (state~GJumpa!b(t=2)); by Proposition 14(3)and equation (3)= Æ(a; b) Æ Æ(b; b); by Proposition 15(1) 219



7.3.1 Relativizing to Fun
tions over non-Zeno SignalsLet G = G0 be a fun
tion from non-Zeno signals over � to non-Zeno signals over �0 whi
h is retrospe
tiveand �nite memory. Let ~G = hG0; : : : Gni be a sequen
e of all its residuals. The state fun
tions state~G isde�ned exa
tly as in De�nition 6.Theorem 16 The fun
tion state~G maps non-Zeno signals to non-Zeno signals. Moreover, Propositions14 and Proposition 15 hold whenever all notions are relativized to non-Zeno signals. In parti
ular, thereexist Æ : ���! (f0; : : : ; ng ! f0; : : : ; ng) and out : �� f0; : : : ; ng ! f0; : : : ; ng su
h that1. Æ(a; b) Æ Æ(b; b) = Æ(a; b).2. Gxt = out(x(t); state~Gxt0).3. state~G is strongly retrospe
tive fun
tion from non-Zeno signals over � to non-Zeno signals over(f0; : : : ; ng ! f0; : : : ; ng).4. state~Gx0 = id - the identity permutation.5. (state~GJumpa!b)(t) = Æ(a; b) for evey t > 0.6. state~G(Jumpa!b
t0 ;x)(t0 + t) = Æ(a; b) Æ (state~Gxt).Proof: Consider the extensions Ext(state~G) of state~G to all signals de�ned asExt(state~G)(x)(�) = ( state~Gx(�) if x 
hanges a �nite number of times in [0; �) andUndef otherwise(Here, Undef is any symbol not in f0; : : : ; ng.)The fun
tion Ext(state~G) is a retrospe
tive �nite memory fun
tion. Moreover, state~Gx = Ext(state~G)xfor any non-Zeno signal x. Therefore, all the equations from Proposition 14 and Proposition 15 holdwhen x is restri
ted to the non-Zeno signals. Moreover, sin
e state~G is the restri
tion of Ext(state~G) tonon-Zeno signal by Proposition 13 we obtain that state~G is a fun
tion from non-Zeno signals to non-Zenosignals. 2Remark: Note that Theorem 16 deals with fun
tions over non-Zeno signals. However, the proof of thistheorem relies on the 
onsequen
es of Proposition 9 (namely, on Proposition 13 and Proposition 15)whi
h deal with (general) signals. Hen
e, Proposition 9 plays a 
ru
ial role in our proof.Motivated by Theorem 16 (3-6) we introdu
e the followingDe�nition 7 (De�nability) Let � and Q be �nite sets and let Æ : (� � �) ! (Q ! Q). A fun
tionF from non-Zeno signals over � to non-Zeno signals over Q ! Q is de�nable by Æ if it satis�es thefollowing 
onditions:1. F is a strongly retrospe
tive fun
tion. 20



2. Fx0 = idQ.3. FJumpa!bt = Æ(a; b) for every t > 0 and a; b 2 �.4. F (Jumpa!b
t0 ;x)(t0 + t) = Æ(a; b) Æ Fxt.Proposition 17 Let Æ be a fun
tion in � � � ! (Q ! Q). Then there exists at most one fun
tionde�nable by Æ.Proof: We have to show that If F1 and F2 are de�nable by Æ then F1 = F2.Let x be a non-Zeno signal and let t be a real number. Then x 
hanges a �nite number n of times in(0; t). Therefore, there are sequen
es t0 = 0 < t1 < : : : < tn+1 = t and a0 : : : an and b0 : : : bn su
h that1. x(ti) = ai for i � n.2. x(u) = bi for u 2 (ti; ti+1) and i � n.3. bi 6= ai+1 or ai+1 6= bi+1 for 0 � i < n.By the indu
tion of the number of 
hanges of a signal x in (0; t) we show that F1xt = F2xt.Basis: (x does not 
hange in (0; t).) If t = 0 then F1xt = F2xt by 
ondition 2 of De�nition 7. If t > 0and x is 
onstant in (0; t) then Fixt = FiJumpa0!b0t by the strongly retrospe
tivity of Fi and thereforeF1xt = F2xt = Æ(a0; b0) by 
ondition 3 of De�nition 7.Indu
tive Step: Assume that 8x8tF1xt = F2xt whenever x 
hanges in (0; t) at most n times. Let x bea non-Zeno signal and assume that x 
hanges n + 1 times in (0; t). Let t1 > 0 be the �rst 
