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A New Approximation Algorithm for theAsymmetric TSP with Triangle InequalityMarkus Bl�aserSeptember 3, 2002,revised October 14, 2002 and December 1, 2002AbstractWe present a polynomial time factor 0:999 � log n approximation algorithmfor the asymmetric traveling salesperson problem with triangle inequality.1 IntroductionThe traveling salesperson problem is one of the most important NP optimizationproblems. Given a directed or undirected complete loopless graph G with node set Vand a weight function w assigning each edge a nonnegative weight, our goal is to �nda minimum weight Hamiltonian cycle, i.e., a cycle that visits each node exactly once.Since most variants of the traveling salesperson problem are NP-hard, much e�ort hasbeen spent on designing approximation algorithms for this problem.If w is an arbitrary weight function, then the problem is NPO-complete (see e.g.[19] for de�nitions). Thus, there is no good approximation algorithm, unless P = NP.A natural restriction is that w should satisfy the (directed) triangle inequalityw(u; v) � w(u; x) + w(x; v) for all pairwise distinct u; v; x 2 V . (1)We call the corresponding minimization problem �-ATSP for directed graphs (alsocalled the asymmetric case) and �-TSP for undirected graphs. The latter problemis of course a special case of the former, since we require w also to be symmetric.For �-TSP, there is a polynomial time factor 32 approximation algorithm due toChristo�des [7]. For �-ATSP, the approximation performance of the best polynomialtime approximation algorithm known today is logn (where n = jV j), as shown byFrieze, Galbiati, and Ma�oli [9]. (Here and in the following, all logarithms are tobase 2.) We stress that the bound on the approximation performance by Frieze,Galbiati, and Ma�oli is exactly 1 � logn and not only O(logn). Since this resultby Frieze, Galbiati, and Ma�oli back in 1982, no further improvements have beenobtained despite an immense amount of research. Even a reduction of the coe�cient 11



2 Markus Bl�aserof logn, which would also be of interest, has not been achieved yet. To say it withthe words of Johnson et al. [14], \nothing better has been found in two decades".The set cover problem is another important and well known NP optimization prob-lems. Johnson [13] provides a polynomial time approximation algorithm with perfor-mance ratio lnn + 1. As in the case of �-ATSP, this result withstood any attemptsof improvement. Finally, Feige [8] gave an explanation for this phenomenon: Theset cover problem cannot be approximated within (1� �) � lnn for any � > 0, unlessthe complexity assumption NP � DTIME(nO(log log n)) holds. It is a natural questionwhether there is a similar explanation for �-ATSP or not.The main result of the present work is a �rst (admittedly tiny) nontrivial improve-ment of the approximation performance for �-ATSP: We present a factor 0:999 � lognapproximation algorithm for �-ATSP with polynomial running time. This shows thatthe performance ratio achieved by Frieze, Galbiati, and Ma�oli is not the �nal oneand particularly rules out a result similar to the one by Feige for the set cover problem.1.1 Notations and ConventionsFor a set of nodes V , let K(V ) denote the set of edges V � V n f(v; v) j v 2 V g.Throughout this work, we are considering directed graphs G = (V;K(V )) togetherwith a weight function w : K(V ) ! Q�0 assigning each directed edge a nonnegativeweight. We always require that w ful�lls the triangle inequality (1).A cycle cover of a directed graph G is a spanning subgraph that consists solely ofnode disjoint directed cycles. A cycle is called a k-cycle if it has length exactly k. Acycle cover C is called a k-cycle cover, if each cycle in C has length at least k. (Byde�nition, every cycle cover is a 2-cycle cover.) If C is a collection of node disjointcycles but not a spanning one, we call C also a partial cycle cover. If we speak of thenumber of cycles of a partial cycle cover, then we count each isolated node, i.e., eachnode that is not part of a cycle, as one single cycle (for consistency reasons).For any subgraph S = (V;E) of G, the weight w(S) of S is de�ned as the sum ofthe weights of the edges in E, that is, w(S) =Pe2E w(e).For a given directed graph G with weight function w, let AB(G) denote the weightof a minimum weight cycle cover. (This is also called the assignment bound.) Further-more, let TSP(G) denote the weight of a minimum weight TSP tour of G. Obviously,we have AB(G) � TSP(G). Note that AB(G) and a corresponding minimum weightcycle cover can be computed in polynomial time.1.2 Previous ResultsThe best previous polynomial time approximation algorithm for �-ATSP has approx-imation performance logn, as shown by Frieze, Galbiati, and Ma�oli [9]. Utilizing



