BAYESIAN SEPARATION OF DISCRETE SOURCES VIA GIBBS SAMPLING
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ABSTRACT

Source separation, one of the most recent domain of sig-
nal processing, consists in recovering signals mixed by an
unknown transmission channel. Many approaches manage
the separation using different techniques such as likelihood
and information theory ([1],[6]) or high order statistics ([7]).
This paper proposes a Bayesian approach to the problem of
an instantaneous linear mixing, considering the sources are
discrete. The powerful Gibbs sampling algorithm enables
to recover binary sources, but also the mixing coefficients
and noise levels with efficiency.

1. INTRODUCTION

The following source separation problem is considered. The
observations are represented by m signals (z1, ..., Tm ) where
each sample z;(t) of the signal z; is an instantaneous linear
mixing of n samples of source signals (s1, ..., sn) corrupted
by an additive Gaussian noise :

n

zi(t) = Z ai,;j8;(t) + bi(t) (1)

j=1
for t =1,...,7T and this can be vectorially rewritten as

z(t) = A x s(t) +b(t) (2)

b(t) ~ N(0, 03) (3)

where ~ denotes the relation of a random variable and its
probability law. N(m,X) denotes the Gaussian law with
mean m and covariance matrix X.

We particularly focus on telecommunications models which
constrain source densities to be discrete. We restrict here
to the case of 2-PSK signals. Hence, distributions of s;(t)
are set to %5+1 + %6,1. This hypothesis is very implicative
as it reduces general fields of incertitudes of source separa-
tion. Actually, source signals are always recovered up to a
permutation and a scaling matrix effects. Indeed,

Axst)=AxPxAxA™" x P'xs(t) (4)
holds where P is a permutation matrix and A a diagonal
power scaling matrix. Here, the discrete density of sources
constraints the latter matrix to have only elements equal to
+1 or —1 as the power of each source signal is set to 1.

2. BAYESIAN INFERENCE

Bayesian approach consists in recovering source signals
s(1 — T') using the posterior density

p(s(1 — T)|z(1 — T)) (5)

This density conjointly takes in account prior information
of source signals available in p(s(1 — T)) and likelihood
thanks to the fundamental Bayes formula

p(slz) o< p(z|s) x p(s)

The knowledge of (5) gives us all estimators for s(t) such as
modes, mean or other characteristics of the posterior den-
sity. Computing density (5) often requires an integration
through the parameters of the model, called @ for instance:

p(slz) = /p(é, 0)z)do

x / plels, 0)p(8)d6

In general case, these integrals cannot be calculated analyt-
ically and require estimation through Monte Carlo methods
for instance.

The general Bayesian approaches to the source separation
problem presented in [4] and [5] takes in account noise in the
model and perform the maximisation of posterior probabil-
ity densities. Unfortunately, methods used to compute the
maximization only guarantee the theoretical convergence to
a local maximum of the posterior density. If this density is
unimodal, there is no problem, but taking priors of the form

1
PA) ox exp(— 5 [IL = A" x A|1P) (6)
A

constraining the mixing matrix A to be orthogonal (cf [4]
and [5]), may imply a posterior density (5) extremely com-
plex with a lot of local mazima.

Thus, it appears important to use methods performing a
global maximization of posterior densities or a global opti-
misation of an other cost function. This can be achieved
thanks to Monte-Carlo Markov Chains (MCMC) methods
such as “simulated annealling” described in [12]. Moreover,
being able to get the full posterior density and not only to
estimate its modes, allows to use all information present in
observed signals and thus to make any estimation.



In fact, general MCMC methods (Metropolis Hastings al-
gorithms and Gibbs sampling for instance (see [8], [9], [10],
[11]) enable to sample from any general distribution and
then to draw sources and the model (1) parameters from
the posterior density

p(s(1 = T), 0, Ale(1 — T)) (7)

Thus, Gibbs sampling will help to estimate source signals
s(t) but also mixing coefficients and even noise levels.