hangesof x in (0; t) and let x1 = suf(x; t1). Observe that x1 
hanges at most n times in (0; t � t1) andx = Jumpa!b
t1 ;x1 for some a; b 2 �. By 
ondition 4 of De�nition 7.Fixt = Æ(a; b) Æ Fix1(t� t1) (4)By the indu
tive hypothesis F1x1(t� t1) = F2x1(t� t1). Therefore, F1xt = F2xt, by (4). This 
ompletesthe indu
tive step. 2Remark: If the requirement that a fun
tion is over non-Zeno signals is dropped from the de�nition ofde�nability, then the 
on
lusion of Proposition 17 will be that all fun
tions de�nable by Æ 
oin
ide onnon-Zeno signals.Proposition 18 If Æ(a; b) Æ Æ(b; b) = Æ(a; b) then there exists a �nite memory speed-independentfun
tion de�nable by Æ.Proof: For every non-Zeno signal x and every t > 0 there exist sequen
es t0 = 0 < t1 : : : < tn+1 = t,a0; : : : an and b0 : : : bn su
h that1. x(ti) = ai for i � n. 21



2. x(u) = bi for u 2 (ti; ti+1) and i � n.3. bi 6= ai+1 or ai+1 6= bi+1 for 0 � i < n.De�ne F and a sequen
e of �i 2 (Q! Q) as follows:�0 = Æ(a0; b0)�i+1 = �i Æ Æ(ai+1; bi+1)Fx0 = id - the identity permutationFxu = �i for u 2 (ti; ti+1℄It is immediate that F satis�es 
onditions (1), (2) and (3) of De�nition 7. F satis�es 
ondition (4)of De�nition 7 be
ause Æ(a; b) Æ Æ(b; b) = Æ(a; b). The speed independen
e of F follows immediatelyfrom its de�nition. F is a �nite memory fun
tion be
ause the number of its residuals is bounded by thenumber of fun
tions from Q to Q. 2From Proposition 18, and from Proposition 17 we obtain the following 
orollary.Corollary 19 If Æ(a; b)ÆÆ(b; b) = Æ(a; b) then there exists a unique fun
tion de�nable by Æ. Moreover,the fun
tion de�nable by Æ is �nite memory strongly retrospe
tive and speed-independent.Remark: (Failure of the relativization to right open signals.) Re
all that a signal x is right open if itis non-Zeno and for every t there exist t0 > t su
h that x is 
onstant in [t; t0).Even if F is a �nite memory retrospe
tive fun
tion from right open signals to right open signals its
orresponding state fun
tion might map a right open signal into a not right open signal. The followingexample illustrates thisExample: Let F0 and F1 be two fun
tions over right open signals de�ned as follows(Fix)t = ( i if x is 
onstant in [0; t℄left limit of x at � if x 
hanges at � and x is 
onstant in [�; t℄It is easy to see that F1 is a residual of F0 and state maps a 
onstant signal ��:1 to a signal that is notright open.Observe also that the 
onstant fun
tions are the only strongly retrospe
tive fun
tions over the right opensignals.8 Representation of Finite Memory Retrospe
tive Fun
tionIn the �rst subse
tion a set of labeled transition diagrams whi
h is 
alled a �nite state transdu
eris de�ned. Every �nite state transdu
er des
ribes (
omputes) a �nite memory retrospe
tive fun
tionover non-Zeno signals. We show that the inverse also holds, namely, every �nite memory retrospe
tive22
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Figure 4: Transdu
er for left limitfun
tion is 
omputable by a �nite state transdu
er. In this sense the �nite state transdu
ers provide a�nite des
ription for the set of �nite memory retrospe
tive fun
tions over non-Zeno signals. The resultof the se
ond subse
tion implies that it is impossible to �nd �nite des
riptions for all �nite memoryretrospe
tive fun
tions over (general) signals be
ause the number of su
h fun
tion is at least un
ountable.8.1 Finite State Transdu
ers over non-Zeno SignalsDe�nition 8 A �nite state transdu
er over non-Zeno signal has the following 