A New Approximation Algorithm for the Asymmetric TSP with Triangle Inequality 3repeated minimum mean cycle computations, Kleinberg and Williamson design an in-teresting approximation algorithm with polynomial running time which achieves per-formance ratio 2 � lnn � 1:3863 � logn, see [20]. For the symmetric case, Christo�des[7] presents a polynomial time factor 32 approximation algorithm for �-TSP.A well studied special case of ATSP is the one, where w may only attain the valuesone and two. Already this problem is APX-hard [18]. (Strictly speaking, only theMaxSNP-hardness is shown there.) The currently best approximation ratio for thisproblem is 43 [3]. For the symmetric case, Papadimitriou and Yannakakis [18] achieveapproximation performance 76 .Chandran and Ram [6] study the special case of a strengthened triangle inequality.They assume that w ful�ls w(u; v) � 
(w(u; x) + w(x; v)) for some 
 with 1=2 �
 < 1 instead of (1). Their main result is a constant factor 
1�
 approximationalgorithm for this special case of �-ATSP. For the case where w is in additionsymmetric, B�ockenhauer et al. [4] present polynomial time approximation algorithmswith performance ratios 1 + 2
�13
2�2
+1 as well as 23 + 
3(1�
) .Finally, Carr and Vempala [5] extend the so-called Held{Karp conjecture [12] to theasymmetric case. A proof of this extended conjecture would imply that the integralitygap of a certain linear program formulation of �-ATSP is bounded by 43 . However,this does not automatically yield a corresponding rounding procedure. Moreover, theHeld-Karp conjecture still remains unproved after more than three decades.1.3 New ResultsOur main result is a 0:999�logn approximation algorithm for �-ATSP with polynomialrunning time. Perhaps this does not look very impressive at a �rst glance, but aftertwo decades of intense research, this is the �rst nontrivial improvement of the resultby Frieze, Galbiati, and Ma�oli at all. (The term \nontrivial" excludes ratios of thefrom 1 � logn � O(log logn), which can be achieved by solving small subinstances inthe algorithm of Frieze, Galbiati, and Ma�oli exactly.) In our point of view, the mainachievement of this work is the encouraging proof that the results of Frieze, Galbiati,and Ma�oli are not the last word. Particularly, this rules out a result similar toFeige's [8], who shows a tight threshold of 1 � lnn for the approximability of the setcover problem.The techniques in this paper may be helpful for achieving further improvementsconcerning the approximability of �-ATSP. Also note that it makes sense to care forthe constant involved in the O-notation of O(f(n)) approximation algorithms. If theconstant is too large, then even for slowly growing functions f , the algorithm itselfmight not be practical for instances of \interesting" size. Any improvement on theconstant improves the overall approximation performance.



4 Markus Bl�aser2 A Generic Repeated Cycle Cover AlgorithmIn this section, we present a generic approximation algorithm for �-ATSP (see Fig-ure 1). To this aim, we generalize the ideas by Frieze, Galbiati, and Ma�oli [9].Compared to their algorithm, the main di�erence here is that we repeatedly computea partial cycle cover C of the given graph, instead of a full cover. After that wechoose one representative among the nodes of each cycle. We recursively proceed bycomputing a TSP tour T 0 on the graph induced by the representative nodes togetherwith the nodes not contained in any cycle. Then we combine the partial cover C andthe tour T 0 (viewed as a cycle in G) yielding the �nal tour T .2.1 Good Partial Cycle CoversFrieze, Galbiati, and Ma�oli repeatedly compute minimum weight 2-cycle covers,which can be done in polynomial time. Better approximation performances can beachieved, if one would compute, say, minimum weight 3-cycle covers. The latterproblem is however already APX-hard, even if the edge weights are between one andtwo (modify the proof in [2] for the maximization variant). Below, we introduce arelaxation of minimum weight k-cycle covers which we call good partial cycle covers:Problem: b-GPCC (with 0 < b � 1)Instance: a directed graph G = (V;K(V )),a weight function w on K(V ) that ful�ls the triangle inequality.Goal: a partial cycle cover of weight � �TSP(G) with � � jV j cycles(where � < 1) such that �=(� log�) � b.(Note that � log � is positive, since 0 < � < 1.) It is crucial for our algorithm(see Case 4b in Section 3) that we allow partial cycle covers in the above problemde�nition. We call a partial cycle cover ful�lling the above condition �=(� log �) � balso b-good. The importance of the ratio �=(� log�) will become clear in the nextsubsection. Our aim is to show that b-GPCC is polynomial time solvable for somevalue of b < 1. By computing a minimum weight cycle cover (which has at most n=2cycles), we see that 1-GPCC is solvable in polynomial time.2.2 Analysis of the AlgorithmThe analysis of the generic algorithm in Figure 1 relies on the following two lemmas.For two graphs H = (V;E) and H 0 = (V;E 0) over the same node set V , H [ H 0denotes the graph (V;E [ E 0).Lemma 1 Let D and D0 be two (partial) cycle covers over a node set V . Then eachweakly connected component of D [D0 is also strongly connected and Eulerian.