Such estimation can also be computed using the method
described in [2] performing the maximization of the likeli-
hood function through an Expectation-Maximization (EM)
and Monte-Carlo methods. The model (2),(3) leads to a
global optimisation of a cost function and to the estimation
of (A, o?). The discrete characteristic of sources is not used

explicitely in this algorithm but just to estimate the mixing
matrix thanks to Monte-Carlo method. Another approach
presented in [3], based on cardinals of source signal values’
sets and Hankel matrix determinants, enables to estimate
the mixing matrix up to the relation (4). This method is
particularly adapted if the discrete values of sources are un-
known.

These methods also take in account effects of additive Gaus-
sian noise in the model (1) with unknown variance. The
great advantage of Gibbs sampling is that it computes di-
rectly discrete estimated sources instead of applying a sep-
arating matrix on observed signals which is not convenient
in case of important noise level.

3. THE GIBBS SAMPLER

The aim of Gibbs sampling is to draw a multidimensional
random variable (y1, ...yp) through a given probability den-
sity p(y1,...,yp). The main hypothesis its application re-
quires is the possibility to easily simulate through marginal
densities p(Yr|yi, .-y Yo—1, Yk+1, ---, Yp) Or the knowledge of
their analytic formulae.

The k-th step of the algorithm is the following :

oyl ~pllys ™ up )
1 k—l)

o yb ~p(yalyt, uh ok

o yr 1~ p(Wp1 |yt oy o yh )

L4 y}’? ~ p(yp|y§7 (LS} yp—27 yp—l)
The reader will find further information and full theoretical
details on the Gibbs sampling algorithm in [10] and [11].

4. SOURCE SEPARATION ALGORITHM

The model (1) is considered for 1 < ¢ < m,¢t = 1,...,T.
The sequences {s;(t)}: and {b;(t)}+ are independent and
identically distributed with the following densities :

1 1
Sj(t) ~ §5+1 + 5571

bi(t) ~ N(0,07) (8)
We suppose n, the number of sources to be known.
The mixing coefficients a;,; are supposed to be unknown.

The choice of a prior on these parameters is a difficult prob-
lem. For simplicity, we choose

0,0%) (9)

where the hyperparameter o, measures the uncertainty on
the amplitudes of mixing coefficients. The values of o; (cf
(8)) and o, are unknown but they can be modelised thanks
to conjugate prior distributions IG(«, 3) where (a, 3) are
known constants. Such choice will be explained in §4.3.
The algorithm is simply the Gibbs sampler adapted to sim-
ulate the posterior density (7) and gives the following im-
plementation for the (k -+ 1)-th step for instance :

11 8511 — T) ~ p(s(1 — T)la(1 — T), A, 02 (k), 2())
20 A"~ p(AFfe(l - T), " (1 — T)7_(’€),0§(/€))

3: oa(k+1) ~ ploalz(l — T),s" (1 — T), A", 0% (k)
4: o (k+1) ~ p(e®[a(l — T), "1 (1 — T), A,
oa(k+1))

a;j ~ N(a;;

4.1. Simulation of source signals

Through the (k + 1)-th step of Gibbs sampling, Hl(t) is
drawned from

p(sslz(t), 512} (), st 5(0), A", 2 (), oa (k)
oc pla(t)]sg, 872 (8), st (1), A", 2 (K)) % p(s;)

Since the z;(t)-s are independent conditionaly to s(t), 4,07,

we get . i .
1 2
(z(t)]s5, 512} (1), sts5(t), A*, 2 (k)

p
k k 2
H (6)]55, 512} (), st (1), af o2 (k)

—~ 1
X eXp(f Z m X
i=1 '

(wi(t) = Y afust T (8) — akys;() = Y afus (1))
I<j >3

Discrete densities of sources gives a distribution for sk"'1 (t)
easily drawnable from its repartition function :

FH) = +1) o

=3 ak st (1) —ai Y abist(0)?)