omponents:� A �nite set of states Q,� An initial state q0 2 Q,� An input alphabet �in and output alphabet �out,� An output fun
tion out : Q��in ! �out and� A transition fun
tion Æ : �in ��in ! (Q! Q) su
h that Æ(a; b) Æ Æ(b; b) = Æ(a; b).It is 
onvenient to use a graphi
al representation for transdu
ers. On the pi
ture, the states will berepresented by nodes and the fun
tions Æ and out will be represented by labels on the ar
s and the nodesof the graph (see Fig. 4). The initial state will be indi
ated by ).If Æ(a; b)q = q0 we will draw an ar
 labeled by ha; bi from q to q0; note that in this 
ase Æ(b; b)q0 shouldbe equal to q0, therefore in su
h 
ase we 
an abbreviate the graph by dropping the ar
 hb; bi from q0 toq0.Note that for every q the fun
tion �a: out(q; a) maps �in to �out, Therefore, we 
an represent out bylabeling the nodes; we will label q by ha1=b1; : : : ; an=bni if out(q; ai) = bi.De�nition 9 (The fun
tion 
omputable by a transdu
er) Let A = hQ; q0; �in; �out; out; Æi be atransdu
er. Note that by Proposition 17 there exists a unique fun
tion F Æ de�nable by Æ. The fun
tionfunA 
omputable by A is de�ned as funAxt = out(F Æxtq0; xt).23



Example: In Fig. 4 a transdu
er is presented. The fun
tion F 
omputable by this transdu
er is de�nedas follows: y = F (x) if y(0) = 0 and if t > 0 then y(t) is the left limit of x at t (i.e., y(t) = a i� there is� > 0 su
h that y is equal to a in the interval [t� �; t)).Theorem 20 A fun
tion over non-Zeno signals is a �nite memory retrospe
tive fun
tion if and only ifit is 
omputable by a transdu
er.Proof: Let A = hQ; q0; �in; �out; out; Æi be a transdu
er. Note that F Æ is a �nite memory retrospe
tivefun
tion. Therefore, the fun
tion funA is a �nite memory be
ause it is de�ned as the 
omposition ofthe the pointwise fun
tions out and F Æ (F Æ is �nite memory by Corollary 19).The other dire
tion follows from Theorem 16. 2Note that by Corollary 19, the fun
tion F Æ de�nable by Æ, is speed-independent. Hen
e, the fun
tion
omputable by a transdu
er is speed-independent. Therefore, Theorem 20 impliesTheorem 21 Every �nite memory retrospe
tive fun
tion over non-Zeno signals is speed-independent.We will 
on
lude this subse
tion by providing a des
ription of the fun
tion 
omputable by a transdu
erin terms of !-languages. Let A = hQ; q0; �in; �out; out; Æi be a transdu
er. Consider � � Q ��in � �in � �out � �out �Q de�ned as follows: hq; a; a0; b; b0; q0i 2 � i� (1) q0 = Æ(a; a0)q and (2)b = out(q1; a) and b0 = out(q0; a0).Let LA � (�in ��in ��out ��out)! be the set of !-strings de�ned as:ha0; a00; b0; b00iha1; a01; b1; b01i : : : hai; a0i; bi; b0ii : : : 2 LAi� there exist q1; q2; : : : qn : : : 2 Q su
h that hqi; ai; a0i; bi; b0i; qi+1i 2 � (for i = 0; 1 : : :).Let LsigA � Sig(�in) � Sig(�out) be the set of pairs of non-Zeno signals de�ned as: hx; yi 2 LsigAi� there exists an in
reasing divergent !-sequen
e 0 = t0 < t1 < : : : tn : : : of reals and an !-stringha0; a00; b0; b00iha1; a01; b1; b01i : : : hai; a0i; bi; b0ii : : : in LA su
h that x(ti) = ai, y(ti) = bi and8t 2 (ti; ti+1): x(t) = a0i ^ y(t) = b0i.From the proof of Proposition 17 and De�nition 8 it follows that for every non-Zeno signal x there existsa unique y su
h that hx; yi 2 LsigA , moreover LsigA is the graph of the fun
tion funA 
omputable by thetransdu
er A.8.2 The Cardinality of the Set of Finite Memory Fun
tionsThe following theorem implies that there exists no �nite representation for all �nite memory retrospe
tivefun