A New Approximation Algorithm for the Asymmetric TSP with Triangle Inequality 5Input: a directed graph G = (V;K(V )) witha weight function w : K(V )! Q�0 ful�lling the triangle inequality .Output: a TSP tour T .1. Compute a b-good partial cycle cover C of G.2. From each cycle in C, choose one (arbitrary) node. Let V 0 be the set con-sisting of these nodes together with all nodes in V that are not contained inany cycle of C.3. Recursively compute a TSP tour T 0 of the graph G0 induced by V 0.4. Combine C and T 0 to obtain the �nal tour T as described in Lemmas 1 and 2.Figure 1: The generic repeated cycle cover algorithmProof. Since D and D0 consist solely of cycles, each weakly connected componentof D [D0 is also strongly connected. Furthermore each such component is Eulerian,since the indegree of each node equals its outdegree.Lemma 2 Let H be a directed graph with a weight function w that ful�lls the triangleinequality and let S be a spanning subgraph of H. If each weakly connected componentof S is Eulerian, then there is a cycle cover C of H such that the number of cycles inC equals the number of connected components of S and w(C) � w(S). Furthermore,C can be constructed in polynomial time.Proof. For each component of S, we compute an Eulerian tour. This tour istransformed into a cycle by taking shortcuts (see e.g. [15]). That is, whenever theEulerian tour visits a node it has already visited, we go on with the next node inthe Eulerian tour that has not been visited so far. Because w ful�lls the triangleinequality, none of these shortcuts increases the overall weight.By the above Lemmas 1 and 2, we can transform C [ T 0 into a TSP tour T of G,as C [ T 0 has only one connected component by construction. The weight of T is atmost w(C) + w(T 0).To achieve polynomial running time, we have to choose b in step 1 of the algorithmin such a way that b-GPCC can be solved in polynomial time. Since in each recursivestep, the number of nodes decreases by at least one, the overall running time of thegeneric algorithm is bounded by jV j times the running time of the algorithm used tosolve b-GPCC.Let us now analyze the approximation performance of the generic algorithm (independence of b). We claim that its approximation performance is b � logn. Theproof is by induction: assume that on instances with n0 < jV j nodes, the algorithmcomputes a factor b � logn0 approximation to a minimum weight TSP tour. By the



6 Markus Bl�aserde�nition of b-good, there are � and � with �=(� log�) � b such that C has weight� �TSP(G) and � � jV j cycles. Henceforth, V 0 has � � jV j many nodes. By the inductionhypothesis, we compute a tour T with weight at mostw(C) + w(T 0) � � � TSP(G) + b � log(� � jV j) � TSP(G0)� (� + b � log �) � TSP(G)+ b � log(jV j) � TSP(G)� b � log(jV j) � TSP(G):Note that �+ b � log � � 0 by the de�nition of b-good. Moreover, TSP(G0) � TSP(G)by the triangle inequality. Thus we obtain the next result.Theorem 1 If b-GPCC is solvable in polynomial time for some 0 < b � 1, then thereis a polynomial time b � logn approximation algorithm for �-ATSP.By plugging in the fact that 1-GPCC is polynomial time solvable, we get therepeated cycle cover algorithm of Frieze, Galbiati, and Ma�oli.3 A Polynomial Time Algorithm for 0.999-GPCCThroughout the whole section, G = (V;K(V )) denotes a directed graph with n nodesand w is a weight function of G ful�lling the triangle inequality.The problem of computing a minimum weight cycle cover can be solved by thefollowing well-known relaxed linear program:Minimize X(u;v)2K(V )w(u; v)x(u;v) subject toXu2V x(u;v) = 1 for all v 2 V , (indegree constraints)Xv2V x(u;v) = 1 for all u 2 V , (outdegree constraints)x(u;v) � 0 for all (u; v) 2 K(V ) (2)
The variable x(u;v) corresponds to the edge (u; v) of G. This is merely the LP-formulation of minimum weight bipartite matching, we just have the same node setV on both sides. The matrix corresponding to (2) is totally unimodular [17], thusany optimum basic solution of (2) is integer valued (indeed f0; 1g valued) and yieldsa minimum weight cycle cover. The best (strongly) polynomial time algorithm forsolving (2) currently known has a running time of O(n3), see [1].In the worst case, the minimum weight cycle cover obtained by the above procedureconsists solely of 2-cycles. In terms of good cycle covers, we have shown that 1-GPCC