1<j I>j

e Computation of p(s

1
exp(f ; 20’?(](2) (

e Computation of p(s k“(t) =—-1)x

exp(— Zz xl(t Zaflsl ()‘Hlm Zafylsf(t))Q)

1<j >j
e Generate u ~ Ul 1

o If
p(si (1) = +1)
US — kL
p(si (1) = +1) +p(s; 7 (1) = —1)
then s’”l( t) = +1, otherwise s’““(t) =—1.

The instantaneous characteristic of the linear mixing model
(2) enables to simulate all samples sk“( t)for 1 <t<Tin
parallel.



4.2. Simulation of the mixing coefficients

Gibbs sampling enables also to estimate the coefficients of
the instantaneous mixing a; ;. Thus in the (k + 1)-th step
of the algorithm, af}'l is drawned from

z(1 = T), s (1 = 1), aiipzs. 0> (k), 02 (K))

p(ai,;

E D T), ab L i, b e, 02 ()X

X p(ZCZ(l - T)|§ i,p<jr i35 Qip>j>s

2
plaijloa(k))
Since the z;(t)-s are independent conditionaly to s, 4, o2,
we get

p(xi(l - T)|§k+1(1 —1T), ai‘c,-;tijv Q55 a’iip>]” 0-22(]{:))

T
k k k
= [[p@®s* " (#), al L, ais,al sy 07 ()

T
1
x H exp(— 32 (R) X

(i)=Y aiy sp(®) ! —aigs; (0 =) alys, ()7

p<j p>j

x exp(— 202(k)

T
D @)=Y alt sy —ais (0 =) als () )?)
=1 P<ij p>j

Thus we obtain a Gaussian likelihood density distribution
for a;; N(ta; ;5 03“) where

oi(k)
Oq;, , — ————————
g g ZT Sk+1(t)2
t=1"%7
flo, = =t O s wx
Ai,j T k+1 2 J

=155 () =1

(@i(t) = Y _afd sy ) = > ab,syt(#)

p<j p>j
Thus
aﬁ]fl ~ N(pai_j,aiw) x N(0,02(k))
k Ha; ; 1
ai,}rl ~ N( G; S ——— ) (10)
i o2 T SZ)
1+ 0'(21<kj) Ta; oa(k)

If we focus on the identification of the mixing channel (i.e.
the coefficients a;; of the mixing matrix), the Gaussian
characteristic of posterior a;,; distributions (10) implies that
their means are also their unique -and so theoretically global-
modes.

In practice the “burn-in” phenomenon of the simulation
algorithm makes appearing small local mazima of the pos-
terior density which are more and more neglectible as the
number of iterations of the Gibbs sampling is increasing.

4.3. The choose of conjugate priors

In a case of a lack of information on noise levels ¢? and
the hyperparameter o2, prior information can be given. It
can be settled for instance that o7 ~ IG(a, 8;) and o2 ~
IG(aa, Ba) where IG represents the Inverse Gamma law
whose density is

B _(a+1)

e

I(e)

f(alo, B) = exp(~2)
forz >0 (> 0,8 >0).
The law IG(a, ) admits a mean E[z] = -£- for a > 1 and

a variance V[z] = for oo > 2. Its density has a

52
(a—1)2(a—2)
unique mode at QLH
The Inverse Gamma law is used in order to take a con-
jugate prior. This choice implies that the posterior den-
sities has also the same Inverse Gamma form and thus
is easily simulable. Moreover, this law tends to be non-
informative (i.e. having a flat or uniform probability den-
sity) if (o, 3) — (0,0). Full explanations about conjugate
priors and algorithms of IG sampling can be found in [8].