tions over (general) signals.Theorem 22 The set of �nite memory speed-independent retrospe
tive fun
tions is un
ountable.24



The proof of the theorem is based on the notion of \homogeneous language" due to Trakhtenbrot. An!-language L is said to be homogeneous [18℄ if the set of languages fL=w : w is a �nite stringg is �nite,where L=w = fs : ws 2 Lg.Theorem 23 (Trakhtenbrot [18℄) The set of homogeneous !-languages is un
ountable.Proof: (of Theorem 22.) Let L be an !-language over the alphabet f0; 1g. Let FL be the fun
tionfrom signals over f0; 1; 2g into signals over f0; 1g de�ned as FLxt = 1 i� there exists t0 � t, s =ha0 : : : an : : :i 2 L and an !-sequen
e t0 = 0 < t1 < : : : < tn < : : : su
h that1. lim ti = t0.2. x(u) = 2 for u 2 (ti; ti+1).3. x(ti) = ai.It is 
lear that FL is a strongly retrospe
tive speed-independent fun
tion. Moreover, if L1 6= L2 thenFL1 6= FL2 .It is 
lear that if an !-language L is homogeneous then the fun
tion FL has �nite memory. The setof homogeneous !-languages is un
ountable [18℄, therefore, the set of �nite memory speed-independentretrospe
tive fun
tions is at least un
ountable. 2.9 Con
lusion and Related WorkLet us �rst re-examine the 
ontents, results and te
hniques of the paper.In Se
tion 2 the behavior of �nite devi
es operating in 
ontinuous time was formalized. The formal-ization is a smooth adaptation of the notions employed for the des
ription of �nite devi
es operatingin dis
rete time. In Se
tion 3 speed-independent and stable fun
tions were introdu
ed. Stability andspeed-independen
e are invisible in dis
rete time, however, are important in 
ontinuous time. Speed-independent fun
tions over non-Zeno signals were investigated in Se
tion 5. It turns out that they arevery similar to the fun
tions over dis
rete time signals. The main te
hni
al e�orts of Se
tions 6, 7 and8 were dire
ted to the proof (of Theorem 21) that �nite memory implies speed-independen
e for �nitememory retrospe
tive fun
tions over non-Zeno signals. However, it turns out that in order to establishthis result one has to leave the world of non-Zeno signals and to deal with fun
tions over general signals.Our investigation of fun
tions over general signals were needed for the proof of Theorem 16 whi
h insuresthat the fun
tion state whi
h produ
es the (names of) residuals of a �nite memory retrospe
tive fun
tionmaps non-Zeno signals only to non-Zeno signals.Though we have 
onsidered the time domain of non-negative reals, only the following properties of atime domain T are used in our proofs:� T is a linear order with a minimal element and with no maximal element.25
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Figure 5: Properties of retrospe
tive fun
tions� There exists an asso
iative fun
tion + : T �T ! T su
h that for every t 2 T the fun
tion ��: t+ �is an order preserving bije
tion from T to ft0 : t0 � tg.One 
an see that the the domain Q�0 of non-negative rationals has also the above properties. Therefore,all notions, results and their proofs are immediately extended to Q�0. The main notions and results
an be adapted to time domains that do not have the above stated properties, e.g., to the time domainof f0g[ positive irrationals. However, su
h extensions are not immediate.In the next subse
tion the relationships among stability, speed-independen
e and size of the memoryare summarized. The other subse
tions des
ribe some results related to the Trakhtenbrot's program[17, 14, 16℄ for lifting the 
lassi