A New Approximation Algorithm for the Asymmetric TSP with Triangle Inequality 7is polynomial time solvable. To improve this, we add further constraints to the linearprogram, the 2-cycle elimination constraints:x(u;v) + x(v;u) � 1 for all (u; v) 2 K(V ) (2-cycle constraints) (3)These constraints are a subset of the so-called subtour elimination constraints (see[15]).If we consider (2) as an integer linear program, adding the constraints (3) ensuresthat the optimum solution is a 3-cycle cover, since at most one of x(u;v) and x(v;u)may be one. However it is not clear how to solve this integer linear program inpolynomial time. In fact, the problem of computing minimum weight 3-cycle coversis APX-hard, even with the triangle inequality [2]. After adding the constraints (3),the corresponding matrix is not totally unimodular any more. Hence a solution of therelaxed linear program may be fractional. The remainder of this section is devoted tohow to construct a good partial cycle cover from such a fractional solution.3.1 Decomposition of a Fractional SolutionIn this subsection, we show how to obtain a collection of cycle covers from an optimumfractional solution of the linear program. The procedure bases on classical results byK�onig as well as Birkho� and von Neumann and has been used by Lewenstein andSviridenko [16] in the context of computing maximum weight TSP tours.Let x�(u;v) denote an optimum solution of the relaxed linear program (2) togetherwith the 2-cycle constraints (3). Let W � = P(u;v)2K(V ) w(u; v)x�(u;v). Choose B tobe the minimum positive integer such that for all (u; v), B � x�(u;v) is integral. Let�(u;v) = B � x�(u;v).We create a multigraph H with node set V as follows: for each edge (u; v), we add�(u;v) many copies of (u; v) to the edge set of H. By the degree constraints in (2), H isa B-regular multigraph. The next lemma follows at once from K�onig's edge coloringtheorem (see e.g. [10, Chap. 30]).Lemma 3 Let H be a B-regular multigraph. Then the edges of H can be partitionedinto B sets such that each set is a cycle cover. Such a partition can be obtained intime polynomial in B and the number of nodes of H.However, the number B may not be polynomial in the input size. We can circum-vent this problem as follows: Recall that a matrix is doubly stochastic if all entries arenonnegative and for each row and for each column, the sum over the elements equalsone. If in addition, the matrix is also f0; 1g valued, then we speak of a permutationmatrix. Note that the n � n{matrix X� = (x�(u;v)) is doubly stochastic by the con-straints in (2). (To build X�, we order the nodes in V arbitrarily. All entries on themain diagonal of X� are zero.)