4.8.1. Simulation of o2

Thus, during the (k + 1)-th step of the algorithm, o2(k +1)
is drawned from

plodlz(l — 1), (1 — T), A, o* (k)
o p(A*H02) x p(o?)
X N(07 U?z)mxn X IG(Ug‘aayﬁa)

1 mxn 1 2
eXp(fﬁ Z am-(k + 1)))(

20,

(02)" ) exp(~ 1)

_ mXxmn
oc(Ug) (aat 52 +1) o

1.1
exp(=—5(5 D al;(k+1) +Ba)
2%
Finally,

o2(k+1) ~ IG(aq + 22T 1

2
R a;;(k+1) + Ba)

,J
4.3.2. Simulation of o2

During the (k + 1)-th step of the algorithm, o7 (k 4 1) is
drawned from

plotlz(l — T), s (1 — T), A" ol (k)

=p(olzi(1 = T),s" (1 — T),ai ™)
o p(ai(l = T)[s" (1 — T),a;*,07) x p(o?)

And, since {z;(t)} are independent conditionnaly to s, 4, a?

p(zi(1 — T)|§k+1(1 —T) ak+17al~2)

» &y
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Finally,

3 3@ -3 e s 0 8

t=1 j=1

o7 (k4+1) ~ IG(ai+

4.4. Implementation

To sum up the algorithm, the (k + 1)-th step of the Gibbs
sampler goes like this:

e Draw s;**! for j = 1,...,n from the acceptation-
reject method described in §4.1 and the knowledge
of

k+1 k k
(£7§1,m,]’—17§j+1 ,nvA ( ))

e Draw A**'. According to (10), the simulation can
be computed column by column and all the mixing
coefficients are drawned from a Gaussian law.

nxm 1

JZ(k+1)~IG(aa T 2

ai;(k+1) + )

4,7

e Draw g?(k+1) for i = 1,...,m from

n

i Z ket

1G

wl’ﬂ
ml»—l

) 2+ 8:)

5. NUMERICAL EXAMPLE

5.1. Model studied

We have generated synthetic data according to the model :
$1(t) = 481(t) — 382(t) + O'1b1 (t)
T2 (t) = Sl(t) + 582(t) + o2bs (t)

for t =1,..,1024 with
by (t)7 bQ(t) ~ N(Ov 1)
and [o1;02] = [1.58;3.60] providing Signal to Noise Ratios
SNRy = {5 and SNR; = 3 (cf Figure (2)).

Plotting histograms from the distribution of z; and x2 would
help us to get a first estimation of respectively o1 and o,
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Figure 1:
3.60)

Figure 2: Histogram of the second observation signal, the
high noise-level here will make source separation difficult

but we assume here that the noise levels are totally un-
known, as the hyperparemeter o,.

Thus, we chose for them non-informative priors of the form
I1G(a, B) with (a, 8) = (0.1,0.1).

Then, 500 iterations of the Gibbs sampling are runned to
compute the distribution

p(sl(l i 1024), 52(1 i 1024),0,1’1,(1172,

a1, a2,9,00,0%,05]x1 (1 — 1024), 22(1 — 1024))

5.2. Numerical results

Sources (81(t), §2(t)) estimated are equivalent to real sig-
nals (—s2(t), —s1(t)) with precision 3% and 3.5% respec-
tively estimated by Bit Error Rates (BER). These ratios
represent the number of wrong estimated binary samples
{$j(t)}1<e<r on the length of the signal ;.

For comparison, if the exact mixing matrix A is known,
we can compute (11) as an estimator of s(¢). Thus, sources
are recovered with a BER precision around 5%,6%, showing
the necessity to include the observation noise in separation
methods for this model and to compute directly estimated
sources as the estimation of a separating matrix is not suf-
ficient in this case.

2(t) = sign(A_L x (1)) (11)

For instance, if the EM-likelihood method (initialized with
the JADE algorithm, see [2]) is applied to the data, sources



are recovered with precision rates around 5% thanks to the
relation (11) where the mixing matrix has been estimated
by (12) after a dozen iterations.

2.9360  3.7915
( —4.9432 09228 ) (12)

The EM-likelihood method enables to estimate noise levels
[01;d2] = [1.7921; 3.7435].