al trinity: monadi
 logi
, nets and automata from dis
rete to 
ontinuoustime. In this trinity monadi
 se
ond order logi
 of order represents a powerful spe
i�
ation formalism,the formalization of hardware via logi
al nets represents a lower level implementation formalism and�nite transition diagrams represent an intermediate level formalism. In subse
tions 2-4 we re
all somebasi
 fa
ts and state their extension to 
ontinuous time. We refer the reader to [16℄, where extensionsto 
ontinuous time of the fundamental theorems of 
lassi
al automata theory are provided.9.1 Memory, Speed-Independen
e and StabilityIn Figure 5 the in
lusion relation among the properties of retrospe
tive fun
tions on non-Zeno signalsis summarized. The in
lusion Finite Memory � Speed-Independent was proved in Theorem 21; thefun
tion Prime (see se
tion 4) shows that the in
lusion is proper.The in
lusion Speed-Independent � Countable Memory was proved in Corollary 6; a fun
tion whi
hdemonstrates that the in
lusion is proper was given in [10℄.26



The proof of in
lusion Countable Memory � Stable will be given elsewhere; this in
lusion is proper,sin
e the fun
tion F11 (see Se
tion 4) is stable and has un
ountable memory.9.2 Canoni
al EquationsLet Æ : �in �Q! Q and out : �in �Q! �out be two fun
tions, where Q; �in and �out are sets (nonne
essary �nite). Let q0 be an element of Q.Consider the following system of equations8><>: q(t+ 1) = Æ(x(t); q(t))y(t) = out(x(t); q(t))q(0) = q0In [18℄ su
h systems of equations are 
alled 
anoni
al; the fun
tions Æ and out are said to be the 
onversionfun
tions of a system. For �nite Q, �in and �out, 
anoni
al systems were studied by Chur
h [4℄ underthe name restri
ted re
ursive arithmeti
 de�nitions.It is easy to see that for every x : N! �in there exists a unique q : N! Q and a unique y : N! �outsu
h that the triple hx; q; yi satis�es given 
anoni
al system. Hen
e, we 
an de�ne a fun
tion G : (N!�in) ! (N ! �out) and fun
tion ST : (N ! �in) ! Q su
h that for every x 2 N ! �in the triplehx; G(x); ST (x)i satis�es the system. These fun
tions G and ST are said to be de�ned by the system.Observe that (1) G is retrospe
tive and ST is strongly retrospe
tive; (2) the 
ardinality of the sets ofdistin
t residuals of G and of ST is bounded by the size of Q.It is well known that for every retrospe
tive fun
tion G from dis
rete signals over �in (i.e., from the setN ! �in) into dis
rete signals over �out there exists a 
anoni
al system of equations Sys su
h that Gis de�nable by Sys.Below a similar des
ription of speed-independent retrospe
tive fun
tions over non-Zeno signals by sys-tems of equations is provided [19℄.We use x(t+0) for the right limit of a non-Zeno signal x at t. Given fun
tions Æ : �in ��in ! (Q! Q)and out : �in �Q! �out su
h that Æ(b; a) Æ Æ(a; a) = Æ(b; a).Consider the system of equations8><>: q(t+0) = Æ(x(t); x(t+0))(q(t))y(t) = out(x(t); q(t))q(0) = q0Observe that for every non-Zeno signal x there exists a unique non-Zeno signal y and a unique non-Zeno signal q su
h that hx; y; qi satis�es the system. Hen
e, su
h a system de�nes fun
tions G (fromnon-Zeno signals over �in to non-Zeno signals over �out) and fun
tion ST (from non-Zeno signals over�in to non-Zeno signals over Q) su
h that for every x the triple hx; G(x); ST (x)i satis�es the system.Note that G is retrospe
tive and ST is strongly retrospe
tive. Moreover, for every retrospe
tive G there27



exists a system of equations of the above form that de�nes G. The 