8 Markus Bl�aserLemma 4 (Birkho�{Von Neumann) Every doubly stochastic n � n{matrix S isa convex combination of at most n2 permutation matrices, i.e., there are permutationmatrices P1; : : : ; Pt with t � n2 and nonnegative reals �i with Pti=1 �i = 1 such thatS =Pti=1 �iPi. Such a decomposition can be found in polynomial time.For a proof of the Birkho�{Von Neumann theorem, see e.g. [11, Chap. 3].We decompose X� according to the previous lemma. Every permutation matrixPi of this decomposition induces a cycle cover of G. (Pi induces indeed a cycle coverand not just a partial cycle cover. A close inspection of the proof of the Birkho�{VonNeumann theorem shows that all entries on the main diagonal of Pi are zero, since theentries on the main diagonal of X� are zero.) Now we choose B to be the minimumpositive integer such that all 
i = B � �i are integral. (Note that the �i are allrationals with polynomially many bits in our case.) Each matrix Pi then represents 
iidentical cycle covers. Thus in the following, we work with the cycle covers C1; : : : ; Ctcorresponding to P1; : : : ; Pt, where t � n2, instead of working with all B cycle coversexplicitly. Each Ci counts as 
i covers. We have Pti=1 
iw(Ci) = B �W �. (Note thateach C1; : : : ; Ct is still a full cycle cover and not a partial one. Later on, we mayremove cycles from C1; : : : ; Ct to obtain partial covers.)The following lemma, due to Lewenstein and Sviridenko [16], states that every2-cycle can appear in at most half of the cycle covers C1; : : : ; Ct (counted with mul-tiplicities 
1; : : : ; 
t).Lemma 5 Let c be any 2-cycle. Let I1 be the subset of all i 2 f1; : : : ; tg such that cis a cycle in Ci. Then there is a set of indices I2 such that for all j 2 I2, Cj does notcontain c and Pj2I2 
j �Pi2I1 
i.Lewenstein and Sviridenko even show the stronger statement that for all j 2 I2,Cj contains neither the edge (u; v) nor (v; u), where u and v are the nodes of c. Theabove weaker version is su�cient for our needs.3.2 Normalizing the Cycle Covers 1In what follows, we will consider the union of two of the cycle covers, Ci and Cj. Theunion Ci[Cj is a multigraph and consists of strongly connected components that areall Eulerian. Each node is part of one or two cycles. (The case of one cycle ariseswhen Ci and Cj contain an identical cycle.)In this subsection, we are particularly interested in strongly connected componentsthat are formed solely by 2-cycles from Ci and Cj. If such a component D consistsof more than one 2-cycle, then one moment's re
ection shows that D consists of an1We correct an error that appears in the proceedings version (Proc. 14th Ann. ACM-SIAM Symp.on Discrete Algorithms (SODA), 2003) of this work.



A New Approximation Algorithm for the Asymmetric TSP with Triangle Inequality 9

Figure 2: A connected component with four nodes consisting only of 2-cycles from Ciand Cj. Dashed edges are from the one, solid edges from the other cycle cover. Sucha component necessarily has an even number of 2-cycles and can be decomposed intotwo big cycles with opposite directions.even number of 2-cycles and that its edges can be decomposed into two big cycles,see Figure 2 for an illustration. To be speci�c, call those two big cycles d1 and d2Let wi and wj denote the total weight of the 2-cycles in Ci and Cj, respectively, thatbelong to D in Ci [Cj. Let x1 and x2 be the weight of d1 and d2, respectively. Sincewe only redistribute edges, we have wi + wj = x1 + x2. Assume that wi � wj. (Theother case is treated symmetrically.) Then there is a k 2 f1; 2g such that xk � wi.We now replace the 2-cycles of Ci that belong to D by the cycle dk. Lemma 5 stillholds, since we only remove 2-cycles. Moreover, the overall weight is still at mostB �W �: Concerning the nodes in D, Ci contributed an amount of 
i �wi before. Nowit contributes 
i � xk � 
i � wi. All other edges remain unchanged. Note that the newcycle covers need not be a feasible solution of (2) and (3). However, this is no problemat all, since we only need that the cycle covers still ful�ll Lemma 5 and that the totalweight is at most B �W �.Altogether, we can replace Ci and Cj by two cycle covers C 0i and C 0j such that thereis no connected component in C 0i and C 0j with more than two nodes that is formedsolely by 2-cycles from C 0i and C 0j. By applying this process �t2� times, we may assumein the following that for all i and j, Ci[Cj does not contain any connected componentwith more than two nodes that is build solely from 2-cycles of Ci and Cj. This provesthe following lemma.Lemma 6 There are cycle covers C 01; : : : ; C 0t such that the total weight of C 01; : : : ; C 0tis at most B �W �, C 01; : : : ; C 0t ful�ll the claim of Lemma 5, and for all 1 � i; j � t, noconnected component of C 0i [ C 0j consists solely of 2-cycles of C 0i and C 0j. C 01; : : : ; C 0tcan be computed from C1; : : : ; Ct in polynomial time.For convenience, we use the same names C1; : : : ; Ct for the new normalized cyclecovers in the following. Furthermore, we assume that the total weight is exactlyB �W �, since a reduction of the overall weight only improves our results.