The Gibbs sampling algorithm gives also good estimations
of noise levels o1 and o2 (see Figures (3) and (6) for in-
stance). The mean of simulated o1 computed from the
100th iteration to the 500th iteration is equal to 1.51 (real
value=1.58). Its distribution shows a sharp mode at 1.53
and other local modes due to the burn-in of the sampler are
discarded as the number of iterations increases. The sim-
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Figure 3: Estimation of o2 = 3.60, the mean computed
from the 100th iteration to the 500th iteration is equal to
3.78

Figure 4: Estimation of o,, the mean computed from the
100th iteration to the 500th iteration is equal to 4.49

ulation of the hyperparameter o, reveals a good behaviour
of the algorithm for fitting the data. Even if the estimated
04 can variate far from its mean as showed in Figure (4),
its distribution (cf Figure (7)) gives a right estimate of the
amplitude variations of mixing coefficients. This value can
be set around 4 or 5 for the considered model. Mixing
coefficients are also well estimated (cf Figures (5) and (8)).
The algorithm converges fastly to the mixing matrix up to
a permutation and a diagonal power-scaling matrix. The
mean of the estimated mixing matrix computed from the
100th iteration to the 500th iteration is equal to

3.0098  —3.9844
—4.9897 —1.0429

Figure 5: Estimation of a1,1 = 3, the mean computed from
the 100th iteration to the 500th iteration is equal to 3.0098
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Figure 6: Histogram of the estimated o2. There is a mode
at 3.81 (real value=3.60)

Figure 7: Histogram of the estimated o,. There is a mode
at 3.61

The matrix which maximizes the posterior density
2 2 2
p(é'ﬂ,@,s_l,S_Q, Oa) 01702)
is estimated by

3.0177  —3.9479
—4.9929 —1.0982

These matrix are very close to the exact mixing matrix

4 -3
1 5
For comparison, if a general source separation algorithm

such as FastICA (see [6]) is applied to the data with a defla-
tion approach and a tanh-type of non-linearity, sources are



Figure 8: Histogram of the estimated a1,1. There is a sharp
mode at 3.0177 (real value=3)

recovered with a BER precision of 2% for the first one and
5% for the second one. This gap between precision rates
comes from the model considered in §5.1 where the second
mixing is highly corrupted by noise.

Thus, the deflation approach uses all the information to re-
cover a first source and had difficulties to recover the second
one as it appears with the estimated mixing matrix

3.2859  3.9567
—6.0527 2.4062

This method identify the first mixing and then a first source
with accuracy but not the second one as the noise level is
too high (= 1).

The symmetric approach and other type of non-linearity
give equivalent results which are quite good as the FastICA
algorithm does not take in account observation noise in the
model (1), but these methods cannot estimate the noise
levels.

In the algorithm described in §4.4, the Gibbs sampler does
not require more than one hundred iterations to reach its
stationary density (7), thus having a computing cost time
close to EM-likelihood maximization or FastICA.

6. CONCLUSION

The Gibbs sampling algorithm separates discrete sources
and estimates the mixing coefficients with accuracy. More-
over, this method takes in account the discrete character-
istics of sources and estimates noise levels of the model.
Performance and convergence of the algorithm are under
study. These characteristics depend on the choice of the
prior on A. We chose a Gaussian law for the simplicity of
its simulaation but priors constraining the matrix A to be
orthogonal or non-singular would involve more complicated
calculations such as runs of Metropolis-Hastings algorithm
in a step of the Gibbs sampler.

It would be interesting now to complete the method with
reversible-jumps MCMC methods in order to treat the prob-
lem with an unknown number of sources by drawing the
number of source signals with the posterior density. In case
of general discrete source separation,probabilities of sym-
bols could also be taken account in the posterior density
and then be estimated through the Gibbs sampling.

This method could also be generalised to different kind of
mixing model and even non-linear ones.
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