orresponding 
onversion fun
tionsÆ and out are de�ned like in Proposition 15, and Theorem 16. Thought Proposition 15, and Theorem16 deal with �nite memory, the �nite memory assumption 
an be repla
ed by the speed-independen
erequirement (see also the remark after Proposition 15)The speed-independent retrospe
tive fun
tions over right open signals 
an be des
ribed in a similar way.Namely, let Æ : �in ! (Q! Q) be su
h that Æ(a) Æ Æ(a) = Æ(a) and let out : Q��in ! �out.Consider the system 8><>: q(t+0) = Æ(x(t+0))(q(t))y(t) = out(x(t); q(t))q(0) = q0Then for every right open signal x there exists a unique right open signal y and a unique non-Zeno signal qsu
h that hx; y; qi satis�es the system. Hen
e, su
h a system de�nes fun
tions G (from right open signalsover �in to right open signals over �out) and fun
tion ST (from right open signals over �in to non-Zenosignals over Q) su
h that for every x the triple hx; G(x); ST (x)i satis�es the system. Observe that G isretrospe
tive and ST is strongly retrospe
tive. Note also that the only strongly retrospe
tive fun
tionsover right open signals are 
onstant fun
tions, therefore in the above 
hara
terization of fun
tions overright open signals, it is ne
essary that ST outputs non-Zeno signals.It 
an be shown that for every retrospe
tive speed-independent fun
tion G there exists a system ofequations that de�nes G.9.3 Monadi
 Se
ond-Order Theory of OrderRe
all that the language of monadi
 se
ond-order theory of order (see e.g. [5, 21℄) has individual variables,monadi
 se
ond-order variables, a binary predi
ate < , the usual propositional 
onne
tives and �rst andse
ond order quanti�ers. The atomi
 formulas are formulas of the form: t < v and x(t) = b, where t; vare individual variables and x is a monadi
 se
ond-order variable and b is an element of a �nite set �.The formulas are 
onstru
ted from atomi
 formulas by logi
al 
onne
tives and �rst and se
ond orderquanti�ers.In the standard dis
rete time interpretation of monadi
 logi
, the individual variables range over naturalnumbers and the monadi
 variables range over the fun
tions in N! � (this set is isomorphi
 to the setof dis
rete time signals over � and to the set of !-strings over �). A set of signals (i.e., !-language) Lis de�nable by �(x) if L is the set of all x that satisfy �(x). A fun
tion F over dis
rete time signals isde�nable by a formula �(x; y) if the set of fhx; yi : �(x; y)g is the graph of F .Re
allFa
t 1. (Trakhtenbrot [18℄) A retrospe
tive fun
tion over !-strings is de�nable in monadi
 se
ond orderlogi
 of order if and only if it is �nite memory.Fa
t 1 holds with the following 
hanges (1) repla
e fun
tions over !-strings by the fun
tions over non-Zeno signals (2) as an interpretation for the individual variable (respe
tively monadi
 variables) of the28



se
ond order monadi
 logi
 of order 
onsider non-negative reals (respe
tively non-Zeno signals over �[15, 16℄).There are �nite memory fun
tions over (general) signals whi
h are not de�nable in monadi
-se
ond orderlogi
 of order be
ause the set of su
h fun
tions is un
ountable (see Theorem 22) and the set of formulasis 
ountable. However,Fa
t 2: If a fun
tion (over general signals) is de�nable in monadi
 se
ond-order logi
 then it is speed-independent and �nite memory.Proof:(Sket
h) Speed-independen
e follows from the observation that order preserving bije
tions areisomorphisms for the stru
tures for monadi
 logi