10 Markus Bl�aser
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5Figure 3: Solid edges have weight 1, dashed ones weight 32 , and edges not drawn haveweight 2. (1; 3; 4; 5; 2) is an optimum 3-cycle cover. It has weight 112 . The two cyclecovers (1; 3; 2); (4; 5) and (1; 2); (3; 4; 5) are a feasible solution of (2) and (3), bothwith weight 12 . The �rst cover has weight 6 whereas the second cover has weight 5.3.3 Computing Good Partial Cycle CoversThe remainder of this section is devoted to computing a 0.999-good partial cycle coverfrom the covers C1; : : : ; Ct. To this aim, we introduce a number of parameters. Wemay of course assume that B � 2, because otherwise the solution x�(u;v) is alreadyintegral and represents a 3-cycle cover.� wmin = minfw(Ci) j 1 � i � tg is the minimum among the weights of C1; : : : ; Ct.(Figure 3 shows an example where the w(Ci) are actually distinct.)� ci and qi are chosen such that ci � n is the total number of cycles in Ci and qi � nis the number of 2-cycles of Ci. We have 0 � qi � ci � 1=2. Let�c = 1B tXi=1 
i � cibe the average number of cycles (counted with multiplicities). In the same way,let �q = 1B tXi=1 
i � qi:� si;j is chosen such that si;j � n is the number of 2-cycles that appear both in Ciand in Cj (where i 6= j). Let �si = 1B � 1Xj 6=i 
jsi;jand �s = 1(B � 1)BXi6=j 
i
jsi;jwhere the �rst summation is only over j while the second one is over i and j.



A New Approximation Algorithm for the Asymmetric TSP with Triangle Inequality 11For the analysis, we need the following technical lemma, which bounds the valuesof �si and �s.Lemma 7 For all 1 � i � t, we have �si � qi=2. Moreover, �s � �q=2 holds.Proof. Consider the sum (B � 1)�si � n =Xj 6=i 
jsi;j � n:Since each 2-cycle in Ci can appear in at most B=2� 1 other cycle covers (countedwith multiplicities) by Lemma 5, we have(B=2� 1)qi � n �Xj 6=i 
jsi;j � n:Consequently, qi � B � 1B=2� 1 � �si � 2�sifor B > 2. If B = 2, then no 2-cycle of Ci can appear in the other cycle cover, thus�si = 0. This proves the �rst inequality. Multiplying with 
i and summing over all i,we get B�q = tXi=1 
iqi � 2 tXi=1 
i�si = 2B�s;which shows the second inequality.We now distinguish a number of cases. In each of them, we compute a 0.999-goodpartial cycle cover. In the �rst case, one of the w(Ci) is signi�cantly smaller than W �,in the second one, one of the Ci has a signi�cant portion of cycles of length greaterthan two. These cases are obviously easy. In the third case, one sj;k is small and wecombine Cj and Ck into one cover. The fourth case is the complement of the �rstthree cases. It splits into two subcases.Case 1: Assume that wmin � 0:999 �W �. In this case, we choose a j with w(Cj) =wmin. Cj is a 0.999-good cycle cover, as W � � TSP(G) and 0:999=(� log cj) � 0:999.For the remaining cases, we may assume that a fraction of at least 0:95 of theC1; : : : ; Ct have weight at most 1:019 �W � (counted with multiplicities), i.e., there areindices j1; : : : ; jm such that w(Cj�) � 1:019 �W � for all 1 � � � m and Pm�=1 
j� �0:95 � B. This can be seen as follows: We have Pti=1 
iw(Ci) = B �W � as well asw(Ci) > 0:999 �W � for all 1 � i � t. If a fraction of more than 0:05 of the cycle covershad weight greater than 1:019 �W �, then the overall weight of the cycle covers wouldbe > B � (0:05 � 1:019 + 0:95 � 0:999) �W � = B �W �, a contradiction.For the remaining cases, let X = fj1; : : : ; jmg denote this set of indices. Further-more, let Y = Pm�=1 
j� � 0:95 � B and de�ne the following variants of �q, �si, and �swith respect to X:



12 Markus Bl�aser� ~q = 1Y Xi2X 
i � qi,� ~si = 1Y � 1 Xj2Xnfig 
jsi;j and ~s = 1Y Xi2X 
i~si.Case 2: Assume there is a j 2 X with cj � 0:4931. Then Cj is 0:999-good, asw(Cj) � 1:019 �W � by the de�nition of X and 1:019=(� log 0:4931) � 0:999.Case 3: Assume there are j; k 2 X with j 6= k such that sj;k � 0:2155. In this case,we combine Cj and Ck to one cycle cover according to the following lemma.Lemma 8 For each j 6= k, there is a cycle cover of G with weight at most w(Cj) +w(Ck) having no more than (sj;k + cj + ck � qj � qk) � n cycles. Such a cover can beobtained from Cj and Ck in polynomial time.Proof. Consider the multigraph Cj [Ck (we here insert each of the sj;k �n 2-cyclesthat appear both in Ci and Cj only once). Its weight is at most w(Cj) + w(Ck).Furthermore Cj [ Ck has sj;k � n 2-cycles (which appear both in Cj and Ck). Theother parts of Cj [ Ck consist of strongly connected components with at least threenodes. These components are even Eulerian. Since we normalized the covers viaLemma 6, each such component contains at least one cycle of length three or greaterfrom Cj or Ck. Since there are (cj � qj) � n and (ck � qk) � n such cycles in Cj and Ck,respectively, there are at most that many connected components. As in Lemma 2, wecan replace each connected component by a cycle without incurring any extra weight,as w obeys the triangle inequality.Note that ci� qi � 13(1� 2qi) holds for all i. This is due to the fact that there are(1 � 2qi) � n nodes in Ci that do not belong to 2-cycles and thus they are containedin cycles of length at least three. From this it follows that qi � 3ci � 1 for alli. Thus cj � qj � 1 � 2cj � 0:0138, because otherwise, we would be in Case 2.The same holds for ck � qk. Thus the cycle cover obtained via Lemma 8 has at most(0:2155+0:0276)�n = 0:2431�n cycles and has weight at most 2�1:019�W � = 2:038�W �.Thus it is 0:999-good, because 2:038=(� log 0:2431) � 0:999.Case 4: For all i, we have(Y � 1) � ~si = Xj2Xnfig 
jsi;j �Xj 6=i 
jsi;j = (B � 1) � �si:Thus, ~si � B � 1Y � 1 � �si � B � 10:95 �B � 1 � �si:



A New Approximation Algorithm for the Asymmetric TSP with Triangle Inequality 13Since �si � 1=4 by Lemma 7 for all i (note that qi � 1=2, since Ci is a 2-cycle cover)and B � 2, we have ~si � 10:95 � 2� 1 � �si � 10:9 � 0:25 � 0:2778:Thus for each j 2 X there is a k 2 X such that sj;k � 0:2778. Fix such a pair j andk. Since we are not in Case 3, we have sj;k > 0:2155.We consider two subcases:Case 4a: In this case, the 2-cycles that appear both in Cj and in Ck have totalweight at least 0:338 �W �. We now proceed as in Case 3. But we have to accountfor the weight of the 2-cycles that appear both in Cj and in Ck only once. (In Case3, this weight could have been zero, thus we did not mention this there.) Thereforethe total weight of the obtained cycle cover is at most w(Ci) +w(Cj)� 0:338 �W � �(2:038� 0:338) �W � = 1:7 �W �. On the other hand, the number of cycles in the coveris at most (0:2778 + 2 � 0:0138) � n � 0:3054 � n. Therefore the cycle cover obtained is0:999-good, as 1:7=(� log 0:3054) � 0:999.Case 4b: Now assume that the 2-cycles that appear both in Cj and in Ck have totalweight less than 0:338 �W �. Since si;j � 0:2155, these 2-cycles are a partial cycle coverwith at most n�0:2155 �n = 0:7845 �n cycles and weight � 0:338 �W �. (Recall that inthe case of a partial cycle cover, we count each isolated node as a single cycle.) Thusthis partial cycle cover is 0:999-good, since 0:338=(� log 0:7845) � 0:9653 � 0:999.Final Result: Since the above case distinction is exhaustive, we proved the follow-ing result.Theorem 2 There is a polynomial time algorithm for 0:999-GPCC.Together with Theorem 1, we obtain the following corollary.Corollary 1 There is a 0:999 � logn approximation algorithm for �-ATSP with poly-nomial running time.Remark 1 All numerical calculations were checked with two computer algebra sys-tems (Mathematica 4.0, Maple V) using arbitrary precision arithmetic.As Case 4b suggests, the above analysis can be somewhat improved, but not verymuch. Since this it not very illuminating, we refrain from doing so here. Moresophisticated analysis techniques also did not yield any signi�cant improvements.



14 Markus Bl�aser4 ConclusionIn this paper, we presented a polynomial time 0:999�logn approximation algorithm for�-ATSP. This is the �rst nontrivial improvement of the approximation performanceachieved by Frieze, Galbiati, and Ma�oli [9] and shows that their algorithm is notthe last word. As a main tool, we have introduced the concept of b-good partial cyclecovers and designed a polynomial time algorithm for computing 0:999-good partialcycle covers.A �rst open question is whether the analysis in Section 3.3 can be signi�cantlyimproved, perhaps by introducing some more cases. More interesting is probably thechallenge of incorporating more of the subtour elimination constraints into the linearprogram (2). For instance we could add constraints similar to (3) for 3-cycles to thelinear program (2). It is not clear to us how to gain some improvements out of theseconstraints.References[1] Ravindra K. Ahuja, Thomas L. Magnanti, and James B. Orlin. Network Flows:Theory, Algorithms, and Applications. Prentice Hall, 1993.[2] Markus Bl�aser and Bodo Manthey. Two approximation algorithms for 3-cyclecovers. In Proc. 5th Int. Workshop on Approximation Algorithms for Combina-torial Optimization (APPROX), volume 2462 of Lecture Notes in Comput. Sci.,pages 40{50. Springer, 2002.[3] Markus Bl�aser and Bodo Siebert. Computing cycle covers without short cycles.In Proc. 9th Ann. European Symp. on Algorithms (ESA), volume 2161 of LectureNotes in Comput. Sci., pages 368{379. Springer, 2001.[4] J. B�ockenhauer, J. Hromkovi�c, R. Klasing, S. Seibert, and W. Unger. An im-proved lower bound on the approximability of metric TSP and approximationalgorithms for the TSP with sharpened triangle inequality. In Proc. 17th Int.Symp. on Theoret. Aspects of Comput. Sci. (STACS), volume 1770 of LectureNotes in Comput. Sci., pages 382{394. Springer, 2000.[5] Robert Carr and Santosh Vempala. Towards a 4=3 approximation for the asym-metric traveling salesman problem. In Proc. 11th Ann. ACM{SIAM Symp. onDiscrete Algorithms (SODA), pages 116{125, 2000.[6] L. Sunil Chandran and L. Shankar Ram. Approximations for ATSP withparametrized triangle inequality. In Proc. 19th Int. Symp. on Theoret. Aspectsof Comput. Sci. (STACS), volume 2285 of Lecture Notes in Comput. Sci., pages227{237, 2002.



A New Approximation Algorithm for the Asymmetric TSP with Triangle Inequality 15[7] Nicos Christo�des. Worst-case analysis of a new heuristic for the travelling sales-man problem. In J. F. Traub, editor, Algorithms and Complexity: New Directionsand Recent Results, page 441. Academic Press, 1976.[8] Uri Feige. A threshold of lnn for approximating set cover. J. ACM, 45:634{652,1998.[9] A. M. Frieze, G. Galbiati, and F. Ma�oli. On the worst-case performance of somealgorithms for the asymmetric traveling salesman problem. Networks, 12(1):23{39, 1982.[10] R. L. Graham, M. Gr�otschel, and L. Lov�asz, editors. Handbook of Combinatorics,volume II. Elvsevier, 1995.[11] R. L. Graham, M. Gr�otschel, and L. Lov�asz, editors. Handbook of Combinatorics,volume I. Elvsevier, 1995.[12] Michael Held and Richard M. Karp. The travelling salesman problem and mini-mum spanning trees. Operations Research, 18:1138{1162, 1970.[13] D. S. Johnson. Approximation algorithms for combinatorial problems. J. Comput.Syst. Sci, 9:256{278, 1974.[14] David S. Johnson, Gregory Gutin, Lyle A. McGeoch, Anders Yeo, WeixiongZhang, and Alexei Zverovitch. Experimental analysis of heuristics for the ATSP.In G. Gutin and A. P. Punnen, editors, The Traveling Salesman Problem and ItsVariations, volume 12 of Combinatorial Optimization. Kluwer, 2002.[15] E. L. Lawler, J. K. Lenstra, A. H. G. Rinnooy Kan, and D. B. Shmoys, editors.The Traveling Salesman Problem. Wiley, 1985.[16] Moshe Lewenstein and Maxim Sviridenko. Approximating asymmetric maximumTSP. In Proc. 14th Ann. ACM{SIAM Symp. on Discrete Algorithms (SODA),2003.[17] C. H. Papadimitriou and K. Steiglitz. Combinatorial Optimization: Algorithmsand Complexity. Prentice-Hall, 1982.[18] C. H. Papadimitriou and M. Yannakakis. The traveling salesman problem withdistances one and two. Math. Operations Research, 18:1{11, 1993.[19] Vijay V. Vazirani. Approximation Algorithms. Springer, 2001.[20] David P. Williamson. Lecture notes on approximation algorithms. TechnicalReport RC 21409, IBM T. J. Watson Research Center, 1999.