 of order.Assume that F is de�nable by formula �(x; y) of quanti�er rank k. Then every residual F 0 of F isde�nable by a formula �0(x; y) of quanti�er rank k. There are only �nitetly many semanti
ally distin
tformulas of quanti�er rank k with free variables x; y. Therefore, F has a �nite number of residuals. 2Finally, re
all that in the dis
rete time 
ase a language (set of !-strings) L is de�nable by a monadi
formula i� there exists a �nite memory retrospe
tive fun
tion F : �!in ! �!out and � � �out su
h thatx 2 L i� 9t 2 N: 8t0 > t: (Fx)(t0) 2 � ^ 8a 2 �: 9t00 > t0: x(t00) = a. Similar 
hara
terization holdsfor non-Zeno signals languages. Namely, a set L of non-Zeno signals over �in is de�nable by a monadi
formula i� there exists a �nite memory retrospe
tive fun
tion F and sets � � �out su
h that (1) Fmaps non-Zeno signals over �in to non-Zeno signals over �out; (2) x 2 L i� 9t 2 N: 8t0 > t: (Fx)(t0) 2� ^ 8a 2 �: 9t00 > t0: x(t00) = a.9.4 Real TimeMany formalisms for spe
i�
ation of real time behavior were suggested in the literature. Some of theseformalisms (e.g., timed automata [1℄) extend dis
rete time formalisms by introdu
ing metri
al real time
onstraints, others (e.g., temporal logi
 of reals [2℄) are de�ned by providing 
ontinuous (or dense) timeinterpretation for the modalities studied in the dis
rete 
ases, yet others (e.g., duration 
al
ulus [22℄)are based on ideas that were not widely used among the formalisms for the spe
i�
ation of dis
rete timebehavior.It is worthwhile to distinguish two aspe
ts of real time spe
i�
ations: (A) Metri
 aspe
ts whi
h dealwith the distan
e between moments of real time. (B) Speed-independent properties whi
h rely only onthe order of real numbers.In this paper metri
 aspe
ts of spe
i�
ation were ignored be
ause the fun
tions whi
h rely on metri
have un
ountable memory. In [14, 16℄ the extension of �nite automata theory to hybrid and timedformalisms are suggested. In these extensions metri
al properties of the reals are taken into a

ount.Metri
al properies are the most intriguing 
hara
teristi
 of real-time spe
i�
ations whi
h have led toa large nuber of highly interesting results and appli
ations (see Pro
eedings of Hybrid and Real-TimeWorkshops, e.g. [6℄).
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essingLetters, 40(5):269-279, 1991.AppendixA Proof of Proposition 3(2)In this appendix we use standard notations for !-strings. In parti
ular han00 an11 : : : anii : : :i denotes the!-string ha0 : : : a0| {z }n0 a1 : : : a1| {z }n1 : : : ai : : : ai| {z }ni : : :i.Let G be a fun
tion that satis�es SI 
ondition. ThenG(an00 an11 : : : anii : : :) = bn00 bn11 : : : bnii : : : for some bi: (5)A string is � stuttering free [9℄ if either � = a0a1 : : : ai : : : and 8i: ai 6= ai+i or � = a0a1 : : : ai : : : a!j and8i < j: ai 6= ai+1.From (5) it follows that a fun
tion whi
h satis�es SI 
ondition is 
ompletely determined by its valueson stuttering free strings, i.e., if G1� = G2� for all stuttering free � and both G1 and G2 satisfy SI
ondition then G1 = G2.Let x be a right open signal. Assume that there exists an !-sequen
e of point t0 = 0 < t1 < : : : where xis not 
onstant. Then � = ht0; : : : ; ti; : : :i is a time s
ale. Let �(i) be de�ned as x(ti) (for i = 0; 1; : : :).31



Then � is a stuttering free string and �; � 
hara
terizes x. Moreover, if �0; � 0 
hara
terizes x and �0 isstuttering free then � = �0 and � = � 0.Assume that there exists only a �nite sequen
e t0 = 0 < t1 < : : : < tj of points where a right open signalx is not 
ontinuous. Let �(i) be de�ned as x(ti) for i < j and as x(tj) for i � j. Then � is stutteringfree. Let � be any time s
ale su
h that �(i) = ti for i � j. The �; � 
hara
terizes x, moreover if �0; � 0
hara
terizes x and �0 is stuttering free then � = �0 and �(i) = � 0(i) for i � j.Let us de�ne a binary relation R on right open signals as follows: hx; yi 2 R if there exist �, � and � su
hthat (1) � is stuttering free and (2) � = G� and (3) �; � 
hara
terizes x and �; � 
hara
terizes y. Fromtwo pre
eding paragraphs it follows that for every x there exists a unique y su
h that hx; yi 2 R. Hen
e,R is the graph of a fun
tion F . Moreover, from the de�nition of R it follows that F is speed-independent.Hen
e, in order to 
omplete the proof, it is suÆ
ient to show that G 
hara
terizes F .Assume that �0; � 0 
hara
terizes x. We have to show that G�0; � 0 
hara
terizes Fx. The proof pro
eedsby two 
ases:Case 1: �0 has the form han00 an11 : : : anii : : :i where ai 6= ai+1 and ni > 0 for all i.Case 2: �0 has the form han00 an11 : : : anj�1j�1 a!j i where ai 6= ai+1 and ni > 0 for all i < j.Consider the �rst 
ase and de�ne � as the stuttering free string ha0a1 : : : ai : : :i; let mi be de�ned asPk<i nk and let �(i) be de�ned as � 0(tmi). Then �; � and �0; � 0 
hara
terize the same x. Let y be
hara
terized by G�; � . Then y = Fx by the de�nition of F . From (5) and the 
onstru
tion of �; � itfollows that G�0; � 0 and G�; � 
hara
terize the same signal. Hen
e, G�0; � 0 
hara
terizes Fx and this
ompletes the proof of the �rst 
ase.The se
ond 
ase is proved similarly.B Proof of Proposition 9Re
all that the suÆx of a signal y at t (notation (suf(y; t)) is the signal de�ned by ��: y(t+ �).Assume that a signal x has only �nitely many distin
t suÆ
es. Let us denote the set of its suÆ
es byQ. Let us de�ne the fun
tion F : R�0 ! (Q! Q) as follows:q0 = F (t)q i� q0 = suf(q; t): (6)It is 
lear that F (t1 + t2) = F (t1) Æ F (t2) = F (t2) Æ F (t1): (7)Therefore, 8k: F (t) = F (t=k) Æ F (t=k) Æ � � � Æ F (t=k)| {z }k : (8)Observe that if g : Q! Q and size of Q is less than n then gn! = gn! Æ gn! (we use gr for g Æ g � � � Æ g| {z }r ).This observation and (8) imply 8t: F (t) Æ F (t) = F (t) (9)32



and therefore, F (t=k) = F (t) = F (mt) for every positive natural numbers k and m: (10)Lemma 24 If suf(x; t1) = suf(x; t2) = q then suf(x; t) = q for all t 2 (t1; t2).Proof: Assume that t1 < t2 (the 
ase t1 � t2 is trivial.). Let t 2 (t1; t2) and let p = suf(x; t) we aregoing to show that q = p.De�ne Æ1 �= t2 � t1, Æ2 = t� t1 and Æ3 �= t2 � t. It is 
lear that Æi > 0.Observe that from (6) and (7) and from our assumptions it followsF (Æ1)(q) = q (11)F (Æ2)(q) = p (12)F (Æ3)(p) = q (13)From (9) and (13) we obtain F (Æ3)(q) = F (Æ3)(F (Æ3)(p)) = F (Æ3)(p) = q (14)Note that Æ1 = Æ3 + Æ2, therefore from (7), (12) and (14) we obtainF (Æ1)(q) = F (Æ2 + Æ3)(q) = F (Æ2)(F (Æ3)(q)) = F (Æ2)(q) = p (15)From the equations (15) and (11) we obtain that p = q. This 
ompletes the proof of the lemma. 2Let us pro
eed now with the proof of Proposition 9.Take any t0 > 0 and let q be suf(x; t0).By (6), q = F (t0)x: (16)Therefore, by (10),suf(x; t0=k) = q = suf(x; mt0); where k and m are positive natural numbers (17)Hen
e by lemma 24,q = suf(x; t) for every t 2 (t0=k; mt0); where k and m are positive natural (18)Hen
e, q = suf(x; t) for every positive t. Therefore, 8t > 0: q(0) = x(t). This establishes that x is
onstant on the positive reals.
33


